A THEORY OF STACKS WITH TWISTED FIELDS AND RESOLUTION OF
MODULI OF GENUS TWO STABLE MAPS
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ABSTRACT. We construct a smooth algebraic stack of tuples consisting of genus two nodal curves,
line bundles, and twisted fields. It leads to a desingularization of the moduli of genus two stable
maps to projective spaces. The construction is based on systematical application of the theory
of stacks with twisted fields (STF), which has its prototype appeared in [9 [10] and is fully
developed in this article. The results of this article are the second step of a series of works toward
the resolutions of the moduli of stable maps of higher genera.
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1. INTRODUCTION

This paper is the second of a series, sequel to [I0]. The series aims to resolve the singularities
of the moduli M,(P",d) of degree d stable maps from genus g nodal curves into projective
spaces P", which possess arbitrary singularities when all g and d are considered (see [16]). The
problem of resolution of singularities is arguably one of the hardest problems in algebraic geometry
([6, 7, 11, 12]).

For g = 2, the only resolution of M3(PP",d) so far is provided in [9] via a huge sequence of
blowups. In higher genus cases, a direct blowup construction of a possible resolution of M ,(P", d)
may seem formidable. It thus calls for a more abstract and geometric approach. Our goal is
to construct a new moduli with smooth irreducible components and normal crossing boundaries
that dominates ﬁg(]P’", d) properly and birationally onto the primary component (the component
whose general points have smooth domain curves).

To this end, we consider the smooth Artin stack B, of pairs (C, L) where C are genus g nodal
curves and L— C' are line bundles (i.e. the relative Picard stack), along with the morphism

My (P", d) — Py, [C,u] — [C,u* Opn(1)].

We hope to introduce a novel smooth Artin stack %Zf of tuples (C, L,n) where (C, L) e, and
n are the extra structure (called twisted fields) added to (C, L), along with a canonical forgetful
morphism ‘Bgf—ﬁﬁg. We then take

MI(P",d) := My(P",d) s, By

to be the moduli of degree d stable maps from genus g nodal curves into projective spaces P™

with twisted fields. We aim to demonstrate that M, gtf(}P’”, d) is a smooth Deligne-Mumford stack
1
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with the desired desingularization property aforementioned. The g =1 case of this program is
accomplished in [I0]. In this paper, we carry out the program when g = 2.

To make our approach systematic, we develop the theory of stacks with twisted fields (STF).
The STF theory is an abstraction based upon a thorough analysis on the combinatorial and
geometric structures of PB,. To summarize it, let M be a smooth stack (e.g. P4) and I' be a
finite set of graphs (e.g. the set of dual graphs of nodal curves appearing in B,). We assume
that 9t admits a I'-stratification (e.g. the stratification of B, indexed by I' together with local
smooth divisors corresponding to the edges of the graphs); see Definition for details. We
then introduce a treelike structure A on (901,I") in Definition which assigns a rooted tree to
each connected component of the strata of 91 in a suitable way. Such a treelike structure encodes
a hidden blowing up process to be performed on the stack 9, although the STF theory does
not rely on the actual blowing up process. With all the above devices at hand, we construct a
new smooth stack 9Y, properly and birationally dominating 9. The following theorem is the
key statement of the STF theory. It is a restatement of Theorem and the notation is
elaborated in Section [2l

Theorem 1.1. Let I" be a set of finite graphs, I be a smooth algebraic stack with o I'-stratification

M = || er My as in Definition A be a treelike structure on (I, T) as in Definition

mo(My) be the set of the connected components N, of M, and me be the set of equivalence
classes of rooted level trees (c.f. Definitions 6’5 associated with M, as in . Then,

the following fiber products of open subsets of the projectivization of the direct sums of certain

line bundles as in :
mf)’{[f] = ( H (( ( C—DL>91 e >/m ]) i)m% verl, m,YET['O(m’Y)7 [t]exfﬁw

i€[m,0) ¢ ee@t (1)
can be glued together in a canonical way to form a smooth algebraic stack M:
tf _ tf _ tf
ot = omtf = | ] MWirg
veT; Nyemo(My); [tlEAn,

Moreover, the stratawise projections w: ‘ﬁgf [ — N, together give rise to a proper and birational
morphism w: ME— M.

The stack smtf is called the stack with twisted fields of M with respect to A, and it enjoys
several desnrable properties as stated in Theorem [2.18] and Proposition [2.19] In particular, The-

orem “ (pa)|is crucial for resolving the moduli M (IP’” d).
Theorem [2.18 and Proposition [2.19] further suggest a possible recursive construction:

— (MHE, — i — om.
The key observation is that the new smooth stack Sﬁ% naturally comes with some choices of the

sets T of graphs and the corresponding I'-stratifications. Upon introducing a suitable treelike
structure A’ on (M, IY), one can obtain a newer stack (MY)L, and the construction keeps on.

For example, we apply the STF theory to the smooth stack B eight times to obtain ‘i}tzf in
Corollary which leads to the main application of the STF theory in this paper:

Theorem 1.2. There exits a smooth algebraic stack ‘i?%f of tuples consisting of nodal curves of
genus two, line bundles, and twisted fields, along with a proper and birational forgetful morphism
Ngf—ﬂ,BQ, such that the Deligne-Mumford moduli stack of genus two stable maps with twisted
fields given by

M (P", d) := Ma(P", d) o, BY
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satisfies that

(1) ]\’\Jgf(Pn, d) has smooth irreducible components and admits at worst normal crossing singular-
ities;

(2) the morphism M (P", d)—s My(P",d) is proper;

(8) the induced morphism M (P™, d)P" — My(P", d)P™ between the primary components (whose
general points are stable maps with smooth domain curves) is birational; and

(4) for any irreducible component N of M (P, d), with

7~TN36|N — N C M;f(Pn,d), ?N3C~|N _)Pn’

denoting the restriction of the pullback of the universal family 7: C— My(P",d), §: C—>P"
of Mo(P™,d) to N, the direct image sheaf (Fn)s«(Fn)* Opn (k) is locally free for all k=1.

The eight-step construction of the stack &%gf is provided in The proof of the proper-
ties [(1)H(4)| of Theorem is provided in §4.10f

We remark that the stack with twisted fields if?gf may not be isomorphic to the blowup stack 532
constructed in [9]. In fact, if we change the order of some rounds and phases of the sequential
blowups in [9] (interchanging rips and rips and interchanging rsp; and rsps to be precise), the
resulting stack should be isomorphic to ‘i?gf Indeed, several blowups in [9] can be performed in
various orders, and in general, they should lead to different resolutions of My (P", d).

We also remark that if we take N = J\’\Jgf(]@", d)P™ in Part of Theorem then

<€((7~TM£f(Pn’d)pri)* (?Mgf(pn,d)pn)* Opn (k)) , [M;f(}P’”, d)pri] >

should equal the expected reduced genus 2 Gromov-Witten (GW) invariants of the corresponding
complete intersection, parallel to [I7, (1.4)] and [I5] (1.7)]. The reduced genus 1 GW-invariants,
as well as its comparison with the standard genus 1 GW-invariants, are introduced in [20} [19]
and further studied in [I5], 17, 4, 5], 13} 14], and lead to important results such as A. Zinger’s
proof [21] of the prediction of [3] for genus 1 GW-invariants of a quintic 3-fold.

Acknowledgments. We would like to thank Dawei Chen, Qile Chen, Jack Hall, and YP Lee
for the valuable discussions.

2. A THEORY OF STACKS WITH TWISTED FIELDS

2.1. Graphs and levels. Throughout the article, we use the following definition of the graphs
adapted from [18, §5.1].

Definition 2.1. A finite graph v, or simply a graph when the context is clear, is a finite set
HE(y) of half-edges along with

e a set Ver(y) of disjoint subsets v HE(y) known as the vertices such that

| | v=HE(»)

veVer(y)
and
e a set Edg(y) of disjoint subsets ec HE(y) known as the edges such that
le|]=2 V eeEdg(y); |_| e = HE(7).

eeBEdg(y)

Definition [2.1| naturally allows graphs that have self loops and multiple edges with the same
endpoints, which is convenient for our purpose. For every half-edge h € HE(v), Definition
implies that there exist a unique vertex v(h) and a unique edge e(h) containing h, respectively.
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Definition 2.2. Let v,~" be graphs. We say ' is a subgraph of v if there exist injections

[yt HE(Y') = HE(v), ¢ iEdg(y) = Edg(y), £, : Ver(y') < Ver(v)
satisfying
5«, (e) = {f'y 'y’(h+)7 f'y,'y’(h_)} Ve:{h+, h_}EEdg(’V/);
v (V) 2 {f5 4 (R) - Ve V) VveVer(y').

Definition 2.3. Gwen a graph v and two vertices v and w of v, a path from v to w is a sequence
of pairwise distinct half-edges of ~y:

hirv h;) h;y h;a T hy—fi_nv hr_n

such that v(hi)=v, v(hy,) =w, {k;, h; }eBdg(y) for all 1<i<m, and {h; , k], }eVer(y) for all
1<i<m—1.

7,72

A path defined in this way cannot contain repetitive edges.

Definition 2.4. A graph ~ is said to be connected if it is non-empty and for any two vertices v
and w, there exists a path form v to w. The set of all connected graphs is denoted by G.

Given v € G and E < Edg(v), we write the set of all half-edges of E as HE(E) = | | .pe.
If E# ¢, there exists a unique partition P(F) of E, with each E’' € P(F) corresponding to a
connected subgraph vy(E’) of v, satisfying Edg(v(E’)) = E’ and Ver(y(E")) nVer(y(E")) = & for
all distinct E', E"e P(E). If E=, we set P(E)=.

Definition 2.5. With notation as above, let gy be the graph obtained from v by contracting the
edges in E:
HE(yp)) = HE(’Y)\HE( )s Edg(v(g)) = Edg(y)\E
Ver(y(g)) ={veVer(y): vnHE(E) =g} u { | ] o(W)\HE(E): E'e P(E)}.
heHE(E)

Such an operation is called an edge contraction. For ee Edg(y), we simply write Y(e) =V({e})-

By definition, ~(g) = for any y€G. If v is connected, then every graph obtained from ~ via
edge contraction is still connected.

Given v,7'€ G, we define
(2.1) v <y = 1 EcEdg(y) st. E#J, 'y:qléE).

This gives rise to a partial order < on G.
Aside from the edge contractions, we introduce two more graph operations that will be used
in §4) to describe the treelike structures of each step.

Definition 2.6. Given ve G and V < Ver(v), let 7 S be the graph obtained from ~ by dissolving
the vertices in V :

HE(1*) =HE(y), Edg({*)=Edg(y), Ver(s?)=(Ver(y\V)u | | {A}.
hev, veV
Such an operation is called a vertex dissolution.
Definition 2.7. Given veG and V < Ver(vy), let 'y%ji be the graph obtained from ~y by identifying
the vertices in V :
HE(yi?) =HE(y), Edg(w!)=Edg(y), Ver(!)=(Ver()\V)u{hev: veV}.

Such an operation is called a vertex identification.
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a
u w *—=e
v
C
y

V(ga,b}) Ve Vo w0y

FIGURE 1. Edge contraction, vertex dissolution, and vertex identification

Intuitively, dissolving a vertex ve€ Ver(y) means removing v from Ver(y) and assigning to each
edge e with env # J a distinct new vertex, whereas identifying the vertices in a subset V' of Ver(v)
means “gluing” the vertices in V into a single vertex. If v is connected, a graph obtained from ~
via vertex dissolution may become disconnected, but that via vertex identification is connected.
Figure [1| provides illustrations for Definitions [2.5

Definition 2.8. For a connected graph =, its first Betti number bi(7y) is given by

bi(v) = [Edg(y)| = [Ver(y)| + 1.
The graphs with b; =0 are of our particular interest. They play crucial roles in the STF theory.

Definition 2.9. A rooted tree

T =(7,0)
consists of a connected graph v with bi(~y) =0 as well as a chosen vertex o € Ver(y) known as
the root. We write

HE(7):=HE(v), Edg(7):=Edg(v), Ver(r):=Ver(y).

When the root is clear, we simply write T=-. The single vertex edge-less rooted tree is denoted
by T..

