GENUS TWO STABLE MAPS, LOCAL EQUATIONS AND
MODULAR RESOLUTIONS
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ABSTRACT. We geometrically describe a canonical sequence of modu-
lar blowups of the relative Picard stack over the Artin stack of genus
two weighted curves. The resulted stack locally diagonalizes certain
tautological derived objects. This implies a resolution of the primary
component of the moduli space of genus two stable maps to projective
space and meanwhile makes the entire space admit only normal crossing
singularities. Our approach should extend to higher genera.

CONTENTS
(L. Introductionl 1
[2. The structures ot the tautological derived objects| 6
[3.  Local properties of sequences ot blowups| 19
[4.  Description of the modular blowups| 40
5. 'The structural homomorphism in the modular blowups| 57
6. Local defining equations of M5(P", d) and its blowups| 81
References| 83

1. INTRODUCTION

Moduli problems are of central importance in algebraic geometry. Among
them, the moduli spaces M, ;(P",d) of genus g degree d stable maps into
projective space with k& marked points are particularly important. For ex-
ample, the Gromov-Witten theory is an intersection theory on these funda-
mental spaces (introduced and constructed in [I1], [T}, 2]).

This article focuses on the deep geometry of the moduli space M%k(ﬁm, d).
By Murphy’s law of Vakil ([13]), the moduli space M, ;(P",d) is arbitrar-
ily singular: every singularity of finite type over Z appears for some g and
d. The resolution of singularity is arguably one of the hardest problems in
algebraic geometry ([3, 4] 10]). To date, the problem remains open for pos-
itive characteristics. However, several moduli problems offer platforms for
geometric solutions, and M, ;(P",d) is one of them (this is the pivotal mo-
tivation for us to study the moduli M, x(P™, d)). When the genus g is 0, the
moduli space M ;(P™, d) is smooth. For g=1, the moduli space M ;(P", d)
is singular and the resolution of the primary component of M ;(P",d) was
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constructed by Vakil and Zinger in [14], followed by an algebraic approach
to the entire moduli M (P", d) (without marked points) by Hu and Li [5].

Our current article begins to treat the more difficult cases of general gen-
era. We start with the moduli space M3(IP", d); for conciseness and without
loss of generality in terms of singularity, we still work with curves without
marked points. The goal of this paper is to geometrically describe a canon-
ical sequence of blowups of Ms(P", d) such that the resulted stack admits
only normal crossing singularities and every of its irreducible components
is smooth. This is the best that one can hope for as far as smoothness is
concerned.

In the subsequent works [7, 8], the first and third named authors plan
to prove that resulted blowup stacks in both [5] and the current article are
moduli stacks. This approach has the benefit that it is almost ready for a
generalization to arbitrary genus.

Although not a primary motivation of this series of works, the smooth
blowup of M(IP",d) obtained in this paper can be used, for instance, to
prove the “hyperplane” property of the Gromov-Witten invariants of quintic
Calabi-Yau threefolds conjectured in [12] (along with other possible calcula-
tions). This is also a reason that we work with unmarked curves. Further,
the method provided in this paper may also be helpful for the resolution of
other singular moduli used in the recent progresses in mirror symmetry.

To state our main results, we denote by My the Artin stack of genus 2
nodal curves C' and by P, the relative Picard stack over 91y: its objects are
pairs (C, L), where C are genus 2 weighted curves and L are line bundles
over C. Let

(1.1) v Ma(P",d) — PBo;  [C,u] = (C, u*Opn(1)).

be the representable morphism.
We denote by

7:C —> Mo(P",d), f:C—P"

the universal family of the moduli M3(P", d). The main technical goal of
this article is to locally diagonalize the derived objects R, f*Opn (k), k> 1.

Theorem 1. There is a canonical sequence of blowups ‘}N32 — Po such that
for all integer k=1, the pullback of the derived object Ry f* Opn (k) to

My(P",d) = Ma(P",d) xcq, Bo
becomes locally diagonalizable.

Theorem 1 is proved in see Theorem We remark here that in
order to make, for example, Rm.f*Opn(5) locally diagonalizable (hence to
make 7«3 Opn (5) locally free), it suffices to perform a part of the blowups
mentioned in Theorem 1. ,\,

The primary components of Mo (P, d) and 92 (P", d) are respectively the
irreducible components whose general points are stable maps with smooth
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domain curves. The k=1 case of Theorem 1 leads to the following conclu-
sion.

Corollary 2. For d>2, Mg([F’",d) has normal crossing singularities, and
its primary component is smooth and of the expected dimension d(n+1)—n+3.

Corollary 2 is proved in §6} see Theorem|[6.2.2] Theorem 1 also gives rise to
the following statement on the desingularization of the sheaves m,§* Opn (k).
It follows directly from Theorem 1 and Proposition [2.1.3

Corollary 3. Let N be a fized irreducible component of Mg([?’”,d), d>2,
and (Fn,fn) be the pullback to N of the universal family (w,§). Then the
direct image sheaf %Na};s\[ﬁpn(k‘) is locally free for all k = 1. It is of rank
kd—1 if N is the primary component of ]\72([?”, d).

Our approach improves the technique of [5] and combines with the idea
of the derived modular blowups in [6]. To explain this, we introduce the
Artin stack MY of pairs (C, D), where C are genus 2 nodal curves and D
are effective divisors supported on the smooth loci of C'. The stack smgiv is
equipped with a universal curve p : C — zmgiv and a universal divisor D.
There is a canonical morphism

MY — Po, (C,D) — (C, Oc(D));

via this morphism, we study the parallel diagonalization problem of the de-
rived object p.O¢(D). Locally over a smooth chart V, the object p.O¢c(D)l|y
can be represented by a two term structural homomorphism

. 1 2
(1.2) p: OF" — 02,

where m is the degree of D.

We provide a detailed analysis of this homomorphism in terms of local
modular parameters in §2| and The analysis of ¢ suggests our construc-
tion of the modular blowups in §4 The procedure involves three rounds, the
first and the last of which further contain several phases. When the degree d
is fixed, each round or phase consists of finitely many steps. For conciseness,
we hereafter write

(13) iy Pj, S¢

respectively for the i-th round, the j-th phase, and the ¢-th step when-
ever applicable. We point out here that in order to locally diagonalize
R, f*Opn (k) with k > 2, rips and r3ps can be omitted; to locally diago-
nalize R, §*Opn (k) with k>3, r3p3 can be omitted as well.

Many sequences of our blowups are performed in the Artin stack 9Y*
of weighted curves of genus 2 (i.e. genus 2 nodal curves whose irreducible
components are decorated by weights in Zq; cf. . There is a canonical
morphism

Py — MY (C,L) — (C, cl(L))
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and a canonical representable morphism
(1.4) 0: My(P,d) — MY*,  [u,C] = (C,c1(u*Opn(1)))

that factors through 1} Each blowup 0 — MY determines the blowup
P’ =P x gyt My of Po.

The first round of blowups. We first blow up %" successively along the
proper transforms of the substacks that are illustrated in Figure [I] and de-
scribed in The description of these substacks are “topological”; they
are determined by the dual graphs and the distribution of weights.

When r; terminates, we denote the final stack by M. Every point of
INY' has a neighborhood V so that the pullback @ of the structural ho-

momorphism ¢ of to V't =V X oyt M has one row that contains an
element that divides all other entries of $" evenly. However, $"|[;;, may
not be diagonalizable (c.f. Definition due to the existence of (1) some
distinguished directions in the exceptional divisors obtained in r; and/or (2)
the Weierstrass and conjugate points of genus 2 curves.

phase 1. (e} — (ED) S {ED) ——— . |
e M) M) M1 3) )

Phase 2 > (S0} > | Do) » (Be {SeD) > -
rip2 ﬁ@’l) ﬁ(gyg) ﬁ(gy:ﬁ) )

Phase 3: 9{@}—){}—){}—) ver =
(rips) M 3,1 M3,2) Mz3) )

Phase 4: 9{}—’{}—’{}—> N
(ripa) Ma,1) M(a,2) Ma,3)

r

@) Q O Q0@
opase s () — (&D) — (28— .
rips 7 s s
(rps) M5,1) M(z,2) M5,3)
[: weight=0 [E: weight=1 [E: weight =1

FIGURE 1. The first round (ry) of the modular blowups

The second round of blowups. The blowup loci of ry lie in the proper trans-
forms of the exceptional divisors obtained in ry, hence are more complicated.

They are illustrated in Figure and described in We blow up 9! suc-
cessively along these substacks and obtain 91"2. After this round, the only
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obstacle to the pullback of ¢ being locally diagonalizable is the existence of
the Weierstrass and conjugate points. They will be dealt with in the next
(i.e. the last) round of blowups.

P(L2;1® 0) P(Lo;1@Lo;2) P(L2;1@®La;2)

M =PT{ 222 e —pPT{ X2 e —pT! 1%2

X2 Xa23 Xo 4

{

P(L3;1D0DO) P(L3,1®L3,2P0) P(L3;1®L3;2P0) P(L3;1®L3;2@Ls3;3)
N @L@L@}_,i {@&i@.,i ®§B®ui B |, ..
m;:PT 1."3 im;:PT 1."3 m;:PT 1."3 im;:PT 1.“3

X3,3 X3,4 X3,5

FIGURE 2. The second round of the modular blowups

The third round of blowups. This round is divided into four phases that are
described in The blowup loci of r3p; (resp. rspz) lie in the proper
transforms of the exceptional divisors of rip; (resp. rz). The description
of these two phases is similar to that of ry, but slightly more complicated
because of the conjugate points (resp. Weierstrass points).

In the last two phases of r3, we work on the relative Picard stack B,
rather than OMY*, because there is no obvious morphism My (P, d) —>9ﬁ‘2h"
that factors through. In r3ps, let Hj (k= 0) be the closed substack of By
whose general points are pairs (C, L) with F' denoting the core of C (i.e. the
smallest genus 2 subcurve of C; c.f. such that deg L|r =2, h°(L|r) =2,

~

and F' has k rational tails attached to it. We blow up the stack ox ;_mgé)ﬁ”*p?
along the proper transforms of H X oyt 97?3”7 o Hig Xpye E)/JVT@F’?, -+ and

obtain ‘}N3;3p3. The description of rgpy is more sophisticated; it is in a mixed
fashion of ry and r3ps. The key fact is that the pullback of ¢ becomes locally
diagonalizable when r3 terminates; c¢.f. Theorem

We remark that the description of the modular blowups in §4]is global.
However, it is crucial to understand how each round or phase of the modular
blowups affects the moduli space locally, so as to study the local behavior
of the structural homomorphism ¢ in We thus introduce the notion of
locally tree-compatible blowups in which provides the desired connection
between the globally defined the blowups and their local properties.

Once Theorem is established in §5| we apply the technique in [5] to

obtain the local structure of My(P", d) in
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Throughout the paper, we work over an algebraically closed field of char-
acteristic zero.
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2. THE STRUCTURES OF THE TAUTOLOGICAL DERIVED OBJECTS

We begin with the notion of the diagonalizable derived objects introduced
in [6]. It is key to this article.

2.1. Diagonalizable homomorphism. Let ¢ : §§ —» & be a homomor-
phism of locally free sheaves of y-modules on a DM stack U.

Definition 2.1.1. We say ¢ is diagonalizable if there are integers r, 1 and
la € Z=o, pi € T'(Oy) such that the ideals (p;) < (pit+1), and isomorphisms
&~ ﬁgaT ® ﬁ?]ali such that

© = diag[p1, - ,pr] DO: ﬁga” @ ﬁ[@]all — ﬁ[e]ar @ 6’912,

where diag|[p1,--- ,pr] : ﬁ?r — ﬁ’[(}ar is the diagonal homomoprhism and

0: ﬁ((}% — ﬁCU% 1s the zero homomorphism. We say ¢ is locally diagonaliz-
able if there is an étale cover U, of U such that ¢ is diagonalizable over U,.

Definition 2.1.2. Let E be a perfect derived object on a DM stack M. We
say E is locally diagonalizable if there is an étale cover {U} of M such that
E|y is quasi-isomorphic to [p : & — &), where & and & are locally free
sheaves and ¢ is diagonalizable.

Using [6l, Proposition 3.2] (the universality of diagonalization), one checks
directly that the definition does not depend on the local representation of
the object E. Here it is worth to point out that in Definition if
the requirement (p;+1) < (p;) is removed, then the “diagonalization” thus
defined is not a property of the derived object but merely a property of a
presentation of the object E.

The following result is a conclusion of [6, Corollary 4.1]. It is needed to
deduce Corollary 3 from Theorem 1 in

Proposition 2.1.3 ([6]). Let M and M be two DM stacks and E be a perfect
derived object on M. Assume there is a birational morphism: M — M such
that the pullback of E is locally diagonalizable in the sense of Definition|2.1.1]

Then, for any irreducible component N 0f]\7 endowed with the reduced stack
structure, H° (LQ/)*E|N) 1s locally free.
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2.2. Nodal curves and their dual graphs. Let C be a nodal curve. We
call a node ¢ (resp. an irreducible component) of C' separating if C'\q (resp.
C\Y) is disconnected. We call other nodes of C' non-separating. A curve C'
is said to be separable (resp. inseparable) if it contains at least one separating
node (resp. contains no separating node). An inseparable component of C' is
a smallest (via inclusion) inseparable subcurve of C.

If C is of positive (arithmetic) genus g, we call the smallest connected
genus g subcurve F' of C the core (of C'). Removing F' from C results in
disjoint connected trees of rational curves, called the tails of C. Each tail is
attached to the core F' at a separating node, called a pivotal node.

A node g of C' is said to be principal (resp. non-principal) if ¢ is (resp. is
not) a node of the core F of C. Every (not necessarily smooth) point z€ C\F’
belongs to a unique tail, whose pivotal node is denoted by {(x). For z€ F,
let (x)y=u.

A non-separating (resp. separating) bridge B of F' is a chain of rational
curves in F' whose principal nodes are all non-separating (resp. separating).
A bridge is maximal if it is not a strict subset of any other bridge. Every
bridge B is connected to its complement in F' at two distinct principal nodes
p and q. We sometimes denote B by BJp, ¢] to emphasize these nodes.

Let W < My be the locus of (stable) genus 2 curves with one marked
Weierstrass point. Using admissible double covers (c.f. [9, §3G]), we can
identify My with Mg /Se, where Sg is the symmetry group on 6 letters.
Here, the 6 unordered markings on the target rational curve are the branch
points of the hyperelliptic admissible double covers. With this identification,
choosing a Weierstrass point in the domain curve is the same as specifying
a distinguished marking out of the 6 unordered markings in the target ra-
tional curve. Hence, W is isomorphic to Mo ¢/S5, where the last marking is
declared to be distinguished from the others. In particular, W is a smooth
divisor in ﬂgjl.

For 1<i<k, let Wk;icﬂgk be the locus of stable genus 2 curves with &
marked points so that the i-th marked point is Weierstrass. Then, Wj.; is
the pullback of W in My, via the forgetful morphism that forgets all but
the i-th marked point. Since W is a Cartier divisor, so is every Wj.;. We
remark that the smoothness of YW does not imply that W.; is smooth.

Let K © Mg be the locus of (stable) genus 2 curves with two marked
conjugate points. Similar to the above discussions, K is isomorphic to
My 7/Ss, where the 7-th marking corresponds to the image of a pair of
conjugate points. In particular, K is a smooth divisor in Ma . Similarly,
let Kp. CMQ’]C be the locus of stable genus 2 curves with k marked points
so that the i-th and the j-th marked points are conjugate. Then K. ; is a
Cartier divisor in ﬂgk.

For a nodal curve C, we call a smooth point p of C a Weierstrass point
if [C,p] € W. Similarly, we say a pair of smooth points p; and ps of C
to be conjugate if [C, p1, p2] € K. The terminology can be generalized to all
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non-prinicipal node(s) by considering the connected component of C, the
normalization of C' at the given node(s), that contains the core F.

2.3. Basic setup. Let 9y be the Artin stack of the stable pairs (C, w) of
genus 2 nodal curves C' with non-negative weights w € H?(C,Z), meaning
that w(X) > 0 for all irreducible components ¥ of C. Here (C,w) is said
to be stable if every rational irreducible component of weight 0 contains at
least three nodal points; c.f. [3, §2.1]. The stability requirements guarantees
that each connected component of MY is of finite type.

Similarly, let 9$"Y be the Artin stack of the stable pairs (C, D) where
C' are genus 2 nodal curves and D are effective divisors on C. Here (C, D)
is said to be stable if every rational irreducible component disjoint from D
contains at least three nodal points; c.f. [5, §2.3]. The stability requirements
guarantees that each connected component of 93?‘211" is also of finite type.

In studying M(PP",d) together with m.f*Opn(k), we cover it by étale
opens U — M3(P",d) and pick degree k hyperpsurfaces H — P" in general
position so that for each [u,C] € U, u 1(H) < C is a simple divisor lying
in the smooth locus of C. The assignment [u,C] — (C,u"'(H)) defines
morphisms

(2.1) My(P",d) > U — Mg,

We pick an affine étale ¥V — MG so that U — MG factor through U — V.

Using the (local) morphism , it suffices to study a parallel problem on
M4, For a fixed (C, D) € MY lying over (C,w) € MY with deg D = m
for some positive integer m, we pick an affine smooth chart V — zmgiv
containing (C, D). Let p: C—V and DcC be the universal family on V. We
find disjoint sections A;, Ay, B of C/V, disjoint from D, called the auxiliary
divisors. We list this package as

(2.2) p:C—V(->MIY), DcC plus A=A +A, BcC.
Let
L =0c(D), M=0c(A-B), and O4(A) = Op(A) Qg Oa.
We consider the two term complex
(2.3) pxZL(A) — p O4(A)
via the evaluation homomorphism. These data will be fixed throughout the
paper.

Basic Assumptions. Possibly after an étale base change and a shrinking
of V, we assume

(A) a; = A nC and b = B n C lie in the core F of C' and are in general
position; in case F' is separable, then a1 and as lie on different genus-one
inseparable components of F';

(B) D =D +---+ Dy, is a union of m disjoint sections D; of C — V;

(C) Assumptions and hold for all fibers of C — D.
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Under the assumptions, we have R'p,.Z(A) =0, p..Z(A) is locally free,
and Rp,.Z is quasi-isomorphic to the complex (2.3)).

2.4. The first reduction. The standard inclusion 0¢ c 0¢(D) determines
the obvious section 1 € I'(p4.Z). For other sections, let .# = O¢(A — B)
and consider the inclusion

M (D;) = Oc(Di + A — B)i/[(D) = 0c(D+ A-DB),
and the induced inclusions

Ni s putl (Di) = putl (D).

Because of the Basic Assumptions, the above terms are locally free. By
Riemann-Roch Theorem, p,.# (D;) is invertible and p..# (D) has rank m.
Let

(2.4) ¢ putl (D) — pxOa(A) and i : pudl (D;) — pxOa(A)
be the evaluation homomorphisms; then ¢; = ¢ o n;. We denote their sum
by

(ni) : ®L1pst (Di) — putl (D),

(¢i) : @iL1pstl (Di) — psOa(A).

Lemma 2.4.1. We have (1). p..f = Oy ® p..L(—B); (2). p+ZL(—B) =
ker ¢; (3). (n;) is an isomorphism, and (4). (¢i) = @ o (n;). Consequently,

peZ = Oy @ker{(gi)}.

Proof. The proofs of (1) and (2) are the same as for the genus 1 case, [9,
Lemma 4.10]; we omit the details. We now prove (3). Since both p..#(D;)
and p,.Z (D) are locally free, we only need to show that for any closed z € V,
@ 1 px M (Dj)|, = pxt (D)|, is an isomorphism. By base change, it suffices
to show that the tautological homomorphism

m m

Pni(z) : D H(Oc.(D; + A—B)) — H° (6. (D + A—B))
i=1 i=1

is an isomorphism. Because both sides are of equal dimensions, it suffices to

show that it is injective. The injectivity follows from that D1 nC,, -+ , Dy

C, are distinct in C,. The item (4) is a tautology. This proves the lemma. [

This proves that the homomorphism ¢ in is equivalent to the homo-
morphism (¢;), via the isomorphism (7).

We will call either ¢ or (¢;) a structural homomorphism. Note that each
©; has the form

(2.5) @i =0 ® @ pudl (D) — psOa, (A1) B ps O, (As).

These homomorphisms will be our focus in this section.
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2.5. The structural homomorphism. By the deformation theory of nodal
curves, for each node ¢ € C there is a regular function ¢, € I'(0y) so that
Y, = {¢; = 0} is the locus where the node ¢ is not smoothed; the divisor ¥,
is a smooth divisor. We will refer to ¢, as a modular parameter.

To proceed, we introduce the notation of a node lying between two points
(or components). We say a separating node ¢ separates (or lies between)
two points x and y of C' if either x =¢q, or y=g¢q, or x and y lie in different
connected components of C\{q}. If we replace y by a connected subcurve
C' of C, we say q lies between = and C’ if either z = ¢ or x and C"\{q¢}
lie in different connected components of C\{g}. We denote by N[, (resp.
Niz,cn) the set of the separating nodes lying between z and y (resp. C”).

If B = Blq1,q2] is a non-separating bridge on F, then for every z € B,
we define N, 4,1 (resp. Np; q,]) in the same fashion with C replaced by the
normalization of C at g2 (resp. at q1).

Now back to the family C — V with C' = C x,0 the central fiber mentioned
before. For 1 € i<mand 1 <i <2, let

0, =D;nC and as=A;nC.
For z,yeC, we define
(2.6) Coan = ] G and (o= ] G
GEN[z ] qeN[z, F

(Here as always, F' is the core of C.) In case Ny, ] = &, we set ([ q,] = 1.
If T is a tail and z,y€T, let z Ay be the (non-principal) node so that

C[$/\y] = H Cq :
9€N[z,F1 "Ny, F)

If x Ay does not exist, i.e. N[%F] mN[yﬂ =, we simply set C[my] =1.
We fix trivializations

(2.7)  patdl(Di) = Oy, psOa,(As)=0Oyp; 1<i<m, 1<s<2,
and the induced trivialization p, 0 4(A) = 6"](}92 throughtout this section.
Proposition 2.5.1. After fizing , the evaluation homomorphism
(2.8) psi + putl (Di) — pxOu,(As)
is given by the multiplication

Gsi = Csi*(s,a,] + Ov —> Oy, csi € D(O)).
Proof. The proof is parallel to that of [5, Prop. 4.13] and is thus omitted. O

2.6. A technical proposition on rational curves. We now focus on a
maximal chain R < C of smooth rational curves R = Ry u --- u Ry, of C
attached to a smooth point of the core F' < C.

We fix some notation. First, we index the irreducible components of R
so that R; is attached to F', and R;; is attached to R;. Let

q =Fn Ry, gj+1=RjnRjy1 V1I<j<h—1
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We order
(2.9) DA R={61,02, - ,0r}
such that the function
(2.10) ex{l,...,r} —{1,...,h} st. 0;€ Reyy V1<isr
is non-decreasing. We denote by
(2.11) " @D pudl (Di) — puOa(A)
5:€DAR

the restriction homomorphism. Recall the modular parameter associated
with the node g; is denoted by (4.

