MODULI OF CURVES OF GENUS ONE WITH TWISTED FIELDS

YI HU AND JINGCHEN NIU

ABSTRACT. We construct a smooth Artin stack parameterizing the stable weighted curves of genus
one with twisted fields and prove that it is isomorphic to the blowup stack of the moduli of genus one
weighted curves studied by Hu and Li. This leads to a blowup-free construction of Vakil-Zinger’s
desingularization of the moduli of genus one stable maps to projective spaces. This construction
provides the cornerstone of the theory of stacks with twisted fields, which is thoroughly studied
in [8] and leads to a blowup-free resolution of the stable map moduli of genus two.

1. INTRODUCTION

Moduli problems are of central importance in algebraic geometry. Many moduli spaces possess
arbitrary singularities [I2]. Among them, the moduli M,(P", d) of degree d stable maps from
genus g nodal curves into projective spaces P" are particularly important. We aim to resolve the
singularities of Mg(IP’”,d), that is, to construct a new Deligne-Mumford stack that has smooth
irreducible components and normal crossing boundaries and dominates ﬁg(Pn,d) properly and
birationally onto the primary component (the component whose general points have smooth domain
curves). The problem of resolution of singularities is arguably among the hardest ones in algebraic
geometry [3, 4] [9] [10].

The stable map moduli are smooth if g = 0 and singular if ¢ > 1 and n =2 2. For g =1, a
resolution was constructed by Vakil and Zinger [13], followed by an algebraic approach of Hu and
Li [5]. The latter is achieved by constructing a canonical smooth blowup 9’3/1‘1’” of the Artin stack
MY of weighted nodal curves of genus one. The method of [5] was further developed in [7] to
finally establish a resolution in the case of g=2. The resolution of [7] is achieved by constructing
a canonical smooth blowup ‘132 of the relative Picard stack B2 of nodal curves of genus two.

In higher genus cases, the construction of a possible resolution of the stable map moduli may
seem formidable. The constructions of the explicit resolutions in [13| Bl [7] rely on certain precise
knowledge on the singularities of the moduli. For arbitrary genus, it calls for a more abstract and
geometric approach. As advocated by the first author, every singular moduli space should admit a
resolution which itself is also a moduli. Following this principle, we interpret the blowup stack Q/JVT{“
of [5] as a smooth algebraic stack of stable weighted nodal curves of genus one with twisted fields,
and consequently, the resolution M (P",d) of M1(P",d) as a Deligne-Mumford stack of genus one
stable maps with twisted fields. The results in this paper are the first step to tackle the arbitrary
genus case.

The main theorem of this paper is the following;:

Theorem 1.1. There exits a smooth Artin stack Emtlf parameterizing the weighted nodal curves of
genus one with twisted fields, along with a universal family C*f — imﬁf and a proper and birational
&rgetful morphism w : smgf — MY Moreover, SJTtlf/Z)JT{Vt is isomorphic to the blowup stack
/.

We construct the strata of im‘if and the forgetful map w in see . We then glue the strata
of MY together using smooth charts in §3| and conclude that ML is a smooth Artin stack and is
birational to MM}* in Corollary The universal family C*f— 9! is described in Proposition
We finally show that 9 /97 is isomorphic to MYT/MT in Proposition which implies the
properness of w. These results together establish Theorem
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We remark that a direct approach to the properness of w (i.e. without the comparison with the
blowup ﬁ‘{“ /YY) is provided in the proof of [8, Theorem 2.19(p1)], in a more general setting.

We also point out that there should exist a groupoid, represented by S)ﬁtlf, that sends any scheme S
to the set of the flat families of stable weighted nodal curves of genus 1 with twisted fields over S

as in (3.33)); see Remark for some details.
According to [5], the resolution M (P",d) of M1(P",d) is given by

NG (P, d) = M1 (P, d) X gpee MY,

where

My (P™, d) — MY, [C,u] - [C,c1(u*Opn(1))]
and 97?{” — 9 is the canonical blowup. Analogously, we take
M (P, d) := M1 (P, d) X gy M,

where DM — MY is the forgetful morphism aforementioned. Theorem then leads to the
following conclusion immediately.

Corollary 1.2. Mltf(]P", d) is a proper Deligne-Mumford stack and is isomorphic to Ml (P, d).

Via the above isomorphism and applying [5], one sees that the stack Mff(P",d) provides a
resolution of M1(P", d). Nonetheless, without relating to M, (P™,d), we can directly prove the
resolution property of ﬂff(P”, d) by investigating the local equations of M1(P",d) in [5] and their
pullbacks to Mff(P", d); see Remark

The methods and ideas of this paper are essential to the development in [8] and forthcoming
works. Based on the construction of 9Mtf, we introduce the theory of stacks with twisted fields
(STF) in [8, Theorem 2.19]. To be somewhat more informative, we work on a smooth stack 9t
that has a stratification indexed by a set I' of graphs similar to (2.10f); see [8, Definition 2.15].
The graphs in I' need not to come from the dual graphs as in but the stratification of
I should resemble locally. Moreover, I" need not to consist of trees, but it should contain
necessary information on the notion of the (weighted) level trees in Definition so that we can
add the twisted fields to the strata of 9t parallel to and obtain a new stack IMM; see 8,
Definition 2.17]. Such M enjoys desirable properties as in Corollary and Remark As
an application of the STF theory, in [§], we construct a smooth Artin stack i]35f of genus 2 nodal

curves with line bundles and twisted fields, along with a proper and birational forgetful morphism
P — Py, such that

MY(P", d) = Ma(P", d) xoq, B — Mo (P, d)

provides a resolution. Further, we expect that they can be extended to arbitrary genus, as far as
the existence of moduli of nodal curves with twisted fields is concerned. This is the main motivation
of the current article.

In a related work [I1], D. Ranganathan, K. Santos-Parker, and J.Wise provide a different modular
perspective of M, (P™, d) using logarithmic geometry.

Acknowledgments. We would like to thank Dawei Chen, Qile Chen, and Jack Hall for the
valuable discussions.

Convention. The subscript “1” of the relevant stacks indicating the genus appears only in
and will be omitted starting as we only deal with the genus 1 case in this paper. In particular,
we will denote by

ot and ot

the aforementioned stacks 9}t and MY, respectively.
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2. SET-THEORETIC DESCRIPTIONS

In we discuss the combinatorics of the dual graphs of nodal curves and introduce the notion
of the weighted level trees. They will be used to define MY set-theoretically in

2.1. Weighted level trees. Let v be a rooted tree, i.e. a connected finite graph that contains no
cycles, along with a special vertex o, called the root. The sets of the vertices and the edges of v
are denoted by

Ver(y)  and  Edg(v),

respectively. The set Ver(v) is endowed with a partial order, called the tree order, so that v>v' if
and only if v#v’ and v belongs to a path between o and v'. The root o is thus the unique maximal
element of Ver(y) with respect to the tree order.