Every rooted tree 7 determines a unique partial order < on HE(7), known as the tree order,
so that h </ if and only if A # /&' and the unique path from o to v(h) contains h'. Thus, every
ecEdg(7) can be written as

e={hI,h;}  with  h_ <hl.
The tree order on HE(7) induces partial orders < on Edg(7) and Ver(7) by requiring
e<e = [h<h' YV hee, h'Ee'], v<v = [3 hev, Wev' st. h< h'],

respectively. We still call the induced orders on Edg(7) and Ver(7) the tree orders. The subsets
of the maximal edges, minimal edges, maximal vertices, and minimal vertices with respect to the
tree orders are denoted by

Edg(T)maxa Edg(T)mina Ver(T)maxa Ver(T)min >

respectively. The minimal vertices are known as the leaves in the graph theory.

Definition 2.10. A rooted level tree

t= (7, )
is a tuple consisting of a rooted tree Ty = (v, 0¢) and a map
(2.2) ¢ =ty : HE(1y) — R,

called a level map, that satisfies

0710) = o {(h) = (W) whenever v(h)=v(}'); l(h,) < l(hl) V eeEdg(t).
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We write
HE(t) :=HE(7), Edg(t) :=Edg(m), Ver(t) := Ver(m).
The level map £ determines a map on Ver(r), which is still denoted by ¢, that is given by
¢: Ver(ry) — R, l(v) = Ul(h) V hew,
which is also called a level map when the context is clear. The image of ¢ is denoted by Im({),

whose elements are called levels of t. The set of all rooted level trees is denoted by T.

Remark 2.11. In Definition the level maps on HE(7¢) and Ver(7) determine each other, and
a rooted level tree defined in this way is consistent with that introduced in [10, §2.1]. We remark
that a rooted level tree is a level graph with the root as the unique top level vertex in [Il, 2].
The relation between the STF theory and the theory of twisted/multi-scale differentials ([T}, 2])
appears to be beyond the combinatorial resemblance, which will be revealed in the succeeding
works on the resolution of M 4(P™, d).

For every level i€ Im(¢), we denote by if and 2 the levels immediately above and below i (if
such levels exist), respectively:

(2.3) i* = min {jeIm(¢) : j > i}, P = max {helm(l) : h < i}.
Among the levels of t, a particularly important one is
m = m(t) := max{{(v) : veVer(Y)min} € Im(¢).

For ieIm(¢), we write

in = sz(f) = {€€Edg(7}): g(h:)>i, K(he_)<z}, Qfgi = Qf;i(f) = U ij,
j=i
(2.4) € = €7 (1) = {ee€;: U(n.) =i}, e =) =Je
Jj=i
(Gé;min)z = U {e'eEdg(Tt) el > e}.

666#1 mEdg(n)min

The notation “1” in @Z-L intuitively suggests the lower half-edges of the edges in (‘c‘iL “stop” at
the level 4, with “|” representing the edges and “—” representing the level i. The set (Gﬁl;min)Z
consists of the edges of the paths from the root o to the minimal vertices on level m; see Figure
for illustration.

With t as above, we write

7l =T [l [id)e=Tm(O ) Vi jelm(l).
For keZ-, let
(2.5) n; = ng(t) = min ({i€[m,0); : |(’Eim((’3f;1;min)2| <k}u{0}) € [m,0].
Intuitively, ng is the lowest level on which there are at most k£ vertices that are contained in the

paths from the root o to the minimal vertices on level m; see Figure [2| for illustration.
Each subset

=1 uE,uE"
cl(t) =1,(t) u Em(t) U E_(%)
= [m, 0)¢ U (€m\ &) L (Edg(t)\E>m)
determines a rooted level tree

(26) t(]I’) = (7’(]1/) y E(]I’)) = (7(]1’) 5 0(]1’) ) E(]I’))
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£=0 €¢_1 = {a, g}, €_2={b,cd, f g},
(=—1 ¢t = {a}, et, = {b,c,d, g},
£=—2 m= -2, (Emmin)= = {a,b,¢,d},
{=-3 n; =ng = —1, ng = —2.

FIGURE 2. A rooted level tree

as follows:

o the rooted tree 7(y) is obtained from 7¢ by contracting the edges in
{eeei WEL : [max{((h,),m}, (b)) I}, } L E;
o the level map £y is such that for any he HE (’7(]1/)),
fopn () = min {i€ [m, 0]\l : i={(h)} if h=h_, e€Emp,
@YY min {ieIm(O\I'. : i=¢(h)}  otherwise.
The above construction of ty implies that
m(t)) = min ([m, 0]\ ), ( ) {e eEm\E' (R >m(t ))},
I+ (t(]y)) = IJF\IQ_, (t(]y ) ( ) {GEEm\E, : (h;r) §m(t(ﬂx))}
In particular, we have
Em(tr)) 0 E_(tr)) = (Bm\Ew) u (EZ\E").

Intuitively, tqy is obtained from t by contracting E' , then lifting the lower half-edges of the
elements of E}, to the level m, and finally contracting the levels in I’, .

Definition 2.12. Two rooted level trees t=(1,£) and ¥ = (7/,{') are said to be equivalent, denoted
by t~t', if the following conditions are satisfied:

(E1) T=1';

(E2) ¢ 1[m, 0] = (¢) '[m’,0]¢;

(E3) there exists a (unique) order preserving bijection «: [m, 0] — [m’, 0]y such that col =10
on £~ m, 0];.

This gives rise to an equivalence relation on the set T of the rooted level trees. We denote by [t]
the equivalence class containing te' T and by

T o= {[(: teT}
the set of such equivalence classes.
Given [t], [t']€ T, we set
(2.7) [Y]<[t] = 3 Jcl(t) st U#d, [tpl=[t.

This gives rise to a partial order on T. Notice that [t'] <[t] implies that NGESICE
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2.2. I'-stratification and Treelike structures. In this subsection, we describe the stacks to
which the theory of stacks with twisted fields (STF) can be applied.

Recall that G denotes the set of connected graphs, which is endowed with a partial order
given by the edge contractions. We say two graphs v and ' are isomorphic and write

v
if there exists a bijection ¢: HE(y) — HE(Y/) satisfying
Ver(y') = {{¢(h) : hev} : veVer(v)}, Edg(y') = {{¢(h) : hee} : eeEdg(v)}.

The graph 1somorphlsm gives an equivalence relation on G that is compatible with the partial
order on G. Also recall that 7, denotes the (connected) edge-less rooted tree. For any
topological space X, let mo(X) be the set of all connected components of X. We do not consider
as a connected space, thus we take 7o() = .

Definition 2.13. Let I' € G be a nonempty subset and M be a smooth algebraic stack. A
stratification
m=| |m,
vyell
by substacks is called a I'-stratification of M if
o for every y€T, there exists a set W, of affine smooth charts of M satisfying m’YCUVegy and

o for every v€T' and every V€., there exists a subset {C;;}eeEdgm of local parameters on V,
known as the modular parameters,

such that for every v,y €T\{7.} (i.e. Edg(v),Edg(y')# ) and every V'eL.,,
M, NV =& if v+,

2.8 / 4

(28) mo(MyNYV') < {{CZ=O VeeEdg(y)\E; ¢(V#0VYeeE} : ECcEdg(y), %E): v} if >y

In Definition some strata 91, may be disconnected or empty. If M, # & and v # 7.,
then (2.8) implies that for every zeM,, there exists Ve, containing x such that

M, "V ={¢=0 VeeEdg(y)}.

Remark 2.14. When we consider a I'-stratification, it is often handy to allow isomorphic graphs
v~ to index the same stratum: 9, =M,,. In such a situation, rigorously we should take I'
as a set of equivalence classes [y] of graphs 7€ G with respect to graph isomorphism. However,
writing the strata of M as M[,; would make the notation in §3| and §4] too complicated, so by
abuse of notation, we will still write 90t = |_|7€F 9., even if the graphs in I' are considered up to
graph isomorphism. Similarly, when the context is clear, we will still write v/ <~ if the graphs
~v,7 €G are considered up to graph isomorphism.

For any subset 91, we denote by
Clgn(9) (< M)
the closure of 91 in M. The lemma below follows directly from (2.8).

Lemma 2.15. Let I and 9 be as in Definition . For every v,7' €I’ and every M.y e mo (M)
such that Clogp(IM,) "Ny # <, we have ' <~ (up to graph isomorphism,).

If 991 is endowed with a I'-stratification, we define the boundary of 9t to be

(2.9) A= |_| m,.

~el', |Edg(v)|>0
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By (2.8), A is of lower dimension. Thus, I" must contain the connected edge-less graph 7., and

M =M, uA.
For every M, c A, every M, emo(M,), and every e€ Ex_, we denote by
(2.10) Le — 9,

the line bundle such that on each chart Ve, with 9,0V # ¢, the line bundle L./(M,NV) is the

restriction of normal bundle of the local divisor {¢Y=0} to 91,nV. As shown in [10, Lemma 3.1],
the restriction of

s = (d¢.)Y e T(V; TN

to 91, NV gives a nowhere vanishing section of L./(OM,nV). In §2.3] the line bundles (2.10) will
be “twisted” in (2.14) to define the twisted fields in Theorem

Definition 2.16. Let I’ and 9 be as in Definition[2.15 We call the indexed family

(2‘11) A= A({mI) = (va ::(va’ E‘ﬁw B‘ﬁw ) )vep,mveﬂo(m’y)

a treelike structure on (M, T") if it assigns to each pair (WGF; m7€71'0(m7)) a unique tuple Ty,
consisting of

* a rooted tree Ty, with the root oy,

o a subset E; cEdg(y), and

* a bijection By Edg(tm,) — En, (which induces a bijection By : HE(Tq, ) — HE(Eqn,))

such that for every v'e€I' and every M emo(My), all of the following conditions hold.

(a) For every vel' and every M, e mo(M,), if Clyp(MNy) "Ny # &, then y, > T, up to graph
isomorphism.

(b) If Eqn , # (i.e. ™, #T, ), then for every ee Edg(v’),

(bl) ife¢6‘ﬁ,yr (Edg(Tm,Y/)mamedg(T‘ﬁ,Y/)min)7 then we have
o the graph 'y:z'yze) is contained in I,
o for every V'€ W, with V' n Ny # &,
(V=0 Ve'eBdg(y)\{e} ; (V#0} € mo(M, ")), and
o for every M, emo(M,) with Clon(N,)nN,, # J, the tuple Ty, is (up to graph isomor-
phism) equal to
Tmﬂ// if €¢ E‘ﬁ,yl )
( (T‘ﬂ,y/ )(e) ’ E‘ﬂ,y/\{e} ) ﬁ‘ﬂ,yr |Edg(‘rm,y) ) if e:= /Bf)jti, (6) EEdg(T‘ﬁ,Y/ )\Edg(T‘ﬂ,Y/ )minv
( (mef)(Gé) ’ E‘ﬁvl\ ﬁ‘ﬁvr(éé\) ) B‘J’IW/ |Edg(7m7) ) if ¢ :=5§i, (e) GEdg(me,)min\Edg(va,)max,
where € 1= {e'eEdg(me,) : U(FL:?) <v(ht)} ( c Edg(me,));
(bg) if eeﬂmv, (Edg(va,)maXmEdg(va,)min), then for every E c Edg(y') containing e with
'yzznyE) el’ and every M, emo(M,) with Clogg(Ny) "N # F, we have Ty, =7,.
We remark that in Definition if e is a minimal edge of Ty ,, then (va, )(es) that is obtained
from ™., by contracting all the edges “below” the vertex v(h;") can equivalently be obtained by

dissolving the vertex v(A;) and then taking the connected component containing the root of ™,
Given 7€l and E={ey,...e,} cEdg(y’), contracting the edges of FE one by one in any order

(2.12) e1, €2, ..., €n
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yields the same graph ~ := %E)' If yeT, then for all M, € (M) and N, € mo(M,) with
Cln(M,) "M # &, we can follow Definition and obtain a new tuple, which is exactly Tm,,
from va, by contracting eq,...,e, with respect to the order . The tuple Ty, however, is
independent of the choice of the order (2.12)).

Ezample 2.17. Introduced in [8] and further studied in [I0], the smooth stack OM}* of genus 1
stable weighted curves has a natural treelike structure. Recall that 9}'* consists of the pairs
(C,w) of genus 1 nodal curves C and weights we H%(C, Z) satisfying w(X) >0 for all irreducible
Y cC. A pair (C,w) is stable if every rational irreducible component of C' with weight 0 contains
at least three nodal points. Let ' = {y € G : bi(y) < 1}. The stack 9MY" has a natural T-
stratification by dual graphs (c.f. Definition . Given yeT, the connected components 9, of
the stratum 931‘1"’7% are indexed by the distribution of the weights on the irreducible components
(or equivalently on the vertices of 7).

