Prep-work :The Normal Distribution

1. Using = NORMDIST(x, μ, σ, false), graph the pdf for σ = 1 and μ = 0, 1, 2, 3, --1, Use the interval [--5, 5].
2. What does the value of μ tell you? What does changing μ do?
3. Using = NORMDIST(x, μ, σ, false), graph the pdf for σ = 1 and μ = 0 and σ = 1, 2, 3, 0.5, Use the interval [--5, 5].
4. What does the value of σ tell you?  What does changing σ do? 

5. Standard normal distribution has mean of zero and standard deviation of 1. Sketch the  pdf 
6. Match the following graphs of normal pdfs with the one of the value of the parameters µ and σ. You will not use all the values of the parameters.

	µ,  σ.
	(0.1)
	(1,0)
	(1, 1)
	(2,1)
	(-1,1)
	(0, 2)
	(0, 0.5)
	(10, 1)
	(10,3)
	(10,10)
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The normal distribution with mean µ and standard deviation σ has pdf
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though w use = NORMDIST(x, [image: image11.png]u. o, false)



 for computation. The standard normal has [image: image13.png]



Probabilities and the standard normal distribution. Let X have the standard normal distribution.  

7. Using the pdf, write an expression for the probability that X is within one standard deviation of the mean. (Use the formula at the top of the page.)

8. Using the pdf/excel, calculate the probability that X is within one standard deviation of the mean.

9. Using the cdf, calculate the probability that X is within one standard deviation of the mean

Probabilities for  any normal distribution: “Rule of Thumb”
10. The results above  are true for all normal distributions. Summarize your results in the following table

	Distance from Mean in Normal Distribution
	Probability 

	Within one standard deviation of mean
	0.6827

	Within two standard deviations of mean
	.9545

	Within three standard deviations of mean
	.9973

	
	


Standardization of Normal Random Variables. If X is normally distributed, its standardization is
[image: image14.png]
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What is the distribution of Z? Standard Normal
Suppose that X is normally distributed, with a mean X of 30 and standard deviation of 5. 

12 What is the Z-value (that is, the standardized value) of X = 35?  

13What is the standardized value of X =40? 

14 if a value of X is three standard deviations above the mean, what is its Z value?   What is the X value? 
Finding the Z value corresponding to particular probabilities
1. Using Excel, find the value of z0 such that [image: image16.png]P(Z <z)

0.975.



 Give two decimal places. Use NORMDIST and trial and error.

2. Find the value of z0 such that [image: image18.png]Pl—zp < Z < zp)





A 50 kg sack of flour contains a weight of flour that is normally distributed with mean 51 kg and standard deviation 2 kg.

3. What is the Z-value of a weight of 50 kg?

Standardization of Mean from Samples of Size n. By the Central Limit Theorem, the sample means [image: image20.png]


 is normally distributed with mean µ and standard deviation σ/[image: image22.png]


  Thus the standardization, has the standard normal distribution, where
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This is true no matter what the distribution of X provided the samples are random and n is large enough (usually above 30).  (Quite remarkable!)
4. A sample of 4 sacks of flour has mean 50 kg. What is the Z-value of this mean? 

5. A sample of 25 sacks of flour has mean 50 kg. What is the Z-value of this mean? 

6. A sample of 100 sacks of flour has mean 50 kg. What is the Z-value of this mean? 
Confidence Intervals

we know that  
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, where Z is the standard normal variable.

The variable Z represents the standard normal variable.
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1. Represent this on a diagram.

2. Explain what this result means in words.

Suppose that X is normally distributed, with a mean X of 30 and standard deviation of 5.  Let 
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3. What is the value of 
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? Illustrate on a diagram.

4. What is the value of 
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? Illustrate on a diagram.

5. What is the value of 
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Standardization of Mean from Samples of Size n. By the Central Limit Theorem, for a sample of size n, the sample means [image: image31.png]


 are normally distributed with mean µ and standard deviation [image: image33.png]o/Vn



. Thus the standardization, Z, has the standard normal distribution, where
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This is true no matter what the distribution of X provided the samples are random and n is large enough (usually above 30).  (Quite remarkable!)
Continuing the example where the random variable X has a mean 30 and standard deviation 5. Let’s take a sample of 100 and find the mean [image: image36.png]



6. What is the mean of all the possible [image: image38.png]


s?

7. What is the standard deviation of all the possible [image: image40.png]


s?

8. What is the value of 
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? Illustrate on a diagram.

9. What is the value of 
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Its value is 0.95, just evaluate the endpoints of the interval. We are 95 % sure the values of 
[image: image43.wmf]x

will fall between 29.02 and 30.98. The graph is the same as in part 8.
10. What is the interval in which there is a 95% chance of finding an  x value?
For X, the confidence interval is from 30-1.96*5, to 30+1.96*5. That is 20.2 to 39.8 as illustrated below.

11. Give an intuitive explanation of why the interval for [image: image45.png]


 is shorter than the interval for X.
12. What would happen to the length of the interval if the size of the sample (now 100) was increased? Would it get longer or shorter? Why?

Now suppose that the mean of a distribution is NOT known, but that the standard deviation is known.  Suppose we take a sample of size n and find that it has mean [image: image47.png]


 . Then it can be shown that there is a 95% chance that the mean of the population lies in the interval given by the formula
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This is called the 95% confidence interval for the mean.
Example 3, Normal Distributions, slide 155. An administrator samples 50 other administrators’ salaries and find the mean of the sample to be [image: image50.png]


  = $88,989 and the standard deviation of the sample to be s = $22,358. The standard deviation of the sample is a good approximation to σ, the standard deviation of the population.
13. Find the 95% confidence interval for the mean of all such administrators’ salaries.

14. What does the interval in #13tell you?

15. If the administrator’s own salary is $83,500, can he claim with 95% certainty that he is paid less than the mean? 

16. If the administrator’s own salary is $81,500, can he claim with 95% certainty that he is paid less than the mean?

Suppose the sample size had been 100 instead of 50.  
The 95% confidence interval is NOW ($84,607, $93371)

17. With a salary of $83,500 would he have been able to claim he was paid less than the mean?

18. With a salary of $81,500 would he have been able to claim that he was paid less than the mean?
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