For each e€ Edg(v), we denote by vE e Ver(y) the endpoints of e such that v} >v. . Then, every
vertex ve Ver(y)\{o} corresponds to a unique

ey € Edg() satisfying V., = .
The tree order on Ver(7y) induces a partial order on Edg(7), still called the tree order, so that
e>e == v > U:, .
We call a pair 7= (y,w) consisting of a rooted tree v and a function
w : Ver(y) — Zxo

a weighted tree. For such 7, we write Ver(r) = Ver(y) and Edg(r) = Edg(y). The set of all the
weighted trees is denoted by JR*".
We call a map ¢: Ver(y) — R satisfying

710)={o} and ¢(v)>£(v") whenever v>v'
a level map. For each ie{(Ver(y))\{0}, let
(2.1) i = min { kel(Ver(v)) : k>i},

i.e. the level 4! is right “above” the level i; see Figure [l We remark that a rooted tree along with
a level map is called a level graph with the root as the unique top level vertex in [1, §1.5].

Definition 2.1. We call the tuple
t= (fy, w: Ver(y)—Zxq, {: Ver() —>R<0)
a weighted level tree if (v, w)e IR" and { is a level map.

For every weighted level tree t as above, we write Ver(t) = Ver(y) and Edg(t)=Edg(vy). Set

m = m(t) = max {{(v) : ve Ver(t), w(v) >0} (<0),
Edg(t) = {eeEdg(t) : £(v})>m} ((c Edg(t)).
For any two levels 7, jeR¢o, we write
(2.2) (i e = ((Ver() (i, ), [i, j)e = £(Ver(t)) n[i, j).

For every eeETd\g(t), let
l(e) = max{l(v_ ), m} (e [m, ODt).
For each level i€ [m, 0)¢, we set

(2.3) ¢ = &;(t) = { ecEdg(t) : £(e) <i<l(v}) }.

In other words, &; consists of all the edges crossing the gap between the levels i and .
We remark that all the notions in the preceding paragraph depend on the weighted level tree t,
although we may hereafter omit t in any of such notions when the context is clear.
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Every weighted level tree t determines a unique index set
I(t) = L () L I (t) b I (1), where I () = [m, O],
Im(t) ={e€Edg(t): f(v7)<m}, L (t)=(Edg(t)\Edg(t)).

The set I, (t) becomes empty if m=0, i.e. the root o is positively weighted. As mentioned before,
we may simply write

(2.4)

when the context is clear.
For each IcI (possibly empty), let

ImZIﬁ]Im7 IiZIﬂ]Ii.
We construct a weighted level tree
(2.5) tay = () b)) = (v Wy )
as follows:

e the rooted tree ;) is obtained via the edge contraction

m(r) : Ver(y) — Ver ('y(l))
such that the set of the contracted edges is

(2.6) Edg(t)\Edg(t(1)) = {e€ (Edg(t)\Im) ulm: [£(e), (v} )i c I}l
e the weight function w(y) is given by
W Ver(’y(])) —> Z>0, W(])(’U) = Z w(v');
v’en_ﬁ(v)

(I

e the level map /() is such that for any eeEdg(y(I)) ( cEdg(t)),

min{ie L\ 1 i £(v) Voer ) (v7)}  if ee Edg(thlm,
bny(vg) =  min(I,\I) if e€ Iy,
max{{(v): vew&% (v2)} if e€ (Ly\[m ).
It is a direct check that 71 is a weighted tree and /() satisfies the criteria of a level map, hence 1)

gives a well defined weighted level tree.
The construction of t ) implies

Ly (tn) = I\ Iy, m(t(;)) = min (T4 \I1)w{0}),
(2.7) ]Im(t(l)) = {eEHm\Im: E(U:) >m(t(1))},
I (t) =L\ w{e€ln\Im: £(v])<m(tp)}.

Intuitively, the weighted level tree t(p) is obtained from t by contracting all the edges labeled by
1_, then lifting all the vertices v with e, € I, to the level m, and finally contracting all the levels
in 1. Such t ) will be used to describe the local structure of the stack omtf in

Definition 2.2. Two weighted level trees t= (v, w,l) and ¥ = (v, w',{') are said to be equivalent,
written as t ~ t', if

(E1) (v,w)= (v, w') as weighted trees;
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m = —3 ! o: vertex of weight 0 !

I ®: vertex of positive weight !
| |

FIGURE 1. A weighted level tree with chosen v_1,v_s, and v_3

It is a direct check that ~ is an equivalence relation on the set of weighted level trees. Intuitively,
this equivalence relation records the relative positions of the vertices above or in the level m(t); see
Figure [1] for illustration.

We denote by I the set of the equivalence classes of the weighted level trees. There is a
natural forgetful map

(28) f: L7LWt - 9Wt7 [’)’,W,g] = (77W)7

which is well defined by Condition |(E1)| of Definition
If t~t, then m(t)=m(t'), and there exists a bijection

¢ve: P(I(Y) — PAWX)),  de(D) =L (071 (I1)) 0l w I,
where P(-) denotes the power set. The next lemma follows from direct check.

Lemma 2.3. If t~t', then t ~t’(¢t,7£(1)) for any I <I(t).

2.2. Twisted fields. For every genus 1 nodal curve C, its dual graph 7/ has either a unique
vertex o corresponding to the genus 1 irreducible component of C' or a unique loop. In the former
case, 75 can be considered as a rooted tree with the root o; in the latter case, we contract the loop
to a single vertex o and obtain a rooted tree with the root o. Such defined rooted tree is denoted
by ¢ and called the reduced dual tree of C' (c.f. [5, §3.4]). We call the minimal connected genus 1
subcurve of C' the core and denote it by C,. Other irreducible components of C' are smooth rational
curves and denoted by C,, ve Ver(yc)\{o}. For every incident pair (v, e), let

(2.9) Quie € Cy

be the nodal point corresponding to the edge e.

Let M™* be the Artin stack of genus 1 stable weighted curves introduced in [5, §2.1]. Here the
subscript “1” indicating the genus is omitted as per our convention. The stack 9M™' consists of
the pairs (C,w) of genus 1 nodal curves C' with non-negative weights we H2(C,Z), meaning that
w(X) = 0 for all irreducible ¥ ¢ C. Here (C,w) is said to be stable if every rational irreducible
component of weight 0 contains at least three nodal points. The weight of the core w(C,) is defined
as the sum of the weights of all irreducible components of the core.

Every (C,w)eM"" uniquely determines a function

w : Ver(yo) — Zxy, v > w(Cy),

which makes the pair (y¢, w) a weighted tree, called the weighted dual tree. Thus, the stack 9"
can be stratified as

(2.10) = |t = | [{(Cw)em™: (o, w) =7},
TETR TETR

If the sum of the weights of all vertices is fixed, the stability condition of 9M"" then guarantees
there are only finitely many 7€ J5"" so that 9" is non-empty.
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Given 7= (v, w)€.Z3" and ecEdg(7), let
LE — ot

be the line bundles whose fibers over a weighted curve (C,w) are the tangent vectors of the
irreducible components C’U:_r at the nodal points Ayt e respectively. We take

(2.11) Le= LI ®L, — M, L7 = Q) Lo — I

e
e'eEdg(r), e’ =e

For any direct sum of line bundles V=@, L], (over any base), we write
P(V) := {(z, [vm]) EP(V) : v, 0 Y m}.
For any morphisms My, ..., My— S, we write

H (MZ/S) = M1 XsMQ Xg - XsMk.