To each M., we assign a rooted tree Ty, that is obtained from v by
e contracting all the edges in the smallest connected genus 1 subgraph vcor of 7,
e then dissolving all the vertices with w(v) >0, and
e finally taking the connected component containing the vertex that is the image of ¢or-
Obviously, the edges of 7, form a subset Eq  of Edg(y), so fm, is simply the inclusion. We
remark that 7o, is called the weighted dual tree of M, in [10} §2.2].

The above construction of Ty, E; , and Bn, gives rise to a treelike structure on (MY T).
In fact, it is straightforward to verify that mn is a rooted tree satisfying the condition of
Definition and that the graph () is in I' for every edge e. It is also straightforward that for

every v/ <~ and every chart V— 97" centered at a point of MYE AR

My AV = | | {¢c=0VeeEdg(y)\E; (#0VeecE},
EcEdg(Y), vy >Y

where each (. is a parameter corresponding to the smoothing of the node labeled by e. If En # ¢,
let 91, be a connected component of omyt e satisfying Clypw (M) ) NNy # s such N, ) exists
by the deformation of nodal curves. If e is not an edge of 7y, then obviously Tmﬂ/( )= T, If
an edge e of Ty, is not minimal, then the two endpoints of e are both of weight 0, hence their
image in 7y is of weight 0, which implies ™, = (me)(e). If an edge e of 7y is minimal,
the construction of 7y, implies that v(h, ) is positively weighted and so is its image vy in ().
Therefore, v(.) is a minimal vertex of ™, Every vertex v of 7y, with v/ <w(h) is thus not
in ™, - In sum, the conditions of Definition are all satisfied.

After choosing this treelike structure, we can construct the stack with twisted fields 94! as in
Theorem (p1)| below, which is the same as that in [10} (2.13)].

2.3. Stacks with twisted fields. We are ready to present the main statement of the STF theory.
Given a direct sum of line bundles V =@; L} (over an arbitrary base), we write
P(V) = {(z,[v:]) €P(V) : v;#0 Vi}.
Given k€Z-o and morphisms M; — S with 1<i<k, we write
H (MZ/S) = M1 XSMQ Xg e XsMk.
1<i<k

Let T', M, and A be as in Definition Given yeI' and 9, emy(M,), there exists a unique

tuple (7m,, Eot,, fm,) €A, which in turn determines a subset of T:

(2.13) ={[tl=[r.tleT : =7, }.
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For every ee Edg(mn, ), let

(2.14) Loy = X Lgy () — My,

e’zmwe
where L. are the line bundles as in |i and >g is the tree order on Ty, .

Theorem 2.18. With notation as above, we have the following conclusions:

(p1) the following disjoint union of the fiber products over the strata of 9:

11

(Pa)

omtf = omtf = N where
Y14
~el'; Ny emo (M ); [t]eKm,y

([ @) f2)) =

has a canonical smooth algebraic stack structure, known as the stack with twisted fields over
9N with respective to A, and determines a proper and birational morphism w : MM — M
known as the forgetful morphism;

for any [t]e Ay, and ze (MV)E{]’ there exist a smooth chart 4y, — MY containing =, called

a twisted chart (centered at x), a set of special edges {e; € inl(t)}ie[[m,ODu and a subset of local
parameters called the twisted parameters:

g, sel(t) :==1(t) u (€2, (V)\{es b iefmon,)
= [m, 0)¢ 1 Em(t) U E_(t) u (€2, (O\{ei}iem.0p.)
such that
GleeT(0h) Vse®tnO\ethimon (I Al = (=0 Vsel(t)

moreover, for every v'e€Tl’, every Ny emy(My), and every [t’]eﬂmw,,
o if [U]>=[t] and Clogn(M,) "N, # J, then m((mvl)ff,] Ni;) is a subset of
{{&=0Vsel(t); & #0 Vsel; w*(.=0Vee(Edg(7)\Ex, )\E;
@ (e #0 Vee(Edg(V)\En,)nE} : JCI(t), tg)~t, EcEdg(Y), vz =7},
o if [{T£[t] or Cl(M,) "N, =0, then (M) o=

with notation as in for any Ve, containing w(x), if the set of modular parameters
{¢Y} as in Definition extends to a set of local parameters on V:
%
{Ce }eEEdg(y) o {gj}jEJ
for some index set J, then
Uy %
{gs }seﬁ(t) U {W*Ce }eeEdg('y)\Em7 U {W*gj}jeJ

is a set of local parameters on i, ; and
for any [t]e Ay, :UE(‘JIV)E{], Ve, containing w(x), and e€ €y (t), we have

W*( H Cgmv(e')) = Ue - H fiux’
€/mee ’iE[[m,ODt

where uc €T(Oy,) is a unit if e€ €5 (t) and is equal to €% (up to a unit) if e€ Ey(t) (=
Cin()\Em (1))
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Proof. The statement that Y is a smooth algebraic stack in as well as the construction
of the smooth chart in [(pp)} follow from the same argument as in [10, Corollary 3.7]. The key
reason is as follows. For every vel', M, emo(IM,) with mn, # 7., [t]€An,, and I'<I(t) with

(2.15) I' (=T n [m,0)) < [m,0),

we take

~

Eyy 1= Edg(mn, )\Edg(tr)),
which is the set of the edges contracted from Edg(t) = Edg(rm,) to obtain ty) as in (2.6).

By () E(H/) NEdg(To, )max "Edg(ma, )min = &. Thus, by Definition for every xeM,
and every Ve, containing x, the chart )V — 9 induces a chart

Vf(ﬂ,) = {Cg‘ﬂ-\,(e) =0 VQEEdg(f(HI)) (:Edg(va)\E(H/)) N Cgmw(?) 750 VQEE(H/) }

— L] o, (=),
EcEdg(v), EnEn, =/391~,(E(]1’))

which is the analogue of [10, (3.2)]. Definition (by)| also implies that

T‘JH(E) = (Tt(ﬂl), Ex \FE, 59’17|Edg(t(]1/)))
A ECEdg(’}/), ‘ﬁy(E)e ﬂo(mv(E)) with EﬁEm,y :/BWW(E(]I’))v Clm(mww))m‘ﬁy + .

Thus, we can define the locus 4l N cil,c Al mimicking the paragraph containing [10} (3.10)],

; t(H’
and define the morphism
Pay(r) ¢ o]

o
()] 7 Vi) XM

as in [10} (3.14)]. Such @,y can also be defined for I’ I(t) that does not satisfy (2.15) and for
N, emo(M,) with 7, =7, because no twisted field is added to these strata by Definition @
and Therefore, the above morphisms @,y together give rise to a map

b, U, — zmtf;

see the display below [10, (3.15)]. As proved in [10, Corollary 3.7], these ®, form smooth charts
of the algebraic stack 9. The twisted parameters in are written as &;, u., and z. in [10]
(3.9)]. The local expressions of the strata of 9 in [(p,)| follow from [I0} (3.10) & Lemma 3.2].
The last and the first equations in [10, (3.12)] imply |(p3)| and |(p4), respectively; see also [10,
Remark 3.8] for

In the remainder of the proof of Theorem [2.18] we will show that w is birational and proper,
as stated in Notice that the only level map on the connected edge-less graph 7, is the empty
function, hence w restricts to the identity map on the pullback of 9t,, = 9N\A, where A is the
boundary of 9 as in . By the local expressions of the strata of 9t and 9 in and
respectively, we see that A and its the pullback are of lower dimension in 9 and 9", respectively.
Thus, w is birational.

It is straightforward that w is of finite type. To establish the properness of w, let (D, 0) be a
nonsingular pointed curve with the complement and the inclusion respectively denoted by

D* := D\{0} <5 D.

We will show that for any f: D — 9 and any F: D* — M with woF = fou, there exists a
unique 1 : D— MY so that the following diagram commutes:
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D* F Ymtf
Lf ’/}4"/ lw
D / om

Deleting a discrete subset of D* if necessary, we assume that there exist v,~7'€I’, M, e mo(M,),
and N, emo(M./) such that

f(t)eN, VieD* f(0) e M.
This implies Clo(9,) "Ny # &, hence by Lemma we see that 7/ <~. There thus exists
E c Edg(y) with ~ =~ 'yéE).

The treelike structure A on (91, T') then determines the tuples

(T:szv, E:=En, cEdg(y), B:zﬁmv:Edg(T)—>E) and

(7':=mn,, E:=En,cEdg(y), f':=pn ;: Edg(7)—E')
as in Definition 216 Let

EY .= E'nE = FE\E, et .= (B "HET) = Edg(r')\Edg(7).

Deleting a discrete subset of D* again if necessary, we further assume that there exists a fixed
[t] =[mn,, {]€ Ay, such that

F(t) = (f(t); ([ue(t)]eeef(f))ie[[m,opk) € (‘ﬁy)ﬁ] Y te D*.
Here we fix a rooted level tree t representing [t].
With notation as in Definition let Ve, be a chart containing f(0) and {(. = ¢y }eeEdg(v)

be modular parameters on V centered at f(0). For every e € E, there exist a unique integer
ne€Z~o and a unique nowhere vanishing function a. on D f _1(V) so that

(2.16) C(f() =t"™ac(t) VYteDnf (V).

Similarly, for every level i€ [m, 0], we can choose an edge e; € &;-(t) such that for every ee &;(t),
the specialization of p./pe, at t=0 exists. There thus exist a unique integer n.€Z=o and a unique
nowhere vanishing function a. on the whole D f (V) satisfying ne, =0, ae, =1, and the level-i
twisted fields of F(t) can be written as

(2.17) [1e®]eeer = [ " ae(t) & 3¢

e/>e

VteD*nf 1(V).

f) ]eecsil(t)

Since €y (t) = Llie[[m,opf &+ (t), we have assigned to each e € €=, (t) U EY an integer n. and a
nowhere vanishing function a. on D f~1(V) via (2.16) and (2.17)). Let
S¢ 1= — Z Nes Vee Eom(t)ueE™ (< Edg(r)).

€'€ Exm (tLEcts
e>_re

Note that each s, is non-positive, so they can be used to define levels on 7/ as follows.
By (2.16) and (2.17)), there exists a rooted level tree

t=(r,10),

unique up to equivalence, satisfying
(2.18) 1<,  (Em() =) Exm(t) © Exm(ue™ (<= Edg(r)),
(2.19) I(h,) = se VeeCom(t).
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where m’ =m(t’). Since the underlying rooted tree of t' is /= (7917, ,0), we have

[f’] € Kmﬂ/, .
We next show that there exists a unique twisted field
o . 0 , tf
(2.20) M= [f(O), <[>\e f?e% |f(0)]€€@f(f’))je[[m',ODU] € (M )["] |f(0)

over f(0) such that F(t) v 1. Here we write z v 2 if 2 specializes to zp for any scheme S and
any points z and zg of S.
Fix a twisted field n over f(0). Since [t'] <[t], there exists a subset J<I(t') such that [t’( J])] =[t];

see . Let 4, be the twisted chart with the twisted parameters &, ::g’jn as in |(p2)| and set
(2.21) e, =1 V je[m’,0)y.
Then, &, is defined for all se[m’, 0)y uEdg(t). Let

Uy s Uppg — g N {&#0Vsel; E=0Vsel(t)\}
be the isomorphism constructed in [I0} (3.17)], where U;] 1 is an open subset of ‘ﬁgf[t] containing
the image F(D*nf1(V)). Let
(222) (1)=& (W (F(1) Vielm'.0v: uelt)i= & (V) (F(1) VeeEam(t).
Then, F(t) v n if and only if
((53' (t))je[[m’,ol)t/ s (Ue(t))eeeim,(t') ) (ue(t))eeEm/(t’) )

2.23
(2.23) o (0 (/\e)ee@im,(y),g), where 0=(0,...,0), Ae;=1V je[m’, 0.