Proposition 2.6.1. Let R be a mazimal chain of rational curves in (C, D)
as stated above. Then after choosing suitable trivialization

DnR
D putt (D) = 6P
(5¢ED(\R
and [2.7), the homomorphism o takes the form
R _ |:§11C[61,a1] €120[51,01)C[5]  C13C51.a1]1S[521C[55] }
C21C[51,a0]  €22C[61,a2]0[62]  €23C[61,a2]C[52]C[65]
with /6\11 =c11, /6\21 =cC21 € F( ;), Eij S F(ﬁv) Vi>1,

where c11 and co1 are as in Proposition [2.5.1. Moreover, with

(2.12)

0;; = det {gz gj] e (Oy) Vi1<i<j<m,

(1) if q1 is not Weierstrass, then 012€I'(0%);

(2) if q1 is Weierstrass, then 012 vanishes to the first order along the locus
on which D1 and Dy are conjugate;

(3) if q1 is Weierstrass and is not on any bridge of F, then 613€T'(03;);

(4) if q1 is on a mazimal non-separating bridge Blp,r] of F', then for every

z€V, if there exist p1€ N| and 11 € N| such that

q1 7p] q1 71”]

Cth(z) = Cpl(z) = Cm(z) =0,

then 01j(2) =0 for all 3<j <r; moreover, the zero loci {61; =0}, 2<i<r,
are transverse to each other.

Note that in Part of Proposition the node ¢; is automatically
Weierstrass. In addition, if ¢ is on a separating bridge of F', then it can-
not be Weierstrass. Thus, the last two parts of Proposition [2.6.1] cover all
possibilites of the Weierstrass ¢;.

Proof. Let (4; be the modular function associated with g;. Since g; is sepa-
rating,

va(gquo)zgjuRj
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is a union of two families of nodal curves over (¢, = 0) intersecting (i.e.
glued along) a section of nodes ¥; = G; N R;, such that ¥; n C = ¢; and
RjﬁC=Rj+1U"-URh.

Let My be the Artin stack of semi-stable genus two nodal curves. (A
nodal curve is semi-stable if its smooth rational subcurves contain at least
two nodes of the nodal curve.) By (successively) contracting rational sub-
curves that contain only one node of the ambient curves, we obtain a semi-
stablization My — My . Possibly after shrinking and base changing V),
we can assume that there is a smooth chart YV — My o with X — V its uni-
versal family so that the composite V — zmgiv — My ¢ lifts to a g together
with a semi-stable contraction § as shown

Vs g
(2.13) lg l , and §:C—C=X xpV.
Vy — EDtQ,ss

(Note that § contracts all rational tails of the curves in the family C — V.)
Let D; = §(D;), which are family of smooth divisors of C — V), and let

r T
DRZZDiCC7 5R=ZEca
i=1 =1

Let p: C — V be the second projection of (2.13)). By construction, the
divisors Rq,- -+, Ry are contracted under the morphism g, and

(2.14) ?]_I(Di) =Ri+--+ Re(i) + D;,

where e is the index function (2.10)).
Let r; be the number of points in R; n D; thus Z?:l r; = r. We set
R =" (ri+---+ry)Ry; then

(2.15) 7*0+(Dp+ A—B) = Oc(R+Dr+ A-B).
Then we have
(2.16) psOc(Dr+A—B)—= p.Oc(R+Dr+A—B) = p.0(Dp+A—B).
Here the identity follows from combining and the identities
pui* Os(Dp + A—B) = puiui 05D + A—B) = p.65(D + A—B),

where the last equality holds since both C and C are smooth, §:C — C is a
proper divisorial contraction.

As before, we write a; = FFnA;, a = a1 +asg, and b = Fn 3. Since they are
in general position (the basic assumptions), we have H'(&r(rp1+a—b)) = 0.
Thus p,Oz(Dr+A—B) is a free I'(0y)-module. For convenience, we denote

M .= F(p*ﬁc('DR +A- B)) c M:= F(ﬁ*ﬁa(ﬁj{ + A — B))



MODULAR RESOLUTION OF MODULI SPACE OF STABLE MAPS 13

We now pick a basis of M. Since a and b are in general positions, by a
simple vanishing argument, we see that H’(Op(a—b)) = 0 for all j. Hence,
the restriction homomorphism

HO(Op(rqi +a—b)) — H(Op(ra1)lrg,)

is an isomorphism. Therefore, we can pick a basis s1,--- ,s, of the vector
space H*(Or(rqy + a — b)) so that s; has vanishing order (r — ) at ¢i.
Next, let H; = (¢, =0) <=V, and let H = U]_;H;. Let

ﬁ';.[:é';.[ Z=€><V,H—>IH

be the projection; let ¥; = §(X;), where 3; = G; n R;. For the same reason,
My = (pr)« (ﬁgﬂ (Dr + A—B)) is a free I'(0¢,, )-module, and has a basis
S.1,- ., Sn, extending the basis s1, ..., s, along general directions so that
Sy lifts to S';_[’Z. € F(ﬁgﬂ (Dr + A — B)(—(r — i)%;)) such that S;i,i are
non-vanishing along ;.

By shrinking V if necessary, we can extend SH,Z' to S; € M along gen-

eral directions so that M (as a free I'(0y)-module) is generated freely by
Si,-++,Sp. Thus by (2.16), g*S1,--- ,7*S, freely generate the free I'(Oy)-
module I'(O¢(R + Dr + A — B)).

Sublemma. Recall (p,1 = H;:1 Clgy]> and let S = (g, - §*S;. Then the
submodule M < M is a free rank r I'(0);)-module generated by Si,--- , S,.

Proof of Sublemma. We begin with more convention. Let ; < C be an
affine open that contains the generic point §; of R;. Let u; € I'(0y,) be so
that R; nU; = (u; = 0) < U;. Since R; — H,; is a family of rational curves
and has general fibers isomorphic to P!, we can find a rational function v; on
U; " R; so that v; restricts to general fibers of R; nU; — H; are birational
maps to Al. We next let & be the generic point of ;. Since §(&;) = &, the
field K; = O, contains K| = 6"52 as its subfield. Because of our choice of v;,
we have K; = K] (v;).

Let ﬁui be the formal completion of &y, along &. Then ﬁui = Ki[l44],
where 4; is the image of u; in €y,. (For any f € ['(6%), we denote by [f]
its image in 5’%. via the pullback €y — 0}, and the completion map.)

We next pick an open U, < C that contains the generic point &/ of %;.
By shrinking Uf; if necessary, we can assume §(U;) < U!. We then fix a
trivialization Gy (Dr+ A—B) = Oy, and form the induced trivialization

(2.17) Ou,(R+Dr+ A—-DB) = 5*@,{(5}3 +Z—E) > Oy,.

Using this trivialization, we can identify any section in I'(0y, (R + Dgr + A —
B)) with a regular function in I'(&,), thus obtaining its image in &y;,. We
denote this process by

¥ € T(O,(R+Dp + A - B)) = [1] € Oy, (R+Dr + A— B)®g,, Ou, = Ou;.
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Note that by our choice of S;, (i.e. its vanishing along ¥;,) §*S;[U; has
vanishing order r — j along R;; thus [§*S;] = e;() 7, where e; # 0 €
é)ui = K;[[4;]] such that 4; does not divide e;.

We now prove the Sublemma. Let F' € T'(p+0c¢(R + Dg + A — B)). By
, it lies in M if and only if
(2.18) Fllr =0eT(Or(R + Dgr + A — B)).

Let 7; = r; + --- 4+ rp; it is the multiplicity of R; in R. Since 5*5} has
vanishing order r —j along R;, and since (f,,7 has vanishing order max(0, j —
(r—ri)) along R;, S; = ([q,] -g*S; has vanishing order (r—j)+(j—r+7;) = 7
along R;. Thus S; lies in M.

We now prove that M is generated by S;’s. Let F' € M. Using , we
denote its image in I'(p«O¢c(R+Dr+.A—B)) by F’. Using the isomorphism
below (2.16]), and that M is a free I'()-module generated freely by S;, F’
can be uniquely expressed as

F/=f1'§*§1+"'+fr'§*5r, fier(ﬁV)‘

By (2.18), F'|z = 0. In particular, (u;)" divides F'|y,.

We claim that for any positive integer o, u divides F’|y, if and only if
for all 1 < j < r, fjlu, has vanishing order at least max(0, — r — j) along
R;. As the if direction is trivial, we prove the only if part. Taking their
respective images in é’ui, uf dividing F'|y;, implies that

(219) (4 divides [F'] = f1-[§*Si]+ -+ fr - [§°5,] € Kq[[as])-

By replacing v; by v;" L if necessary, we can assume that éqi = ¢;U;v;, where
¢; # 0 € K. Let o be the order of which fj|y, is divisible by (4, then
fj = e;-(g:qi)aj, where e} # 0 € K. (The case f; = 0 is trivially true and is
ignored.)

Adding that [§*S;] = e;(4;)" 7 mentioned earlier, translates to
that (u;)* divides

T T
2 i [7°S5) = Y elentiv)® - eji) T = ok Y (¢heles) ()t
J=1 J=1 k=0  aj=k
in Ki[[4;]] = K (vi)[[u;]]- As @; does not divide e;c?j e;, this divisibility holds
if and only if (4;)® divides each individual v¥(@;)**"7, which holds if and
only if @ < aj +r — j for each j where f; # 0. This proves the claim.
Applying the claim to a = 7;, we conclude that (u;)" dividing F'|y,
implies that a;; > 7;—r+j. This proves that f;/ ([q,T> Which is a meromorphic
function on V, is regular over an open subset of V containing the generic
point of H;, for each 1 < ¢ < r. Since fj/C[[q].]] is regular over V — u;H;, by
Hartogs Lemma, it is regular over V.
This proves that F lies in the I'(0y) span of Sp,---,S,. Since M is a
rank r free I'(0y)-modules, it is freely generated by Si,-- -, S,. This proves
the Sublemma. O
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We continue the proof of Proposition Let

bij = Sjl 4, € T(peOa,(A) = T(0y)).

Then under {Si,---,S,} and (2.7), ¢ takes the form
_ |0y b2 €y 013C51C620C0s]

(2.20) B= .

b21(15,1  D22€[611C65]  D23C[61]C[62]C[65]
By Proposition under a basis change of M, ¢ also takes the form
(2.21) A= [allcﬁw] @120[55.a1]  13C[63,a1] ] :

a21G[6y,a5]  @22C[85,05]  023C[03,a2] "

where a;; € I'(0%;). Therefore, B = A(u;;) for a (u;;) € GL(r, Oy). Since
(lg1,01] divides the first row of (2.21)), it divides the first row of as
well. Since (|4, q,] are coprime with (5} for all 1<j<r, we conclude (|
divides by;. Hence we can write

(2.22) blj = /C\le[qhal] V1 gj <r.
Let (vij) = (uij)~". Then,

q1,01]

a11G[s,,a,] = Y11C11€[5,,a1] + V21€12([5,,0,1C[52] +

Hence, a1 = v11C11 + V21612C[52] 4+ ---. Thus 0 # a11(0) = V11(0)611(0).
Shrinking V if necessary, we can assume ¢1; € I'(0};). This brings the first
row of to the desired form. Similar arguments can be applied to the
second row. This proves the form in .

Since s1, 52 € H(Op(rq, + a — b)) have vanishing order » — 1 and r — 2
respectively at ¢y, one verifies directly that the image of HY(0r(2q1 +a—0b))
in H°(Op(rq1 +a—"b)) (via the inclusion) is the subspace spanned by s and
s9. By identifying the image of H°(0r(2¢1 + a — b)) with this subspace, we
obtain a homomorphism

HY(Op(2q1 + a — b)) —25 K2,

where 513 = si(a) sa(a)|_Jen Cro (0). Thus, rank Cn i (0)=1
127 51 (ag) s2(az) Co1 Ca2 ' ’ Co1 Ca2

if and only if h°(€r(2¢1 — b)) = 1. Since b is a general point, the evaluation
homomorphism at the point b, H°(€r(2q1)) — k, is surjective. By the exact
sequence

0— Ho(ﬁp(2q1 —-b)) — Ho(ﬁ’p(2q1)) — k —0,

hY(Or(2q1 — b)) = 1 is equivalent to h%(0r(2q1)) = 2, which is further
equivalent to that ¢ is a Weierstrass point. Thus, 012(0) =0 if and only if
q1 is Weierstrass, which implies d; and ds are conjugate. We may further
require Ej extending s;, j=1,2 so that 612 vanishes along the the locus on
which D; and Dj are conjugate. Mimicking the proof of Proposition 4.13 of
[5], one can show that the vanishing order of ;2 is 1. This proves Parts|(1)]
and We omit further details.
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Likewise, for each 2 < ¢ < r, the natural image of H°(Or(fq1 +a —b))
in H°(Op(rq1 +a—0b)) is the subspace spanned by s1,...,s,. Assume that

rank [gﬂ o glé} (0)<1. The argument in the previous paragraph implies
21 "t C

hY(Or (g1 —b)) =£—1, and consequently h°(Or({q1)) =£. However, by the
Riemann-Roch Theorem, h°(&r(£q;)) < ¢ with the equality holds if and only
if q; is on a non-separating bridge. This shows Parts

Obviously the argument in the above paragraph applies not only to the
center 0 € V, but also to any z € V satisfying the displayed equalities in
Part This implies the former statement of Part Parallel to the
proof of Part for any 3<j<r, if 61, vanishes at 0, it vanishes at the first
order. The latter statement of Part then follows from the assumption
that S; extends s;, 3<i<r, in general directions. This completes the proof
of Proposition [2.6.1 O

2.7. Further relations. In this section, assume §,, &, 0, € D so that there

does not exist any maximal tail rational chain containing a pair of the three

points. Each of them may belong to the core F or a tail component. If §,

lies on a tail, we make the following assumptions.

(D1) We assume ¢, is the first marked point in D on one (and thus all) max-
imal tail rational chain containing ¢,, with respect to the order .

(D2) If a maximal tail rational chain contains marked points in D other
than J,, we denote by 6§, the second marked point of the chain with

respect to the order ([2.9)).
We make analogous assumptions to 4, and §,, if they are not on the core.
By Proposition under the trivializations
psxt(Dy) = Oy, putl(Dy) = Oy and piOa,(As) = Oy, s=1,2,
the restriction homomorphism
Puv Pt (Dy) @ pxtl (Dy) —> pxO4(A)

can be represented by a matrix

[CluC[(Su,m] Clvg[&nal] :|
CQUC[&“@Q] C2v<[6u,az] ’

where ¢;,, and ¢;, are as in Proposition Set

_ Clu Clv
(2.23) Ay = det [% CZU] e T(0y).

Corollary 2.7.1. Assume that {6,y ={0y) = q1 but dy,0, do not belong to

any common maximal tail rational chain.

(1) If g1 is not Weierstrass, then Auy ~ ([5, n5,]-

(2) If q1 is Weierstrass, there then exists 6y, € I'(Oy) vanishing to the
first order along the locus on which D, and D, are conjugate such that
Auv = Ouv([s5, n5,]- Moreover, with 6y, 6, as z'n and 0y, 0y as in

Bxa

Proposition 1|, the zero loci of Oyy, 0y, and 0, are transverse.



MODULAR RESOLUTION OF MODULI SPACE OF STABLE MAPS 17

(3) If q1 is on a mazimal non-separating bridge B[p,r]| of F, then the funci-
ton By, tn Part satisfies the following property: for every z€V, if
there exist p1 € Nig, p) and 11 € Nig, ;1 such that (p,(2) = (r(2) =0, then
Ouv(2)=0.

q91,P. q1,T

Proof. We follow the notation in the proof of Proposition [2.6.1

Let R, and R, be respectively maximal tail rational chains containing J,
and d,, and R!, and R) be respectively the subchains as the closures of
R\(Ryn R,) and R,\(R,n R,). We take V to be obtained from V by
collapsing the subchains R!, and R/, and call the resulting chain R,,. The
image of Dn(RyUR,) in Ry, is denoted by D,,. For each € Dn(R,UR,),

its image in D, is denoted by §. Note that the node
Guv = Oy A Oy

lies on the smooth rational curve C,, that contains D,, and separates it
from the core F'. B
By Proposition over the chart V,

(’DRuv — [Cluc[(Su,lll] Clvg[gv,(ll] ] X

2[5, .a2]  ©20C[5,.a2]

If ¢; is not Weierstrass, by Part of Proposition we observe that

det [61“ Cl”} ~ Clgun] € T(O).

Cou  C2u

Pulling goﬁuv back to V, we obtain

(PRUURU — [Cluc[éuaal] Clvg[évaal]

C2uC[5,,a5] C20[6,,as]
where Ay, is as in (2.23). This completes Part Part follows from

Proposition and Part Part holds because for every z satisfying
the assumption of {(Dyu(z)) and (D,(z)) are on the same non-separating

bridge of the core of z, hence are conjugate to each other. O

U et = G

Corollary 2.7.2. Assume {6, ={dy)={0wy=q1 so that each pair among
Oy, Oy, and o, do not belong to any common mazimal tail rational chain. If

q1 is Weierstrass, then with Oy, Oy as in Part of Corollary there
exist fuvws Guvw € L (Oy) such that

euw ~ fuvweuv + guva[év/\éw}

Moreover, if q1 does not lie on any bridge of the core I', then gy, €L(0%);
if q1 lies on a non-separating bridge of F', the zero loci of Oy, and Gy, are
then transverse.

Proof. Let Ry, R,, and R, be maximal tail rational chains containing &,
dy, and d,,, respectively. We denote by R!, R., and R, respectively the
subchains as the closure of R,\(Ry, N Ry N Ry), Ry\(Ry N Ry Ry,), and
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Ry\(RunRynRy). We take V to be obtained from V by collapsing the
subchains R/, R/, and R!, and call the resulting chain Ry,
The rest of proof is analogous to that of Corollary 2.7.1] but in addition

to the application of Parts|(1)[and|(2)| of Proposition Parts|(3)and
O

of the same proposition are also needed. We omit further details.

Corollary 2.7.3. Assume that {(§,) # {Jy), i.e. no tail contains both &,
and 6,.

(1) If 6, is not conjugate to 6,, then Ay, €L'(0%).

(2) If 6y is conjugate to &y, then Ay, vanishes to the first order along the
locus on which D, and D, are conjugate. Moreover, with 0., O, as
in m and 0y, 0, as in Proposition the zero loci of Ayy,
Ouu» and 0, are transverse.

(8) If 6, is conjugate to oy, and {6,y is on a mazximal non-separating bridge
Blp,r] of F, then so is {d,). Moreover, for every z€V, if there exist
P1E€ Nig, p) and 11 € Nig, ;1 such that (p, (2) =Gy (2) =0, then Ayy(2)=0.
Furthermore,

o if (0y)={bw), and 0y, by, do not belong to any common mazximal tail
rational chain, then with 6y, as in Corollary the zero loci of
Aww and By, are transverse;

o if {0y),{dy), and {6y are pairwise distinct and belong to the same non-
separating bridge, then the zero loci of My, and Ay, are transverse.

q1,7

Proof. The statements follow from a semi-stable reduction argument parallel
to the proof of Proposition We omit further details. O

2.8. Weierstrass and conjugate loci vs. modular parameters. Let
Wi.i and Ky.; ; be the Weierstrass and the conjugate loci in ﬂzk, respec-
tively; c.f. We have shown that they are Cartier divisors, and for k=1
(resp. k=2), Wi.1 =W (resp. Ka,12=K) is also smooth.

For k > 1, the locus W; is the pullback of W;.; via the forgetful map
Ty - ngk - le. Each Wj; is possibly singular along the closed locus
W,?f where the i-th marked point is on a non-separating bridge; it is smooth
on Wii\WyF. More precisely, for

= (Citr, .. t) EWRT (S Whi),

let B = B[p,q] < C be the maximal non-separating bridge containing the
marked point t;. The complement of B in C is an elliptic curve Cy. We
denote by 2/ = (C';t}) the image of z in Wy,;. Then, C’ consists of an
inseparable elliptic curve Cf and a smooth rational curve B’ containing ¢/
such that C1nB'={p’, q'}.

Since Wi,1 is smooth, there exist a smooth chart 1’ CMQJ containing x’
and a local parameter X' on V' such that

Wl;l N V’ = {)\,20}.



MODULAR RESOLUTION OF MODULI SPACE OF STABLE MAPS 19

Let {¢;} be a set of modular parameters on V' as in §2.5 centered at z'.
Then,

W{l’-ls M VI = {Cé/ :C‘;/ :0}
This implies X' =0 whenever Cé/ zgé, =0, so there exist f, geT'(0)r) so that

/\/ = fC{J/ + gC(;/
Since X is a local parameter, by symmetry we have
f|Wﬁ’me’7 9|W{1;fmv' € F(ﬁ;\/i‘fmv’)'

Thus, shrinking V' if necessary, we can use f({a, and g(é, as new modular
parameters instead of Cé, and C(;,, respectively, and obtain

(2.24) N = Cy + Gy

Lemma 2.8.1. With notation as above, there exist a smooth chart V con-
taining x and a set of modular parameters {(q} on V centered at x so that

Wiii 0V = {1t 01+t =0}

Proof. Notice that up to a nowhere vanishing function, the modular param-
eter Cé, (vesp. ;) pulls back to the product (f;, ) (vesp. (f, q) on V. This,

along with ([2.24)), establishes Lemma O

Analogously, when k> 2, the locus Ky.; ; is the pullback of W1 2 via the
forgetful map my; ; ﬂlk —>M2,2. Each K, ; is possibly singular along
the closed locus Ef j C K;,; where the 4, j-th marked points are on a same
non-separating bridge; it is smooth on Cy; ;\K} 7 .. The following statement

LHAN
is parallel to Lemma [2.8.1] so is its proof.

Lemma 2.8.2. Given z = (C;ty,...,t;) € Kiij» let B = Blp,q] = C be
the mazximal non-separating bridge containing the marked points t; and t;.
W.lo.g. assume that Niy, y) © Ny, p)- There then exist a smooth chart'V con-

taining x and a set of modular parameters {(;} on V centered at x so that

Kiig 0V = {C[tmﬂ] +C[tj’q] :0}'

3. LOCAL PROPERTIES OF SEQUENCES OF BLOWUPS

In this section, we describe the local models of the globally defined mod-
ular blowups in §4]

The following notation will be assumed throughout §3] For all j, k€ Z~,
we write

(3.1) Lkl ={5,5+1,....k}, [kl =[1,k]

for conciseness. Given an affine smooth chart V of a stack 9t and f,g €
['(0y), we write

f~g i f/gel(0y).
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3.1. Local parameters. Let V be an affine smooth chart of a stack 9
with local parameters z1,...,z.. Assume Z < I is a closed codimension £
substack locally given by

21:"':,2(:0-

Let 90 be the blowup of 9 along Z, m: M — M be the projection, and £ be
the exceptional divisor. If 91 is a substack of 991, we denote by

N=PTM) =7 1(MZ) and N=x'MN)
the proper transform and the pullback of 91 in D/JVT, respectively. Set

(3.2) Zi=ziom el (Op1(y)) Vie[r].

Every ¥e€nm~(V) is in the form

T= (O,...,O,Egﬂ,...,%; [xl,...,xg]).

Let
(3.3) Az = {ke[l] : zp #0} < [].
Since 2 € £, the entries x1,...,zp cannot be zero simultaneously. Thus,
Az #.

For each nonempty S c[/], let
(3.4) ES) ={TeEnm (V) Azc S} Enm 1(V).