1<i<k

With notation as above, given 7€ Jg"" and [t] =7, ] € 7™, let

=eofy= (I1((C @ 12) /) — o,

(2.12) i€l () eeBdg(t), f(ve )=i
o (1 (@ 32) o) —
1€l (1) ee¢;

where I (t), L7, and &; are as in (2.4)), (2.11)), and (2.3)), respectively. It is straightforward that
both bundles in (2.12) are independent of the choice of the weighted level tree t representing [t].

Since
{eeEdg(t): L(v, )=i} = €&  Vieli(t),

we see that sz{] is a subset of &y. In addition, since each stratum MY is an algebraic stack, so
are 9)?'[3{] and &
Using ([2.12) and (2.10)), we define

(2.13) mt= || g = m
[f]Eth

This is the set-theoretic definition of the proposed stack M as well as the forgetful map in Theo-
rem u For any xe MY, the points of the fiber imff] ‘I are called the twisted fields over x.

Remark 2.4. By 1) Mff(IPm, d) in Corollary consists of the tuples
(Ca u, [t]a ﬂ)a

where (C,u) are stable maps in M1 (P", d), [t] are the equivalence classes of weighted level trees
satisfying f[t] = (vc, c1(u* Opn(1))), and 7 are twisted fields over (C, ci(u*Opn(1))).

3. THE STACK STRUCTURE OF Otf

In we show 9 is naturally a smooth Artin stack and describe its universal family.
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3.1. Twisted charts. We first fix [t] = [fy, W, E] € ™" and :Ueimff], and write
=[] = (v, w) e ", (C,w) = w(x) e M.
Since M™* is smooth, we take an affine smooth chart
V=V5@u — vt

containing (C, w).
As in [Bl §4.3] and [7), §2.5], there exists a set of regular functions

(3.1) C.e(Oy) with ee Edg(y),
called the modular parameters, so that for each ee Edg(y), the locus
Ze={(=0}cV

is the irreducible smooth Cartier divisor on V where the node labeled by e is not smoothed. For
any [ clI=I(t), let

V(OI) = {Ce' #£0: e (Edg(fy)\Edg(fy(I))) } cV,
Vi =Yy 0 {¢c=0:eeEdg(vp) } Vi< V.
Then, V(OI) is an open subset of V. Shrinking V if necessary, we see that
(3.2) Vi € 70 (zm;v(g) A V),

where 7y denotes the set of the connected components. In particular, VT(,) can be considered as
a smooth chart of the stratum im;"(t” Rigorously, the sets I and I depend on the choice of the
weighted level tree t representing [t], however, V(OI) and V-
Lemma 2.3

Given a set of the modular parameters as in (3.1), we may extend it to a set of local parameters
on V centered at (C,w):

(33) {Ce}eeEdg(y) ] {gj}jeJ with (C, W) =0:= (0, - ,0) ,

where J is a finite set. We do not impose other conditions on ;.
For each ee Edg(vy), we set

are independent of such choice; see

Oc. = (d¢.)Y € D(V; TOM™).

Lemma 3.1. For every I 1 and every eeEdg(’y([)), the restriction of o¢, to Vrpy 48 a nowhere
vanishing section of the restriction of the line bundle L. in to Vr -

Proof. Since the restriction of d¢. to Ze={¢. =0} (2Vy,,) is identically zero, we observe that the
restriction of d¢, to Z. is a nowhere vanishing section of the normal bundle of Z.. It is a well-known
fact of the moduli of curves that the normal bundle of Z, is L.; see [2, Proposition 3.31]. O

For each level i€l =1, (t), we choose a special vertex
(3.4) v; € Ver(7) s.t. 0(v;) =1.
We then denote by e;, ej, and vj respectively the edges and the vertex satisfying
(3.5) ei=ey,, v =g, e = €yt
Each 1€l determines a strictly increasing sequence

(3.6) i[0] ;=4 < i[1] :=L(v}) < i[2] = e(vj[l]) < ..

We would like to remark that i[1] and 4 in (2.1)) need not to be the same; see Figure [1] for
illustration. This sequence is finite, as there is a unique step h satisfying i[h] =0.
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By Lemma there exist A € A with ee ETd\g(t) so that the fixed z € imff] over (C,w) can
uniquely be written as

x = (Q; H [Ag(@&dg) :E(e)zi]), where
(3.7) iely exe
Ae#0 VeeEdg(t\Im, Ae, =1 Viel,, Ae=0 Veeln.
Let -
(L c AH+ « AEdg(t)\{ei:i€H+} « AH_ « AJ

be an open subset containing the point
(38) yl‘ = (Qa ()\E)eeﬁag(t)\{ei:ie]l_,_} 797 Q)

The coordinates on i, are denoted by

(3.9) ((ei)ier, » (Ue) e ma o feier, 1 (Fe)eel_s (wj)jer)-
For any I 1, we set

ilO;(I):{ gi#0Viely ; ue#0Vee€ly ; z#0Veel } < iy,

Ui ]zil;;(l)m{az-:O Viel\;; ue=0Ve€lpm\Im; ze=0Vecl \I_}.

it
This gives rise to a stratification

(3.10) Uy = || o)

Icl
We remark that neither [, nor its stratification depends on the choice of the weighted level
tree t representing [t], even though the sets I and I depend on such choice. We also notice that
il;;(l) is an open subset of i1, but the strata le;[tu)] are not open unless I =1.
For each i€l , we take

Ue, = 1.
By , shrinking i, if necessary, we have
(3.11) uel(6%) ¥ eeEdg(t)\Im.

With the local parameters (. and ¢; as in (3.3]), we construct a morphism
O, : Uy —V (— M"Y

given by
Ue * Ugt Uyt o
br¢, = 0(e) o)1) . H ; V ecBda(b):
(3.12) e el o e ielee) )

0%C. = 2. VY ecl =Edg()\Edg(t); 0% =w; Vjel

The numerator and the denominator in the first line of (3.12) are both finite products, because (|3.6))
is always a finite sequence.
For any Ic1, it follows from (3.11]) and (3.12) that

(3.13) Oz (ﬂ;;(j)) = V(OI)’ 0z (u:r;[t(z)]) < Vi

where V&) and Vy,, are described before 1’
Fix IcI (I may be empty). With

[t = 7y bl € A
as in , Sﬁt[tfm] as in (2.13), and the chart V —>9ﬁ$(‘}) as in 1' let

. tf tf
Poy1y Mo y] — Vo) o M) (— 9ﬁ[*(r)])
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be the morphism so that for any yelast ),

(3.14) @)= () ] [ @ @l eee]).

i€l \ I+ exe, [0(e),L(vEL

U+ U+ Tt H . + G*C
o €e)  Cu(e)[1] e>eq; [€(e) L{ve ) “T>E
HesisT <u€ Ut Ugt )( * )( H 6h)

e Uei, Herses e ecpner 958 ) ey

for all iel \I; and e€ &;. Similar to , the products in the first pair of parentheses above are
both finite products.