Indeed, by [10, (3.21)] and Cases 1-3 of the proof of [I0, Lemma 3.2], as well as the assump-
tion (2.19)) above, we conclude inductively over the levels of t' in the descending order that there
exist nowhere vanishing functions b;(t), j€J=Jn[m’,0)y, on D~ f~ (V) such that

tFE=Dbi(t) if jedy;
2.24 () = J +
(2.24) g;(t) {0 el

Similarly, by [10, (3.22)] and Cases A and B of the proof of [10, Lemma 3.2], as well as (2.19)
and (2.24]), we conclude inductively over the levels of t' in the descending order that there exist
nowhere vanishing functions b (t), e€ € (t'), on D f~1(V) such that

: Lon.
(2.25) ue(t) = {ff,ff,)%)be( ) iZi;i‘“(g)
We set
(2.26) Ae :=0e(0) V¥ e€L (1.
Since the functions b. are all nowhere vanishing, all A\, are nonzero. Moreover, by , the

second equation in (2.22} (2.25), and (2.26]), we obtain A, =1 for all je [m’,0)y. Thus, A can

be used to define 7 in ([2.20)).
Since j* stands for the level of ¢ immediately above j, we have

t—i>0  Vjel..
Similarly, by (2.4) and (2.19)), we have

m’'—s. > 0 Ve€ By (t).
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Thus, by @, , and , we see that F: D* — 9 extends to ¢ : D — 9 with
¥(0)=n as in (2.20).

It remains to prove the uniqueness of ¥. Mimicking the proof of [I0, Lemma 3.2], we conclude
that for any [t]=[7,¢T] € Kfnv,\[f’ |, at least one of (]2.24[) and (]2.25[) no longer holds for t/. Hence

by , F(t) cannot specialize to 1T. Consequently, every possible specialization of F(t) at
t=0 must be in (‘ﬁ,yf)f,f,] 0)" Since the functions wu.(t) in (2.25)) are uniquely determined by [10,
(3.22), (3.26), & (3.28)] as well as the expressions (2.16)), (2.17), and (2-24), so are the functions
be(t). This establishes the uniqueness of 7 in ([2.20)) and hence the uniqueness of 1. O

The following proposition is a restatement of [I0, Proposition 3.9] under the current setup.

Proposition 2.19. Let I', M, and A be as in Theorem [2.18 Assume that w: C —> M is the
universal family of M. Then, the I'-stratification of M in Definition [2.13 induces a stratification
C=Ll,er Cy such that the union
ct = |_| (NV)E{] , where
~el; My emo(My); [f]GKm,y

(N’Y)H]: ( H [P<( (‘B”*L%nye))//\/’w])_’ H =),

i€[m,0)¢ ecE; (1)

has a canonical smooth algebraic stack structure, and the projection
Aot ot
induced by m gives the universal family of M.

On the conclusion of this section, we remark that in [I0], the properness of the forgetful
morphism M — MY (see Example for notation) was established via the isomorphism

Qﬁtlf—ﬂf)\fﬂ"t to the blowup stack if)\ﬁ{"t in [8], as well as the properness of the blowing up ifDV?‘l”t —
MY, In this paper, Theorem provides a more direct approach to the properness, with
a broader setup that includes the genus one case as a special case, yet without involving the
comparison with the blowups. This could be an advantage of the STF theory in the higher
genera cases.

3. RECURSIVE CONSTRUCTIONS

Theorem [2.18] and Proposition [2.19] suggest the possibility of adding twisted fields recursively:
RN (mtf)tf _ mtf — 0.

The tricky part is choosing appropriate stratification IV and treelike structure A’ in each step.
Given a I'-stratification on 97 and a treelike structure A on (901,I"), we provide a possible stratifi-
cation known as the derived stratification on 9" and another possible stratification on 9t known
as a grafted stratification, respectively in this section. They will be used in the description of %gf

and Mo(P", d)¥ of Theorem

3.1. Derived stratification. Recall G denotes the set of connected graphs. Let 9t be a smooth
stack endowed with a I'-stratification M =| |, .- M, as in Definition and a treelike structure
)

A as in Definition that assigns to every pair (’yef‘, N, emo (M,
(7,E, B) := (. En,, B, )-

Given a rooted level tree t= (7, ¢) with [f]€ A and a level i€Im(¢), recall that i* and i* stand
for the levels immediately above and below i (if they exist), respectively. We also recall that

a unique tuple
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(&L . )= denotes the set of the edges of the paths of 7 from the root o to the level m = m(t)

m; min

minimal vertices; see (2.4)).

Definition 3.1. Let I', 91, and A be as in Definition . For every yeT', M, emo(M,), and
[t]e Am, . we construct the derived graph of v with respect to [t]:

P €G

as follows. For an arbitrary t representing [t]

(1) firstly, we replace every e={h},h;}e (&L . \=cEdg(t) with a new list of half-edges

+ + - + - :
he;z(h:)b’ b, est(hd )’ h e;(e(hdpye? T he;z(ﬁ;)ﬁ’ he;e(h;)’ he;ﬁ(h;)’
(2) then, for each je[m,0); and e =+, —, we set

hs = {B(hr;) : e€€n(Emmn)®} (< HE(E) c HE(y))

and consider the sets h;*r as new half-edges;
(3) next, we set

={h,h;} VY i€[m,0),
= {n7 o L (eBGED\ (7 wif)) Y e (m, 0],
ee(’fim(Eé min) =
= {hmbo L] (0BB\h). o= {giu [ (BRI \RG)
66@# ( rnmln)> €E€l m(&;an mm)2
and take p I to be the graph satisfying

HE (¢!, 1q) = HE(Edg(M)\B(Emmin) ™)) w {2 i€[m, 0]},

Edg(p, q) = (Bdg(n)\B((Emumin) 7)) 1 {es : i€ [m, 0]},

Ver (), 1g) = (Ver(n) \{v(B()) : Re HE((Eqqmin) ™) }) L {vi ¢ i€[m, 0}
(4) finally, we define p., g via edge contraction:

Prylt) == (f’/%[ﬂ)(ﬁ[@m\&; win)”))’

Obviously, the construction of p, [y is independent of the choice of t representing [t]. By
Definition we observe that if m=0 (i.e. t is edge-less), then p, jg=v. If m <0, then

HE(p,, [q) = HE(Edg(y)\8(€1,,)) u {AT : ie[[m,O[)t},
(3.1) Edg(p,1g) = (Edg(y)\B(€2m)) L {ei : ie[m, 0D},

Ver(p%[t]) = (Ver(y)\{v(B(R)) : heHE(€L,) }) w{vi:ie[m, 0]}
where the vertices v; are the images of v/, i.e. they are determined by
(3.2) E) hgb ; vi 3 h;, Vie[m,O0).

The new edges e; and vertices v; (if exist) are called the exceptional edges and vertices, respectively.
With notation as above, let

(3.3) T4 ={p,[q : 7€T, Myem(M,), [tleAn, } (= G).
An example of derive graphs is illustrated in Figure
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0

-1 €_g3€_o2€_1

2 q
g b eN\d 3 d 9

Ty t representing [t] € Ag’z,y Pry[t] € reer
F1cURE 3. An example of derived graphs

Corollary 3.2. Let T', M, A, and M be as in Theorem . Assume that for every yel' and
every Ny emo(M,), we have Ex, =Edg(y’) for some connected subgraph +' of v. Then,

mt = | | mY, where MY = L] Wi

(3.4) ~
V’EFdAer ~el' , MNyemo(M) [’c]eAm,Y s Py [ =7

is a T3 -stratification of MY, known as the derived stratification of MM with respect to (M, T, A).
Moreover, for any ’y'eFj{er, the connected components of smgf, are given by the RHS of .

Proof. 1t is direct to verify the statements using the sets
U= {i,lz : xeﬂﬁff, }, v'el’ier
of affine smooth charts of MY, the subsets
{& il =[m,0)uEn(LE_()}, Y eT{", tel,,

of local parameters, and the local equations of (‘ﬁv)ﬁc] as in Theorem ng The assumption
n

that each 7y, is identified with a connected subgraph of « via the bijectio guarantees that

for any derived graph p, [y € Fj{er, contracting any special edges e; from p, g does not create
graphs that are not in I‘der. O

3.2. Grafted stratification. For every graph v and every vertex ve Ver(y), let (v, v)gs be the
graph given by
HE(('Y? U)gft) = HE( ) o {hgfta gft} Edg(('%v)gft) Edg {egft {hgftv hg_ft} }
Ver(( gft) {UI_I {hgft}} U {Ugft = {hgft}} u Ver( 'y)\{v} .
Intuitively, (v,v)qs is obtained from + by grafting an extra vertex vgg onto the chosen vertex v
via an extra edge egp. If 7=(7,0) is a rooted tree, then we write 7yg := (7, 0)gft-

We continue with the setup in the first paragraph of Recall that 7, denotes the single-
vertex rooted tree.

Corollary 3.3. Let I', 91, A be as in Deﬁm'tion so that (M, T') is endowed with a treelike
structure A, and A9 be the boundary of M (w.r.t. I'). Assume that

o there exists K < A(cOM) satisfying that for every yeT\{r.}, M, € mo(M,), and Ve, there
exists kY €L (Oy) such that {¢F}cepag(y)L{r"} is a subset of local parameters on 'V and

K9,V is either {kY=0}nN, NV or & V+'el, MNyem(My);

o for every yeT and every Ny € mo(M,), the bijection By : HE(tq ) — HE(Ey ) (< HE(v))
identifies T, with a connected subgraph of .
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q q
a, b N a/ p Cgft
vyerl Ty Ygtt € Dgft

FIGURE 4. An example of grafted graphs

Then, by setting

Lope = D (K) := {7e} { ('y, ﬁ‘ﬁv(o‘ﬁv))gﬁ s yel\{7.}, M, em(M,) },
(‘)‘tw)gft =K n ‘ﬁ,y Y "}/EF, ‘ﬁyem(imv),

(3.5)
(Mgtt) 1= |_| (M)ate ¥ 7' €T\ {70}, (Mgt )r, 1= DJT\( |_| (fmgft)w’)a
(’Yv 6‘)’1ry (O‘ﬂry))gft =’Y’ ’Y’ergft\Tﬂ
we observe that
M= (mgft)w’
'Y’ergft

is a Dy -stratification of M, known as the grafted stratification of (IM,I") (with respect to K ).
Furthermore, if

(36) KnNynV ={=0nN,nV  Vyel, Nyem(My) with ro, #7e,

then the treelike structure A on (9, I") induces a treelike structure Agg on (MM, Ugp) satisfying for
every Memo(Mgs)r,, we have

T‘)’I = (7_07@7 _)a

for every o' € Tog\{7e} and every M = (M, )gr € mo((Myte),) (which implies v € T\{r.} and
KM, #J), we have

Tov = (= (T, )gte » Em =Em, Ufegni}, fo: Edg((mn, )gte) — Em, Li{egn}),
where B‘ﬁ|Edg(TmW): B, Bon(egtt) = egft-

An example of grafted graphs is illustrated in Figure [4

Proof of Corollary[3.3 For every 7' €Ty \{7e}, every nonempty (9,)qf ET['()((mgft),y/), and every
z € (My)gri, we have x€N,, thus for any chart Ve, containing x, we take the subset of local
parameters

¢Y, eeEdg(y) and ¢ =kV

Egft

Using these charts and local parameters, we see that the last equation in gives a I'gfi-
stratification of 9N satisfying Definition The connected components of each (Mgf;), are
described in the first equation of the last line of .

It remains to show that Agg is a treelike structure on (9, Iyp) if holds. Notice that
for every ' € Lgr, and every e mo((Mgg),) With mm # 7o, the edge egp is both maximal and
minimal in Edg(mn). Thus, for every E € Edg(y’) containing eys such that 7 := ’yE B) belongs
to L'gg, the first line of implies 4 =7,, hence 7n, =7, for any My e mo(M5). This confirms the

condition of Definition [2.16 The conditions @ and of Definition follow directly

from the assumption that A is a treelike structure on (91, 1). O
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4. APPLICATIONS OF THE STF THEORY TO B2 AND M5 (P", d)

Let PB4 be the genus g relative Picard stack of the stable pairs (C, L) where C' is a genus g nodal
curve and L is a line bundle over C. A pair (C, L) is said to be stable if every rational irreducible
component ¥ c C with L/Y as a trivial line bundle contains at least three nodal points. It is a
well-known fact that ‘B, is a smooth algebraic stack.

In §4.2 we apply the STF theory to o recursively in eight times and obtain Y,NBgf, which
in turn gives rise to the resolution M3f(P", d) of My(P",d) as in Theorem The proof of the

properties |(1)H(4)| of Theorem is provided in §4.10|

As stated in & the stack B may not be isomorphic to the blowup stack ‘%2 of [9]. The
eight-step construction of ‘Bgf in §4f corresponds to the blowup construction of [9] as follows:
rnpt — npz — (npa—rnps) > nps — ra — (rsp2 > rsp1) > rsps — r3ps .
~—— ~—— —_— ~—— ~—— —_— ~—— ~——
#2 3 i 18 .9 | @3 .9

In fact, several blowups iIiQ} can be performed in various orders and should generally give rise
to different resolutions of Mo(P™, d).