Such defined £(S) is smooth, closed, and of codimension /—|S|+1 in 7=1(V).
Lemma 3.1.1. For every &€ £nn—1(V), there is an affine smooth chart
Vycrn Y(V) containing T so that
%1%, PT{z=0}nV; = {?:o} VieAs, jeld.
2
Moreover, if ie Az and je[(]\Az, then Z;/Z; is a reqular function on ]N}g
Proof. Every point in V; is in the form (51, N [ P ,yg]) so that
Ziyj=Zjyi Vi, ge[f].
Shrinking ]7;3 if necessary, we may assume ¥; does not vanish on ]7;3 for all

i€ Az. Thus, Zj = (y;/yi)Z; for all je[¢]. This leads to the two statements
in the display. The last statement follows from a direct check. ([

Let )75 be as in Lemma For each i€ Az, the zero locus of Z; on 175
is the same as £n V5. We select an arbitrary i€ Az and set
g = 5’|\750 S F(ﬁﬁi)
Corollary 3.1.2. Let 175 be the affine smooth chart in Lemma . Then,

(3.5) es =%, jell\Adg;  Z, ke[l+1,0],

form a subset of a family of local parameters on 175
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Proof. By Lemma e and %;, j € [¢{][\Az can be considered as local
parameters. In addition, it follows from a direct check that on 7 (V),

{Zk=0} = PT{z, =0} Vke[l+1,r]. O

We point out that 173; contains other local parameters describing the po-
sitions of points in
{pegrﬂjg : Ap:Ag} c Smf/%.

We will always denote by Zj, j€[r], the pullback of z; as in (3.2)), and by Z;,
Je[¢]\Az, the proper transform of z; as in (3.5)).

3.2. Locally tree-compatible blowups. Given a connected graph -y, we
denote by
Ver(vy)  and Edg(v)

the collections of the vertices and the edges of v, respectively. If Ver(y) =,
we denote the empty graph by &F.

If in addition ~ is a rooted tree with the root o, then Ver(y) is endowed
with a natural partial order <, called the tree order, so that v < v’ if and
only if v #v" and v belongs to a path between o and v’. Each edge ee Edg(~)
has two endpoints v, and v} in Ver(y) so that

v, <v).
This induces a partial order < on Edg(y), also called the tree order, so that
e<e = v/ < Uy
For each Fc Edg(y), we write
E~ = U{e'eEdg(fy):e'<e}, E= = E“uE,

(36) eel
E~ U{e'eEdg(’y):el>e}, E= =E"LE.
eel

The root o is the unique minimal element of Ver(); each of the minimal
elements of Edg(y), called a pivotal edge, contains o as an endpoint. We
denote by E,(7) the collection of the pivotal edges. When the context is
clear, we write

Eo = Eo(7).
For each ee Edg(v), let {e)e E, be such that

(e) < e.

The maximal elements of Ver(vy) and Edg(~y) are respectively called terminal
vertices and terminal edges; they form the subsets

Ver(y)' < Ver(y)  and  Edg(y)"  Edg(y),

respectively.
For each ee Edg(7y), there is a unique induced subgraph . of v satisfying

Edg(ve) = {¢'eEdg(y) : ¢/ >e} < Edg(y).
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+.
e

Such defined ~, is a rooted tree with the root v}; we call 7. a branch of ~.
If in addition e€ F,, we call v, a pivotal branch.

A subset E'c Edg(y) is called a traverse section of ~ if for each ve Ver(y)®,
each path between o and v contains exactly one element of E. The collection
of all traverse sections of « is denoted by ET(7); it is endowed with a partial

order < such that for any E, E'e ET(y),
(3.7) E<FE <« (F#FE')and (VeeFE, JecE st. exe).

The unique minimal element of ET(y) is E,.

Let v be a rooted tree and V be an affine smooth chart of a stack 9. If
there exists a collection of local parameters on )V so that a subset of which
can be written as

(3.8) {z€l'(Oy) : e Edg(7) },
then (3.8) is called a ~-labeled subset of local parameters on V. We set
(3.9) 2] = Hzer VeeEdg(y).

e'<e

Every nonempty subset E of Edg(y) determines a closed locus Zg in V by
Zp={zeV:z(x)=0VeecFE}.
In addition, we set
Zy = Zrag(y)s Zo = .
With notation as above, let
(3.10) M — M and (k) * ﬁ(k) — M, kel/],

be the blowup of M successively along the proper transforms of a sequence
of closed substacks
Zl, ey Zg cMm

and the same blowup of 9 after the k-th step, respectively.

Definition 3.2.1. The blowup m in 1s said to be y-compatible on V
if there exist a partition of ET(y):

4

L
ET(y) = |_| ET(y), = |_| {Eliv e ,E/?k}
k=1 k=1

and a ~y-labeled subset of local parameters on V such that

(C1) for each ke/],
kaVZZEiu---uZEZk ;
(C2) if E'€eET(y)w, E"€ET(7)gr, and E'<E", then k' <k”.

Note that implies that if ET(v); = for some k (i.e. ny=0), then
Zy, is disjoint from V because Zy = J. Therefore, adding (resp. deleting)
arbitrarily many blowup loci that are disjoint from V to (resp. from) an
existing sequence of blowups does not affect the y-compatibility on V.
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The condition has two immediate conclusions. First, a sequence of
blowups y-compatible on V must begin with Zg, . The second conclusion is
the next lemma.

Lemma 3.2.2. Let : 91— be ~v-compatible on V as in Definition .
Then for each ke[{], the proper transforms of ZE]%, .oy Zpmi after the first
k

k—1 steps are pairwise disjoint and smooth. Therefore, the proper transform
of Zxn'V after the first k—1 steps consists of one or more smooth connected
component.

Proof. For distinct 4, j € [ng], notice that E,’c and Ei are not comparable.
With E € ET(v) denoting the greatest common predecessor of E,Z and Ei

with respect to the order (3.7]), we have
i J , .
E<E}, E<E], ZynZ,cZp
By [(C2)|, there is a unique h € [k—1] such that F € ET(vy)y. It is then a
direct check that the proper transforms of Z EBi and Z ., are smooth after
k

every step, and they become disjoint after step h; see [I14, Lemma 2.3 &
Corollary 2.4] for more details. (]

By Lemma the effect of a blowup that is y-compatible on V is the
same as blowing up V successively along the proper transforms of

Zp, EeET(y)

with respect to any total order on ET(7) extending the partial order <
in (3.7). Hence the exceptional divisor £z, obtained in the k-th step has ny,
connected components

(3.11) Epis s Egn

on ﬂ@%(]}) Each & B is obtained by blowing up 7r7k1_1)(V) along the proper
transform of ZEzi . Thus for each E € ET(y), 1' determines the excep-
tional divisor

(3.12) Ep (V) if EeET(y).

Moreover, it is a direct check that £ is transverse to the proper transforms
of Zg for all E' € ET(v)y, k' > k. Thus, the proper transform of g in
71(V) is the same as its pullback, i.e.

(3.13) Ep=E (cn'(V)) V EeET(y).

Finally, we comment that the notions of £ and 5}3 are intrinsic to V and
~. They are independent of the choice of the «-compatible blowup on V.

Remark 3.2.3. Definition applies to the empty graph = J trivially.
A sequence of blowups ¢F-compatible on V is equivalent to that the blowup
loci do not intersect V.
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Definition 3.2.4. The blowup 7 : M — M in 1s said to be locally
tree-compatible if M has an étale cover of affine smooth charts {V} so that
each V s associated with a graph vy that is either a rooted tree or the empty
graph, and 7 is yy-compatible on V for all Ve{V}.

Lemma [3.2.2] gives rise to the following smoothness statement.

Corollary 3.2.5. If the blowup : M— M in is locally tree-compatible,
then for each ke[{], the proper transform of Zy. after the first k—1 steps is
smooth.

Remark 3.2.6. An example of locally tree-compatible blowups is the desin-
gularization of 9 =911 (P, d), via either the symplectic approach in [14] or
the algebraic approach in [5]. The subtle difference is the (idealized) blowup
in [14] is on 91 (P", d) directly, whereas in [5], the blowup is applied to the
Artin stack 9" and a fiber product is taken at the end. Nonetheless the
blowup in either approach is locally tree-compatible.

Consider the approach in [5] for example. The blowup loci O described
in [B, §1] can be illustrated by the substacks

Zi = M k41

in Figure [T} but with the genus-2 core replaced by a genus-1 core. For every
zeMV?, let  be its terminally weighted tree in the sense of [5, Paragraph
3.16]; also see Then there exists an affine smooth chart V' containing
x so that the collection of modular parameters {Cc}cerdg(y) (corresponding
to node-smoothing) is a y-labeled subset of local parameters on V. Each Z
as above satisfies

kaVZ UZE

E€ET(y)
\E|=k
It is a direct check that the blowup successively along the proper transforms
of Z1,...,Z4 is «yv-compatible on V, which indicates the sequential blowup

in [5] is locally tree-compatible.

FIGURE 3. Rooted trees

For a concrete example, consider the tree « illustrated in the second dia-
gram of Figure[3] The sequential blowup described in the previous paragraph
determines

ET(y) = {Ellz{ea,eb}} L {E%E{ea,ec,ed}, E%E{eb, Ef,eg}}
L {E%E{ef,eg,ec,ed}}
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such that
ZnV=Zp1, ZonV=ZpUZp, Z3nV=Zp, BEi<E; Ej<E;,
thus |(C1)| and |[(C2)| in Definition are satisfied. We remark here that

23NV is singular: the two smooth loci Zp1 and Zpz meet at Zy < Zp.
Nonetheless, after blowing up along Zi, the proper transforms of ZE% and

Zpz are smooth and meet the exceptional divisor £z, AV=¢E g at the loci
{[Cas &) =10, 1]} and {[Ca, (] =][1,0]}, respectively, hence are disjoint.

At the end of this subsection, we describe a sequential blowup induced
from a «-compatible sequential blowup on V. This is related to the modular
blowups in r3.

Given a rooted tree v with the root o, let v be the rooted tree with the
same root o and an extra vertex v4 directed connected to o, i.e.

Ver(yi) =Ver(y)u{vy}, Edg(y:)=Edg(y)u{etr}, v, =vs, v, =o.

Assume that V contains a y;-labeled subset of local parameters.
Let 7: 91— 9 be y-compatible on V. A blowup

7r+:5l+—>fm

successively along the proper transforms of closed substacks Z1 4,...,Z +
of 901 is said to be supplementary to w on V if

Zk,+ﬂV=ZEéu{e+}U"'UZE,ZL’“u{eJr} V ke[/].

A blowup @J-compatible on V is supplementary to any blowup F-compatible
on V.

Over the entire stack 97 instead of locally on V, 7w is said to be supple-
mentary to 7 if 7 is locally tree-compatible with an étale cover {V} as in
Definition so that 74 is supplementary to 7 on all Ve {V}.

The construction of v, leads to the following statement immediately.

Lemma 3.2.7. Let m: M — M and Ty S/JVTJF — M be two sequential blowups.
If 7 is ~y-compatible on V and 74 is supplementary to m on V, then 74 is
Y4 -compatible on V. If w4 is supplementary to w on M, then w4 is locally
tree-compatible.

3.3. Ascending sequences and dominant edges. We continue with the
notation from § Assume the blowup 7: M — M is ~y-compatible on V as
in Definition For each E€ET(y), we still use £ to denote the proper
transform of the exceptional divisor £ in . By , it is the same
as the pullback of £g.

By Lemma [3.2.2] given
Ten (2, ca i (V),
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there exists a unique maximal sequence E = (E1,...,E;) of elements of
ET(v) such that
(3.14) Ei<--<E, F€fpn--négp.

By Definition and the maximality of F,
k
B =EF  Vkelt];
=1

c.f. (3.6) for notation. We call E the ascending sequence of 7.
Recall that 7y : My — M denotes the blowup after the k-th step. Given
i€[t], there exists a unique step k=k(i) of the sequential blowup in which

EEZ, C ng N W@%(V)
Let Z(;) be the image of 7 in ﬁ%(k). The latter condition in implies
that
We can thus define Az;;  E; analogously to , with Z and [{] in
replaced by Z(;) and Fj, respectively. By @

Az = EN\Ei4q Viet—1].
When ¢ =t, the maximality of £ implies
Azi nEdg(n)' # & (= E;nEdg(7)' # &) .
Definition 3.3.1. The edges in
Dom(3) = Ag, ~ Edg(y)"

are called dominant edges of T. A branch of v that contains at least one
dominant edge is called a dominant branch of Z. If a dominant branch is
also pivotal, it is called a dominant pivotal branch.

With notation as above, we set
DP(z) = DP,(Z) = {{e) : eeDom(2)} < E,(7),
DPN(Z) = DPN,(Z) = {¢. : eeDP(Z)}.
The latter is the collection of the (pivotal) nodes of 7(Z) labeled by DP(Z).

The dominant pivotal branches of ¥ are indexed by DP(Z).
By (3.14)), each e€ Ef is contained in at least one E; with i€ [t]; let

(3.16) s(e) =max{i€ft]:e€ E; }.

This implies e€ Az ;.
For each i € [t], the exceptional divisor £, is the zero locus of a local

(3.15)

parameter ¢; on an affine smooth chart Vz; containing Z(;). The proper
transform &g, is thus the zero locus of a local parameter £ on an affine
smooth chart V; containing 7.
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Lemma 3.3.2. Let v, V, and w: M— M be as in Lemmal3.2.2 ren Y(Z,),
and E=(FE1, ..., E;) be the ascending sequence of T. Then,

(1) for each i€ [[t—1], e; can be taken to be the pullback Z. € F(ﬁf}\ ) of
2. €T(Oy) with an arbitrary e€ E;— E;11; the function ¢ can be taken
to be any Ze with e€ Ay y;
(2) for each i€(t], & can be taken as the pullback €; of &;;
(3) there is an affine smooth chart Vycm (V) containing ¥ such that
E1y. ., &8 Ze, €€ B\ Az 45 Z., e€E;]
are part of a family of local parameters on ]73}

Proof. The statements [(1)]and[(3)] can be deduced from Corollary The

statement follows from ((3.13]). O
The next statement plays a crucial rule in analyzing the change of the

structural homomorphism ¢ throughout Let v, V, w, T, E, and V; be

as in Lemma [3.3.2] For each e€ Ef and each i€ [t], we denote by (e); the

unique edge satisfying

(317) <€>1 € E,L and <€>1 <e.

With the functions z[) as in (3.9), we set

~

Zle] = z[eom € T(05) V eeEdg(y).

Proposition 3.3.3. For every I € 77*1(27) with the ascending sequence
E=(E,...,E) asin , there exists an affine smooth chart V= n~1(V)

containing T so that
B ~ 818 A~ B Ry [ [ 2
{e)r<e'<e
for all deDom(Z) and all ee Edg(y)"\Az ;.
Proof. Applying Lemma and the middle equation in (3.5)) repeatedly
along the ascending sequence E, we obtain
Z[e] ~gr-g ¥V €€A57t, 5[6] ~ &L &y ,\Z/e v eEEt\A57t.

The former leads to the first displayed formula in Proposition [3.3.3] The
latter implies

g~ B Koy [ [0V eeEdg(7)\Agy.
{e)r=<e'<e

This gives rise to the second displayed formula in Proposition [3.3.3] O

Remark 3.3.4. In Remark we observe that the desingularization of
My (P, d) is locally tree-compatible. The statements of Proposition
are consistent with the displayed formulae in the paragraph after [5, (5.23)],
but are more precise. In [5], it suffices to know Dom(Z) # & and 5[d]‘ Z[¢ for
some de Dom(%) and all ee Edg(y)".
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3.4. Terminally fused multi-rooted (TFMR) trees. We continue with
the notation from and Notice that in all the statements of
and the relevant aspects of the rooted tree v are (Edg(y), <). Thus, the
same statements may still hold for other types of (directed) graphs, hence
may play an important role in the desingularization of the higher genera
moduli spaces. In this subsection, we focus on the generalization of the
notion of the rooted trees that is necessary for the genus 2 case.

Let {7vi}ier be a nonempty collection of rooted trees and {Vj}jes be a
possibly empty collection of vertices satisfying

Vic| |[Ver(v)' Vijed,  VinVi,=@ Viji#j.
i€l
Note that each V; may contain no vertex or several vertices of a given ;.
Let v be the graph obtained by identifying the vertices in V; for each je J;
this gives rise to a natural surjective graph homomorphism

|_|%' -7

i€l

The collections Ver(y) and Edg(y) carry partial orders, both denoted by <,
that are inherited from the tree orders <;’s of +;’s. The minimal elements of
Ver(v) with respect to < are the roots o0;’s of ;’s. We call such defined v a
terminally fused multi-rooted (TFMR) tree with the roots o;, i€ I, and call <
the TFMR tree order on v. When the context is clear, we may simply call <
the tree order. Every rooted tree itself is a TFMR tree. In Figure [4 some
examples and counterexamples of TFMR, trees are illustrated.

Ty MV A

FIiGURE 4. Examples and Counterexamples of TFMR trees

It is straightforward to verify that all notions for rooted trees in and
hold verbatim for TFMR trees. The following operations on TFMR
trees will appear in

Lemma 3.4.1. Let v be a TFMR tree and e be an edge of v. The graph
obtained from ~ by contracting all the edges €' with ¢’ >e is a TFMR tree.
Moreover, if a non-terminal edge €' satisfies €' >e, the graph obtained from
v by contracting all the edges " with e<e” <e' is a TFMR tree.

Analogous to Definitions and we can define ~y-compatible
blowups on a local chart V and define locally TFMR tree-compatible blowups
on M.
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Proposition 3.4.2. Lemmas[3.2.9 and[3.3.3, Corollary[3.2.5, and Propo-
sition |3.3.5 remain valid if v is a TFMR tree.

Proof. Notice that the sets of vertices are irrelevant in the rooted trees of
the above statements. Thus given a TFMR tree v, let 7 be the rooted tree
obtained by identifying all the roots of v, removing all the terminal vertices
of v, and then assigning each terminal edge of v with a distinct terminal
vertex. Obviously

(Edg(ﬁ)v <7] = (Edg(’y)v <]'
Since the statements in Proposition hold for 7, so do they for v. O
3.5. Compatible sequences of blowups. In this subsection, we analyze
how one TFMR tree-compatible blowup affects others locally.
Let 1 and 2 be two TFMR trees. We say 1 and 2 have a collection of
common branches indexed by F, if there exists F, c Edg(v1)nEdg(y2) such

that the elements of F, are not comparable, and the intersection of v; and
~9 consists of branches ~., e€e F,. This implies

Edg(v1) n Edg(12) = Ey;
c.f. (3.6) for notation. Let
B\ = EZ nEdg(1)' (= EZ nEdg(y2)").

For each e€ E7, let (e),€ E, be such that (e), <e.
Let V be an affine smooth chart with a subset of local parameters

{ze : eeEdg(y1) UEdg(y2) }-
Assume there are two families of closed substacks
L1y L1, ©M and 2215y Loy €N
such that the sequential blowups
(3.18) T 9/3/?1 — M and T 97?2 — M

successively along the proper transforms of the first and the second families
are v1- and ~yp-compatible on V, respectively.

Definition 3.5.1. We say w1 and 7o in are compatible on V if 11
and 2 have a (possibly empty) collection of common branches.

We first apply the sequential blowup m; to 9 and obtain the proper
transforms Zs,;, i€ [{2], of the blowup loci of mp in M. Let

(3.19) Fo 1 My —> My

be the sequential blowup of {I)Vh succesisvely along the proper transforms
of Zy;, i€ [[¢2], called the proper transform of m. In the remainder of this
subsection, we analyze 7o locally.
Given
~ —1 —1
T em (27102’72) c m (V)7



30 YI HU, JUN LI, AND JINGCHEN NIU
let E=(F,...,E;) be the ascending sequence of T and 175(:%1*1(1)) be the
smaller chart containing ¥ as in Lemma We emphasize that
E; e ET(’yl) Ve [[t]]
A priori Dom(7)c Edg(y1)*. Set

E, = {<e>* e€Dom (¥ mE>} (C E*),

E, = U {¢'€eEdg(12): v, =v; } ( < Edg(v2))
eeE'*

By = B\E,y (< B\E).

The definition of E* implies E* CE* and EZ,< mﬁ]* = .
Recall E,(v2) denotes the collection of the pivotal edges in 9. If

(3.20) E. n Ey(72) = &,

we construct a TFMR tree (y2)z from 72 as follows.
(a) For each
e € (BE\Az ) N E*Z,
we contract all the edges €' € Edg(s) satisfying (e), <e’ <e.
(b) For each
e€ Nz N E*Z ( = (EinAzy) 0 E*Z),
notice that e is not a terminal edge, for otherwise it would be in Dom(Z)
and hence in Ey. We contract all the edges ¢’ € Edg(v;) satisfying
(es<e'<e.

(c) For each e€ E,, we contract all the edges ¢’ e Edg(~,) satisfying e’ >e.
The assumption 1' implies E, N Ey(y2) = &, thus each e € E, has an
immediate predecessor e_; € Edg(vy2) with respect to <. Hence Step . is
equivalent to contracting all ¢’ € Edg(~2) satisfying e’ >e_;. By Lemma|3.4.1
(72)z is a TEFMR tree. In particular, if EZn Fy = ¢, the above construction
implies (v2)z ="2.

Keeping track of the edges of 72 that are contracted in Steps |(a){(c)l we
obtain

Edg((12)z) = (Bdg(72)\(Bx U E)Z) U (E\Az)ZnEZ) U (A, nEZ)
= (Bdg(he)\(ExUE)™) u (B\Az ) nEZ) u (B nEF).

This implies
(3:21) Edg((12)z)" = Edg(y2)"\Ex.
We define EtEET(*yl) to be

(3.22) E, = (Et\(A§7t\Edg(71)t)) o | J (¢ eBdgin): vp =vt )
ey, \Edg(n)"
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Then, Edg((yg)g) can also be written as

(3.23) Edg((12);) = (Bdg(72)\(Ex UEL)Z) U (EF nEZ).
Proposition 3.5.2. With notation as above,

(1) if does not hold, then 7o : 93?12 — E)Aﬁl is (F-compatible on 1755
(i.e. 7o does not affect Vi );
(2) if holds, then there exists a (72)z-labeled subset of local parameters

on Vi given by
=%, ee(B\Ay)EF; 20 =2, eeErnBE
as in Lemma[3.3.4, along with
202i=%,, e Bdg(1)\(ExuEy)”.

In addition, T€ Z(.,,. Furthermore, Ty is (y2)z-compatible on 95

V2)z

Proof. For each E € ET(v2), keeping track of the proper transforms of the
zero locus Zg along the sequential blowups 1, we observe that Z lies in the
final proper transform Zg of Zg when 7 terminates if and only if

(3.24) Enlzy, =@  Vielt].

If does not hold, then there exists es € Edg(y2)*nDom(Z) such that
each €/ <es (in 72) belongs to some E; of the ascending sequence of Z. Since
each E€ET(v2) contains an edge e’ < ey, we conclude that 7 is disjoint from
all blowup loci of 7. This shows Part

In Part the first two statements follow directly from Lemma [3.3.2]
and Corollary The last statement is obtained by the comparison of
the traverse sections of v satisfying and all the traverse sections of

(12)z (c.f. (8:23)). O

We say the sequential blowups m; and 79 in are compatible on I
if 9t has an étale cover of affine smooth charts {V} so that m; and my are
compatible over each Ve {V}. The assumption of 7; and 7 being compatible
automatically implies they are both locally TFMR tree-compatible.

Proposition leads to the following conclusion.

Corollary 3.5.3. Let w1 and my be as in and 7o be the proper trans-
form of ma as in . If T and w are compatible, then 7o is locally
TMFR tree-compatible. If in addition there is another sequential blowup
mg - 9713 — M that is compatible with both w1 and mwe, then when m termi-
nates, the proper transform 73 : ﬁtlg —>97?1 of w3 is compatible with 7.