By , the description of VE’I) above , and , we see that

[esi:I eF(ﬁU;_(I)) VIcI iel \I,, e€€,.

where

Moreover, by (3.11)),
=0 if E(I)(ve_) <1,

(3.15) Ne;i;f|ﬂm;[tm] {e F(ﬁj [‘(I)]) if {y(ve) =

This, along with (3.13), Lemma and ( -, implies ®,. 1y is well-defined.
The morphisms ®,. ), I <1, together determine

oy — Dﬁtf’ D,(y) = (I)m;(l) (y) ifye um;[t(l)]'

We remark that @,y and ®, are also independent of the choice of the weighted level tree t
representing [t]. Moreover, we observe that

(3.16) Dy (ys) = (I)a:;(@)(yx) =z Vze mttfa

where y, €4, is given in (3.8]).
A priori ®, is just a map, for the set-theoretic definition (2.13]) of M does not describe its stack

structure, although each Z)ﬁﬁ,] is a stack. In we will show such ®, patch together to endow

M with a smooth stack structure. Each @, will hereafter be called a twisted chart centered at z
(lying over V — 9™*), although rigorously it becomes a chart of M only after Corollary is
established.

Lemma 3.2. For every I <1, ®,.py: Uy
subset of imt

E)J?E,f(l)] of (3.-14) is an isomorphism to an open

t(I)]

[t

Proof. For any i€l (t)) =14\, notice that every edge in &; of the weighted level tree t is not
contracted in the construction of ty (c.f. (2.6))). Thus,

¢ c Edg(f(j)) A i€H+(t(1)).

In particular, the edges €;, 1€l (t( I)), can be used as the special edges of t(7). For conciseness, let

E[t(] := Edg(t)\({ei: i € L (t)} 0 Tm(t)
= |_| {eeEdg f([)): E(])(UG_)ZZ, e;«éei} ( cEdg(t([))cEdg(t));
i€l (t(r))

see (2.7) for notation.
Let {Ce}eerdg(y) U{Sj}jes be a set of the local parameters on V centered at w(z) as in (3.3). By
the definition of Vr,, above 1 ,

(3.17) {Ce}eeEdg(t)\Edg(t(,)) o {gj}jeJ

is a set of local parameters of Vi
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Recall that there exist A\ce A*, eeE/cEg(t), such that

= (05 [T (@101

i€l e>e

as in . Let Ux;E[t(I)] be an open subset of (A*)E["(U] such that

()‘E)eeE[t(D] € Ux;E[t(I)] (e (A*)E[t(f)]_

The coordinates of U,.g(,,,] are denoted by

t
(e )eeBltp)]-
In addition, we set
pe; =1 Viel(t)), pe =0V e€lm(tr))-
Thus, the function p. is defined for all eEETd\g(t( 1)), and is nowhere vanishing on UsE( ) for all

e€Edg(t(n)\Im(tr))-
The smooth chart V. —sIMY in | induces a smooth chart

(1) T(I)

mtf

/ —
Upilty) =V lir]

(1)

t([)] x UI;E[t(I)]

given by
(35 (He)eeri ) = (5, [T [e( & acls) : bafvr) = ])
i€H+(t(I)) REEdg(i(I)) e>=e
We will construct a morphism

gl
(3.18) Yoy U] — Yasfe]
such that ®,. oW,y and W, yo®,. 1y are both the identity morphisms, which will then establish
Lemma
Given (3, (,ue)eeE(tU))) GL{Q’C#U), we denote its image by
Yy = \Ij;v;(]) (3a (Me)eeE(t(I))) € uz;[t(])]’
which is to be constructed. With the coordinates on i, as in (3.9)), we set

(3.19) ze(y)=Ce(3) Veel,  w;i(y)=q() Vjel
By , we see that
(3.20) 2e(y) =Cc(3) =0 — eel_\I_ ( c H_(t(I))).

The rest of the coordinates of y are much more complicated; we describe them by induction
over the levels in I, =1, (t). More precisely, we will show that ¢;(y) with i €1+ and u.(y) with

ee]id\g(t)\{ei: i€l} are all rational functions in (o (3) and per, satisfying
(3.21) (eiy)=0 < iel,\I.] and (uc(y)=0 < e€lm\Im).

In particular, | 21)) and 1 20) imply yel, Ttn)
The base case of the ind ctlon is for the level

ie U, () is well-defined.

ig := max [ (t).
We take
(3.22) €io (1) = Geyr 3)-
By (3.2), we see that &;,(y) satisfies (3.21). We take
ue, (y) = 1.
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For any e #e;, with ¢(e) =1p, we set

Le if ig¢ 1, (i io€li(t), ecE(ty))
uely) = ciii(?) if ipe I+ (i.e. ej e Edg(t)\Edg(t)))
If ige I, then by and , we have (.(3) =0 if and only if (m=iy and) e€lyy\Im. If ig¢ 1,
then p =0 if and only if (m =14y and) e€ly\I[m. We thus conclude that wu,(y) satisfies for
all ee ETd\g(t) with ¢(e) = ig. Moreover, such ¢;,(y) and u.(y) are obviously rational functions in
Ce(3) and per. Hence, the base case is complete.

Next, for any €1y, assume that all e4(y) with k>4 and all u.(y) with eeE?d\g(t) and l(e)>1
have been expressed as rational functions in (s (3) and per, satisfying .

For the level 4, we first construct ;(y). The construction is subdivided into three cases.

Case 1. If i¢ 1., then set

(3.23)

ei(y) = 0.
Obviously this satisfies (3.21)).
Case 2. If iel; and [i,i[1]) ¢ I, then e;e E(t 1)), hence pe, #0. Let

i = min ([4,4[1)\I}) € Ly (7).
Intuitively, 7 is the level containing the image of v; in t5). Thus,
E(I) (el) = /’L\
Let €;(y) be given by
uefr(y)-uej[l](y) ... . He>eg7 Ot Ge(3) .

3

en(y).
1@ ter 0 Tl ey et A9 L L

i i[1] he(4,i)¢

(3.24) fhe; = €i(y)-

~

The inductive assumption implies that all e, (y) with he (i, i), as well as all Ugt ](y) and u+ (y)
i[h i[h]

i
with h >0, are non-zero and are rational functions in (s (3) and per. By (3.17) and (2.6)), we also see
that all (.(3) and ((3) in (3.24) are non-zero. Therefore, such defined €;(y) is a rational function

in ((3) and per, satisfying (3.21]).

Case 3. If [i,i[1]) = I (hence i€l ), then we see e; € Edg(t)\Edg(t)); c.f. (2.6)). Intuitively,
this means e; is contracted in the construction of tr). By the description of Ve above , we
see that (e, (3) #0. Let ;(y) be given by

(3.25) (e, (3) = i) ;leld_[ﬁbsh(y)-

Mimicking the argument in Case 2, we conclude that ¢;(y) is a rational function in (o (3) and per,

satisfying (3.21)).