4.1. Notation. The following notation and terminology will be used repeatedly in the recursive
construction.

Definition 4.1. We call a tuple
v = (7, py: Ver(y)—Zsq, w: Ver(y) — Zso)

of a connected graph v and two functions p, and w a connected decorated graph, or simply a
decorated graph when the context is clear. The arithmetic genus p, of a decorated graph is

Pa(:Pg: W) i=b1(7) + Y py(v).
veVer(y)

We denote by G* the set of all connected decorated graphs. For k€ Zxq, let
G = {7y eG": p,(v")=k}.
With v* as above, for every subgraph 7/ of v, we write

(4.1) w) = ) w().

veVer(v')

Here we identify ve Ver(y') with its image in ~y; see Definition
We say two decorated graphs v* and (7/)* are isomorphic and write

v ()
if y~+" and the graph isomorphism is compatible with the corresponding py, py, w, and w’.
Given v € G and E < Edg(y), recall that Y(g) denotes the graph obtained from v via edge
contraction; see Definition The subset E determines a subgraph +' of v with Edg(y') = E.

Let {7{,...,7} be the set of the connected components of 7/, which are contracted to distinct
vertices vy, ..., 0k in y(g). Thus, there exists a surjection

v if vgVer(vy');

eri(E) . Vi — Vi ; _ . ,
7Tv ,(E) er("}/) er(V(E)) v {Ui lf 'UEVGI'(V;), 1= 17 ceey k
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Definition 4.2. Every decoration v* of v determines a decoration WZE) of v(E) by setting

pg(ﬁi) = bl(’)/;) + Z pg(”)a W(ﬁl) = Z W(U)v Vi=1,...,k,

’UGTI'V_;;(E)(ﬂi) ’UGTI'V_;;(E)(ﬂi)
which is called the induced decoration of (k).

Definition 4.3. Let v* be a decorated graph. The core v, is the smallest connected subgraph
of v* with pa(Veer) =Pa(Y*), together with the restrictions of p, and w to Ver(y').

Let I', 9, and A be as in Definition Given yeI', M, emy(IM,,), and [t] eKmy, let p, [q be
the derived graph as in Definition

Definition 4.4. A decoration v* of v determines a decoration p:,,[t] of py,y, called the induced

decoration of p, [y, such that:

o if m(t)=0 (i.e. t is edge-less), then p, =", so we set p;,[t] =%

o if m(t) <0, then with v; € Ver(p, [q), i€ [m, 0], denoting the exceptional vertices as in ,
let

povo) = Y, pe(v), W)= Y, w(v),  py(vi)=w(vi)=0 Vie[m,0),
ve{v(B(h)): heHE(EL,)} ve{v(B(h)): heHE(EL,)}

and let the restrictions of p, and w to Ver(p, q)\{vi: i€ [m, 0]} be determined by v*.

Definition 4.5. Let C be a nodal curve. The dual graph vo of C is the graph whose vertices v
and edges e correspond to the irreducible components C, and the nodes q. of C, respectively.

Definition 4.6. Given (C,L)eB,, its decorated dual graph is a tuple

Ve = (e » pyiVer(v0) — Lo , wiVer(y) —Zso )
such that pg and w assign to each ve Ver(yc) the geometric genus of the irreducible component

Cy and the degree of L/C,, respectively.

4.2. The first step of the recursive construction. The initial package of our recursive con-
struction is given by
ml:m% Fl:{[v]: 7€G, b1(7)<2}7
where the first Betti number b1 () of a connected graph + is described in Definition and the
equivalence class is given by the graph isomorphism (see the paragraph before Definition .
As explained in Remark it is convenient to fix a representative of each element of I'* and
write yeI'* instead of [y]eI™.
For any (C, L)eM*, we take an affine smooth chart

(C, L) € VC,L — Nt

As in [8] §4.3] and [10} §3.1], there exists a set of regular functions {C}f}eeEdg(WC) so that for each
eeEdg(vc), the locus

(4.2) {¢Z=0}cVer
is where the node labeled by e is not smoothed out.

Lemma 4.7. With notation as above, there exists a I'*-stratification of M given by

Mt = |_| M, = |_| {(C,L)yem" : v¢~~}.
~yel't ~yel't
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Proof. Consider the aforementioned charts of 9 and the subsets of local parameters:

(4?)) er = {VC,L : PYC:’Y}a ’Yerl; {C;) : eEEdg(V)}v ’)/EFl, VG@,Y,
respectively. By the deformation of the nodal curves, we know that
Clgm(M) = || ot Vyel™
Y€l 1=y

Notice that «; < above is also up to graph isomorphism. Therefore,
(4.4) || o= J Clam(m) v A el

eIt vy YyEL, vy
By the deformation of (C, L) 9" =3, we also know that 3} ever(s,.) €1(L/Cy) is constant within
each connected component of P,. Taking the stability of P9 into account, we see that for every
e mo(Pz), there exist only finitely many yeI'™* such that M2 "IN+~ . Thus, the RHS of

is a finite union in each connected component of 91*, hence

|_| E)JQ is closed in 901*.

el v+
Consequently, we may shrink the charts in (4.3)) if necessary so that
(4.5) M, N V=g Y vy,7 el with v+, V V'€l .

In addition, since the local parameters ¢ correspond to the smoothing of the nodes, we conclude
that for every v, €I with v >+ and every chart V'e ./,

r_ V_ ! 1%
(4.6) M AV = ) {¢=0 VeeRdg(W)\E, (V#0 VecE}.
EcEdg(y), v(gy>Y
Lemma then follows from (4.5)), (4.6]), and Definition m O

One can mimic Example and construct a treelike structure A’ on (9, T'*) likewise, which
gives rise to a stack with twisted fields 9t},. However, such (9", T, A’) does not satisfy the
hypothesis of Corollary so the derived stratification of 9}, with respect to (', T, A") does
not exist, and the proposed recursive construction cannot proceed further. Thus, we introduce a
slightly different stratification on 9* as follows.

For every decoration v* of v€I'', we denote by

Wie = Wertrz,e) € G

the (connected) graph obtained from «y by applying the vertex identification to Ver(vs,,); see Def-
initions [2.7] and [4.3] for terminology. The image of the vertices of 7%, in Yvic is denoted by o, .
The decoration v* of v further induces a (unique) decoration 7;;. of Yyic by setting

(47) pg(o"fvic) = Z pg (U) and W(O'Vvic) = 2 W(U)
veVer('ygDr) ’UEVBI“(")/(’:‘OY)

while leaving the decorations of the vertices of Ver(vy.)\{o+... } = Ver(y)\Ver(y,,) unchanged.
The above description of 7. implies

(4.8)  Edg(wic) =Edg(7); Edg((wic)eor) =Edg(Voor);  (VE)vic = (wic) () ¥ E < Edg(v).
Let

Tie = {wic : v'=(7,pg, W)€GS, vl }.
The following statement follows immediately from and Lemma
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Corollary 4.8. The Fl-stmtiﬁcation of M* in Lemma ﬂ determines a I't. -stratification:

Vvic

|_| vlc,’y |_| { C L em : (’YCL vic =7 }

~y'el’'t. ~y'el’'L.

For every v*e€ G3, let
N ={(C,L)eM" : 4¢ L >~} < M-
we have
T0(Myicr) = {M : 7 €G3, Wie=7'}
Fix a graph veI'* and a decoration v* of 7. Let
(4.9) M = M. € mo (M, ).

VIC; ’YVIC

Then, for every v’ €I’}

vic?

We will describe the tuple (7o, Egp:, B;:) to provide the proposed treelike structure A on
(O, IL.). Let vz, be the core of 4* as in Definition [4.3| and w(7,,) be as in (4.1)).

vic
o If w(7v2,) >0, we set Ton =7, and ogp = 04,,.-
o If w(v2,)=0, let
Yetr = (Wie) (g2, yeor)) = T(Ede(320r)
be the graph obtained via edge contraction; the second equality above follows from (4.8]). We
then dissolve all v € Ver(vet,) satisfying w(v) > 0 (see Definition for terminology) and

take Ty to be the unique connected component that contains o, .. Thus, 7m: is a rooted tree
with the root o, .

Since Ty is obtained via contraction of the edges in 7, dissolution of vertices not in ~;,., and/or
taking a connected component of a graph, we conclude that 7y is a connected subgraph of ~yic.
In particular,

(4.10) Edg(mn) © Edg()\Edg(veor) = Edg(yvic) \Edg((13ic)cor)-
Let

At = ((Tml, Eml Z:Edg(Tsﬁl), Id) )'y’EFl , Mem(M:. )"

Lemma 4.9. The set A* give a treelike structure on (I, T'L..) as in Definition .

Proof. The proof is parallel to its genus 1 counterpart that is studied in Example with Oyt
replaced by B2. The key point is that the positively weighted vertices of Ty are and only are

the minimal vertices (i.e. leaves), which is the same as in the genus 1 case. We omit further
details. g

Corollary 4.8 Lemma and Theorem [2.18) together imply the following:

Corollary 4.10. Let (iml) be constructed as in Theoremm Then, (93?1) 1 18 a smooth
algebraic stack and the forgetful morphism (iml) — M =Psy is proper and birational.

vie;y/

4.3. The second step of the recursive construction. In this step, we take
om* (Dﬁl) At I | R

vic ( vic

where (T, )9 is the set of the der1ved graphs of ',

Vvic Vvic

given by the treelike structure A'; see . Since for every ~'€T2

) der

with respect to the rooted level trees
and every 9" e mo (M. ),
the rooted tree 7o is a connected subgraph of o/, Corollary (3.2} - 2| thus gives rise to the following

statement.

vic

Lemma 4.11. The stack 9> comes equzpped with a I';
ification of IM* with respect to (M, T'L. , A*).

o-stratification, which is the derived strat-

vic?
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The graphs of I'Z, . are in the form
(4.11) Y= Py t] € Tices where yicel., [t]eAy, M em0(Micirs);
see (4.9) for 91*. The vertex that is the image of o,,,, in 7* is denoted by 0,:. The decoration ;.
of yic induces the decoration (y*)* of 4 as in Definition By Corollary the connected

components of M7, are in the form
(4.12) N> = (M)fhy € mo(M.).

For each 91* as above, we will describe the tuple (72, Exz, Onz) to provide the proposed treelike
structure A* on (9>, T2, ).

Let
E':= @;m(fl) c Edg(Tml) = Eml

< Edg(7)\Edg(véor) = Edg(wic)\Edg((Wic)cor),
which follows from (4.10]). Consider the graph gz obtained from « via edge contraction, which

*

is endowed with the induced decoration Ve from v* as in Definition Then,

(414) Edg(’Y(El)) = Edg(’yz)v Edg(fy(*El);cor) = Edg((vz):or)a W(’Y(*El);cor) = W(O’YZ) = 1.

The first two relations follow from (3.1)) and (4.13]), and the last equality follows from the choice
of m(t') and Definitions and Further, by the construction of 7y in §4.2) we see that
”y(El) contains at most one pair of the smallest disjoint connected decorated subgraphs ’y(El

(4.13)

%t
satisfying
(4.15) Da (WZEL);J_F) =1, w(fy(*El);+) = 0.
We are ready to construct 7.
o If VZEl) does not contain two disjoint connected decorated subgraphs ’y(*El), 4 satisfying 1|
then we set 7> =7, and og: =0,2.
o If 'VZEl) contains a unique pair of disjoint connected decorated subgraphs WEEI)_ 4 satisfying 1)

then they are decorated subgraphs of ’)/(*El and the (shortest) path in g2y connecting 'y(*El

);cor?
and 7(*E1);7 must contain a vertex with w(v)>0 by the last inequality in (4.14)).

);+

*

— First, let y(g1).ctr be the graph obtained from g1y by contracting the edges of VBt into
two distinct vertices ocr,+, respectively;

— then, let Jg),.y be the graph obtained from vg1)., by identifying the vertices octr 4 and
Octr,— @S & same Vertex Octr;

— finally, we dissolve all v € Ver(ygz)ct;) satisfying w(v) > 0 and take 7. to be the unique
connected component that contains Octy.