Example 3.5.4. Let v; and 5 be the first graph in Figure [3| and the first
graph in Figure [5| respectively. They share a common branch ~,,. In this
case,

E, = {ep}, EZ = {ey, ec, eq} = Edg(71) n Edg(v2).
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E=({ea,er}), Az 1={ea,er}, Dom(Z)={e,} €c /€d

or E=({eq,ep},{€a,ec,eqa}), Dom(Z)={e,}

(v2)z
FI1GURE 5. A possible change of a TFMR tree

Let 2 be in the pullback of
Zo N2y ={2a=2=2:=24=2p=2g =2, =0}

after the sequential blowup 7; as in Remark
(1) If E=({eq,ep}) and Az ={eq}, then

t=1, Ei={es, e}, Dom(F)={eqa}, Fe=FE.=¢, E.={e}.

The TFMR tree (72); is isomorphic to 7s.
(2) If E=({ea-eb}), Az +=1{eq,ep}, and Dom(Z) = {ey}, then

tzl, Elz{ea,eb}, E* ZE*ZQ, E*:{eb}.

By Step @ the edge e, is contracted, hence the TEFMR tree (v2)3 is
given by the right graph in Figure
(3) If E=({ea, eb},{€as€c,€q}) and Dom(Z) ={e,}, then

t:27 E22{6a7607ed}7 Ai,t:{ea}J E*:E*:®7 E*:{eb}'

By Step [(a)] the edge e, is contracted, hence the TFMR tree (7o) is
given by the right graph in Figure
(4) If Dom(%)n{ec,eq} # &, then

t:27 1:{€a7€b}a EQZ{eaaecaed}>
Az;=Dom(%), Fu={ey}, FEu={eg e}, Eu=0.

By Step |(c)] . v2)z consists of two vertices: the root o and another ver-
tex v, as well as two edges connecting o and v.

3.6. Derived blowups. In this subsection, we construct a new sequential
blowup on the pullback of V after a special type of sequential blowup that is
TFMR-tree compatible on V terminates. Such blowup (or its supplementary
blowup) provides a local model of the modular blowups in rg, r3ps, and rspy.
We continue with the notation from the previous subsections. Let v be
a TFMR tree, V be an affine smooth chart with a collection of coordinate
functions labeled by v as in , and 7: M — M be the blowup successively
along the proper transforms of 71, ..., Z, that is y-compatible on V.
Consider the following subset of Edg(y) x ET(y) x Edg(v):

= {¢=(E,e, E')eET(y) xEdg(y) xET(y) : EXFE', e€eEnE'}.
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We define a partial order < on D1(v) so that (E1, e, E}) < (E2,es, F}) if
and only if
(3.25) either (E1<FEs) or (Ey=EFs, ei=e3, F}<E)).
For a terminal edge e€ Edg(y)", set
Di(v;e) = {(E,e, EYeDi(7) :e<e}.

The order (3.25)) induces a partial order < on D1 (7;e¢) for every e€ Edg(y)*.
For each E € ET(y), let k € [¢] be such that E € ET(y)g; c.f. Defini-
tion For each nonempty subset Ej of E, we define the locus

E(By)ycérp (c W@%(V))

analogous to 1) where () : ﬁ(k) — I denotes the blowup after the k-th
step as always. For each €e®(y), let

Ye = E({e}u(B\E)) n () {Zx=0} (c &p).
e'eE'\E
Lemma 3.6.1. With notation as above, Yg is closed, smooth, and of codi-
mension |E'| in the corresponding pullback 71'(_]5(]/) of V.
Proof. For every yeYg, there is a chart Vycw(?s(V) containing y such that
YenVy = {ex=0}n [ {Zo=0}n [){Zr=0} 0
e’eE'\E e"e(E'nE)\{e}

For each €€®(), we denote by

~

Ye c n7' (V) c M
the proper transform of Yg.

Remark 3.6.2. We point out that if v=F, then @1(7),)/(),{/() =.
Let 7 : M — M be the blowup of m successively along the proper
transforms of a family of closed substacks
Ty,..., Y, c 9.
Definition 3.6.3. Assume 7: 90— 9N is y-compatible on V and ' : M — M

is as above. We say n' is derived from 7 on 7= 1(V) M if D1(7) can be
written as

Di(y) = |_| D1(V)r st
k=1
(C1) for each ke(r],

Tin 7T_1(V) = U iv/@ :
@6@1(’)/)k

(CQ) z’f@leﬁl(v)kl, @26@1(7)]%, and €1<€2, then k1<k2.
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For a fized e € Edg(y)t, we say ©' is partially derived from m (along ¢) on
7 1(V) if in the above definition, D1(7y) is replaced by D1(v;e).

Given ¥ € 7 1(Z,), let E=(F},...,E;) be the ascending sequence of 7.
Assume that 2 has a unique dominant pivotal branch, i.e.

(3.26) (ey={(e") Y e, e’ e Dom(7).
We then set
(3.27) e. = max{e€Edg(y) : e<e’ Ve'eDom(%) } € Edg(y).

Since Dom(Z) c E;, we have e, € Ei*. Let
s = s(e.) € [t];
c.f. (3.16). This implies e, € Az 5.
Recall that for each edge e satisfying (e, )={e), we denote by
Ca N €

the greatest (w.r.t. <) common predecessor of e, and e. This in turn deter-
mines an index s(e.ne)€[s] by (3.16). If (e)# e ), we set s(eene) =0.
Next, we construct a TFMR tree ; for ¥ satisfying (3.26]).

(a) Let [o,vs| be the simple path with vertices and edges
Vg=0<Vv] <+ < Vg and e] < - < eg,
respectively.
(b) For each
e€ (B\Az.)\{ed)”,
we connect the root v} of the branch 7. and the vertex Vs(eane) Of the
path [o,vs] by an edge.
(c) For each
ec Ag’t\{e.}z,
the definition of e, implies e is not a terminal edge. We connect the

root v, of the branch 7. and the vertex vy, of the path [o,vs] by
an edge, and then contract this new edge.

By Lemma ‘3.4.1|7 75 is still a TFMR tree with the root 0. We call it the
derived TFMR tree (or simply the derived tree when the context is clear) of
~ at Z. Notice that

Edg(vz) = {er, . e} 0 (B2 )7 \{eo)}T) b (AF,\ e }T)
={er,....es} U (B\Az)\{ea}T) 1 (BT \{ea}7).
With E‘t as in , we can also write
(3.28) Edg(74) = {e1,...,es} u (EF\{e.}Z).

The following statement follows from Lemma and Corollary di-
rectly.
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Lemma 3.6.4. Given Ten (Z,) satisfying , there exists an affine
smooth chart Vycm=1(V) such that

/

!
szzsNi, ie[s]; zz’”EZe, ee(E’t\Ait)\{e.}z; 2 =27, eeE;\{e.}Z

as in Lemmaform a vx-labeled subset of local parameters on ]75 More-
over, T€Z. .

Qs

Remark 3.6.5. Given 7 satisfying (3.26) and ee Edg(~)*, we replace e, and
s=5(es) in the construction of ~; by

Ce =C A €4 and 5 = s(es),
respectively and call the resulting TFMR tree 4/ .. the partially derived (TFMR)

tree of v along ¢ at . It is a direct check that Edg(v, ;) < Edg(v;), hence
the analogue of Lemma for ~/ ; naturally holds.

For E in 1D we notice that
((E"\{e}) u (Etm{e}z)) e ET(v) VY E'eET(y), ecE'.

Lemma 3.6.6. Given ¥en~1(Z,), there exists an affine smooth chart igc
7 L(V) such that for each €=(E, e, E')eD1(y),

(1) if T satisfies (3.20), E=FE;e{F\,...,Es}, e<e,, and
(E"\{e}) b (Eenfe}?)) = Ei,
then 3\7@0]75 s given by

E=0} n [Eo=0} 0 [){E=0} n []{Z=0}

e'e(E'\E)nE] e'e(ENE)N(E\Az )  e"e(E'nE)\{e}
(2) otherwise, IV/@ ﬂ]N)g =J.
Proof. For each €D (), the explicit local expression of Yg is given in the

proof of Lemma Keeping track of the proper transforms of Yg, we
observe that TeYe if and only if the assumptions in Part hold. O

Lemma 3.6.7. Let 7, : M, > M and w: My — M be two sequential blowups
that are both derived (or both partially derived along the same ¢€ Edg(v)!)
from the ~y-compatible blowup m: M — M on 71(V). Then the pullbacks of
7Y (V) in M, and M, are isomorphic.

Proof. The proof is parallel to Lemma and the paragraph after it. [

Proposition 3.6.8. Let m: 9 — M and ©' : M — M be two sequential
blowups. Assume m is y-compatible on V.

1) If © is derived from m on 7 Y(V), then for every ¥ € n=1(Z,), there
( s Y v)s
exists an affine smooth chart Vy < 7~ (V) containing & such that 7' is

V-compatible on )75 if T satisfies and J-compatible otherwise.
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(2) If 7 is partially derived from © along ¢ on 7 Y(V), then for every
TerY(Z,), there exists an affine smooth chart Vy < m=1(V) contain-

ing T such that @ is ~, -compatible on Vi if ¥ satisfies and
f-compatible otherwise.

Proof. The statements follow from Definition and the comparison of
the local expression of Yg in Lemma and the traverse sections of 7%

(c.f. (3.28)). O

If 7: 9 — 9N is locally TFMR tree-compatible, let {V} be the étale cover
of affine smooth charts associated with 7 as in Definition [3.2.4] A sequential
blowup 7' : M — N is said to be derived from 7 if the for each Ve {V}, 7' is
derived from 7 on 7=(V). It is said to be partially derived from 7 if for each
Ve{V}, n' is partially derived from 7 on 7= (V).

The following statement follows immediately from Proposition [3.6.8

Corollary 3.6.9. Let 7 : M — M be locally TFMR tree-compatible and
' M — M be a sequential blowup derived (or partially derived) from .
Then, 7' is locally TFMR tree-compatible.

gl

FIGURE 6. Some possible (TFMR) trees derived from the
first diagram in Figure

Example 3.6.10. Let v be the first graph in Figure |3/ and ¥en !(Z,) be
fixed. Recall in Remark we see that v has two traverse sections:

Ey={eq,ep} < Ea={eq,€c,€4}.
It is straightforward that ©;(y)={€y,..., &}, where
¢ =(E1,eq, Er), €y=(E1,eq4,E), €E3=(FE2, €4, Es),
¢y=(E1,ep, E1), €E5=(Fa,ec,FE2), €Eg=(FEq,eq4,Fs).
The partial order on D1(7y) is given by
¢ < & < €3, ¢ < s, ¢y < &.
(1) If Dom(Z) ={eq} and E=(E, E2), then
co=eq, s=t=2, Nzi={e)}, Aza={e.}, Er=Ey.
The derived tree % is the first graph of Figure @ Locally near Z, the
relevant Y@ are

Ve,={81=%=%=0} and Ye,={BH=%=%=0},
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(2) If Dom(Z) ={eq}, £=(E1), and Az ; ={eq,ep}, then
€e =€, s=t=1, E2=E2
The derived tree 7% is the second graph of Figure @ Locally near 2, the
relevant Y@ is
Ye, ={1=2.=24=0}.
(3) If Dom(2) ={eq}, E=(E1), and Az ; ={e,}, then
€e =E€q, s=t=1, E2:E1
The derived tree 5 is the third graph of Figure @ Locally near Z, the
relevant Y@ are
@12{812,\2/1):0} and ?GQZ{gQZ%CZNdZO}.
(4) If Dom(Z) ={ec, eq}, then E=(FE1, Es),
€e =€, 8217 t:27 Ai,lz{eb}v A%,Qz{eaed}a E2:E2-
The derived tree +4 is the fourth graph of Figure @ Locally near Z, the
relevant iv/@ is

Ye, ={51=%,=0}.
(5) If Dom(Z) ={e.}, then E=(E4, E3),
co=ee, s=t=2, Nyi={a}, Nzp={e}, Er=FEp.
The derived tree v; is the last graph of Figure @ Locally near Z, the
relevant Yg are
—{&=%=0} and Ye ={8=%=3%=0}.
The case that Dom(Z) ={ey} is parallel.

3.7. Bi-dominantly derived blowups. This subsection is similar to the
previous subsection. We construct another sequential blowup on the pull-
back of V after a sequential blowup that is TFMR-tree compatible on V
terminates. It provides a local model of the modular blowups in r3p;.

Let «, V, and : M — M be as in Consider the following subset of
ET(v) xEdg(v) x Edg(v) x ET(v):

7) = {F=(E, e1, 2, E')€ET(7) x Edg(7) x Edg(y) xET(v) :
E<FE', e #eo, {el,eg}cEmE'}.

Thus, e; and es are not comparable if (F, el,eg,E’) € Dg( ). We define a
partial order < on Ds(7) so that (E, e1, ez, E') < (E, €1, &>, E') if and only if

either (E<E) or (E=E, (e1,e2)=(e1,65), E'<E").
For each §€®1(7), let k be such that E€ET(y), and let

Vs = E({er, e} u(B\E")) n [ {2 =0} < &g
e’eE'\E
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The following statement is the analogue of Lemma under the current
setup; we omit its proof.

Lemma 3.7.1. With notation as above, Yy is closed smooth, and of codi-
mension |E'|—1 in the corresponding pullback T ( ) of V.

For each Fe®a(7), we denote by

~

Yz cr '(V)cm
the proper transform of Y3.
Remark 3.7.2. We point out that if v=J, then @2(7),}/(),}\;() =.

Let
7 M —M and 2. m —m
be respectively the blowup derived from 7 : M — M and the blowup of M
successively along the proper transforms of a family of closed substacks

i ..., xl e
We denote by

=2 .o ., o
blowup of 0! successively along the proper transforms of TL ey ! after
7' and call it the proper transform of (2.

Definition 3.7.3. Assume 7 : 9 — M is ~v-compatible on V and 732 :
M2 — M is as above. We say 72 is bi-dominantly derived from 7 on
(7)Y (m=H (V) <M if Do(y) can be written as

= |_| D2 (M s.t.
k=1

(C1) for each ke|r],
Tior 'V = |J%;
@E'DQ )
(CQ) if%legg(’y)kl, 326@2(7)]@2, and 31 <32, then k‘1<]€2.

Let Z and E be as in § If there exist ey, e2 € Edg(y) such that they
are not comparable and

(329)  Dom(%) = DiuDs, @ #D; c Edg(ve,), i=1,2,
we then set
¢! = max{eeEdg(y) : e<e Ve'eD;} € Edg(y), i=1,2.

Since Dom( ) © E;, we observe that el,e? € E, although s(el) may not

equal s(e); c.f. - Set
¢ = mln{s(e.)7 s(e,) }e [, S = (6 ne ) € {0}ut].
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By definition, ¢y <¢. Recall that s(e A€e’) =0 whenever {(e¢) # (¢’). Hence if
(ely#(e?), then ¢y =0.
Let el,e2e E. be such that

e, < e,

®)

i=1,2.
For each ee Edg(v), define
o(e) = max { s(e} ne), s(e2 ne), }.
This implies ¢y <o(e) <¢ for all ee Edg(y).
We construct a rooted tree 73 following the steps below.

(a) Let [o',v]] be the simple path with vertices and edges

! !/ / / /
Ve, =0 <V pq <o < Vg and €pt1 <t < e,

respectively.
(b) For each

e € (E\Azq)\fed, €2},
we connect the root v of the branch . and the vertex v/, () of the path
[0, vl] by an edge.
(c) For each
>

ee A%,t\{eiv 62} )
the definition of e, implies e is not a terminal edge. We connect the
root v, of the branch 7, and the vertex v/, (¢) Of the path [0, v.] by an
edge, and then contract this new edge.

Analogous to the derived tree as in §3.6| the graph 73 is still a TFMR tree.

If Dom( ) is contained in exactly two plvotal branches, i.e. the edges e1, es
in 9) belong to F,(7), then 7': : M — M does not affect a neighborhood
of %. Moreover, s0=0. Let & =(7")"1(%). We set

2)

Yz = TF

and call it the bi-dominantly derived TFMR tree of v at 2.
Next, we consider the case in which Dom(Z) is contained in a unique
pivotal branch, i.e. !holds Let 7% be the derived tree of v at . When

the derived blowup 7’ : 9" — 9 terminates, for every lift 2’ of T, there are
two possibilities when 'yé,) can be defined:

(S1) Dom(7") = {es} and meanwhile (3.29) holds for Dom(Z);
(S2) there exists ee Edg(v5)\{e1, ..., es} such that e<e¢’ for all ¢’e Dom (')
(thus es¢ Dom(7")).

For Possibility [(S1)| notice that 73 is well-defined and ¢y =s. We set

W = ()

and call it the bi-dominantly derived TFMR tree of v at 7’; see for nota-
tion.
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For Possibility |(S2)|, we construct the TFMR tree 'yg) out of 7%, mimicking
the construction of 73 with Dom(Z) in (3.29)) replaced by Dom (7 )u{es}. We
still call vg) the bi-dominantly derived TFMR tree of v at 2’.

The following statements are parallel to Lemma and Proposition
respectively.

Lemma 3.7.4. Let %%2) : 971%2) M and 77'%2) : ﬁtg) SO be two sequential
blowups that are both bi-dominantly derived from the ~y-compatible blowup
m: M —>IM on 71 (V). Then the pullbacks of (x')~!(z71(V)) in Sﬁgm and

97?52) are isomorphic.

Proposition 3.7.5. Let 7 : M — M be ~-compatible on V, 7' : N —
M be derived from m on 7 (V), and ¥ : M2 — M’ be bi-dominantly
derived from m on (7)Y (7w~ Y(V)). Then, for every & € (z') "} (v~ 1(Z,)),

2)

there exists an affine smooth chart Vy containing ¥ such that ¥ is '7; -

compatible on 175/ if 7:%?) exists and is J-compatible on 95/ otherwise.

If 7 : M — M is locally TEMR tree-compatible, let {V} be the étale
cover of affine smooth charts associated with 7 as in Definition [3.2.4] and
7’ M — 9 be derived from 7. A sequential blowup 72 : M2 — N is
said to be bi-dominantly derived from = if the for each Ve {V}, ¥ is bi-
dominantly derived from 7 on (') ~!(7~*(V)). The following statement is

parallel to Corollay

Corollary 3.7.6. Let 7 : M — M be locally TFMR tree-compatible, 7' :
M — M be derived from ©, and ¥ : M2 S M’ be bi-dominantly derived
from 7. Then, ¥® is locally TFMR tree-compatible.

4. DESCRIPTION OF THE MODULAR BLOWUPS

In this section, we introduce the three-round modular blowups of IY*.
The first two rounds are respectively described in and The last
round is more sophisticated (due to the existence of conjugate and Weier-
strass points for genus 2 curves), hence is divided into four phases described
in Throughout this section, the proper transform of a substack
along the way is decorated with the corresponding step as the superscript.

4.1. Weighted graphs. We summarize the combinatorial notation for sev-
eral TFMR trees related to a weighted curve (C, w)e 9y in this subsection.
Let v be an arbitrary graph. Contracting all the edges in a subset F
of Edg(7y) results in a new graph, which we denote by v[g|, along with a
surjective map
mp) : Ver(y) — Ver(y[EJ).
A pair (v, w) consisting of a graph v and a function

w : Ver(y) — Zxo
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is called a weighted graph with the weight function w. For each F cEdg(y),
the weight function w on « induces a function

wigp: Ver(yp) — Zzo,  wig(v) = Y, w(v),
'U’EW[_ElJ (v)
which makes (yg|, W[g|) a weighted graph. We call wyg| the induced weight
on 'y[EJ
If in addition 7 is a TFMR tree with the tree order <, let (7, w”) be the
weighted TFMR tree so that

A= e where E'= {eeEdg(’y) : <2 w(v:,)) > 0} ,
e/<e
and w” be the induced weight on »”. We call (vb, wb) the terminally weighted
TFMR tree of (v, w), because every positively weighted vertex of ~” is either
a terminal vertex or a root.
Let C be a nodal curve. We denote by +* the dual graph of C'. There is
a natural partition of Edg(y*) given by

Edg(y") = Eex(v") b Epv(v") b Ea(v")
corresponding to the principal nodes, the pivotal nodes, and the nodes of
the tails, respectively. Recall a weighted curve is a pair (C, w) consisting of
a nodal curve C' and an element we H?(C;Z), which can be considered as
a function
w : Ver(7*) — Zxp.

Thus, (v*,w) is a weighted graph.

With notation as above, we set
(1) Y = Miee(y))
The graph 7 is a rooted tree whose root o corresponds to the core F. By
definition,

Edg(y) = Epv(v") w Ea(y") = Eo(¥) w Ea(y"),

where F,(7) denotes the collection of the minimal edges of 4. As in [5], 7 is
called the reduced dual tree of C' and

(4.2) y=%
the terminally weighted tree of C.
Each subcurve F’ of F' determines a subgraph vg of v*. We write

Ver(F') = Ver(ygr), Edg(F’) = Edg(yr)
for conciseness. Let
Epv;r (77) © Epv(77)
be the subset of the pivotal edges that each has an endpoint in Ver(F”). Set
(4.3) Ef =Edg(F)u | |{e}Z,

eEEpv;F’ (’7* )
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where < on the right-hand side denotes the tree order on 7.
If the core F is separable, it contains two genus 1 inseparable components

F7 and Fs. In the weighted graph vadg(Fz)uEZ It Fy1 and Fy respectively
Fy

correspond to two vertices o1 and oy. This weighted graph can be considered
as a rooted tree with the root oo. With respect to the induced tree order,
let

_ [k b
(4:4) =Tk = (V[Edgm,)uEﬁJ) ’
which is still a rooted tree with the root oy. It is obvious that

01 € Ver(y,)"

with respect to the induced tree order.

If in addition F' contains a (not necessarily maximal) separating bridge B,
then in the weighted graph fyFEdg(Fl)uEdg(F2)uE§J, once again F} and Fy
respectively correspond to two vertices o; and oo. This weighted graph can
be considered as a TFMR tree with o1 and o9 as the roots and the bridge B
corresponding to a terminal vertex. With respect to the induced tree order,

we set

« h
(4.5) YA =YA,B = (V[Edg(FﬂuEdg(F?)UE}%J) ’

which is still a TFMR tree with the roots o; and op. The bridge B (along
with the irreducible components of C' in the tails attached to B) corresponds
to the unique terminal vertex

vp € Ver(y,)"
that is the common endpoint of two distinct terminal edges

€1,¢€9 € Edg(’y,\)t.

If I contains a non-separating bridge B, let B’ be the mazimal non-
separating bridge of F' containing B. We denote by Cs the closure of F\B’
in F, which is a genus 1 subcurve. In the weighted graph VEdg(Ca)L B3
(5 corresponds to a vertex 0. This weighted graph can be considered as a
TFMR tree with 0y as the root and the bridge B corresponding to a terminal

vertex. With respect to the induced tree order, we set

*

b
(4,6) Yo = Vo,B = (V[Edg(cz)uEgj) ’

which is still as a TFMR tree with the root 05. The bridge B (along with
the irreducible components of C' in the tails attached to B) corresponds to
the unique terminal vertex

vp € Ver(q,)"
that is the common endpoint of two distinct terminal edges

¢1,¢2 € Edg(’yo)t.
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4.2. A stratification of MY*. In this section, we describe a stratification
of MY* consisting of the following strata

M k), My Mk, Mgy, Mk, keZxo,

of MY*. Recall we denote by F' the core of a curve C. For each k,

o (C,w)eMy ) if I is a smooth genus 2 curve of weight 0 and the tails of

C are k smooth rational curves of positive weights.

(C,w)€eMy ) if F' consists of two smooth genus 1 curves of weight 0 and

one smooth rational curve of positive weight, and the tails of C' are (k—1)

smooth rational curves of positive weights;

o (C,w)eM 3y, if F consists of one smooth genus 1 curve of weight 0 and
one smooth rational curve of positive weight, and the tails of C' are (k—1)
smooth rational curves of positive weights;

o (C,w)eMyy, if F consists of one smooth genus 1 curve of weight 0 and
one smooth genus 1 curve of positive weight, and the tails of C are (k—1)
smooth rational curves of positive weights;

o (C,w)eMs5 )y if Fis a smooth genus 2 curve of weight 1 and the tails of
C are k smooth rational curves of positive weights.