Next, we construct u.(y) for ee Edg(t) with ¢(e)=1i. Set

Ue, (y) =1

For e #e;, the construction is subdivided into two cases.

Case A. If [i,{(v))) ¢ I+, then

e € E(t)) ulm(tpy) ( =Edg(tn)\{ei: i€l (t)}),
hence pi. exists, and i =0 if and only if e€ly,(t5)). In Case A, since [i, (v, )) ¢ 1, (2.7) further
implies
(3.26) pe=0 = e€lm\Im-
Let
K = K¢ := min ([[i,ﬁ(vj)[)\]ﬂ ( € ]I+(t(1))).
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Since [i, k) € I+, we have
U (e) = k.
Let u(y) be given by
ue;r(y) "U,ef[l] y) e He>e,§, [[g(e),é(vj)[ﬁCI CQ (3)

(3.27) fe =1c(y)- : : ] Tenw).
: ](y) e He’>e, [[E(e’),é(v:,)[)fcl Ce’(ﬁ) heli k)

We observe that if i¢ I, then k=1 and hence Hhe[[i,nDt en(y)=1; if i€ I, then the previous con-
struction of €;(y), along with the inductive assumption, guarantees [ [;,[; ., €n(y) #0. Mimicking
the argument of Case 2 of the construction of ¢;(y) and taking (3.26]) into account, we see that
ue(y) determined by (3.27)) is a rational function in (. (3) and per, and it satisfies (3.21)).

Case B. If [i, ¢(v))) c I, then (2.6) gives
(3.28) eeEdg(tp) (Le. ¢(3)=0) <= e€ln\Im.
Let ue(y) be given by

ugH(y) gt (1) -+

e () ugr  ()ue (W) L1 =

v o) o heliL(vd )
Once again, mimicking the argument of Case A of the construction of u.(y), and taking
as well as the description of Vi right before into account, we see that u(y) determined
by is a rational function in (/(3) and per, and it satisfies .

The cases 1-3, A, and B together complete the inductive construction of W,. . Moreover,
comparing
e (3.19) with the second line of ,
e (3.22), the second case of (3.23), (3.25)), and (3.29) with the first line (3.12),
e the first case of , , and with the expressions of pe.;.; right after ,

we observe that W, r) is the inverse of ®,.(p. O

(3.29) Ce(3) = ue(y)

Corollary 3.3. ¢, S —— 9 g mjective.
Proof. This follows from Lemma and the stratification (3.10) and (2.13)) directly. O

3.2. Stack structure. In this subsection, we will show the twisted charts ®, patch together to
endow M with a smooth stack structure; c.f. Proposition nd Corollary Note that a priori,
¢, depends on the choices of the special vertices {v;}sr, (3.4) and of the local parameters .
Nonetheless, Lemmas and below will guarantee that such choices do not affect the proposed
stack structure of 9", hence will make the proof of Proposition [3.6| more concise.

Let {w;: i€} be another set of the special vertices satisfying (3.4)), and W:_, d;, and d;r be the
analogues of vj , €, and ej in , respectively. As in , each level i€l similarly determines
a finite sequence

0y =i < i1y = L(w]) <i(2) = e(wi+<1>) < e
We take an open subset
U2 c A+ x APdRONdiiele} o AT A
with the coordinates
((5’i)i€11+7 (uz)eeﬁd\g(t)\{di;ieﬂ_'_p (22)6611—7 (w;)jGJ)'
as in , and then construct

0282 — V), Mg;i;ler(ﬁmn), P2: 42 — ot

parallel to (3.12)) and (3.14)). Let U = P2 (U2) NP, (LL,).
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Lemma 3.4. The transition map
(®3) tody : @1 U) — (93)1(U)
is an isomorphism.

Proof. Let g: ®;5(U)— (®2)~1(U) be the isomorphism given by

Ut U+ - . col UgtUgt )

€, e,L udl udl it i -
g 0i=¢;- L] S € Viely,
Ut Ut oo UdyUdy - Ugt Uyt -
eiu eiu[l] M 1H<1> d d1<1>
u ——
#*_a € #*.a #_ .4 -
g ug=—— VeeEdg(t)\{di}ier,, g 20=2c Veel , g 'wi=w;Vjel

Udge)
The fact that ¢ is an isomorphism can be shown by constructing its inverse explicitly, which is
similar to the proof of Lemma [3.2] but is simpler. The key point of the construction is that
1 *u?
Ug, = Viel., Ue = g te

V e Edg(t) with £(e) =

and each ¢; is a product of g*§; and a rational function of u, with eeETd\g(t).
It is a direct check that the isomorphism g satisfies

3og=6, and  g*pd.,=1SEL WIcT iel\Iy, eeg;.
Hd;si;T

Thus, (®2)~'o®, =g and hence is an isomorphism. O

Let R
{Ce: eeEdg(m)}u{G: jeJ}
be another set of extended modular parameters centered at z on the same chart ¥V — 9™
see . We use thiAs se/‘\c of local parameters to construct another twisted chart </I\>x: iA,lz —smtt: in

particular, we have 6,: 4, —V and ﬁe;i;jer(ﬁﬁo ) as in (3.12) and (3.14)), respectively. Parallel
z;(I)

to 1' the coordinates on iAlx are denoted by
((Eiers > (Be) e foyuier, - (Fe)eets (W) jes)-
Let U =B, (8,) D, (8L,
Lemma 3.5. The transition map
(B2) " o®, s @71 (U) — 271 W)
18 an isomorphism.

Pmof By Lemma it suffices to use the same set of the special vertices {v;}e1, for both ®, and

<I> For any ee Edg(7), the local parameters Ce and (. defines the same locus Z, ={(, =0} = {Ce =0},
hence there exists f.€I'(03;) such that

56’ = fe * Ce-
Therefore, we have
(3.30) 0z 2. = (£:9c.)| 5
Let g: ®; (1) —>®, (1) be the isomorphism given by
g*gz‘:Ei'W Viel,, 9*Ze=2. Veel_, g wj=w; Yjed,
€ &
=g —Heze ey BT e, el ).

He’Zee(e) fe,
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The explicit expression of g above implies it is invertible; see the parallel argument in the proof of

Lemma [3.4] R
It is a direct check that #,09=46, and

*/\ Yo e
I Heitl - Hesisl VIcl i€l \l,, e€C,.
Heme. o ewiper foo Hemer o eoiner fe
Taking (3.30)) into account, we conclude that (@x)*loi)x =g and hence is an isomorphism. O

Given IcT and 2'€ ®,, (ﬂz;[tm]), let Vi (pr) — 9™ be a chart containing w(z') and @y : Uy —>
M be a twisted chart centered at z’ over Vo (a) —s M, Let U =D, (Uy) NP ().
Proposition 3.6. The transition map

oo d,: B U) — 0,NU)
is an tsomorphism.