In this way, we see that 7in: is a rooted tree with the root ogy: = Oty

Notice that 7yx= is obtained via contraction of the edges of (v?)%.,. by (4.14)), identification of
vertices of Y(g1).cor, vertex dissolution, and taking a connected component of a graph, thus

(4.16) Edg(rn:) < Edg(yer)) = Edg(y)\{ej : i€[m,0)n} < Edg(y?),

and moreover, Edg(mm:) is the set of the edges of a connected subgraph 75, of 4* that satisfies
omz C 042 € Ver(y.)

(recall that every vertex is a set of half-edges). We set

s ) N——

The following lemma is the analogue of Lemma [4.9)in this step.
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Lemma 4.12. The set A* gives a treelike structure on (M*,T'2,.) as in Definition [2.16]
Lemmas and along with Theorem [2.18] give rise to the following statement.

Corollary 4.13. Let ()Y, be constructed as in Theorem. Then, (M), is a smooth
algebraic stack and the composite forgetful morphism (sz)f\fz —> 9N =Py is proper and birational.

4.4. The third step of the recursive construction. In this step, we take

o = ()i, 1

vic T

_( 2 )der

vic/A? -
Analogous to Lemma we have the following statement.

3

Lemma 4.14. The stack 90 comes equipped with a I'.; -stratification, which is the derived strat-

ification of M3 with respect to (IM*, T2, | A*).

vic?

The graphs of I}, are in the form

(417) ’}/3 = p,yz7[tz] € FS

vic?

where ~v2elZ%,, [£]eAy., Mem (m2.);

vico

see (4.11)) for v* and (4.12)) for 9. The vertex that is the image of 0,2 in 73 is denoted by 0,3. The
decoration (y*)* of 4* induces the decoration (73)* of 73 as in Definition By Corollary
for every 73 as in 1) the connected components of i)ﬁf;j are in the form

(4.18) W= (MW)fy € mo(I,).

For each 913 as above, we will describe the tuple (7s, Eqs, Sns) to provide the proposed treelike
structure A3 on (93,1} ).
Let

E? := €2, (*) c Edg(n:) = Ey-
< Edg(ye) = Edg(y)\{e] : i€ [m, 0)u} = Edg(?),
which follows from (4.16)). Consider the graph and its induced decoration

(4.19)

*

Y@ = (Eny) @) =veuey and ),
respectively. Analogous to (4.14)), we have

(4.20)  Edg(ym):)<Edg(y?), Edg(Vm):cor) =EAS((P)eor)s W k)2 cor) =W(043) =1,

In addition, by the construction of 7y: in we see that 7). contains at most one smallest
connected decorated subgraph

(4.21) ’YZE)ZH_ with Da ('Y(*E)zH.) =1, W(’Y(*E)Z;-i-) =0.

We are ready to construct the rooted tree ;.

o If ’7(*E)2 does not contain any connected decorated subgraph 'y(*E)Z, . satisfying 1) then we
set To13 = 7o and oms =0,3.
o If ’y(E)Z contains a unique smallest connected decorated subgraph ’y(*E)Z, . satisfying (4.21)), it is

a subgraph of fy(E)z, wor DY Definition We contract the edges of ’y(*E)Z, . from fy(*E)z into one
vertex ogtr, then dissolve the vertices v with w(v) >0 and take 75 to be the unique connected
component that contains oq,. In this way, we see that 7oms is a rooted tree with the root

O3 = Octr-
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Notice that 73 is obtained via contraction of the edges of

Bdg (1))  BAg(3)eic0r) = Bdg((1)ior)

(the last expression follows from (4.20))), vertex dissolution, and taking a connected component
of a graph, thus

(4.22) Edg(mms) © Edg(fy@)z) = Edg(v?)\{ ef : k=1,2; ie[m,0)x} < Edg(+3),
and moreover, Edg(7ms) is the set of the edges of a connected subgraph 75,5 of 73 that satisfies
oms C 043 € Ver(7y;)
We set
A = (7o, Eqs :=Edg(ro13), 1d) )

y3el3,

vic?

MN3emg (Dﬁis )

The following lemma is the analogue of Lemma [4.9]in this step.

Lemma 4.15. The set A3 gives a treelike structure on (93,173, ) as in Definition .

vic
Lemmas and along with Theorem [2.18] give rise to the following statement.

Corollary 4.16. Let (M3), be constructed as in Theorem. Then, (MB3)Y; is a smooth
algebraic stack and the composite forgetful morphism (9ﬁ3)‘j\f3 —> M =Py is proper and birational.

4.5. The fourth step of the recursive construction. In this step, we take
tf d
M= (M)s, TG = (505
Similar to Lemma we have the following statement.

Lemma 4.17. The stack 9M* comes equipped with a Fiic—stmtiﬁcatz’on, which is the derived strat-
ification of M4 with respect to (M3, Ff,iC,A3).

The graphs of I'y;. are in the form

(4.23) V= pys ] € | where 3el3, [ﬂe&%;, M em (mis)S

see (4.17) for 73 and (4.18) for 9M3. Let 0,4 be the image of 045 in ¥4, (y4)* be the induced
decoration, and

fyf,'is e G
be the graph obtained from 4 by identifying the vertices:
0y4+ and vE ie[m, O)g, k=1,2,3;

the new vertex is denoted by 0.4 . The decoration (y4)* further induces the decoration ('7313)* of

vi3
Vaiz as in (4.7). Then,
Edg(v") =Edg(vy;);  Bdg((v)éor) S Bdg((vy)eor)s (W my)vis=(1dis) () ¥ E < Edg(v*).

We take
4

vic J*

The following statement follows from Lemma and the properties of Edg(’yf,iS) above.

Péis = {'73i3 . ytel

Corollary 4.18. The I}, -stratification of M4 in Lemma determines a Fiii—stmtz’ﬁcation:
ot = | | ome where 9., = | | ol

viz;y"

! 4 4 4
v eFvig 74ervic ’ 'Yvig. =7
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By Corollary for every 746Ff,ic and the corresponding 7313v the connected components of
Mm*, and IM* are in the form
74 viz: 4

v Iviz

(4.24) N = (W)fhy € mo(ML,) nmo(ME L ).

vi3ivg,
For each 91, we will describe the tuple (7ya, Ega, fna) to provide A4 on (9014, Ff,is).
Let

B = ¢l (8) c Edg(m) = Exs
< Edg(y(m):) = Edg(v*)\{ e} : i€[m,0)¢, k=1,2} < Edg(+*),
which follows from (4.22)). Consider the graph and its induced decoration

(4.25)

YE)3 = ('Y(E)Z)(E5) = Y(E'LE*LE3) and 7(*@)5,

respectively. Analogous to (4.14) and (4.20)), we have
Edg(yg)) cEdg(v)=Edg("3;;):  Edg(Ymys.cor) =Edg((7)i0r) SEdg((vii;)eor)

w(’y(*E)S;cor) = W(O’Y4) = W(O'y\‘,‘is) =1

(4.26)

The last equality above holds because w(v¥) = 0 for all i € [m,0)p and all k = 1,2,3; see
Definition [£.4
We are ready to construct the rooted tree Tya.

o If w(y(*E)s;Cor) >1, then we set 794 =7, and ogs = Ot -
*

(E)3;cor E
the vertices v # octy with w(v) > 0 and take 7y to be the unique connected component that

contains oty In this way, we see that mma is a rooted tree with the root ogms = 0cty-

*

o If w(*yE*E) 5.cor) = 1, We contract the edges of from V(g)> nto one vertex octr, then dissolve

Notice that 7y is obtained via contraction of the edges of
Edg (VZE)S;cor) = Edg((74)(*;or) = Edg((’)ég)gor)
(by ), vertex dissolution, and taking a connected component of a graph, thus
(4.27)  Edg(rou) < Edg(yg):) = Edg(y)\{e} : k=1,2,3; i€ [m,0)s:} < Edg(y*) = Edg(+y;,),
and moreover, Edg(yms) is the set of the edges of a connected subgraph 75, of ’7313 that satisfies

oma C O

i, € Ver(Tq)-

We set
A* = (s, Egua :=Edg(ro4), 1d) )

4 4
’YviﬁF

vi3?

Neemp(M! )’

SR

The following lemma is the analogue of Lemma in this step. Notice that the core of ’)/(*E)3
is postively weighted in the current situation, which seems to be different from Lemma (or
Example . However, by Definition if we contract an edge of 7ym4 that is both maximal
and minimal, then the weight of the new vertex is greater than one, hence the corresponding
rooted tree given by A4 is 7., which is exactly the same as in the proof of Lemma [4.9

Lemma 4.19. The set A* gives a treelike structure on (M4, T%.) as in Definition .

vi3
Lemmas and along with Theorem give rise to the following statement.

Corollary 4.20. Let (M*)Y, be constructed as in Theorem. Then, (MY, is a smooth
algebraic stack and the composite forgetful morphism (SJZTI“)‘j\f4 — I =Py, is proper and birational.
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4.6. The fifth step of the recursive construction. In this step, we take

ms = (MY, I3, = (T

)der
viz vi3

A4 -
Analogous to Lemma [4.11] we have the following statement.

5
vi3

Lemma 4.21. The stack M> comes equipped with a T’
ification of M5 with respect to (M4, T4 A4).

Vi3’

-stratification, which is the derived strat-

The graphs of I'>.. are in the form

vi3

(4.28) V=P ] € I

viz? Vij’
see l) for v4 (and the succeeding display for 7313) and 1) for M4, Let o5 be the image
of 08, in 7> and (7%)* be the derived decoration. By Corollary for every 745 as in li the

connected components of im?y; are in the form

4 4
where Voiz €L vizo

<4
[tY] € Aju, MNem (Z)JT‘V‘imji3 )i

(4.29) N := (M)fy € mo(Ms).

For each 95, we will describe the tuple (7ys, Ems, Bms) to provide A5 on (95, T ‘5113).
Let

E4:= ¢ () c Edg(ns) = Equa
< Edg(vg)) = Edg(v*)\{ e¥:ie[m, O)x, k=1, 2,3} < Edg(v*),

which follows from 1 . With yeI'* and [t']€e Kiml as in consider the derived graph of ~
with respect to [t'] and its induced decoration

(4.30)

~2

¥ i=pye) and (37,
respectively. By (3.1]) and (4.13)), we have
Edg(yg)) = Edg(7*).

Thus by (4.19), (4.25), and (4.30),
(4.31) EF c Edg(3?), k=2,3,4.
Let

~2 L ~2

Y(E) = V(E*UE3LEY)
and (ﬁ(ZE)Al)* be its induced decoration. Let

=5

T and ()"

be the rooted tree obtained from '7(2E) , by contracting the edges of (f7(ZE) 4+ )eor into the root ozs and

its induced decoration, respectively. Analogous to (4.14), (#.20)), and (4.26), we have
(4.32) Edg(7°) < Edg(»?), 075 C 0y5.

We are ready to construct 7is. Recall that ng (') € [m, 0]¢ as in is the lowest level of t*
on which there exists a unique vertex ve Ver(t') satisfying v >’ for all level m minimal vertices v’
of t*.

o If ny (1) =0, or ny (") <0 but w((¥2)},;) <w(02s), we set Tos =7 and oms =0,s.
o If ny(t') <0 and w((72)},) = w(oss), we dissolve Vi, () and all the vertices v # ozs with
w(v) >0 in 7> and take 7,5 to be the unique connected component that contains ozs. Thus,

Tims 1S a rooted tree with ogs = 0zs.
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Notice that the above construction of 7ys is independent of the choice of t' representing [t'].

By , we have

(4.33) Edg(ms) © Edg(7%) < Edg(v°)\{e] : k=2, 3,4; ie[m,0)y} < Edg(~°),

and moreover, Edg(7ns) is the set of the edges of a connected subgraph 7,5 of 7> that satisfies
oms C 045 € Ver(Tys ).

We set
AS = ((Tms, Ems :ZEdg(Tgw), Id))

vi3?

~y5el>. | Nsem (EDT,SYS )

Lemma 4.22. The set A5 gives a treelike structure on (95,12, ) as in Definition .

vi3
Proof. The proof of Lemma [£.22] is still parallel to that of Lemma [£.9} The only part that needs
attention is the minimal vertex V;u(tl) of Tys is not positively weighted whenever n; (t) <0; see

Definition Nonetheless, if we contract the minimal edge e,
that there exists a unique list

() of mys, it is a direct check

(4.34) yell., NWem(My), [Elehg., ..., Pell,, Mem(M;)

vic» viz?

such that 35 = 7(561 X Clgns 9B N9 # &5, and ny (£) = (0 (£))*; see 1) for notation. Thus,
nj (t)

Vinl(tl))ﬂ is a minimal vertex of 75, in this case. Similarly, if we contract a non-exceptional

minimal edge e of Tys that is directly attached to an exceptional vertex v}, i€ [n;(t*),0), then it

is a direct check that there exists a unique list as in (4.34]) such that 7> 27(56), Cloys 95 N # & ,

and n; () =i. Thus, v} is a minimal vertex of Tgs in this case. The verification of the rest of the
conditions in Definition [2.16]is analogous to Lemma [£.9] and Example hence is omitted. [

Lemmas and along with Theorem [2.18] give rise to the following statement.