For each pair (i, k), let ﬁ(i,k) be the closure of M; 1y in MYt and Sik) be
the symmetric group of the dual graph corresponding to M; ). In Figure ,
we illustrate M; py with k<3. An unshaded irreducible component indicates
the weight is 0.

The strata ﬁ(i,k) are the images of natural node-identifying surjective im-

mersions from smooth domains as follows. Given a finite set S, let ﬂg;s be
the moduli space of genus g stable curves whose marked points are indexed
by S. Let ﬁ%* be the Artin stack of stable pairs (C, w) of genus g nodal
curves C' whose marked points are indexed by S and weights we H?(C;7Z)
satisfying w(C') >0 and w(X) >0 for all irreducible ¥ < C. Here (C,w) is
said to be stable if any smooth rational irreducible component of weight 0

contains at least three nodal and/or marked points. With [£] and [j, k] as

in (3.1), we define

oy _ SHwi;
Maky = Moy [ [ Doy
i€[k]
= Ly - Sawt+ AW+
Mo = | | (Ml,ue—lﬂuw XMy e R)ogey X Mo e, 0y > H‘mo,{%})
-1 iekI\¢}
ooy - Wt + anWhi+
M35y = Mo 1) ks o) X Doy oy ¥ | [ Moy
i€fk—1]
vy - Sawt+ SnWh+
Mgy = My g % Dy gy ¥ H Mo iy »
i€[k—1]

= -— w4
M50y = Moy x | [ Mo -
te[k]
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For each (i, k)€ [5] x Z~q, there is a natural node-identifying immersion
iy Mgy — Mgy < M

obtained by identifying the marked points that share the same index. Such
L(i,k) 1s surjective onto M; r) and descends to the quotient

(4.7) k) © Mg/ Stiky — Mgy < MY,
where S; 1y is the symmetric group of the dual graph of 9 ; ). Notice that
I(i,k) is generally not an isomorphism to its image; c.f. [14, Figure 3] with

the genus 1 component replaced by a genus 2 curve, as well as the example
at the end of Remark Thus M, 1y is generally not smooth.

By the topology of My, ﬁ(i,k) NM; e = & whenever (j,€) > (i, k)
(w.r.t. the lexicographical order). Let
My = JMen, M =M\ D), 1<i<4;
k=1 he[i—1]

e = oy (M)

i€[4]

(4.8)

In particular, ?)ﬁ?l“; zﬁ(l). Then we obtain a partition of 9y
Myt = 931?5‘ U zm‘(ggl U Dﬁfggl U 931%‘ ) Gt

Notice that ﬁ(z) mﬁ@) cﬁ(l), thus

(4.9) HOME =L, ME=Mz)\ M.

4.3. The first round (r;). In ry, 9" is blown up successively along the
proper transforms of ﬁ(i,k) with respect to the lexicographical order on
(i, k):
ﬁ(i7k)<ﬁ(j;g) < i<jor ('L'Zj,k'<€),

as is illustrated in Figure |1} Since each connected component of MY* is of
finite type, the sequential blowup r; on this component will terminate after
finitely many steps.

Each row (resp. element) of Figure [1|is called a phase (resp. step) of r;.
As in , the k-th step of the i-th phase of r; is denoted by rip;si. The

proper transform of a substack 91 after rip;s; (resp. after ri) is denoted by
MMPisk (resp. N™). We write

ﬁrlpisk = (m\évt)rlpisk’ {)‘ﬁrl = (93?‘2’”)“.

The exceptional divisor obtained in rip;si is denoted by & xy, which lies

Lemma 4.3.1. ryp; is locally tree-compatible.
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Proof. Let ze9My*.

If a:efm?ﬁl, then z has a neighborhood V such that ryp; is y-compatible on
V, where 7 is the terminally weighted tree of z. This follows from the same
reasoning as in the densingularization of 9 (P", d) (|5l [14]); c.f. the second
paragraph of Remark @l If xg‘:ﬂﬁ‘a’; ( zﬁ(l)), then z has a neighborhood
VY not affected by ripi, thus rip; is J-compatible on V. In sum, rip; is
locally tree-compatible. ([l

Lemma 4.3.2. ryp2 s locally TFMR tree-compatible.

Proof. Let zeMy*.

Ifxe imr(gl)l, then the core of x contains a minimal separating bridge B
so that degDnF = deg D B. Let v, be the TFMR tree as in (4.5 so
that B corresponds to the fused vertex vp. It is straightforward that there
is an affine smooth chart V containing x so that the collection of modular
parameters {(c}eerdg(y,) 15 @ Ya-labeled subset of local parameters on 1 and

(4.10) MV =0, MennV= )2 VkeZ
E€ET(y.)
|E|=k
Thus, rip; and ripe are - and y,-compatible on V, respectively.

If ze ﬁ@) mﬁ(l), then the core of x contains a (non-degenerate) mazimal
separating bridge Bjs. After ripy, let y be a lift of x and DPN(y) be as
in . If DPN(y) ¢ By, then y is not in the proper transform of any
ﬁ(zyk), hence rips is J-compatible on V,. If DPN(y) < By, we denote by
B c By the minimal separating bridge containing DPN(y). With ~, as
in the previous paragraph, we observe that ripy is (y.)y-compatible on an
affine smooth V, containing y.

If x&‘ﬁ(g), then ripg is ¥-compatible on the pullback of V after rip;. In
sum, rips2 is locally TFMR tree-compatible. O

Lemma 4.3.3. rip3 is locally TFMR tree-compatible.

Proof. By (4.9), the proof is almost identical to that of Lemma but
with the separating bridge B and the TFMR tree v, replaced by the non-
separating bridge B and the TFMR tree ~, of (4.6]), respectively. ([

Lemma 4.3.4. ripy is locally tree-compatible.

Proof. The approach in the proof of Lemma [4.3.2| can as well be applied to
the current case.

To be precise, if x € imgy;, let v, be as in 1) so that DnF=DnF}.
Mimicking the paragraph containing (4.10)), we conclude that rip;-rips are
all ¥-compatible on an affine smooth V containing x, whereas rips is . -
compatible on V.

If zeMyy) mmfggl, let y be a lift of x after rips, 7. be as in 1’ and
DPN,, (y) be as in (3.15). The core F' is still separable; w.l.o.g. assume
DnF=DnF. If DPN,, (y)nFy# &, then y is not in the proper transform
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of any ﬁ(47k), hence ripy is (J-compatible on an affine smooth chart V), of
y. If DPN,, (y)nF> =, then by Proposition rip4 is (v )y-compatible
on an affine smooth chart V, containing .

If xeﬁ@)mim“;)l, let y be a lift of = after rips (hence after rips by )7
v~ be as in , and DP, (y) be as in (3.15). If there exist edges in
DP,, (y) that are respectively connected to the roots o1 and og, then y is
not in the proper transform of any ﬁ(47k), hence rip4 is J-compatible on
a chart V, of y. If all the edges in DP,, (y) are over one root of ~,, say
01, then by Proposition rip4 is (7. )y-compatible on an affine smooth
chart V, containing y.

If xeﬁ(4)mmar)l, let y be a lift of = after rip; and DPN(y) be as in .
If DPN(y)nF; # & for i = 1,2, then rips-rips are all F-compatible on an
affine smooth V, containing y. Otherwise, w.l.0.g. assume that DPN(y)nF; =
. If in addition DPN(y) lies on a bridge of F', then the argument is similar
to one of the above two paragraphs. If DPN(y) is not contained in any
bridge of F', then rips and rip3 do not affect a chart V), containing y, and
rip4 is (7. )y-compatible on V.

If xqfﬁm), then rip4 is -compatible on the pullback of V after rips. In
sum, ripyq is locally TFMR tree-compatible. U

Lemma 4.3.5. rips is locally tree-compatible.

Proof. The approach in the proofs of Lemmas can as well be
applied to the current case.

To be precise, let xeMY*. If :L‘efngr)‘, then deg DnF =1, hence rip1-rips
are all F-compatible on an affine smooth V containing x, whereas rips is
~v-compatible on V.

If meﬁ@)mﬁﬁ‘(‘g, let v, be as in so that DnF c I} and e; € Edg(v.)"
be such that g, is the node on Fj separating F; from F». Let y be a lift of
after rips. If Dom(y)={e1} (resp. Dom(y) #{e1}), then rips is y,-compatible
(resp. J-compatible) on an affine smooth V), containing y.

If xeﬁ(g))mfml(gr)‘, let B be the irreducible component containing the only
point of DN F'. Since xeimgg‘, B belongs to a non-separating bridge. Let v,
be as in and e1, e2€ Edg(7,)" be such that g, g, are the two principal
nodes on B. Let y be a lift of = after rips. If Dom(y)d {e1, e2}, then rips is
J-compatible on the pullback after rips of an affine smooth V), containing
y. If Dom(y) < {e1,e2} and F is inseparable, then rips and rip; are J- and
vy-compatible on V,, respectively. If Dom(y) < {e1, e2} and F' is separable,
then the argument is analogous to the xeﬁ(g,) mim%‘ case.

If iEEﬁ(g))ﬁmt?;)l, let B be the irreducible component containing the only
point of D F. Since z € imr(gl)l, B belongs to a separating bridge. Let v,
be as in and ey, ez € Edg(y.)" be such that ¢, and ¢, are the two

principal nodes on B separating B from F} and F3, respectively. Let y be
a lift of = after rypa. If Dom(y) 4 {e1, e2}, then rips is &-compatible on the
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pullback after ripy of an affine smooth V), containing y. If Dom(y) = {e1, e2},
then ripg and rips are J-compatible on V), whereas rips is 7,-compatible
on Vy, respectively. If Dom(y) & {e1,e2}, say Dom(y) = {e1}, then rips3
is J-compatible on V. The remaining argument is analogous to the z €
ﬁ@ miml(?lgl case.

If = € M5 N, let y be a lift of x after ripy. If |Dom(y)| > 1 or
Dom(y) =e but [DNC, +|>1, then ripy is J-compatible on the pullback
after rips of an affine smooth V, containing y. It remains to consider the
case when Dom(y) =e but [DnC,+|=1. If in addition {e) lies on a bridge of
F, then the argument is similar to one of the two preceding paragraphs. If
{e) is not contained in any bridge of F', then rips and rips do not affect an
affine smooth V, containing y. If F' is inseparable, then rips is ((’Ay[{e}sj)b)y—
compatible on V,. If F' is separable, the remaining argument is analogous
to the xeﬁ@) m,‘magl case.

If x&‘ﬁ@), then rips is J-compatible on the pullback of V after rips. In
sum, rips is locally TFMR tree-compatible. O

Lemmas [4.3.14.3.5] along with Corollary and Proposition
imply the following statement.

Corollary 4.3.6. The blowup locus at every step of r1 is closed and smooth.

4.4. The second round (r2). The blowup loci of ry lie in the proper trans-
forms S{if’]j) of the exceptional divisors £ ) obtained in rip;. We first con-
struct the corresponding loci in 5’8361)
these loci is derived from rip;. We then take their proper transform after
r1ps.

The following terminology is consistent with [I4) Section 3.1]. For an
arbitrary stack 9, denote by T9 and TCOMN its Zariski tangent space and its
tangent cone, respetively. If X is a smooth stack, a morphism ¢x : X — 9
is an immersion if its differential

dix : TX — 5TCM

and show the sequential blowup along

is injective at every point of X. Let
N = 5TCM /Imde x

be the normal cone of vy in 9.
For k=1, the normal cone of the immersion ¢y gy : My k) — MY* is the
direct sum of k line bundles:

(4.11) Ny = P (pr’f L1 ®prs,; £) =P lA}m — 9/3\?(1,1@)7
ic[k] ie[[k]
where L.; and £ are respectively the universal tangent line bundle at the

marked point of ml[[k]] labeled by ¢ and the marked point of ﬁgt{;}r, and
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pry: 9/3\?(1,;6) — My iy and pry,; : 5/7)\2(17@ Hﬁggg, i€ [k], are the projections
onto components.

The immersion 7(; xy in 1} induced by ¢(; y) is generally not an isomor-
phism to its image. For j <k, the immersion ¢(; ;) induces an immersion
and the corresponding quotient:

JSIPIS] q3'1P1S; TIP1Si . QYrip1s;
bk im(l p T My’ <M ,

(412) J1P15] . rlpls] S mlplS] ﬁrlplsj
Ty My /S — Mgy :

The domain im(llp,i)] is constructed by applying [14, Lemma 3.3.(1)] repeat-

edly. It is analogous to the smooth variety introduced in [14] Section 2.3].
To be precise, for an arbitrary finite set .S, let M g.; M .5 be consisting of
marked curves that has exactly j special points (plvotal nodes and marked
points) on its core. We denote by Ms g.; its closure in Mj g. Mimicking
the proof of Lemma we conclude that the sequential blowup of Ma g
successively along the proper transforms of

MZS;I» cee 5M275;|S\—1
is locally tree compatible. Let HQSJS be the blowup of My g after the j-th
step. For S=[k] and je[k—1], let
qAnfipP1s; Wt +
(4.13) Mwy = 2 [[k]] IEH Mo iy »
1€

which is smooth by Corollary [3.2.5] For j =0, set LEIF;;) " =13 1)

The immersion Z(rll ';cl)sk_l in (4.12) is an embedding. This follows from [14]
Lemma 3.3.(2)] repeatedly; c.f. [T4, §4.3 (113)]. The normal cone of ¢;;"/>F"

(LE)
is still a direct sum of k line bundles:
(4'14) Ellpé)sk 1= @ ij — gj’t(rllil)sk 1 :
je[k]

c.f. [14, Lemma 3.5]. Each line bundle Ly, above is the pullback of EW

twisted by some exceptional divisors of previous steps. The immersion

r St . . .
L(llp]i)k ! induces an immersion
b

(4.15) L(lk Perp;)sk e = PN PN rLPLSK— 1m(r11,21)5k_lcﬁrlplska

which in turn determines an isomorphism
(416) Z(E k)* PN "1P1SEk—1 —>S(1 k)-

Y,
Next, consider the index sets
Dy(m) = {(J.J, 8, I=| |I;) : TuTc[m], |J'|=¢,
€S
(4.17) J'uScJ, |I|=2VieS},

D1(m) = {([k], {4}, 5, ) eDi1(m) : ke[m]} (< Di(m)).
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For each p=(J,J", S, 1)€Dy(m), set
()=|J| a(p) = Tu(J\S),
wt
(418) HMO {iyur; X Hfmo {fji

€S heo(p
For each pe®1(m), let
(4.19) S)ﬁp C ?))2(17,{([,))
be the image of l\A/Ip in 53\1(17,{0,)) by identifying the marked points labeled

by I. With 9)?{1“;1(53()”) " as in (4.12)), we denote by

o~ o~

rlplsm(p)—l rlplsn(p)—l
[
M M1 )

FP1Sk(p)—1

the proper transform of Qﬁ in Z)ﬁ(l () . Set

Xp _IP)< @LK(p) ) r(p)—1 - PerplsK(P) 1
(4.20) ie{j}us Y(1,m(0))

Xp = L(l K(p)) (55 ) (8 ( /S(l K( ) = g(lv’i(p))'

If pe®;(m) satisfies S=J, then X and X, are isomorphic to 5m L Pen(e)—1
and ﬁ;pls"(” )= respectively. Some of these loci are illustrated in Figure

rMP1Sk(p)—1

In each diagram of Figure[2] the proper transform EJJI is abbreviated

as M2 (to save space).
We are ready to describe a sequential blowup derived from rip;. Let

Adi(m) = {(k,KeZXZ : 1<k<K <m}
be endowed with the lexicographical order. For each (k, k)€ Adi(m), set

(421)  Di(k, k) = {peDi(m) : k(p) =k, lo(p)| =K}, Xpw= |J X,
peD1 (k')
Following the notation in we denote by X ,;1,'3,1 the proper transform of

Xp i after ripy.
Let

(4.22) T ML s Y and M — MNP

be respectively the sequential blowup of rip; and the blowup of MPL suc-

cessively along the proper transforms of X rl,':,l, 1<k <k, with respect to

the lexicographical order. For each connected component of 9MY* with the

total weight m, the relevant blowup loci X “’,1 are indexed by the finite set

Ad;(m), hence 7’ on this component will terminate after finitely many steps.

Lemma 4.4.1. With notation as above, © is derived from .
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Proof. Given zeMy*, if fc¢ﬁ(1 im?f)l, then 7 is F-compatible on a chart

V containing x. We may assume V is sufficiently small so that every &/'P!
ﬂ

is disjoint from V. Hence 7’ is J-compatible on 7~ 1(V). By Remark
this implies 7’ is derived from 7 on V.
If ze MY, let be its terminally weighted tree. The splitting of ©1(m)

into ©1(k, k), (k, k") € Adi(m), induces a splitting of D;(y) into D1(7)kx,
(k,k"Ye Ady(m), given by
D1(MNiw ={€=(E, e, E')eD1(7) : |E|=k, |E'|=FK}.

To each €€ ®D(y)y i, we assign a bijection l¢: £ — [k]. Then & uniquely
determines

(ﬂkﬂ, {le(e)}, E\E', E'\E) € D1 (k, k).

By (£20) and

U Xl’1p1 AT (V) — U ?@ Y (k,kl)EAdl(m)
peD1 (k k’) €eD1 (V) p!

This shows 7’ satisfies of Definition [3.6.3]

Given €; € Dl(fy)khk;, i=1,2, with & < €y, by @p, either F1 < Fh,
which implies k1 < ko and hence (k1,k}) < (ka, k), or E1 = Es, e; =eg, and
E{ < FE), which implies k1 = ko and k| < kb, and thus (k1,k]) < (ko, k).
Therefore, the condition of Definition is also satisfied. O

In r9, the stack MM is blown up successively along the proper transforms
of X I?k,, 1<k <k, with respect to the lexicographical order; c.f. Figure
As explalned before Lemma, [4.4.1] the sequential blowup ro w111 terminate
after finitely many steps on each connected component of M. In each
diagram of Figure [2| we illustrate (the preimage under of) a typical
element of X}, ;. Note that the only non-empty X7, is the divisor X{hS
blowing up along it does not change anything. Thus in Figure |2, the first
diagram is for X 2.

The proper transform of a substack 9 (of either the original stack 213"
or its blowup after any intermediate step) after the step rosy i/ (resp. after
r2) is denoted by 91"°:+" (resp. N"?). We write

mrzsk K — (th)rzsk & {DV'II’Q = (m;vt)rz

The exceptional divisor in the step rosy i is denoted by &y (< ff))v?rst’k’).
It is a direct check that (the proper transform of) 7’ in Lemma

is compatible with each sequential blowup of rip;, 2 < j < 5. Applying

Corollary repeatedly, we thus obtain the following statement.

Lemma 4.4.2. ry is locally tree-compatible.
Lemma and Corollary lead to the following conclusion.
Corollary 4.4.3. The blowup locus at every step of ro is closed and smooth.
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4.5. The first phase of the third round (r3p;). The blowup loci of r3p;
lie in the proper transforms 5(1 k) of the exceptional divisors £ 1) obtained
in rip;. We first construct the corresponding loci in 8(”’1) and take its
proper transform after ro. We then show the blowup along these loci is
supplementary to the proper transform of a sequential blowup bi-dominantly
derived from rip; (c.f. and for terminology).

Given a finite set S and distinct i1,i2€ S, we denote by Kg,, s, the locus

in My g so that the marked points indexed by is and iy are conjugate. As
in it is a Cartier divisor. Consider the index set

Do(m) = { ([k], {1, sz}, S, ) €Da(m) : ke[2,m]} (< Da(m)),
where Dy(m) is as in (4.17). For each p=([k], {j1,j2}, S, I) €Da(m), let

- <SHwt+ Y
Ky = Kpggg % [ [Mogayon < [ [Poqny (€ M,).
ieS heo(p)

Then, IA(p is a Cartier divisor of 1\7[p; see 1) for notation.
For pe®y(m), we denote by

(4.23) 9/3\?;, and .ﬁp c ﬁ(lﬁ(,o))
the images of 1\71 and IA{p in 53\1(1 x(p)) Py identifying the marked points

labeled by I, respectively. With fm(rll ‘:(s“)()” = as in (4.12), we denote by

r1P1Sk(p)—1 A T1P1Sk(p)—1 a3 F1P1Sk(p) -1
n _
My and R, M1 (o))

FMP1Sk(p)—1

the proper transforms of Dﬁ and ﬁ in ?Jﬁ(l (o) , respectively. Set

Ry =P( @ Loy )|

ie{j1,j2}01S

cXP=P( D Lug) )
ie{j1,j2}01S

_ 7> (2
Kp =11 (Kp) < XP=ufy N(p))(X,S ) < Eamiy-
Similarly, K, is a Cartier divisor of X ,(; ),
We next describe a sequence of blowups bi-dominantly derived from the
modular blowups in ripy. Let

Ada(m) = {(k,k")eZxZ : 2<k <k +1<m}
For each (k,k")e Ada(m), set
Dok, k) = {peDa(m) : K(p) =k, |o(p)| =K'},

= Uxe K K
pED2 (K, k') pED(kk')

1P

( c Perplsn(p) 1)

“(1,k(0))

r(p)—1
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Following the notation in we denote by X 1&212' 7P and K,'P' the proper
(2)

transforms of X ka, and Ky, ;s after rip1, respectively.
Let mm: M1PT MY and 7/: M — M"P be as in (4.22), and
72 om® — o

be the blowup of M’ successively along the proper transforms of X 1912, e
2 < k <K', with respect to the lexicographical order. For each connected
component of MY* with the total weight m, the relevant blowup loci X 122,2, Pl
are indexed by the finite set Adg(m), hence ) on this component will
terminate after finitely many steps. The following statement is parallel to
Lemma, we omit its proof.

Lemma 4.5.1. With notation as above, @ is bi-dominantly derived from
the blowup 7, and the proper transform of 72 is compatible with rqpa-rs.

In r3p1, we blow up mMr2 successively along the proper transforms of K ]:;1,]5,1,
2 <k < k', with respect to the lexicographical order. As explained before
Lemma the sequential blowup r3p; will terminate after finitely many
steps on each connected component of M. The proper transform of a
substack M (of either the original stack MMY® or its blowup after any inter-
mediate step) after the step r3pisy i (resp. after r3p1) is denoted by D1"P*%k.#
(resp. M"P1). We write

{))v’t@plsk,k’ = (mt%’t)rgplskﬂk', {D\fzrg,pl = (m\évt)rgm )
Lemma 4.5.2. r3p; s locally tree-compatible.

Proof. Let fA%E‘S be the closed locus in ?ip where the nodes labeled by j; and
Jo are on a same non-separating bridge. Notice that ﬁp is possibly singular

only along ﬁg‘s. Given x € ?%2‘3, w.l.o.g. we assume the nodes ¢;, and gj,

are on a maximal non-separating bridge B[p, q] such that N, (45, 9] CN[qj2 e

Lemma then implies there exist a smooth chart V c 9/3\?,) containing x
and modular parameters {(,} corresponding to the nodes of Blp, q] so that

RynV= {C[qjl,p] +Clgj, 0] =0}
rip3

For any lift & of = after rips that lies in the proper transform fip , We
see that C[qup] and C[qqu] pull back to

~ ~

gl..-gt.ul...uhl and gl...gt-'vl-..'vh27

respectively, where £1,...,&; are the local parameters as in Lemma [3.3.2
whose vanishing loci are the proper transforms of the exceptional divisors
of rips, and uy,...,up,, v1,...,vp, are distinct nowhere vanishing local pa-
rameters corresponding to the positions of the images of T in the relevant

exceptional divisors. Thus, 5%;)”)3 is locally given by

Uy~ Up, + U1 Vp, = 0.
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It is straightforward that ,AQ;} P3 is smooth near 7.
In sum, we have shown that the proper transform of £, is a smooth
Cartier divisor of 9, after ryps. This, along with Lemma implies

that rsp; is supplementary to the proper transform of ¥ hence is locally
tree-compatible. O

Lemma and Corollary lead to the following conclusion.