Proof. Since '€ ®, (ilm( 1)) c ®,(4Uy), its underlying weighted curve satisfies

o) e Vi (= {0 eeBdg()\Bdg(tn)} = V).
Thus, replacing V1) by V(o) mV("I) if necessary, we may assume
w(z') € Vo © Viny-
Moreover, the following modular parameters on V:
(., €€ Edg(t(f)) c Edg(t)

also serve as modular parameters on V ;7). Thus by Lemma we may assume P, is constructed
using the local parameters on V)

{Ce}eerdg(t ) U ({€j }ies L {Ce}eeEdg(t)\Edg(tU)))

as the analogue of ({3.3)).
Let the special vertices v; and edges e; of t be respectively as in (3.4) and (3.5). By Lemma

we may further assume that the special vertices and edges of t(r) are respectively
V; and €;, i€H+ (t([)) :H+\I+.

For any i€l \/, and heZ=g, let i, e}, and i(h) be the analogues of i, e, and i[h], respectively,
for the weighted level tree t(j) instead of t; see (2.1)), (3.5), and (3.6]) for notation.
Recall that I_(t;)) =1-\I_ u{e€ln\Im: £(v) <m(t)}. We denote by

((eDier s (80) oo \ferieranry 1o (et () (W) jesumag(\Ede(t )

the coordinates on i1, parallel to (3.9)), and construct
O : Uy —> V() and  pig.p EF(ﬁMo,'(ﬂ)), I'c\I, iel\(I;ul'), ec€;

parallel to
0y U, — Y and [esi:T € I’(ﬁu;(l)), i€l \I}, e,

of (3.12) and (3.14)), respectively. In this way, ®,: {y —> I is constructed analogously to ®,.
Let g: ®, 1 (U) —><I>;,1 (U) be the isomorphism given by

Ut U+
1

9*51 & H€ H2>le”7 V(e)vé(v:r)l)tcf H;CQ e
i Cit h|*

* ) i
he(i,it): H°>tei,[[5(e),€(vc+)thI Oce el uejT[l]

K.t A O i Tt
e il (1);1 en(l),“@),l

Helsiquyr " Hel iy
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and
9 Uue= b ey V¥ eEEdg () \{es: i€ T AL},
Q*Zé =u, Vee {eEHm\Im : E(U:) < m(f(j)) }, g*zé =z, Veel \I_,
gwi=w; Vied,  gtw,=07( ¥eeBdg(t)\Bdg(tr)).

To see g is well defined, notice that V. CV&) implies that

(3.31) O (U) < U3, -

Thus, every fie.;;; above can be considered as a function on ¢, LU). By and , the
function 03¢, with e € Ed\g(t)\ﬂm is nowhere vanishing on ®; (i) whenever [{(¢),£(v]))¢ < I.
Taking (3.11]) and (3.15)) into account, we conclude that g is well defined.

Once again, the explicit expression of g implies it is invertible; see the parallel argument in the
proof of Lemma [3.4] Moreover, it is a direct check that 8,709 =6, and

ﬂq,_l(u)) VI'c\, iel \(I, ul'), ec ;.
) x

% !
9 Hegr = HeyisIul € F(ﬁuo

Hem

Thus, <I>;,10<I>$ =g and hence is an isomorphism. O

Corollary 3.7. " is a smooth Artin stack that is birational to MM, with {®,: Uy —> MF} e
as smooth charts. Moreover, the structure of the stratification 1s locally identical to the one
induced by . Furthermore, for any xe MM, any chart V— 9" containing w(x)eM™, and
any twisted chart Oy : Uy — MY centered at x lying over V— M, we have

L[z Sﬁtf
D,
YIE

v ot

where w is the forgetful morphism as in and 0, is as in .

Proof. The first statement follows from Proposition (3.16)), and the fact that w restricts to the
identity map on the preimage of the open subset

{(C,w)em™ : w(C,) >0} < M™.
Lemma then implies for every [t]€ 7™, the stack structure of ML is the same as that induced

from the inclusion Dﬁﬁ] —MM: i.e. the second statement of Corollary holds. The last statement
follows from (|3.14)). O

Remark 3.8. By (3.12) and Corollary one sees that on an arbitrary twisted chart i, of Ot

w*( H Ce’) = (ueﬁ,ue;m ) H €i,

¢'zem i€lm
w*(n(e/) :(ueue:;]ue;[l]...)'l_[ 5i:ue.w*(HCe,) Vee@m.
e >e 1€lm e'>em

This, along with the local equations of M1(P",d) in [5, §5.2], implies that the primary compo-
nent of M(P", d) is smooth and M}f{(P", d) contains at worst normal crossing singularities. This
observation should be useful for the cases of higher genera.

3.3. A simple example. Let [t] = [y, w, (] € J"" be given by the leftmost diagram in Figure
Then,

Edg(t) ={a, b, c,d}, m=—2, I=1;={-1,-2}.
Each of the four distinct subsets I of I determines a weighted level tree t(1); see Figure @ Let
TE Emff] be a weighted curve of genus 1 with twisted fields over (C,w)e 9", The core and the
nodes of C' are labeled by o and by a, b, ¢, d, respectively.
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o (o]
0 0 0
VAN oo
—1 1 )
-2y t—1p
-2 Fmmm e e \
¢ : o: vertex of weight 0 :

I e: vertex of positive weight ! o
LT w e 0 tg-1,-2p

FIGURE 2. Relevant weighted level trees in

Let V—> 9™ be an affine smooth chart containing (C,w), with a set of local parameters

{Cav Cba gca Cd} . {gj }jGJ

centered at (C,w), where (g, ..., (4 are the modular parameters. There then exist non-zero A. and
Mg such that

2= (05[0,8,10], [9.lo, Ae+(0e,®0c )0+ Aa-(0g,®0c,)a] )-
We choose the special edges of t to be e; =b and es =a. Let
U, < AEL=2 o pledh a0
be an open subset containing the point
Yz = (0,0, A, Ag, 0, ...,0).
The coordinates of 4, are denoted by
€1, €2, Uc, Ug, and wj; with jeJ.

We may take 4, = {u.#0, uyg#0}.

By Corollary and (3.12)), the forgetful morphism c: M — M can locally be written as
0, : Y, —>V such that

‘91(5717 €-2, Uc, Ud, (w]) ) = (571'57% €1 ,€-2:Uc, €2 Uq, (’LU]) )
—_—— ) —— ——
Ca Cb gc Cd
Considering all possible subsets I of I in 1' we obtain a twisted chart @, : {1, — I centered
at z over V—IM"' 5o that for any
Yy = (671; €2, Uc, Uq, (w])) eux’

e if e_1=c_9=0, then

(I)z(y) = ((07 0,0,0, (wj));

[0, O¢)o. ()]s [Oclon () ue(Oc, ®c. o, (y)s Ud(ag@acd)lex(y)]) € ME;

e if e¢_1#0 and e_5=0, then
D, (y) = ((07571,0,0, ()5 [0,y 2 -0cdoutw) » ;%'&Joz(y)]) €My, ]
e if e_1=0and e_5#0, then
@, (y) = ((0, 0, e—a-tle, €-2-ua, (w;)); [e-2-0clo.(y) » %lez(y)]) € M,
e if e_1#0 and e_5+#0, then

tf

(I):r(y) = 9:):(?/) = (6—1'672, €1, €-2'Uc, E-2Ug, (wj)) € m[t({_l’_Q})]‘
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With the expressions of ®, as above, it is straightforward to check
$,(0,0,Ac, Ag, 0,...,0) = x,
as well as to verify the statements of Lemmas and Proposition [3.6] in this situation.