Corollary 4.23. Let (95)' be constructed as in Theorem. Then, (9M5) is a smooth
algebraic stack and the composite forgetful morphism (93?5)%5 —> 9N =Py is proper and birational.

4.7. The sixth step of the recursive construction. In this step, we take

me = (), 18, = (1

Vi_’, - Vi3

.

Similar to Lemma [4.11] we have the following statement.

6
vi3

Lemma 4.24. The stack 9M° comes equipped with a T
fication of MM with respect to (IM5,T3. | AS5).

viz?

-stratification that is the derived strati-

Hereafter, the recursive construction becomes a bit different, which is due to the expressions of
the structural homomorphism in [9, §2] that are related to the conjugate and Weierstrass points.
In Step 6, the strategy is as follows.

(1) We first describe a substack K of the boundary A® of 9 that is related to the conjugate
and Weierstrass points and satisfies the first assumption of Corollary

(2) We then construct a treelike structure A°® satisfying the second assumption and of
Corollary

3) Finally, we apply Corollary [3.3[to obtain the grafted stratification I'®; with respect to K and
gft

6

the induced treelike structure Agft.
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We start with the substack K. The graphs of Fv13 are in the form
(4.35) A0 = Prys,[t5] € ngs, where 75EF3i3, [C]eAys, Memn (fmiS);

see 1) for ~5 and 1) for 5. The vertex that is the image of 045 in 7% is denoted by 0,6
The decoration (75)* of 7> induces the decoration (7°)* of 7°. Notice that w((7°)},;) =2.

By Corollary E for every 4°eT®. ., the connected components of mgG are in the form

Vi3’
(4.36) N := (MW)ffs) € mo(M).
Recall that n; (t*) denotes the lowest level of t* on which there are at most j vertices that are

contained in the paths from the root to the minimal vertices on the m(t*)-th level; see (2.5).
Consider the following sets of the connected components of the strata of 9°:

Ng, = {Mem(M36) : 10Tl ma(t) <mi(t) =0; w((7*)ior) =W ((7)e0r) },
p ={’376€770(5m6 ) 170 elSs mu(t), m (8) <0; w((4%)i0r) <W((7)ior) =W ((7%)ior) I
{9’166770(93?3 ) Dy Eng; n;(t'), n; (£)<0;
W((7)e0r) =W (77 )e0r) <W (Do) =W ()e0r) }+
:{‘ﬁ6€7r0(9ﬁf/6) Dy EFVB; n; () <O}
Nf:{m6€ﬂ-0(9ﬁ§/5) - erwg' ( cor) 2; rYViC;éTo})
NG ={Nem (M) : 1°€Tgi55 mi(th) <0; w((79)ier) =W ((7")eor) }-
We take

UNS;SuNfuNfuNg; mt = |_|‘ﬁ6cim6.
1<5<3 meeNT

The condition yic # 7 in Nf excludes the stratum consisting of smooth genus two curves and
degree 2 line bundles, which is a connected component of smi.. Thus, MM is a substack of the
boundary A® of 9°. In addition, we have the following:

Lemma 4.25. The substack M is closed.

Proof. Fix M®e NT. By Lemma [2.15| for every 7€ and ‘it66770(9ﬁ%6), if Clgme‘ﬁém‘flG #J,

then 7° <~°. Here the notation ~ is to distinguish 3¢ from ~°. Analyzing the possible graphs 5°
with 7° <~° and keeping track of the weights W ((¥*)4or), 2<5<6, we observe that

vi3

/ 6 6 .

le’eNg;luNg;zuNf;suNfuNg N if M eNg.,;
(4.37) Clons9® © |_|m'eNgSuNguNg N if WGENES» 5=2,3;
Lovens 0 if NMCeN?P, i=b,c,d.

Therefore, M is closed. [l

To construct K < M < A®, we consider the algebraic stack Do of the stable pairs (C, D),
where C' are genus 2 nodal curves and D are effective divisors on C. A pair (C, D) in D, is said
to be stable if every rational irreducible component without any divisoral marking contains at
least three nodal points. It is known that ®9 is smooth and there exists a smooth morphism

Dy —> "BZ» (Ca D) = (Ca ﬁC(D))

Thus, every smooth chart V—®4 gives a smooth chart V—s.
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Fix TeM. Let
= (C,L) e M =Py
be the image of ¥ under the forgetful morphism w: M°® — M and let (C, D)eDs be such that
Oc(D) = L. We take ¥V — Do(—> M) to be a smooth chart containing (C, D) (and hence x).
Let (C,D)/V be the universal family. W.l.o.g. we assume that

D=Di+-+Dp,

where the sections D;eI'(C/V) are disjoint.
Assume that ¥eN°e NT. We shall make the following choices on D; and Ds. If N®e N, f 1, the

normalization at the two nodes corresponding to €y, ¢ (t") N (Gﬁn min) = (£) yields two (possibly
nodal) rational sub-curves of C'; w.l.o.g. we assume that D (z) and D, (x) are on each of them,
respectively. Similarly, if 90°e N6 |_|N6 L NE, we take Dy(z) and Da(z) to be on each of the
two rational sub-curves of C' obtalned from the normalization at the two nodes corresponding to
Eny ) (H) N ((‘Ef;ﬂ min)~ (8) and €, (45 (£) N ((’Ei i)~ (8) (s=2,3,5), respectively. If °e N¢, then

w((7°)%,;) =2, which we assume to come from Dj(z) and Dz (z). If N®e N, then W(('Yéi;)zor) =1,
which we assume to come from Dj(x); we then take Dy(z) to be on the rational sub-curve of C

obtained from the normalization at the node corresponding to &, (w)(t*) N (Gﬁl min) = (14).

Let K}, ©V— D5 be the locus on which D; and Dy are conjugate. Shrinking V if necessary,
we can further assume that K}, =7 if Di(x) and Da(z) are not conjugate. By [9, Lemma 2.8.2],
KY, is a Cartier divisor of V, hence there exists Y, €'(0y) such that

(4.38) K}, ={rY,=0}.

Let ${=l; — 9ME be a twisted chart that is centered at ¥ and satisfies @ (8) c V, and &4, sel(5),
be the twisted parameters on i; see Theorem “ for notation. We denote by K12 the proper
transform of K7, in $(, which is still a Cartier divisor, hence there exists &, €T () such that

(4.39) Kty = {si;=0}.
Lemma 4.26. With notation as above, the function kY, can be taken so that {gﬁ‘}seﬁ({s)u{ﬁiﬁ} is
a subset of local parameters on 4. Moreover, for any yeil and any twisted chart I =4y centered
at y, we have

KLt ndl = K aomf Ay,
hence the local substacks I?%Qmi))ﬂ of UNIMT can be glued together to form a substack K c9MT.

Proof. Assume that 2eM° (e NT). Let K}, be as in and x=(C, L)ePB2 be the image of .
We denote by C.o, the smallest connected genus 2 sub-curve of C' and by {d1) and {2 ) respectively
the images of Dy (z) and Dy(x) on C.o after contracting all the irreducible components of C' that
are away from Ceop. It is possible that {(d1)={d2).

According to [0, §2.2 & Lemma 2.8.2], there are two possible situations for K},: either K7,
is smooth and transverse to every local divisor {¢. = 0} as in [£.2), or (d1) and (d2) belong to
a non-separating bridge B, i.e. a chain of rational irreducible components whose complement
in Ceor is connected.

In the former situation, 3, can simply be taken as the pullback of k), to U so that the first
statement of Lemma holds; see Theorem

In the latter situation, w.l.o.g. we assume that B is the largest non-separating bridge containing
{01y and {62). The nodes where B is attached to a connected genus 1 sub-curve C; of Ceo are
denoted by ¢, and ¢,. For i =1,2, let E; c Edg(yc,,,) index the nodes between C7 and {J;),
satisfying that E; and Ey are disjoint. The positions of {(§;) and {d2) imply that

N°eNS, UNS,UNSUNS,  EyuBE,cEgw =Edg(r),  le(h))=Lls(h) = .
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ey x : Dj(x)
< Qeq = q€'2 >
(82) Er={qeyt={ac}
B Ch

FIGURE 5. A point x of K},

The edges €; and e labeling the nodes ¢, and ¢., are respectively the maximal elements of £
and Es (relative to the tree order on 7ys); their minimal elements are respectively denoted by €]
and €; see Figure 5| for illustration.

By [9, §2.2 & Lemma 2.8.2], the parameters (. on V can be chosen such that

KYQZ HC@"‘HC@

eeF e€Fo

Let w0, : MM — M4 be the composite forgetful morphism, 7 = w,4(7), and U3 be a twisted
chart of 9 centered at 74.
If MO e Ng;luN6 then 4 (h, ) < m(B) and 4 (h, ) = m(8). By Theorem [2.18||(pa), the

a3’ ! ’
53 €1 €5

products [ [.cp, Ce and [].cp, Ce respectively pull back to
(3 (3 (3 (3
[[ @ie&” - ] [=ie&t”  and R ] o

1€[m,lo) 3 eeEy i€[m,lo)) 3 e€Ey
where ¢ =1 whenever e is one of the special edges e; of £ as in Theorem m We observe
that [].cpm @6 &P and [, B Py & are products of pairwise distinct local parameters on 4.
Moreover, [ [, E2w:;6 ﬁgs is a unit on Y. Thus,

o % ~U3 x ~U3
Fi2 = Hw4;6 Ce + Hw4;6£e

eeFq eEF>

is a local parameter on 4 that defines K 1%. The construction of the rooted tree mys that determines

the twisted parameters on & implies that {fg}seﬁ(ts) Li{rT,} is a subset of local parameters on L.

If ‘ﬁ6€N,f ulN 5 , the argument is analogous to the last paragraph, possibly with a new situation
when (i(h7 ) < m(8) but £ (k) > m(83). In that case, the products [ [.cp, Ce and [[.cp, Ce

€ 5
respectively pull back to
* 33 ® 30 ® 03 * 33
I o and [] @ie&® - [[=he&t”
i€[m,lo) 3 S o i€l (75 ), lo)s eeln
€2

and [ [.ep, @ye €% is a unit on 4. Thus,

U * U3 E PS¢l E PN ¢
kiz2 = H wyebi Hw4;6£e + Hw4;6 €e

i€[m, £ (ﬁ; D 22 )
2

is a local parameter on $( that defines K 1%, which together with {‘fél}sei iy Still form a subset of
local parameters on 4. This establishes the first statement of Lemma

The second statement of Lemma [£.26] follows from a direct check. The key fact is that for every
TeMN®e NT, the choices of Dy, Dy eT(C/V) described in the paragraph above may not be
unique. For instance, in Figure |5, we may choose the sections D; such that D;(z) (resp. Da(z))
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is the other marked point on the same irreducible component. Nomnetheless, we observe that
K }1“2 AT is independent of such choices (even though K }1"‘2 is). This, along with 1) gives rise
to the second statement of Lemma [4.26] O

Next, we construct a treelike structure A® on (IM°, F\6/13) satisfying the second assumption

and (3.6) of Corollary For each M° as in (4.36)), we describe the tuple (Tys, Ege, Bye) as
follows.

Let 75 be as above (4.32). Then by (4.33)),

(4.40) Edg(rys) = Egs < Edg(75) < Edg(75)\{e¥ : ie[m,0)w, k=2,3,4}  Edg(y°).
We can thus take
70 1= pase);
and let (7°)* be the induced decoration of 7°. Since 75 is a rooted tree, so is 7°. Analogous
o (¢.32),
(4.41) Edg(7%)  Edg(7*)\{e} : k=2,3,4; i€[m,0)u} < Edg(7®), 0z 0.