Corollary 4.5.3. The blowup locus at every step of rspy is closed and
smooth.

4.6. The second phase of the third round (r3p2). The blowup loci
of r3ps lie in the proper transforms 5k3p1 of the exceptional divisors &,
(k,k")e Ady(m), obtained in ro. We first construct the corresponding loci in
S,fk, and show the blowup along these loci is supplementary to a sequential
blowup partially derived from ry (c.f. and for terminology). We
then take its proper transform after r3p;.

Given a finite set J and j € .J, we denote by Wj.; the locus in MQ,J SO
that the marked point labeled by j is Weierstrass. As shown in §2.2] it is a

Cartier divisor.
For p=([K], {j}, S, 1) D (m), let

R(p) = {(J,{j}, S, ))eDi(m): J=0(p)} = Di(m).
For each p=(o(p), {j},5,1)eR(p), set
i

bl —-— —_— <HwWt;+
W = Wiy % HMO:{i}uh X HMO,{K}LJ H Mo, Ah}
1S eS heo(p)

Let Wp ; be the image of W in M of (4.18)) by identifying the marked

points labeled by I. Asin , we set
rF1P1Sk( )—1 o H( )—1 wt;+
M, ’ M, [[2 (0)] HMU{ yul; % Hfmo {h}
hea(p)
lplsn(p) 1 ‘D

MO With

which in turn determines W
2% I\A/[p —>§)\Tp

denoting the node identifying immersion in 1' and )A(p denoting the pull-
back of X, of (4.20) to M,, let
X 5 = X TIPS, (p)—1 »
W,p,p p|W,,,,J- (p)—1

We next analyze the exceptional divisors &}, s of ro. With the line bundles
Ly.; as in (4.14]), for each non-empty J < [k], let

Vi, g — P((—B Lk;i)

e



54 YI HU, JUN LI, AND JINGCHEN NIU

be the tautological line bundle. For each pe®(m), let

(4.24) o = L1 n(e © Vo * Xp —> X, © DIPI0),
4.24 ’ ) ~
Zp = Zfl,li(p)) e} I/p . Xp/Gp — Xp C mrlpls'@(P),

where L%’H(p)) and Zflﬂ(p)) are as in (I4.15|) and (I4.16|), respectively, and G, is

the symmetry group of the dual graph of a general element of 1\A/Ip. By 1)
and (4.20)), the normal cone of ¢, can be written explicitly as

N, =~ VZ%(p),{j}us S EI—) f/p;i S V;f (%\f/(p),{j}uS ® ( (‘B LH(p);z‘))a
i€l ie[k\{j}uS)

where lALp;i, 1 € I, are line bundles corresponding to the smoothing of the
nodes labeled by I; they are analogous to the line bundles in (4.11])). We set

Vo Lpi = V(o) (uss Losi = V) (Vo itos @ L)) Viek\({7}uS).

Then M’P = C_Diea(p)LP;i'

For each (k, k") € Ad;(m), we denote by (k, k')—1 its immediate predecessor
with respect to the lexicographical order on Adj(m). After ros p)—1, the
immersion ¢, with pe®1(k, k') induces the immersion

M2S(k,k)—1 | 5 25(k,k)—1 25k, k") —1 25k, k") —1 V2S5 k)1
Lp : X, — X, <& C M2k -1

where )A(;Qs(’“”“')_l is obtained by blowing up X, successively along some

smooth substacks analogously to the construction of 5.7\1211’2; 7 in (4.13)). The

key fact is that the normal cone of L;fs(k’k,)_l is still in the form

(425) -/\/'L’?S(k,k-’)—l = @ Lp;i .
P

i€o(p)

Each line bundle L,; above is the pullback of L,; twisted by some ex-
. .. . . . Yok 1y
ceptional divisors of previous steps. Furthermore, the immersion ¢, (k7)1
determines
S ky—1 | Gr2S(k,k)—1 25k, k/)—1 aaras _
Lp : X, [Gp—> X < MR,
which is isomorphic to its image. Thus, the immersion

L PA/;;QS(k,k’)—l — &
determines an isomorphism

Z; : P/\/ﬂz;zs(k,k/),l — 5k,k’-
For each pe®;(k, k") and each peX(p), we set

Wos = P( @ I.’Pﬂ ) ‘qu(k:k’)fl < P'N’L;Qs(kyk’)fl’
(4.26) ie{j}us wipip

Wop =1, (Wp,ﬁ) = ZZ(WM/GP) < Epe-
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We are ready to describe a sequential blowup partially derived from ro.
Let
Ady(m) ={(k, K, k") eZXZ X7 : 1<k<K <k'<m}
be endowed with the lexicographical order. For each (k, k', k") € Ady(m),
set

QW(ka k/7 k”) = { (,0, p) pEDl(]{, k,)a p.EN(p), |U(p)| =k" }7
Wk,k’,k” = U Wp,p.
(p,p)EDw (kK K"
Following the notation in we denote by W,;?k,,k,, the proper transform
of Wk,k’,k” after ro.
In r3p2, we blow up Mrapr successively along the proper transforms of
W,;?,f,{k,,, 1< k<K <k", with respect to the lexicographical order. For each

connected component of MMY* with the total weight m, the relevant blowup
loci of r3py are indexed by the finite set Ady (m), hence rgps will terminate

after finitely many steps on each connected component of MrsP1. The proper
transform of a substack 9 (of either the original stack MY* or its blowup
after any intermediate step) after the step rspasy i k7 (resp. after rsps) is
denoted by MNPk K (resp. M"P2). We write

~ e~ f3p2Sy 11 o1 ~ o~ r3pa
O 3PSk k! K = (mmpz) kK M "3P2 = (gﬁrgps) .
Lemma 4.6.1. r3ps is locally tree-compatible.

Proof. The proof is parallel to that of Lemma4.5.2] except the local equation
should be deduced from Lemma [2.8.1] instead of Lemma 2.8.21 We omit
further details. O

Lemma [4.6.1] and Corollary lead to the following conclusion.

Corollary 4.6.2. The blowup locus at every step of rspe is closed and
smooth.

4.7. The third phase of the third round (r3p3). The blowup loci of r3p3
lie in the relative Picard stack P2 over MY instead of the stack MY itself.
For a general point (C, L)€ PRy with deg L =2, we observe that h%(L) = 1;
the locus
N ={(C,L)ePy : deg L=2, h°(L)=2}

is a Cartier divisor of PBs. For k =0, let Hi be the closed substack of o
whose general points are pairs (C, L) with F' denoting the core of C' such
that (F, L|r)€$ and C has k tails attached to F. Note that if (C, D) e INgv
with k tails satisfies

D n F = {41,092}, 01 is conjugate to da,

then (C, O0¢(D))eHy.
When the modular blowups of r; terminates, let

g,prl = (,BZ Xm;vt DJ’IH’ lei‘l = %k meévt Dﬁrl V kZO
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We denote by «f: pf — ‘53'1 the sequential blowup successively along the
proper transforms of H}!', k>0. Since each connected component of MY* is
of finite type, so is that of ‘i?”. The sequential blowup 7' on any connected
component will thus terminate after finitely many steps.

Lemma 4.7.1. 7' is locally tree-compatible.

Proof. Given (C, L) € P, fix (C, D) e MIY so that L= O (D). If (C, L) is
not contained in any Hj,, obviously 7' is @-compatible on the pullback of a
chart V containing (C, L) after r;. Hereafter we assume (C, L) is contained
in at least on Hg. In particular, this implies deg Dn F' < 2.

If dgDnF =2 and z = (C,c1(L)) € IMY* is not contained in My for
any i € [5], then the entire r; does not affect a neighborhood of z. With
~v denoting the terminally weighted tree of x as in , we observe that
7t is v, -compatible on a chart V containing (C, L), where the extra edge
corresponds to the normal direction of §) in .

For all other possibilities of (C, L), the proof is similar to that of Lemma

and/or Lemma hence is omitted. O
After rgpg, let
;ﬁrsm =P, X oyt E)f\ﬁmpz’ le€3p2 = H,, Xyt ﬁmpz V k>0.

In r3pg, we blow up the stack ‘iﬁr?’p? successively along the proper transforms
of H;***. As explained before Lemma the sequential blowup r3ps will

terminate after finitely many steps on each connected component of ‘ﬁrf”p?.
The proper transform of a substack 9 (of either the original stack o or
its blowup after any intermediate step) after the step rspssy (resp. after the
phase r3ps) is denoted by 1"3P3k (resp. H1"3P3).

It is a direct check that (the proper transform of) 7' in Lemma m
is compatible with ro-r3ps. Applying Corollary repeatedly, we thus
obtain the following statement.

Lemma 4.7.2. r3p3 is locally tree-compatible.
Lemma and Corollary lead to the following conclusion.

Corollary 4.7.3. The blowup locus at every step of rsps is closed and
smooth.

4.8. The fourth phase of the third round (rsps). The process of r3py is
analogous to the round ro, but the blowup loci lie in the proper transforms
of Py instead of MY*.

Notice that the main difference between ﬁ(l) and ﬁ&g‘l in || is the
weight of the core curve. Thus, the exceptional divisors obtained in the
phases rip; and rips share similar properties. In particular, we define

X; C 5(5’@, pE@l(m),
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analogously to X, in (4.20)). For each p=([k], {j},5,1)eD1(m) and every
reX ;, we denote by F) the core of the curve C, by g, the node labeled

by j, and by p, ={q,) the pivotal node corresponding to ¢,. Let
<, peD(m),

be the closed substack of ‘i?”p55~<ﬁ) whose general points are pairs (x, L)
satisfying
ze X, (F, LIp,®0F, (42)) € 9.

We denote by 7t : ‘,]foi - gf;n the sequential blowup successively along the
proper transforms of

Qk,k’ = U Qp (C %r1p55k)7 1<k<kla

peDy (kK)

with respect to the lexicographical order. Similarly, 7% on each connected
component of P will terminate after finitely many steps.
The following lemma follows from a combination of the proofs of Lem-

mas A.4.7] and [4.5.21

Lemma 4.8.1. 7% is supplementary to a sequential blowup derived from
Fips-

In r3ps4, we blow up ‘,f?r3p3 successively along the proper transforms of
Q,?Z?, 1<k<k'. As explained before Lemma @F the sequential blowup
r3ps4 will terminate after finitely many steps on each connected component
of ‘Br3p3 It is a direct check that (the proper transforms of) 7# is compat-
ible with ro-rsps. Applying Corollary [3.5.3] repeatedly, we thus obtain the
following statement.

Lemma 4.8.2. r3py is locally tree-compatible.
Lemma and Corollary lead to the following conclusion.

Corollary 4.8.3. The blowup locus at every step of rspyg is closed and
smooth.

Corollaries [£.3.6], [4.4.3] [£.5.3] [4.6.2], £.7.3 and [.8.3] together imply:

Corollary 4.8.4. The blowup locus at every step of the entire sequence of
the modular blowups ‘,]32 — Py is closed and smooth. In particular, ‘,Bg is
smooth.

5. THE STRUCTURAL HOMOMORPHISM IN THE MODULAR BLOWUPS

5.1. Main statement. Throughout ‘532 denotes the final stack after the
three-round blowups and 7: By — P4 the projection. The following diagram
shows the relation between the relevant stacks.
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To _
TN
MGV —> Py — My

Given (C,D) € MIY, let ¥V — IMIY be an affine smooth chart con-
taining (C, D). Then V can also be considered as affine smooth charts of
(C, Oc(D))eB2 and of (C,c1(D))eIMY®, respectively. Set

ﬁEVXm2%2.

For the blowup 7°: ‘i' — By after an intermediate step, let Ve=y X, ‘%'.
In this section, we investigate the pullback @ of the structural homomor-
phism ¢ locally on V. The main statement is as follows.

Theorem 5.1.1. For all integer k = 1, the pullback of the derived object
Rr.f* Opn (k) to the moduli space Mo(P™,d) is locally diagonalizable.

Theorem [5.1.7] follows immediately from Definition 2.1.2] and the state-
ment below.

Proposition 5.1.2. For every %E‘ﬁg, there exists an affine smooth chart 175
containing T so that the pullback @ of the structural homomorphism ¢ to Vi
s diagonalizable.

Recall in (4.8)), there is a partition of 9Y* into five disjoint substacks:
Myt = M) L Mgy L M3y L ML) Ly MM,

Proposition [5.1.2] is proved in depending on which of the above
substacks contains w (7).

Remark 5.1.3. Throughout if we write out a matrix explicitly with
some columns omitted as “** +”, it means each omitted column lies in the
span of the shown columns. Since Proposition is local, if the entries
of a row or a column of the pullback of ¢ have a common factor that is
nowhere vanishing on a chart ¥V, we may omit the factor, because it does
not affect the local diagonalizability.

5.2. The structural homomorphism around 9°™". The main state-
ment of this subsection is as follows.

Proposition 5.2.1. Proposition holds if w(ZT)eM™™.
Proof. Fix (C, D)eMY so that = (C, Oc(D)). Let
z = (C,c1(D)) € M™™

and v be the terminally weighted tree of x as in (4.2)). By Basic Assump-
tion in

D=6+ -+ 0n.
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The definition of 9™ in (4.8]) implies the core F of C satisfies DNF # (.
Moreover, if F’ is a connected subcurve of C, then

(DNnF'=DnF) = F oF

Based on the topology of F and the locations of the points in D, we
divide the proof into five cases, with the last being further divided into
several subcases. Together they imply Proposition [5.2.1} In each case, it
suffices to show that the pullback of ¢ becomes diagonalizable on a chart
containing the image of ¥ after some intermediate step of the three-round
modular blowups.

Case 1. Assume F is separable. Let F} and F, be the two genus 1 insepa-
rable components of F. W.l.o.g. we assume

51,(116F1, 52, CLQEFQ.

By Proposition 2.5.1] ¢11 and (92 do not vanish on V, whereas ¢12 and @21
vanish at x. The structural homomorphism ¢ is thus diagonalizable on V.

Case 2. Assume F is inseparable and deg D nF' > 3. There then exist
8,8’ € DAF that are not conjugate to each other. (Otherwise all the elements
of DN F would lie on a non-separating bridge of F', which would imply
:neimgr)l) In addition, F' being inseparable implies that (54,1, ([5,a,] €[ (O3)
for i=1,2. Hence by Part of Corollary © is diagonalizable on V.

Case 3. Assume F' is inseparable, deg DnF'=2, and the elements of DnE are
not conjugate to each other. The argument in still holds verbatim.

Case 4. Assume F is inseparable, deg DN F' =2, and the elements of DN F
are conjugate to each other. W.l.o.g. we assume DN F ={01,d2}. Note that
d1 cannot be conjugate to any d€ D\F, for otherwise §; and hence d2 would
be on a non-separating bridge, which would imply xei)ﬁ‘(gl)l Thus, ¢ can be
written as

5.1 v= { [ ] ]
(5.1) 0 A2 (e ecEdg(y)t © ¥ *

under suitable trivialization. Since deg D n F' =2, the modular blowups up
to the end of rgpe do not affect V. We thus do not distinguish V and V"3P2,

By Part of Corollary A2 and (., e€ Edg(7), form a 7, -labeled
subset of local parameters on V. As in the proof of Lemma r3ps is

~v4-compatible on V. By Proposition at least one of the pullbacks of
the shown entries of the second row of (5.1) divides all the elements of the

second row of @"P3 evenly. Thus, $"™P3 is diagonalizable on V"3P3.

Case 5. Assume F' is inseparable and deg DnF =1. W.l.o.g. we assume
DnF={01}. Since 7 is terminally weighted,

DnCq+ # I Y eeEdg(7)",
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where C + refers to the irreducible component of C' labeled by the vertex v,
For each ee Edg()*, we choose (566DmCU€+ and write A = Ay; if 0o =0;. By
Proposition [2.5.]

I

SEI P T
0 {AeClel Jeemaggyy: (X1 8:€ D\({8130{0e} cepag(y)t)

here y1; =det [Cll Cli]ef‘ﬁ .
w X1 Co1  Co; (Ov)

Since zeM™ and deg D F' =1, the modular blowups up to the end of
r1ps4 do not affect V. The functions (., e€ Edg(y), form a ~-labeled subset
of local parameters on V, and the blowups in rips are y-compatible on V.
Thus, when rips terminates, every lift y of z satisfies Dom(y) # ¢f. Let
E=(E,...,E;) be the ascending sequence of y.

If y has at least two dominant pivotal branches, take e, e’ € Dom(y) so
that they belong to distinct pivotal branches. Then at least one among
{J¢, 0}, say, de, is not conjugate to d1, for otherwise d; would lie on a non-
separating bridge of F' and x would be in M3y Hence Ac € r'oy). In
addition, e€ Dom(y) implies the pullback of ([, divides the pullbacks of all
elements of the second row of evenly. Thus ¢"P5 is diagonalizable on
a neighborhood of the pullback of y in Prips,

If y has only one dominant pivotal branch whose pivotal node p is not
conjugate to d1, the argument in the previous paragraph still holds verbatim.

If y has only one dominant pivotal branch whose pivotal node p is con-
jugate to 1, then p is not Weierstrass and other pivotal nodes cannot be
conjugate to 1. Let e, be as in and C, be the irreducible component
of C labeled by the vertex v/,. There are two possibilities:

(a) [Dom(y)|=2, or Dom(y)={e.} and deg DnC, >2;
(b) Dom(y)={e.} and deg DnC, =1.

For Possibility choose ez, e3e Dom(y) and d9, d3€ D such that

€2 Ae3=2¢,, (526DmC’U6+, (536DmCU:.
2 3

By Corollaries and (5.2) can be rewritten as

o ter Geaton (o) ¥
0 A12€[62] g[e.]C[eg] C[e./\e]C[e] c€Edg(7)t—{ee}> x|

By Proposition the second row of @"P5 can be written as

™
=
—
=
>

12, E[s]a El? 527 ***]7 where

[1]
2

=
=

™

[s(ea neNI N Sy )ere(Bagn)feo 2 PAZ,

vt

[1]
4

™

[s(Cea @MU ) ere(Bdgln)\(eo) 2y A,

y,t
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With 'yy denoting the derived tree of v at y as in and Cey denoting the
local parameters of Lemma [3.6.4) $"P> can then be Tewritten as

1 0 0 % ok %
(53) R [ ] |
0 A2 (€ ceBdg(v,)" s

Since deg D F =1, the modular blowups from ro until the end of r3ps
do not affect a neighborhood V, of Fy. Moreover, the assumptions of Possi-

bility |(a)| imply rsps do not affect V either. By Lemma 2l the blowups
in rgpy are supplementary to a sequence of blowups derlved from rips on

V Proposition 8 then implies rspy is Yy A -compatible on Vy, where the

additional vertex in 7, ;. corresponds to Mo By Lemma and Proposi-
tion at least one of the pullbacks of the shown entries in divides
the rest evenly when r3ps terminates. Thus, ¢ is diagonalizable on a chart
containing the pullback of y.

Possibility @ is more complicated. We deal with it in Lemma [5.2.2) -
separately, which completes the proof of Proposition [5.2.1

Lemma 5.2.2. Let I be as in Proposition x the image of T in IMY*,
and y a lift of x after rips satisfying Possibility in the proof
of Propoistion |5.2.1. Then, ¢ is diagonalizable on a neighborhood of the
pullback of y.

Proof. With 4 denoting the reduced rooted tree of z as in (4.1f), set

2= (ﬁr{e.}fj)b~

Let E,cEdg(vy)nEdg(m2) be as in so that the common branches of v
and 7o are indexed by E,. The definition of 75 implies that

(5.4) E,u{e.}€ET(9).

W.lo.g. we assume DN C, = {d2}. Then by Part of Proposition [2.6.1]
(5.2) can be rewritten as

[1 0 [ 0 ] [ 0 ] % % *]
2 T: .
0 A12Ce,] C[e.]C[;] celidg(r2)\E3 Clea ne]Cle] cery *

Here (]2 =(, for all ee Edg(2), but the superscript indicates the product C[Tj]
is taken within 7.

After rips, let E=(FE1,..., E}) be the ascending sequence of y. By Propo-
sition [3.3.3] near y, @"P5 can be written as

[10}10[0~] 0 0 wxx
0 5N[t] 0 A2 el CT2 ceEdg(m)!\EZ E1 Ep #kxx|’

where  51= (Bpeunanbiondicone eespaz,

[1]

2:( [s(eene)] C(e)z, ]eeEimAit'
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There are two relevant rooted trees after rips: the proper transform (12)y
of 7 as in and the rooted tree fyy derived from v at y as in The

assumptlons of Possibility F implies E.,=E, = = ¢ and E,=E, for T2.

With EteET( as in (3.22)), we thus have
Edg((72),) = (Edg(2)\EZ) u (EF nEE).

We require the additional edges respectively in (72), 4+ and in %’!7 + to be
the same pivotal edge e, . Let

(5.5) E.,=FE nEZc EZ, E,,=E,u{e.}.
The former equality in (5.5)) implies
E, = E}.

We observe that the common branches of (Tg)y + and v, , are indexed by
E +. The construction of the derived tree in § along Wlth . ) and (5 .,
1mphes the collection of the pivotal edges of fyy, 4 satisfies
Eo(vy,4) = {er} v (E\{<e)}) i {es}
(5.6) ={ei}u{ecEinEs : {e)#(ea)} L {e4}
={e1} U {eeE : <e>;ﬁ<e.>} u {es ).
With CeT2) as in Proposition Ce as in Lemma and E, as

in ((5.5)), ¢"P> can then be rewrltten as
(5.7)

b lls 5 et i) 0,
N ~ Yy (72) i T2 '
O El 0 e G epaggrm s eeanol el e, ¥
Note that in ,

(5.8) v = vV eeEE.

Since deg DN F =1, the modular blowups from ro until the end of r3ps do
not affect a neighborhood V), of y. By Lemma and Proposition
raps is (72)y,+-compatible on V. When r3p3 terminates, fix a lift ¥ of y,

whose ascending sequence is denoted by E = (El, e ,E’u) We may then
define

E, = {{)g, , : eeDom(})nEF ,} c E, .,
E, v+ = U {6 EEdg(’Yy +) e/ o = Ve } - Edg(’}/y +) IE* :E*\E* c E,

BEE*’+
for fyz'/ 4 asin §
If E, +NE, (’yy ) #J, by (5.6) and 1’ either e, or some e€E. with
(e)#{es) (1 e. va o] does not vanish at y) becomes dominant after rgps.
Thus by (5.7] @'3"3 is diagonalizable near .
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If By N Eo(v), ) =, then
Dom(y) < Edg((m2),)" \ {e€ Ey: () #{ea)} (< Edg(?))-

Hence every e€ Dom(7) satisfies {e)5 =(e.)5 in 7. Let
e, = min{ e, A e : eeDom(y) } € Edg(7).
Obviously, e, <e., hence e, is an edge in . Thus,
IC[;:* = E.\{eo}™, Edg(’Y;)\(E* UE*)Z = {er,... 7es(eo)}a
Bdg (1) 2)5) = et - exgen 10 (B\AG)Z AEZ) L (A2, ARE) Ufes )
By , Proposition and , near ¥, ¢"™P3 can be written as

1 0 0 0 0 ==
[1 0 ] ~ ! where
0 g[t]g[u] 0 Ao Cg’s(eo)] Bl EL wws |

— _ o X ~ — _ Yy ~ N

Z1= (Cengen ] S0 SCu el eenaz » Z2= (Gel,, 1 0(@uel)ecity maz -
Here €;, i€ [u], are the exceptional parameters associated with the ascending
sequence E of 5. With Cén,ﬂg as in Proposition we rewrite $"P3 ag

[1 0 ] 1 [ ,0 ] ® ok K
0 g[t]g[u] 0 (e%/,+)y 56Edg(('y;+)g)t*** ’

By Part of Proposition and Lemma we conclude r3py is

(73//, +)y-compatible on a neighborhood of 3. Thus, the expression of @ P3
in the previous paragraph and Proposition together imply @=("™P4 is
diagonalizable on the pullback of a neighborhood of . O

Example 5.2.3. Given (C, D)e M3 with the dual graph v* of C' as in the
first diagram in Figure [3] Assume

DﬂFZ{(Sl}, DﬁCbZ{éb}, DﬂCiZ{(Si,(Si/,...}, iZCL,C,d.