3.4. Universal family. Let 7%': C"*— 9" be the universal weighted nodal curves of genus 1.
The stratification (2.10)) gives rise to a stratification

vt — |_| C;Vt satisfying Wt cy t) =M Vre ﬂRWt.

wt
TETR

Parallel to and (2.13)), we set
= ( TT((*C @@y /o)) —ciy  videq™

i€l (t) ecEdg(t), £(vs )=i
= |]cfh—c™
[t]ez_wt

Mimicking the construction of the stack structure of M in and we can endow C* with
a stack structure analogously. Furthermore, the projection 7%': C%* — 9M™" induces a unique
projection

(3.32) ittt — omtf,
It is straightforward that
CF = O gyt M — T,

For any scheme S, a flat family Z/S of stable weighted nodal curves of genus 1 with twisted
fields corresponds to a morphism f: S —s MM such that Z/S is the pullback of (3.32):

(3.33) Z/S = (S xgqi C1)/S .
This leads to the following statement.
Proposition 3.9. Cf— Mt in gives the universal family of M.

Remark 3.10. One may establish a moduli interpretation of 9t as follows: for any scheme S, every
flat family Z/S of stable weighted nodal curves of genus 1 with twisted fields can be constructed
directly as follows. A priori, Z/S should be over a flat family Cs/S of stable weighted curves, thus
by the universality of the moduli 9", there exists a morphism

a:§—mvt= | | o

TeIR"
such that Cg/S is the pullback of C*Y/ 9™' via o. This induces a stratification of the scheme S:
(3.34) S=|]S satisfying  a(S)cI Vre R

wt
TETR

We take

St = ( [ ((ﬁ”( ) a*Li))/Sme = Sjg - V[tle ™,

i€l () eeBdg(t), £(vs )=i
St= || s> .
[t]ez_wt

For any chart Vg — S, shrinking it if necessary, we see there exists a (smooth) chart ¥ — 90"
such that
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Vs Y
i |
S mwt

commutes. The modular parameters (. on V pull back to regular functions on Vg, which are

denoted by Ces . By 1 , we have
S, " Vs ={¢0=0:eeBdg(r)} n {¢5#0: ¢¢Edg(r)}.

Mimicking the construction in and we can thus endow S* with a scheme structure.
We say Z/S is a flat family of stable weighted nodal curves of genus 1 with twisted fields if and
only if there exists a section otf of mg: S — S such that

Z = CS XS (Utf(S)).

This construction is consistent with . One can check that the groupoid sending any scheme
S to the set of all such defined flat families Z/S is represented by 9.

We would like to remark that a more succinct definition of a flat family of stable weighted nodal
curves of genus 1 with twisted fields should be desirable.

4. COMPARISON WITH HU-LI’S BLOWUP STACK 9M™*

Let m: MY — I be the sequential blowup constructed in [5, §2.2]. Since M™® is a smooth
Artin stack and the blowup centers are all smooth, so is MY, As per the convention of this paper,
we omit the subscript indicating the genus. In Proposition we show that 9 is isomorphic to
MY, Lemma is rather technical; it is only used in the proof of Proposition

We briefly recall the notion of the locally tree compatible blowups described in [7, §3]. Let 9t be
a smooth stack, v be a rooted tree, and V be an affine smooth chart of 9. If there exists a set of
local parameters on V so that a subset of which can be written as

{2.€0(0y) : e Edg(v) },

then the set is called a y-labeled subset of local parameters on V. For example, if 91 =9"" and V
is a chart centered at a weighted curve whose reduced dual tree is -y, then the set of the modular
parameters {Cc}cerdg(y) 18 @ 7-labeled subset of local parameters.

Let Ver(<)min be the set of the minimal vertices of v with respect to the tree order. We call a
subset & of Edg(y) a traverse section if for any v e Ver(y)min, the path between o and v contains
exactly one element of &. For example, the subsets €; of Edg(y) as in are traverse sections.
Let Z() be the set of the traverse sections. The tree order on Edg(y) induces a partial order on
Z(7y) such that

6>6" < (6#£6')and (VeeS, 3ed st.exe).

We remark that the tree order on Edg(y) and the induced order on Z(v) in this paper are both
opposite to those in [7], in order to be consistent with the order of the levels of the weighted level
trees.

Let 21— 9N be the sequential blowup of 9 successively along the proper transforms of the
closed substacks Z1, Zs, ... of M.

Definition 4.1. [7, Definitions 3.2.4 & 3.2.1] The blowup M —> M above is said to be locally
tree-compatible if there exists an étale cover {V} of M such that for each V € {V}, there exist a
rooted tree vy, a partition of Z(7y):

2(7) = || Ex(v)
k=1

and a y-labeled subset of local parameters on V such that
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o for everyk =1,
ZrnY = U {2620: ee@};
Ge=x(v)
o if &€=y (), " €Zw (), and & >&", then k' <k".

If a sequential blowup M — M is locally tree-compatible, then the blowup procedure is finite
on each Ve {V}, because the set Z() is finite.

Lemma 4.2. If the blowup M —> M successively along the proper transforms of the closed substacks
Z1, 2o, ... of M is locally tree-compatible, then the blowup M — M successively along the total
transforms of

Y1 = Zl, Y2 = ZlL)ZQ, Y3 = Z1UZ2UZ3,
yields the same space, i.e. M =9t

Proof. We prove the statement by induction. For each h>1, we will show that after the h-th step,
the blowup stacks sm'(h) of M along the total transforms of Y7,...,Y}, is the same as the blowup
DTI(h) of 9 along the proper transforms of Z1,..., Zy.

The base case of the induction is trivial. Suppose the blowup Sf)\ﬁ'(k) = Sf)\ﬁ(k). We will show that

for any €9 and any lift Z of x after the k-th step, the blowup along the total transform EN/kH of
Yi+1 has the same effect as that along the proper transform Zk-H of Zj1 near Z. Since x and T
are arbitrary, this will establish the (k+1)-th step of the induction.

W.lo.g. we may assume x € ﬂfill Zy, (otherwise we simply omit the loci Z; not containing x

and change the indices of Z; and Y; accordingly). The blowup M — M is locally tree-compatible,
hence there exist a rooted tree v, an affine smooth chart V containing x, and a ~y-labeled subset of
local parameters z., ee Edg(vy) on V such that

z € {z.=0:ecEdg(v)}.

As shown in [7, Lemma 3.3.2], there exist traverse sections &y € Zx(y) and &1y € Zgq1(7y)
(c.f. Definition , an affine smooth chart \75, and a subset of local parameters

€1y vy Eki Ze with 666(k+1)\6(k); Z. with 666(k+1) ﬁG(k)
on lw)g so that ékﬂ is locally given by
ék+1 M ]75 = {5620 : 666(k+1)\6(k), ,\Z‘/eZO : 666(k+1)ﬂ6(k)}.