We are ready to construct 7ye.
o If N°e NE

a:1s We dissolve the image of vy ) in 7¢ as well as all the non-root vertices v of 7°

with w(v) >0, and take 76 to be the unique connected component that contains ozs.
o If NM°e N (which implies na (") <ny(t*) <0), consider the following two sub-cases:

— if (Q‘Eé min(B8))= = {e} 1 i€ [ni(t*),0)p}, then we dissolve the image of Vi (e) 11 7¢ as well

as all the non-root vertices v of 7° with w(v) >0 and take Tye to be the unique connected
component that contains ozs;
— otherwise, we first dissolve the image of v () in 7° as well as all the non-root vertices v of

7¢ with w(v) >0, then contract the edges in
{e:ie[m(t°),\)s} with A:=min ({Ets( i) e e((’fﬁlmm( )=} 1 {0}),

and finally take 76 to be the unique connected component that contains oze.
o If ‘)?6GN§;2UN§;3UN§, we dissolve the image of vill(tl) in 7¢ as well as all the non-root vertices v

of 7° with w(v) >0, and take Ty to be the unique connected component that contains oss.
e For other MO, we set Tye =7, and oge = 0.6

By , we have '
(4.42) Edg(rye) © Edg(7%) < Bdg(7*)\{e] : k=2,-+,5; i€ [m, 0)¢} = Edg(y°),
and moreover, Edg(7ys) is the set of the edges of a connected subgraph 7‘,3?6 of A° that satisfies
Oy C 0.6 € Ver(7y).
We set
A® = ( (s, Eqpe :=Edg(7ine), Id) )véersij,‘ﬂ%no(mﬁe)‘

Mimicking the proof of Lemma and taking Lemma into consideration, we obtain the
following statement.

Lemma 4.27. The set A® gives a treelike structure on (IN°, v13) as in Definition .

Notice that M°e NT whenever 7ye # 7e. Corollary Lemmas and and Theorem m
together lead to the following statement.
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Corollary 4.28. The stack MM has a Fgft-stmtz'ﬁcation
6 _ 6 6 _ (76
m> = |_| (mgft)’y’7 where  I'gy = (Fvi3)gft7

16
v ergft

which is the grafted stratification with respect to (9316,1“‘6,13,A6), along with the induced treelike
tf
Agte

smooth algebraic stack and the composite forgetful morphism (93?6)%6 — M =Py is proper and
gft

structure Agft as in Corollary E Furthermore, the stack (9°) as in Theorem |2.18|(p1)| is a

birational.

4.8. The seventh step of the recursive construction. In this step, we take
6\ tf 6 \d
M = (M), I7 = (Tgg)ye

Agft7 Agft'
Analogous to Lemma we have the following statement.

Lemma 4.29. The stack M7 comes equipped with a I'7-stratification that is the derived stratifi-
cation of M7 with respect to (MO, I‘gft, Agft).

The graphs of I'7 are in the form

7 . 7
(4.43) 7V = Py e €17,

6 6 6 67,70 6 6 6
where f)/gft = (’7 ) OWG)gft ergft? [t ] EA‘ﬂg“a mgft =N m‘KvEﬂ-O ((mgft)'ygft);

see (4.35)) for ~°, 1' for M, and Lemma for K. Let o047 be the image of 0,6 in 7> and
(77)* be the derived decoration. By Corollary for every 47 €I7 as in (4.43), the connected
components of im; are in the form

(4.44) N = Mgl € mo (M)

For each 917, we will describe the tuple (7m7, Em7, Bn7) to provide A7 on (97,17).
Let

6. is 6

< Bdg(Tgn) < Bda(ygn)\{ef : i€ [m, 0), k=2,3,4,6} < Eda(vgs),
which follows from (4.42). Consider the rooted tree

(4.45)

(4.46) 77 = (?geft)(EGu{ef:z‘e[[m,Ol)lk,k;=1,5})7
whose induced decoration is denoted by (77)*. By (4.45) and (4.46]), we have
(4.47) Edg(77) = Edg(77)\{e} : ie [m, 0)¢, k=1, -+, 6} = Edg(7).

We are ready to construct my;.

o If either w(0z,)>2, or w(0z7) =2 but ey € E®, we set 7oy =7, and omr =047.

o If w(0s7) =2 and egp ¢ E°, we dissolve all the non-root vertices v in 77 satisfying w(v) >0 and
take 7917 to be the unique connected component that contains oz;. Thus, 7y, is also a rooted
tree with oy, = 0z7.

By and the above construction of 77, we observe that

(448) Edg(T‘ﬁ7) = Edg(’/i'v) = Edg(77)\{e§ 1€ [[ma ODtkv k=1, 6} = Edg("}i)v
and moreover, Edg(mns) is the set of the edges of a connected subgraph 75, of 47 that satisfies

Oryy © 047 € Ver(Tyy).
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We set
AN = ((Tm7, Eyy :=Edg(m), Id) )77EF7,9'I7E7r0(9ﬁ,7Y7)'
The following statement is the analogue of Lemmas [£.9] and in this step.
Lemma 4.30. The set A7 gives a treelike structure on (I7,I7) as in Definition .
Lemma [4.30] along with Theorem [2.18] gives rise to the following statement.

Corollary 4.31. Let (9V)Y, be constructed as in Theorem. Then, (7)Y, is a smooth
algebraic stack and the composite forgetful morphism (93?7)%7 —> 9N =Py is proper and birational.

4.9. The eighth step of the recursive construction. In this step, we take
mE = @), T = ()4
Analogous to Lemma [4.11], we have the following statement.

Lemma 4.32. The stack OM® comes equipped with a T8-stratification that is the derived stratifi-
cation of M3 with respect to (M7, 17, A7).

The graphs of T'® are in the form
(4.49) V= pyr e €%, where A7€l7, [Y]e(X)qr, Wem(M,);

see 1' for 47 and 1’ for N7. Let o.s be the image of 047 in 77 and (v®)* be the derived

decoration. By Corollary [3.2] for every v8eT'®, the connected components of zmjs are in the form
8 ._ f 8
(4.50) N° = (‘)‘(7)Et7] S (S)ﬁ,yg).

For each M3, we will describe the tuple (Tiys, Egs, Bys) to provide A% on (98, T8).
Let

E7 = ¢, (V) c Edg(rw) = Eyr
< Edg(77) = Edg(v/)\{e} : i€ [m,0)u, k=1,---,6} c Edg("7),
which follows from 1} By 1’ the derived graph §€E3) is well-defined and satisfies
E*c Edg(’NY(ZEs))a

(4.51)

so we can consider the derived graph

v B
= p’Y(ZEj)E[H]

and the derived decoration (4)*. Let
™ and (™))"

be the rooted tree obtained from 54 by contracting the edges of (74)
induced decoration, respectively.

By , we have
Edg(T{gy) cEdg(¥*)  and  Edg((¥gy)eor) = Edg((7)eer)-

*

wor into the root ozs and the

Therefore,
Edg(7>) < Edg(7).
Parallel to the constructions of 7 above (4.41) and 77 in (4.46)), we define

7= ((P?Biﬁ])gﬁ)(E6Lqe§meunyomk,k=15})

and observe that
E7” c Edg(77) c Edg(77) < Edg(y7).
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Let 78 ::7N-7E8 , along with the induced decoration (78)*. Then,

()
(4.52) Edg(7) ¢ Edg(y®)\{e} : i [m, 0), k=1,2,3,5,6, 7} < Edg(~®).

We are ready to construct 7ys.

o If either MC¢ NG, or NCe N§ but either eqy € ECLE” or W () kor) <W((7®) ), We set Typs =T,
and ogs =04s.

o If NOe Ng, egft ¢ E°LE7, and w((fYG)zor) = w((fys)zor), then we dissolve V?11(t4) as well as all
the non-root vertices v in 7% satisfying w(v) > 0, and take 7ys to be the unique connected
component that contains o-s. Thus, 7ys is a rooted tree with oys =o0zs.

By and the above construction of 7ys, we observe that
(453)  Bdg(rys) c Edg(7®) ¢ Edg(1*)\{e} : ie[m, 0)¢,k=1,2,3,5,6,7} < Edg(®),
and moreover, Edg(7ys) is the set of the edges of a connected subgraph 7}3”(8 of 48 that satisfies
075 © 048 € Ver(rys).
We set
A3 = ((rys, Eqs :=Edg(rs), 1d) )Wgersvmgemmig).
The following statement is the analogue of Lemma in this step.
Lemma 4.33. The set A® gives a treelike structure on (M3, T'%) as in Definition .

Lemma [4.33] along with Theorem [2.18] gives rise to the following statement.

Corollary 4.34. Let (9318)%8 be constructed as in Theorem. Then,
N;f = (ms)%s

is a smooth algebraic stack and the composite forgetful morphism ‘i?gf = (9)?8)%8 — M =Py is
proper and birational.

4.10. Proof of Theorem The properness of the forgetful morphism w: ‘]~3t2f—>q32 estab-
lished in Corollary implies Theorem Moreover, w: ‘i?tf—ﬂ,ﬁg restricts to the identity
map on the open subset w !(9M,,), which gives rise to Theorem

It remains to prove Theorem and[(4)] By [9, Theorem 6.1.1 & Lemma 2.4.1], on a smooth
chart V — P, the stack M2(P",d) and the direct image sheaf m.f*Opn (k) can respectively be
identified with the kernel of homomorphisms:

(0@()0)@“ : (ﬁ](—}D(m-‘rl))@n N (ﬁ1<-292)®n,

where m = d for Mo(P",d) and m = kd for m.§*Opn (k). The homomorphisms ¢ for My (P™, d)
coincides with that for 7.f*Opn(1). For each k > 1, ¢ can be considered as a 2 x m matrix
whose explicit expressions (for all possible chart V — §5) are given in [9 Proposition 2.6.1,
Lemma 2.7.1, & Corollaries 2.7.2 & 2.7.3]. In particular, the entries of the matrix ¢ after suitable
trivialization are monomials in the parameters corresponding to the smoothing of the nodes as
in and/or the function k¥, as in . Applying Theorem repeatedly to the
entries of ¢ and taking suitable trivialization again if necessary, we observe that the pullback &t
of ¢ to any twisted chart 4, —>‘1~35f centered at any I e‘i?gf must take the form

e, (= 0 0 -
(454) SD |115£_ [0 2,2 0 ]7
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where z; and zo are monomials in the pullbacks of the twisted parameters of ‘%gf such that zy is
a factor of z. Since this approach is parallel to the argument in [9, §5], we only provide the key
steps below and omit further details in this paper.

To obtain , let @ ‘I?tf — (k) ks 1S Kk <8, be the corresponding composite forgetful
morphism, F:=4[ k(7)) be a twisted chart on (ot A centered at @ k(Z), and Eu be the twisted
parameters on U*; see Theorem [2.18) n (po)| for notation.

Let 91 be the connected component of the stratum of the (Fg)ji\%r—stratiﬁcation of ‘i@f that

contains Z. Following the recursive construction in §4.2 we see that 919 is determined by a
unique list:

velh, Mem(@), [¢]ehn, ... , []ehys, 12 (T®)5F, Nem((FY)o).

Some of these rooted level trees t° are possibly trivial (i.e. the underlying rooted tree is edgeless).
If £* is trivial, we can find an entry in the first row of © correspondlng to a vertex on the m(t')-

th level in t*, such that the pullback z; of this entry to ‘B according to Theorem “m, is in
the form Hle[[m 0) (@ 1)*{%11 up to multiplication by a unit. If t* is not trivial, we can analogously
find an entry in the first row of ¢ corresponding to a vertex on the m(t*)-th level in t*, such that
the pullback z; of this entry to i]~3gf is in the form [[,_, ,. ie[[m,oplk(wk)*fzw up to multiplication
by a unit. In either situation, we observe that z; is a factor of any other entries in the first row
of 3, thus after taking suitable trivialization, we obtain the first row as well as the leftmost 0 of
the second row of (4 -

Following the same idea, we can find an entry in the second row (excluding the first column)
of ¢ corresponding to a vertex on the m(t/)-th level in +/, where j is the last step of the recursive
construction in which ¢ is non-trivial (i.e. m(¢/) # 0). By considering all the possible treelike

structures and [t']’s prior to the j-th step, we see that the pullback 2o of this entry to iﬁg is in
the form | [, ;o i ie[[m,ODtk(wk)*fzi‘ik up to multiplication by a unit and z, is a factor of any entries

in the second row of $*. In sum, we obtain (4.54) with

a= [l &g, == [] @&)g"

k=1,2; i€[m,0) 1 1<k<8, i€[m,0) %

up to multiplication by units.
The local expression (4.54) of @™ implies that its kernel admits at worst normal crossing sin-
gularities, which justifies the properties and of Theorem simultaneously.
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