This implies the core F' of C is smooth and = = (C,c1(D)) € 9™". Under
suitable trivialization, ¢ on a chart V containing (C, D) can be written as

1 0 0 0 0 0 ® %k
0 AaCa A16Ch Ha,a’cg abcCch deéfgd k|

where A4, Ap are as in Corollary and 0, o/, Oy, Opq are as in Proposi-
tion Since DN F # @, the blowups in ripi-r1ps do not affect V. After
rips, given a lift y of x, there are three possible cases: Dom(y) = {e,, s},
Dom(y)={es}, or Dom(y)={ep}. In each case, the ascending sequence of y
consists of only one traverse section {e,, ey} of v*.

If Dom(y) = {eq,ep}, the pullbacks of A\j, and Ay, cannot vanish at y
simultaneously, because §; cannot be conjugate to §, and J;, simultaneously.
Thus, the pullback $"P5 of ¢ near y can be rewritten as

1 O[]l O =#%x
0 110 1 sxx|’
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hence ¢"Ps is diagonaliable near y.
In the second case (i.e. Dom(y) ={e,}), the pullback of ¢ near y can be
written as

[1 0] [1 0 0 0 0 0 ***}

0 2110 Ma MpGy Oowdt 6uf1CPCc Gpal1(PCa #wx |

As per our convention in §3.1, we use ~ and ~ to denote the pullback of
a function and the proper transform of a local parameter, respectively. If
Ma(y) # 0, then @Ps is still diagonaliable near y. If Ajq(y) = 0, then &,
and &7 are conjugate hence the node p., on C cannot be Weierstrass and

consequently 9 .« does not vanish near 2 By Corollary . A1q vanishes

to the first order near y. Furthermore, )qb does not vanish near y because
dp is not conjugate to d; whenever §, is. Thus, the pullback of ¢ near y can

be rewritten as
1 0 1 0 0 0 sxx
0 gl 0 )\1(1 Cb 5~1 sk ok ok ’

It is then a direct check that ro through rsps do not affect a neighborhood
of y, whereas the pullback of ¢ becomes diagonalizable on the pullback of a
chart containing y after r3py.

In the third case (i.e. Dom(y) = {e}}), the pullback of ¢ near y can be
written as

{1 O] |:1 0 0 0 0 0 ***}

0 E~1 0 AlaCa /\1b 9a,a’51C3 ebcgiCc ebdglgd sk |

If le(y) #0, then @"Ps ig still diagonalizable near y. If le(y) =0, analogous
to the second case, the pullback of ¢ can be written as

1 0|1 O O 0 0 ks
0 g1 0 Ca Alb €~1<c 51Cd sk |

It is then a direct check that ro through r3ps do not affect a neighborhood
of y, and after rgps, for every lift i of y, either the pullback of ¢ becomes
diagonalizable near g, or it can be rewritten as

1 0 1 0 0 0 ==
0 &[0 ¢ Aip &1 =xx|’
thus becomes diagonalizable on the pullback of a chart containing 7 after

r3p4.

5.3. The structural homomorphism around zm() The main state-
ment of this subsection is as follows.

Proposition 5.3.1. Proposition holds if w(® )Eim( 1)

Proof. As in the proof of Proposition we fix (C, D) € MV so that
T=(C,0c(D)) and set

z=(C,c1(D)) € M) -
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We still assume D = 61 + -+ + + 6.
By the definition of 93?%‘, the core F' of x consists of two genus 1 insep-

arable components F; and F, as well as a (possibly degenerate) separating
bridge B. W.l.o.g. we assume that

a1€F1, GQEFQ, DﬂFCFluB.

Let C7 be the smallest connected genus 1 subcurve of F' containing Dn F'.
Then C) contains a unique irreducible component F} that is the closest to
F5. The definition of 93??}1‘)1 then implies F] does not belong to any non-
separating bridge and D n F] # .

Let v be the terminally weighted tree of x and 7, be the rooted tree as
in . Recall that F; and F5 correspond to the terminal vertex o1 and the
root o9, respectively, in v, . Let F,cEdg(y)nEdg(v,) be as in so that
the common branches of v and 7, are indexed by E,. With e; € Edg(~y. )
denoting the edge such that vjl =01, we see that

E. u{e} € ET(yy).

Similar to the proof of Proposition [5.2.1) we divide the proof of Proposi-
tion [£.3.1] into four cases.

Case 1. Assume deg DnF'>3. W.l.o.g. we assume
(51€D(WF1, (52€D(WF{, (53€Dﬁcl.

Switching &1 and §3 if necessary, we may assume that §; and o are not
conjugate, for otherwise these three points would lie on a non-separating
bridge. By Proposition  can be written as

v {1 [ ; ] . *]
= Yv
0 C[e] ceEdg(yy )t * ok ok

on V. Here (/¥ =, for all eeEdg(y. ), but as in the proof of Lemma
the superscript indicates the product C[Vei is taken in 7y, .

Since :Uefm%‘, the modular blowups up to the end of ripg do not affect V.

By the proof of Lemma the blowups in ripy4 are v, -compatible on V.
By Proposition at least one of the pullbacks of CF@?’ e € Edg(vy),

divides all the elements of the second row of @"P4+ evenly. Thus @"P4 is
diagonalizable on VP4,

Case 2. Assume deg DN F =2 and the elements of D~ F are not conjugate
to each other. The argument in still holds verbatim.

Case 3. Assume deg DN F =2 and the elements 0; and d of D F are
conjugate to each other. Then,

51,52 S F{ C Fl = Cl.



66 YI HU, JUN LI, AND JINGCHEN NIU

By Proposition Part of Proposition and Part of Corol-
lary ¢ on V can be written as

659) [1 0 [ 0 J [ 0 ] . }
. Yv Yv Vv .
0 M2ty (CperSlel ) epageyynmz el Joems, * * *

As in the modular blowups up to the end of r1p3 do not affect V,
and rip4 is v,-compatible on V. Thus, when rips terminates, every lift y

of x satisfies Dom(y) # . Let E=(FE1,..., E;) be the ascending sequence
of y. There are two possibilities:

(a) Dom(y)#{e1};
(b) Dom(y)={e1}.

For Possibility [(a), at least one edge e€ EY becomes dominant after rypy.
By Proposition the pullback of C?@i then divides all elements of the

second row of 3P4 evenly. Hence @"P4 is diagonalizable on a neighborhood
of y.

For Possibility [(b) by Proposition near y, the second row of the
pullback of (5.9)) after ripy can be written as

£ [0, A2, [C[e]]eeEdg(fy)t\Ef7 Hy, B, ***], where

E1 = Coliond)empaz,  E2= Cion)eenynaz,
Note that after rqp4,
E.=E.=@, FE.=FE.
for v. Hence v, as in satisfies
Edg(y,) = (Edg()\EF) L (B nEE).
With (¥ as in Proposition @"P4 can be rewritten as

[1 0 ] [1 0 [ 0 ] ***}
~ N ’Y '
0 €t 0 A2 C[eﬁ ecEdg(vy)* o

Since deg DN F =2 and Dom(y) = {e1}, the effect of the modular blowups
from ryps on a neighborhood of y is the same as that on a neighborhood of z

in of the proof of Proposition Comparing the above expression
of @"P+ with (5.1), we conclude that the entire argument of of the

proof of Proposition applies to this case.
Case 4. Assume deg DnF'=1. W.l.o.g. we assume DnF ={d;}. Then,

(51€F{CF1 ZCl.
Similar to (5.2)), ¢ can be written as

. Vv Yv )
0 | AMeCel€er] ccBdg(r)\ 2 AeCp e X1iC[5:1 ) 5.cpr
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where D'=D\({61} {0 }eenag(ry) and xu; =det [21 2] e T(6y).
As in the modular blowups up to the end of rip3 do not affect V,
whereas rip4 is . -compatible on V. So when rips terminates, every lift y
of x satisfies Dom(y) # . Let E=(FE,..., E;) be the ascending sequence
of y.
If Dom(y) # {e1}, since A does not vanish at y for all e€ EX, the argument

)
in Possibility |(a)| of holds here. If Dom(y) = {e;}, the argument in
Possibility |(b)| of implies that near y, P4 can be written as

b 2ol (), (00,0
~ Y Y1 (o ’
0 {—j[t] 0 AleC[e?i eeEdg(y)t Xllc[éyi] 6;eD’

Since deg DN F =1 and Dom(y) = {e1}, the effect of the modular blowups
from rips on a neighborhood of y is the same as that on a neighborhood of x
in of the proof of Proposition Comparing the above expression
of @P"P4 with , we conclude that the entire argument of [Case 5| of the
proof of Proposition applies to the current case. This completes|Case

of the proof of Proposition [5.3.1] O

5.4. The structural homomorphism around mtggf)l The main state-
ment of this subsection is as follows.

Proposition 5.4.1. Proposz'tz'on holds if w(%)ei)ﬁ??‘sl
Proof. As in the proof of Proposition we fix (C, D) € MY so that
T=(C,0c(D)) and set

z=(C,c1(D)) € 3)-

We still assume D = 01 + -+« + 0.
By the definition of S)ﬁ‘(%‘)l, the core F' of z contains a minimal non-

separating bridge B = B|q1, ¢2] so that
DnB=DnF.

We denote by Ci and C the irreducible components of B containing ¢
and qq, respectively. Note that C]” and Cy may be the same.

Let v be the reduced dual tree of x and ~, be the rooted tree as in
so that B corresponds to the fused vertex vg. Let E, c Edg(y) nEdg(v.)
be as in so that the common branches of v and ~, are indexed by F,.
With e, eo€ Edg(v,)t denoting the edges such that

+ +

Vg, = Vg, =g,

Then, E,ui{er, ea}eET(7,).
If in addition F is separable, w.l.0.g. we assume F} and F5 are the genus 1
inseparable components of F' so that B < Fj. Let v, be the rooted tree as
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in (4.4) so that F}; and Fy correspond to the terminal vertex o; and the
root 09, respectively. Let e,, € Edg(y, )" be such that

+
601

Set E, = E.nEdg(v,). It is straightforward that
Edg(y) n Edg(1.) = Bdg(7.) ~ Bdg(,) = EZ.

Moreover, the edges in E, are not comparable because E, ¢ F,. Hence
the common branches of v and v, are indexed by E,; so are the common
branches of 7, and 7., .

Similar to the proofs of Propositions and we divide the proof
of Proposition [5.4.1] into six cases.

= 01.

Case 1. Assume deg DN F >3 and F is inseparable. W.l.o.g. we assume
that

51€DHF, 5260{'_, (5360;.
By Proposition [2.5.1] and Corollary @ on V can thus be written as

1 0 0 % % %
(511) |:0 [)\ ] [C’Yo] % %k *:| .
10 JseDnF\{51} USlel) ceBdg(ve)t\fe1,e2}

Since z € 9)??5‘, the modular blowups up to the end of rips do not affect
V. By the proof of Lemma r1ps is Y.-compatible. Let y be a fixed lift
of x after rips and E=(FE1,..., E;) be its ascending sequence.

If Dom(y) ¢ {e1, e2}, then by Proposition and Corollary at least
one of the pullbacks of ([ , e€ Edg(ye)"\{e1, ea}, divides all the elements of

the second row of @"P3 evenly. If Dom(y) < {e1, ¢2}, then by Corollary
and the assumption on the location of do and d3, we conclude that

(5.12) X = Aii/Eg

does not vanish at y for at least one i€ {2,3}. Thus ¢"P3 is diagonalizable
on V"ps,

Case 2. Assume deg DnF >3 and F' is separable. We choose 61, 02, d3€ DNF
as in The structural homomorphism ¢ on V can be written as

[1 [ 0 ] [ 0 ] [ 0 ] ® sk *}
v Yo Vv Yo Vv .
0 ([ Aelpe; | seDAF\{61} SENON ce B4 \EY, el Cleay nel ceBl "

Note that (J°=¢/ for all eeEZ.

Similar to rip1 and rips do not affect V, whereas ripz is 7e-
compatible. After rips, fix a lift y of x and let £ = (F1,...,E}) be its
ascending sequence.

If there is e€ Dom(y) NEL so that (), # {eo, )., then C[Vezl  does not

ANE
vanish on V and the pullback of C[Z;i divides all the elements of @"P3 evenly.

Hence @"P3 is diagonalizable on V'Ps3.
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If Dom(y) n{e€E,: {€)y, #{eo; 7.} = &, let

e, = min ({eol} L {€o, Ay, €: eeDom(y)mEi}) (€ Edg()).
Then,

By =B\ {eo}”, Bdg(()) = (BdgO\ (52 Ulea})) (B 03).

By the argument in[Case 1]and by Proposition @"P3 on a neighborhood
of y can be rewritten as

1 0 1 0 0 0 %% b
0 2|0 Cfy E1 Zp owww|  TOC
1= (G e Sn el cemiaz,  E2= (Gl ne)Sovnel) ey az,

With é”v)y as in Proposition we can rewrite Q"P3 as

[1 o} 1[ 0 ] e
0 &yl |0 (b eeBdg((1)y)t |

The modular blowups in rips is (7,)y-compatible on neighborhood of y.
By Proposition @'"P4 is diagonalizable on the pullback of a neighbor-
hood of y.

Case 3. Assume deg DnF =2 and F is inseparable. W.l.o.g. we assume
DnF={d;,02}. The structural homomorphism ¢ on V can be written as

1 0 0 0 0
0 A1z (AteCpe] eeEdg(7)\EY, L] ceEl, X1iC[5:] ) ,e

where D'=D\({01, 02} L1{0e}ccrdg(y)r) and x1; =det [21 2:] e(Oy).

Similar to rip1 and ripe do not affect V, whereas rips is 7o-
compatible. After rips, fix a lift y of x and let E = (F1,..., F;) be its
ascending sequence.

If Dom(y)nEt # &, choose e€ Dom(y)nE%. By Proposition (5.13)),
and Corollary the pullback of ¢ [75 divides all the elements of the second

row of @"P3 thus ¢"P3 is diagonalizable near .

If Dom(y) < {e1, e2}, then A2 as in (5.12) has two possibilities: either it
does not vanish at y, which along with ([5.13]) and Proposition implies

~

@"P3 is diagonalizable on INJy; or Xlg(y) =0 and hence
Me~1 ¥ eeRdg(y)"\EL, EylXu Y oieD"
By (5.13)), ¢"P3 on a neighborhood of y can be written as

[1 0 ] [1 0 [ 0 ] 0 0 = *}
~ v ~ - , where
0 €[t] 0 )\12 C[e] eEEdg('y)t\Efk 21 S kok ok

=1 = [C<€>t5(<e>tve]]eeE§k\Ait’ Ep = [E(<€>tv€]]eeE;mAit'
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With ¢J¥ as in Proposition the above matrix can be rewritten as

b 205 (8
~ Y ’y '
0 €] [0 M2 | S ceRdg(yy)t

Since F' is inseparable, rips does not affect a neighborhood of y. Since
deg DN F =2 and Dom(y) c {e1,ea}, the effect of the modular blowups
starting rips on a neighborhood of y is the same as that on a neighborhood
of z in of the proof of Proposition Comparing the above
expression of @"P3 with , we conclude that ¢"™P3 is diagonalizable on
the pullback of a neighborhood of y.

Case 4. Assume DN F ={§,¢'} and F is separable. Combining the argu-
ments in [Case 2| and [Case 3| we see that either @™P3 is diagonalizable, or
the arguments in [Case 1| or [Case 3| of the proof of Proposition apply
to the current case.

Case 5. Assume deg DN F =1 and F is inseparable. In this case, B is
a smooth rational curve. W.l.o.g. we assume DnF = {0;}. Analogously
to (5.13)), ¢ can be written as

Y R N 1 L
Yo )
0 {AreCpe] eeEdg(7)t\EL <[6] ceEY, X1iG[s;] s;eD’

where D' = D\({01} 1{0c}cerag(y)t) and x1; = det [21 EZ] eT'(oy).
Similar to rip1 and rips do not affect V, whereas ripz is 7e-
compatible. After rips, fix a lift y of x and let E = (F1,...,E}) be its
ascending sequence. If Dom(y)n EY # ¢J, the corresponding argument in
still holds verbatim.
If Dom(y) < {e1, e2}, mimicking the argument in we see that g"Ps

can be rewritten as

o 2llo (5 ) o))
~ X Yy Yy ~ Ny .
OS] [0 [ Aelry c€Edg(vy )\ EL el ce B, XS5 s;eD’

Since F' is inseparable, rips does not affect a neighborhood of y. Since
degDnF =1 and Dom(y) < {e1,ea}, the effect of the modular blowups
starting rips on a neighborhood of y is the same as that on a neighborhood
of z in of the proof of Proposition Comparing the above
expression of @MP3 with , we conclude that @ = @"P4 is diagonalizable
on the pullback of a neighborhood of y.

Case 6. Assume DnF ={d} and F is separable. Combining the arguments
in [Case 2| and [Case 5| we see that the argument in or the arguments
in [Case 1] [Case 3|, or [Case 4] of the proof of Proposition applies to the
current case. [l

Example 5.4.2. Given (C, D)eM$"V with the dual graph 7* of C as in the
third diagram of Figure[dl The edges are denoted by eq, ¢2, and e, from left
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to right. Assume
DHBZD(\FZ{(SL(SQ,(S?)}, DﬂCa¢@.

This implies z = (C, c1(D)) € Me3y. Under suitable trivialization, ¢ on a
chart V containing (C, D) can be written as

1 0 0 0 ==
0 Az A1z Goo owown]
where Aj2, A13 are as in Corollary

Since a:efngr)‘, the blowups up to rip2 do not affect ¢ near . When rip3

terminates, let y be a fixed lift of x. If e, €Dom(y), then the pullback of ¢
becomes diagonalizable near y. If e, ¢ Dom(y), then the pullback of ¢ can

be rewritten as
1 0|1 O 0 0 %%
0 €1][0 A2 Mg G o#wx]

By Part of Corollary Xlg(y) and Xlg(y) cannot vanish simultane-
ously, hence the pullback of ¢ is diagonalizable near y.

5.5. The structural homomorphism around 57)2(2) The main state-
ment of this subsection is as follows.

Proposition 5.5.1. Proposmon holds if w(x )EEJJT(Q)

Proof. As in the proof of Proposition we fix (C, D) e MY so that
T=(C,0c(D)) and set

T = (C, Cl(D)) € ?%I)l
We still assume D = 8§71 + - -+ + 0,y

By the definition of SITI‘(“%‘)I, the core F' of x contains two genus 1 inseparable
components F} and Fs, as well as a unique minimal separating bridge B =
Bl[q1, 2] so that

DnF=DnB.
Let C7 and C5 be the irreducible components of B containing ¢; and ¢o,
respectively. Note that C; and Cy may be the same.

Let v be the reduced dual tree of x, v, be the TFMR tree as in SO
that B corresponds to the fused vertex vp, and v, be the rooted tree as
in with the root os. Although F; and F5 respectively correspond to
the vertices o; and o2 in both v, and -, , notice that o; is a root in v, but
a terminal vertex in v, . We set

= {e€Edg(ya)': 0; <, v } i=1,2.

Then, Edg(y,)" =EtA,1 '—‘EA,2

Let E,cEdg(v)nEdg(y.) be as in so that the common branches of
~ and 'yA are indexed by E,. With ey, eo€ Edg(y.)t denoting the edges such
that v/ = v} = vp, we see that

E*u{el,eQ}EET(’yA).
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In addition, we set
E. = E.nEdg(v.), Ey2 = E,u{{e2)}.

Here (e9) is taken in Edg(vy, ) (and equivalently in Edg(y.)). It is straight-
forward that

Eyo=FE} ,, Edg(y)nEdg(y,) =Ez, Edg(y.)nEdg(y) = Es,.

The edges in E, or E, > are not comparable.
We divide the proof of Proposition [5.4.1] into four cases.

Case 1. Assume deg DnF >3. W.l.o.g. we assume 01 €y and o€ Cy. If 01
is conjugate to J2, then C1 =Co = B. By assumption, we may take another
point in D B, which cannot be conjugate to do. Thus, w.l.o.g. we further
assume 01 and d9 are not conjugate.

By Proposition  is in the form

(V). (@) ]
0 eEEtNl C[e] eEEtAQ>I<>I<>I<

under suitable trivialization.
Since z€MEY, the modular blowups in rip; do not affect V. By the proof

of Lemma the blowups in ryps are y.-compatible. After rips, fix a lift
y of z and let E=(FE1,..., E}) be the ascending sequence of y.
Since Dom(y) # &, at least one of

(5.14) Dom(y)nE%; and  Dom(y)nE} ,,

say the former, is not empty. If both are not empty, Proposition[3.4.2|implies
@"P2 ig diagonalizable near y.
If Dom(y) CEE\J, @"P2 on a neighborhood of y can be rewritten as

[1 [ (0 ) ] * % *]
Yv)y .
0 C[e] e€Edg((yv)y)* e

By (4.9), rips does not affect a neighborhood of y. By the proof of Lemma
the blowups in rip4 are (v, )y-compatible. Hence by Proposition W,
@"P4 g diagonalizable on the pullback of a neighborhood of y.

Case 2. Assume deg DnF' =2 and the elements of DN F' are not conjugate.
The argument in still holds verbatim.

Case 3. Assume deg DN F =2 and the elements of D F are conjugate.
W.lo.g. we assume DN F = {d1,02}. Then B =y = Cy. The structural
homomorphism ¢ can then be written as

0 0 Ma¢in ] LS Ce1€en e
ceEL\E, 126001) UolelJeemy, UMMe2l) cemag(ryn e,

under suitable trivialization.
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Asin rip1 does not affect ¥V, whereas rips is y,-compatible. After
r1pe, fix a lift y of x and let E=(E1, ..., E;) be the ascending sequence of y.
One of the two sets in is still non-empty.

If Dom(y) ¢ {e1,e2}, w.lo.g. assume Dom(y) nE. # . Then similar
to @"P4 ig diagonalizable on the pullback of a neighborhood of y.

If Dom(y)={e1, e2}, then the blowups from ri;ps up to the end of rgpy do
not affect a neighborhood V), of y, and ¢"P? on V, can be rewritten as

o [1 0 [ 0 ] * & *]
E[t] Y Yy
0 A C[e] eeEdg(vy)t R
under suitable trivialization. Comparing the above expression of @"™P3 and
(5.1), we conclude that the argument in of the proof of Proposi-
tion applies to the current case.
If Dom(y) consists of only one element of {e,e2}, say, Dom(y) = {e1},

then the blowups in rip3 do not affect a neighborhood V, of y, and $"P3 on
Vy can be rewritten as

N [1 0 [ 0 ] [ 0 ] . *}
€y Yoy (vv)y )y
0 M2, 7" (Sfea] Slel ) cepagrrynm, (O] e, ™ **
under suitable trivialization. Comparing the above expression of $"P3 and

(5.9), we conclude that the argument in of the proof of Proposi-
tion [5.3.1] applies to the current case.

Case 4. Assume deg DN F = {0;}. Then B = C; = C3. The structural
homomorphism ¢ can then be written as

¢ Cep) O 0 0
L] [}5/1\] YA by YA
0 eeEL\ES, C[92] C[e] ecEt, leC[e] C[QQ] ecEdg(v)t\EL, Xlig[éi] 8,eD’

C11 Ci1g
where D' = D\({81} U {3 Jeepag():) and x1i =det [021 C%] e T(6y).

As in[Case 3] when ryps terminates, every lift y of z satisfies Dom(y) # .
Let E=(Ex,..., E;) be the ascending sequence of y.

If Dom(y) d {e1, e2}, then similar to @"P4 is diagonalizable on the
pullback of a neighborhood of y.

If Dom(y)=/{e1,e2}, then the blowups in rip3 and rips do not affect a
neighborhood V, of y, and ¢"P* on V, can be rewritten as

~ |:l [ 0 ] [ 0 ] * % *}
1] Y. Ay :
0 )\leC[eﬁ eeEdg('yy)t Xl’LC[(;Z,] s:eD k 3k ok

Comparing the above expression of @"P3 and , we conclude that the
argument in of the proof of Proposition applies to the current
case.

If Dom(y) consists of only one element of {e;,e2}, say, Dom(y) = {e1},
then the blowups in rip3 do not affect a neighborhood V), of y, and ¢"P* on
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Vy can be rewritten as

> 1 [ 0 o ] [ (0) ] [ 0 ] * %k
[t] Y Tv Tv (Y
O Wbl ) cepageyne, W™ Jeemy, X101 s * *

Comparing the above expression of $"P? and ([5.10), we conclude that the
argument in of the proof of Proposition [5.3.1] applies to the current
case. O

5.6. The structural homomorphism around ﬁ(l). The main statement
of this subsection is as follows.

Proposition 5.6.1. Pmposition holds if w(?ﬁ)e?)ﬁﬁgl
Proof. As in the proof of Proposition we fix (C, D) € MY so that
T=(C,0c(D)) and set

z=(C,c1(D)) € -

Let v be the reduced dual tree of . We still assume D = 61 + - - + . By
the definition of im‘ar)l, the core F' of C satisfies DnF = (.

It is straightforward that the functions (., e € Edg(v), are coordinate
functions labeled by v on V, and ryp; is y-compatible on V. After ripy,
fix a lift y of x and let E = (E1,..., E) be the ascending sequence of y.
With DPN(y) as in , let F, be the smallest connected subcurve of F
containing DPN(y) and F; be the closure of F\F), in F'. Notice that F;; may
be disconnected.

We divide the proof of Proposition [5.6.1] into five cases. is further
divided into several subcases depending on the number and position of the
dominant pivotal branches. Regarding the other three cases, we show that
the pullback of ¢ either becomes locally diagonalizable or can be reduced to
As in the previous subsections, it suffices to show that in each case
the pullback of ¢ becomes locally diagonalizable after some intermediate
step of the three-round modular blowups.

Case 1. Assume that g,(Fy)=0. There are five subcases:
(a) [DPN(y)|3;

(b) DPN(y) ={pe,,Pe,} and pe, is not conjugate to pe,;
(¢) DPN(y) ={pe,,Pe,} and pe, is conjugate to pe,;

(d) DPN(y) ={pe,} and p,, is not Weierstrass;

(e) DPN(y) ={pe,} and pe, is Weierstrass.

In Subcases @ and @, there exist pe,, pe, € DPN(y) that are not conju-
gate. By Corollary @"PL near y can be written as

~ |1 0 ==
(1 0 1 x|’

where the first two columns correspond to some €/, 5, € Dom(y) with {e,)=e;,
i=1,2.
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In Subcase let el, €2, ¢0, ¢, and o(e) be as in Obviously ¢o=0. If
|Dom(y)| =3 or |Dom(y)|=2 and at least one e€ Dom(y) satisfies w(vt)>1,
then @"P! can be written as

~ (1 0 0 0 0 =#=x=x
t]

£l } , where

0 Xlg €[] Z1 Zp #xx
(5.15)

[1]

1= (Foten6er Cedel) ce(Bagnnaz et e2y=

(1]

2= (Clo(1Corel)eens \erez=

The modular blowups from rips up to the end of ry do not affect a neigh-
borhood Vy of y, and r3py is ’y?(/i)r-compatible on V,. With 73(,2) denoting the

bi-dominantly derived tree at y as in @™ can be rewritten as

N {1 0 [ Qg) ] . *}
[t] Y Yy :
O )\12 C[e] eGEdg(’yéQ))t o ow

By Proposition @"P1 becomes diagonalizable on the pullback of V.
If Dom(y) = {e, €'} with w(v})=w(v})=1, then ¢=t. Set

2= (Gfgerez=))”-

Let E, c Edg(y)nEdg(m) be as in so that the common branches of v
and 7o are indexed by E,. Mimicking the argument in the paragraph above,
we see that @"P! can be written as

g{10[({] 00***}
. 0 )\12 5[t]CE-:] eeEdg(m)t\Ef El EQ ]

where Z1 and =y are as in ((5.15). Then either @"P! becomes diagonalizable
as in the previous paragraph, or ¢"P3 becomes diagonalizable as in the proof
of Lemma, [5.2.2)

In Subcase @ let e, and s be as in We have the following two
possibilities:
(d1) none of the pivotal nodes is conjugate to qc,y;
(d2) there exists a pivotal node g conjugate to g,

For Possibility |(d1)} if either [Dom(y)| =2, or Dom(y) ={e1} and w(v/,) >
1, similar to the argument in Subcase @'PL can be written as

~ {1 [ 0 ] * % *}
[t] Y )
0 C[e?i eeEdg(%’/)t e

7

where ’y; is the derived tree at y as in and ng is the local parameter
of Lemma We see that rips-rips do not affect V,, whereas ry is 7?;—
compatible on V,. Thus, ¢" becomes diagonalizable. If Dom(y)={e;} with
w(v} ) =1, let J be a fixed lift of y after rips. Then either $"P is already
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diagonalizable near ¢, or the previous argument in this paragraph applies
to the current case with y and 7 replaced by ¥ and (yy)y, respectively.

For P0851b1hty once again we first assume |Dom(y)|>2 or Dom(y) =
{e1} and w(v}) > 1 Let § be a fixed lift of y after ry. If Dom(y) contains
at least one edge e’ with (e” > #¢', then by the preceding paragraph, ¢ is
still diagonalizable. If (¢")=¢’ for all ¢’eDom(y), then by the argument in
Subcase [(c)} $"P* becomes diagonalizable. If Dom(y) = {e} with w(v})=1,
the argument is parallel to the scenario in Possibility [(d1) -

In Subcase . let e, and s be as in and fyy be the derived tree at y.
We first assume ZeeDom(y) w(v))>3. ThlS guarantees that ryps-rips, rsps,

and r3p4 do not affect the corresponding pullbacks of V. As in Subcase @
ro is vé—cornpatible on V,. When ry terminates, we fix a lift 3 of y. We have
the following two possibilities.

(el) Dom(y) contains at least one edge €’ such that (e’)., #ei.
(e2) All edges '€ Dom(y) satisfy ('), =e.

In Possibility since q¢y cannot be conjugate to ge,, $™ is diagonal-
izable after ro.

In Possibility |(e2)], the bi-dominantly derived tree 'y(~2) may or may not

exist; c.f. |(S1)[ and |(S2)| of ?3 7oIf 72) does not exist, then rgp; does not
6.1|

and Corollarles - 2.7.3, $" near y can

affect Vy. By Proposition [2.
be rewritten as

PN [1 0 0, * % *]
AT o fia (¢4 enaggy )

Where (), 5 is the TFMR tree partially derived from +; along es at J as in
and f12 is as in Corollary The sequential blowup r3ps is (’yy) o it

compatlble on a neighborhood of y', thus $"P2 is locally diagonalizable on

the pullback of Vy. If 73%2) exists, similar to the previous argument, we see

(2)

that rgpy is Yy -compatible on Vy; when r3p; terminates, near a fixed lift 7’

of g, either $"P1 is already diagonalizable, or r3ps is ((’y;)’es i +);7/

-compatible
and @"P2 is diagonalizable near 7.

Regarding the special cases in which ) ceDom(y) w(vl)=2or 1, rsps and
rsps may become relevant. The argument is similar to that of Subcase

and of Possibility [(d1), respectively. We omit further details.

Case 2. Assume that g,(Fy) =ga(F,) =1. Let I and F» be the core of F),
and Fy, respectively. As before, we denote by 7, the rooted tree whose root
is 09; cf .

The definition of Fy implies rips and rip3 do not affect V), whereas rip4
is (yy)y-compatible on V,,. When r;p4 terminates, for every lift i of y, either
P"1P1 is already diagonalizable near 7, or the argument in applies to
the current case with y replaced by .
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Case 3. Assume that g,(Fy) =1, ga(F}y) = 0, and F' is inseparable. We
denote by F5 the core of ch As before, let v, be the TFMR tree with a
single root o2 such that Fj corresponds to the unique fused terminal vertex
of 7e; c.f. (4.6).

Similar rip2 does not affect V,,, whereas rip3 is (7,),-compatible
on V,. When rip3 terminates, for every lift 3 of y, either $"P3 is already
diagonalizable near 7, or the argument in applies to the current case
with y replaced by 7.

Case 4. Assume that g,(Fy) =1, go(Fy) =0, and F is separable. Analogous
to let Fy be the core of F; In addition to the TFMR tree ~, in
there is another relevant rooted tree v, whose root os corresponds
to Fy; c.f. (4.4)).

As in rips is still (7, )y-compatible on V,,. When rp3 terminates,
for every lift y" of y, either $"P3 is already diagonalizable near y', or ripy is
(7v)y-compatible on a neighborhood of 4'. When rip, terminates, for every
lift 7 of ¢/, either $"P4+ is already diagonalizable near ¥, or the argument in
applies to the current case with y replaced by ¥.

Case 5. Assume that Fj consists of two genus 1 subcurves. We denote by
F1 and F5 the cores of the connected components of F; As before, let v,
be the TFMR tree with the roots 01 and o2 respectively corresponding to
F1 and F5, and ~,, be the rooted tree with the root 09 corresponding to Fs;
c.f. and .

The modular blowups in ripy are (y,.)y-compatible on V,. When rips
terminates, for every lift 3/ of y, either ¢"P2 is already diagonalizable near 1/,
or ripy is (7yv)y-compatible on a neighborhood of 3. When ryp, terminates,
for every lift 7 of ¢/, either $"P4 is already diagonalizable near 7, or the
argument in [Case 1| applies to the current case with y replaced by 7. O

Example 5.6.2. Let (C, D)eMIY be such that C has a smooth core F and
two tails C,, and C, each of which is a smooth rational curve, and

DnF=, |IDNC;| =2, i=u,v;

see the diagram for ﬁ(l,g) in Figure |1} The (pivotal) edges are denoted by
ey and e,, respectively. Then, x=(C,c1(D))€e ?{r)l

In Example [5.6.2] we assume that g., and g., are not conjugate, and
neither of them is a Weierstrass point. Under suitable trivialization, ¢ on a
chart V containing (C, D) can then be written as

CluCu €10 0 0 #x%x
(5‘16) [CZuCu c2vCu Cq% Cg ***]7

where (, = (., and (, = (., are the modular parameters. By Propo-
sition cij € I'(0)) for i = 1,2 and j = u,v. By Corollary

Clu Clv| . .
Auo =det | 1“7 is nowhere vanishing on V.
Coy  C2
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Let y be a lift of  after rip; and V, be a chart containing y. If Dom(y) =
{ew, ey}, then @"P1 can be rewritten as

~ |1 0 sxx
€1 0 1 =#=xx|
Thus $"P! is diagonalizable on V,. If Dom(y)={e,}, §"P* can be rewritten
as
-1 0 0 #=x=x
£1 0 ( &1 #wx|

By the assumption of (C, D), ripa-rips do not affect V,. Analyzing the

derived tree ’y;, we see that locally V), is blown up along the locus {€; = Ev =0}
in ry, thus @™ becomes diagonalizable on the pullback on V.

Example 5.6.3. Let (C, D)e M3 be the same as in Example except
e, and qe, are conjugate. Then on a chart V containing (C, D), ¢ is still in

the form of ((5.16|), but A\, =det Elu Elv} vanishes on the locus where g,
2u 2v

and ¢, are conjugate by Corollary
Let y be a lift of 2 =(C, c1(D)) after rip; and V, be a chart containing y.

If Dom(y) ={ey, €y}, then @"P1 can be rewritten as

o [1 0 0 ***]
&1 .

0 Ayp &1 #%x

Thus @"P* is diagonalizable on V. The topology of C' and the assumption on
Dom(y) imply that rips-r2 do not affect V. Analyzing the rooted tree 71521

supplementary to the bi-dominantly derived tree %(/2), we see that locally
Vy is blown up along the locus {€1 = Ay, = 0} in rgpy, thus @™P1 becomes
diagonalizable on the pullback on V.

If Dom(y) ={ey}, §"'P* can be rewritten as

< |1 0 (T F"

“ 0 Ao €1 wkx .
Similar to the preceding paragraph, for a fixed lift 3 of y after ro, either "
is diagonalizable on a chart Vj, or Dom(y) = {e,}. In the latter situation,

@™ can be rewritten as
o~ [1 0 0 ***]
E1€1 g .

0 Aup &1 k=
As shown in the preceding paragraph, @"P! thus becomes diagonalizable on
the pullback on Vj.

Example 5.6.4. Let (C, D)eIMIY be such that the dual graph of C is the
first graph in Figure[3] the core F' is a smooth genus 2 curve, the irreducible
components Cy, Cy, C,., and Cy are all smooth rational curves, and

Dn(FuGy) =g, |DnCi| =3, i=a,c,d.
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Assume that g, is a Weierstrass point. For a fixed lift y of x = (C, ¢;(D))
after rip;, we further assume that Dom(y) = {e.}. By Example the
derived tree 7; at y is the last graph in Figure
Let Vy be a chart containing y. Under suitable trivialization, ¢"P! on V),

can then be written as

~~ |1 0 0 0 0 0 xxx

EﬁQk 055, 2222 ”sg 02158 C *M]’

1€2 cd 16d dc1€2Gy a

where 0., 6, are as in Proposition 1] and 6.4 is as in Corollary [2.7.]]
satisfying

Oca = f10c+91Co = f2b0a+92C,  fi, gi€T(OY), i=1,2, det[g z;]ef(ﬁ{i).

Similar to the previous two examples, ripz-rips do not affect V,, and ry is
7,-compatible on V. When ry terminates, fix a lift 3 of y.

If e, e Dom(y), then obviously " becomes diagonalizable. If e, ¢ Dom (%),
there are three possibilities for Dom(y): {e2, eq}, {e2} or {eq}.

If Dom(%) = {e2, eq}, then on a chart Vy containing 7, $" can be rewritten

as
o~ 1 0 1 0 0 0 =%
=210 &&] o 0. € (o #x%|

The assumption on Dom(y) implies r3p; does not affect V. Analyzing the

rooted tree (), 5.1 supplementary to the partially derived tree of Yy at

along ez, we see that locally Vj is blown up along the locus {50 =6 = Ea =0}
in r3pg, thus $™P? becomes diagonalizable on the pullback of V.

If Dom(y) = {eg} then the partially derived tree (’yy) » of v, along ey is
isomorphic to 'yy. On a chart Vy containing 7, ¢™ can be rewritten as

~~f1 0T 0 0 0 0 =
20 anllo 6. a5 Al & s

Since r3p; does not affect Vy and r3ps is (yy) -compatible on Vy, we see

ez Y+
that locally Vj is blown up along the locus {00 =€ = (a =0} and then along

the proper transform of {0 =€ = Cd = Ca =0} in rgpy, thus ¢"P2 becomes
diagonalizable on the pullback of V.
If Dom(y) = {eq}, on a chart Vy contalmng ¥, ¢ can be rewritten as

e 1 0 1 0 0 0 xxx
2210 @& |0 64 &85 G #xx|’

Similar to the precedmg paragraphs we observe that locally Vj is blown
up along the locus {ch =&y = Ca = 0} in r3p; and then along the proper

transform of {6’ d=€1= Ca =0} in rgpg, thus @"P2 becomes diagonalizable on
the pullback of Vj.
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Example 5.6.5. Let (C,D)e MY be such that its weighted tree is illus-
trated in Figure [7] Assume that the irreducible components of C are all
smooth,

DnF=g, |IDnCy=|DnCy|=1, |DnC.=|DnCy =2,

and g, and ge, are conjugate. For a fixed lift y of o =(C, ¢1(D)) after ripy,
we further assume that Dom(y)={e,}.

c d ®: weight> 2
€c €d

a b o:weight=1

Ny o:weight= 0

FiGurE 7. The weighted tree in Example [5.6.5

On a chart V, of y, ¢"P! can be written as

~ {1 0 0 0 ***}
€ ~ X o~ Yo )
o &G Al E1CPCa #ow
where )y is as in Corollary The sequential blowups ripa-r1ps do not
affect V. In rips, locally V, is blown up along the locus {(.=(,=0}. After
rips, fix a lift § of y. There are three possibilities for Dom(7): {e., e}, {ec},
or {ep}.
If Dom(y) = {ec, ey}, on a chart Vy containing ¢, "'P5 can be rewritten as

~ |1 0 0 %=
“o E1 Aap Hwk|

The assumption on Dom(y) implies that ry does not affect V. In r3py,
locally Vy is blown up along the locus {&1 = Aap = 0}, thus $"P! becomes
diagonalizable on the pullback of V.

If Dom(y) = {e.}, on a chart V; containing ¢, ¢"'P> can be rewritten as

- 11 0 0 ok ok
o & Al wex|

Locally Vjy is blown up along the locus {&1 = Eb =0} in ro. When ry terminates,
let 4 be a lift of §. If e; is dominant, obviously @™ is diagonalizable;
otherwise, we observe that the blowup locus of rgp; near %’ is given by

{€1=Aup =0}, thus @"Pt becomes diagonalizable on the pullback of V.
If Dom(y) ={es}, on a chart Vy containing g, $"'P> can be rewritten as

~ |1 0 0 0 %k
el [0 86 Ay 816G ***] '

It is again a direct check that ro does not affect a neighborhood of 7, and
Vy is blown up along thevlocLls {€1~= Aab = 0} in r3p1, then possibly along
the proper transform of {(. = A4 ={3=0} in r3p3, and finally possibly along
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the proper transform of {Zc = Nap = Zb =0} in rgps. In sum, PP+ becomes
diagonalizable on the pullback of V.

6. LOCAL DEFINING EQUATIONS OF HQ(IP’”,d) AND ITS BLOWUPS

6.1. The local open immersions. As in the first paragraph of we
cover Mo(PP",d) by charts {U/V}. Let &) be the total space of the vector
bundle p..Z(A)®" and let

p:& >V
be the projection. We also set

ps (L)) = pu (L (A" 4,) @ pu(L (A" ).

Then the tautological restriction homomorphism

(6.1) rest : ps L (A" — po (L(A)"|4)
lifts to a section
(6.2) e T(&, p*pe(L (AT ).

By choosing suitable trivialization, the homomorphism “rest” of (6.1]) can
be identified with the homomorphism

(6.3) 0@ )" : (Oy ® putl (D))" — (px O4(A)®",

where ¢ is the structural homomorphism in (2.4). Then, the section ® of
(6.2) is the lift of (0® )" in (6.3).

Theorem 6.1.1. Let U = V X gndiv U. Then there is a canonical open
mmmersion

(6.4) U— (&=0)c &.

Proof. This theorem is the natural extension of [5, Theorem 2.17]; the proofs
are also parallel. O

Corollary 6.1.2. Let (C, D) € MY be such that its image in MY"* lies in
MM and DN F' contains a pair of non-conjugate points. Then by shrinking
V if necessary, we have that U =V X ondiy U is smooth. In particular, the

primary component of Mo(P", d), d>2, is generically smooth and of expected
dimension.

Proof. We can trivialize p,.# (D) and p. 0 4(.A) so that
& =V x (AT,

Let w§- eAl foralll1<i<nand0< j < d. Recall that the homomorphism
“rest” of (6.1]) can be identified with the homomorphism

0@ )" : (O @ patl (D))" — (px Oa(A))®".
By Proposition and Corollary 0 @® ¢ can be represented by
OC—BSO = [07[2)0"' ’0]
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Hence, the equation ® = 0 is equivalent to the following equations

(6.5) wi=wb=0 foralll<i<mn,

which obviously implies that I/ is isomorphic to an open subset of V x
(A1), Note that dim(Vx(Aifl)") = 3+d+(d—1)n = d(n+1)—n+3 which
is the expected dimension of Mo(P", d). The assertion then follows. O

6.2. Induced open immersions of the blowup. We continue with the
notation as in previous sections. Let V =V xq, Ba. Then

é"ﬁ =&y xy 17
is the total space of the pull back bundle 8*p,.Z(A)®", where 8 :V — V

denotes the projection. The tautological restriction homomorphism “rest”
of (6.1]) pullbacks to give rise to

(6.6) rest : B e Z(A)P" — B po (L (AP 4).
The section ® of pullbacks to give rise to
(6.7) O e I(&y, BB pu (L (AP 4)),

where p: &5 — V denotes the projection. Set U=y xypU. The immersion
U— &) of Theorem then naturally induces an open immersion

(6.8) U— (& =0)c &

Lemma 6.2.1. With notation as above, U has normal crossing singularities,
and its primary component is smooth.

Proof. First, we trivialize 8*p..# (D) and *p.0 4(A) so that
(g}f; = 1~) X (Ad+1)n.
Let w) e Al forall1 <i<nand0<j<d
By Proposition V can be covered by {V'} so that on each V' <V,
the homomorphism
B¢ 1 B*putl (D) — B*psOa(A)
can be diagonalized as

z 00 --- 0 .
{O s 0 e 0} with zl|zgef(ﬁv,).
Then the equation ® = 0 is equivalent to the following equations
(6.9) zlwi =0, zqwé =0 foralll <i<n.
Thus, U has normal crossing singularities.
Since the primary component of Y = V xy U consists of general points
with non-vanishing z;z9, we see that the primary component is defined by

(6.10) wi =wh =0 forall1<i<n.

Thus, the primary component of U is smooth. (|
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Theorem 6.2.2. Assume d>2. Then, ]\72(]?",(1) has normal crossing sin-

gularities and the primary component of ]\72 (P™, d) is smooth and of expected
dimension.

Proof. The first two statements follows from Lemma It remains to
check the last statement about the dimension. Note that dim éaf) =3+d+

(d + 1)n. Hence the dimension of the primary component of I/ is
3+d+(d+1)n—2n=d(n+1)—n+3

which is the virtual dimension of Ms(PP",d). O

When d = 2, the interior of the primary component of Ms(P",2) consists
of stable maps that are double covers of smooth rational curves, which is
smooth and of dimension 2n + 4. Since the virtual dimension of My(P", 2)
is n + 5, the primary component is of wrong dimension unless n =1. The
entire moduli can be treated by hand.
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