Moreover, by [7, (3.13)], the total transform of each Z; with 1<i <k is locally given by {&; =0}.
Thus, Yy, is locally given by

Y/k:+1 fﬂ}aﬁ = (Zk+1 0175) U{ H € 20}-

1<i<k

That is, on the chart ]7;3, Z;Hl and }N’kﬂ are defined by the ideals
I =B 1 €€8(1)\8 (), %ot €6 nGy) and Sz ([ ]E),

1<i<k
respectively. Therefore, blowing up along Z/Hl has the same effect on ]79; as that along }N/kﬂ. (Il
Proposition 4.3. ME /O™ is isomorphic to ﬁ“’t/f)ﬁm. In particular, w: ML — M™ is proper.

Proof. Our goal is to construct two morphisms ¢ and 12 between 9"t and MY so that the
following diagram
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ﬁwt Ve mtf
(1

s w

\ - /
commutes. Since m and w restrict to the identity map on the preimages of the open subset

{(C,w)em™ : w(C,)>0} < M™,
respectively, we see that 1011 and ;019 are the identity maps. This then implies the former
statement of Propoistion[£.3] The latter statement follows from the former as well as the properness
of the blowup "t —s MWt,
We first construct v1. For each k€ Z-g, let Z, < 9M™ be the closed locus whose general point

is obtained by attaching k smooth positively-weighted rational curves to the smooth 0-weighted
elliptic core at pairwise distinct points. By Lemma the blowup m: MV — MYt successively

along the proper transforms of Z;, Zs,... can be identified with the blowup of 9" successively
along the total tranforms of

Yi=7y, Yo=Z102s, Y3=210250Z3,

We observe that for each k€Z-, the pullback w=1(Y}) to M is a Cartier divisor. In fact, for
any [t] =[y,w,l]e Z*" and z € szf], let 4 — 9MY be a twisted chart centered at z, lying over a

chart YV — 9", In [5], the blowup 7 locally on V is proved to be compatible with the weighted
tree (7, W) obtained by contracting all the edges e of v as long as there exists v > v} satisfying
w(v)>0. Let {¢.: eeEdg(y)} be a set of modular parameters on V as in (3.1]) and
{Ei}ie]hr (& {ue}eEE/)d\g(t)\{ei:ie]IJr} v {ze}e(E]L
be the subset of the parameters (3.9) on . We claim that
(4.1) o' V) nsd={ []& =0}
i€H+, |€Z|<k‘
To show (4.1]), we first notice that @' (Y3)nth=w (YznV) by Corollary Every irreducible
component of Y, NV can be written in the form
Yie:={C=0:ce6} with SeZ(7), |6|<k, & (Edg(t)\Im)# 2.

For each irreducible component Y, ¢ of Y;,nV, the local expression 6, of w as in (3.12) implies the
pullback @ !(Yy.g) can be written as

{ J]en=0:ece6n(Edgt)\lm),
hel(e),t(vd))
(ue . H Eh )=0 :ee6nly, 2.=0:ee6nl_ }
helt(e),t(vd))
Since GH(Ed\g(t)\]Im) # (& and |S| <k, we can always find e€ GG(IEd\g(t)\]Im) such that |&,|<|6|<k

for all he[l(e), {(v})). By (4.1) and (4.2), the pullback w=!(Yy ) is thus a sub-locus of the right-
hand side of (4.1)). Moreover, it is a direct check that

o (Vie,) 8 ={g;=0}  Viel, with |&|<k.
Therefore, (4.1)) holds.

Since every w™(Y}) is a Cartier divisor of M, by the universality of the blowup 7 : MWt —
M, we obtain a unique morphism

(4.2)

wl . mtf N ﬁtWt
that ow: MY — M™ factors through.
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We next construct v explicitly. For any 7 € ﬁm, let (C,w) be its image in M. As shown
in [7, §3.3], there exists a unique maximal sequence of exceptional divisors

~

Eiyy.oo By MY 1<ip <+ <y

containing Z. Each E’Z is obtained from blowing up along the proper transform of Z;;. Note that
k is possibly 0, which means (C, w) is not in the blowup loci. The weighted dual tree T=(v0, W),

along with the exceptional divisors E“, . EW uniquely determines a weighted level tree t; such
that

It =14 (tz) = {—ig,...,—i1}.
In particular, m=m(t;) = —iy.
With the line bundles L., e€ Edg(t;), as in (2.11)), the notation (-, )¢, and [+, -)¢, as in (2.2)), and
the notation i[h] as in (3.6), the line bundles

(4.3) Li=L,® & £ — ", iely,
Jeld,i[1] D,
can be constructed inductively over ;. Then, we take
(4.4) L=L® @ £ — M  eceEdgty).
je((e), €(vd) Dy
In particular, £, = £;. For each ee Edg(t;), (4.3) and imply
Se®®(ge’®£l>/(e’)) = LeZ ®( ® 2]\/ )
e'>e JE(£(e), 0]y
Hence for each i€l
(4.5) B D (L0R(e®L),))=B( D L),
L(ve )=1 e'>e Lve )=1

For h > 1, let Z(;) be the image of & in the exceptional divisor of the h-th step. Given i€l
The proper transform of Z_; after the first —i—1 steps of the blowup may have several connected
components; see [7, Lemma 3.3.2]. The normal bundle of the component containing T(_ij—1) is the

pullback 7 ;) @Dece Le, where my: ﬁgf) — 9™ is the blowup after the h-th step.
Notice that the non-zero entries of Z(_;) exactly correspond to the edges e€ €; satisfying ¢ (v, )=1.

Therefore,
Ty e minP( D L)
(ve )=t
Then, ¥_j) with je[i, 0), together determine a unique
(@ e P D (L0R@L),))) =B( @ 17).
(v )=i e'>e L(vg)=i

The last equality above follows from (4.5). We then set
Ua(@) = ((Cw), [t6], (m(®) s ieli()) e M.

Obviously, this implies woys =7
It remains to verify such defined )5 is a morphism. Let ¥ — 9%! be a smooth chart containing
(C,w), and {(.: eeEdg(tz)}u{;: jeJ} be a set of local l parameters centered at (C,w) as in (3.3)).

As shown in [7, §3.1&83.3], there exists a chart Vz— MY containing & with local parameters

gia i€H+; Pe, GEEdg(tf)\(Hmu{e’LZEHﬁL})a
Ze, €€lm; Ze, €€1_; sj, JeJ.



22 YI HU AND JINGCHEN NIU

All p, are nowhere vanishing on 17,;3 Moreover, with 7: lN/g—ﬂ/ denoting the blowup, we have
= [ |8 Viely; 7%C=p. [[& VeeEdg(ta)\(Tmu{eibicr, );
helii[1])e; i€[0(e),e(vd)) e,
=% []& Ve€lm; 7 (=% Veel; n*g=s; Vjel
ie[e(e),t(vd ),
For ee{e;}c1, , we set po=1. Then,

pe€T(05) VY eeEdg(t:)\Im.

Let £y, & — M be a twisted chart centered at 12(Z), lying over V—> ™. The parameters
on hy, 3 are as in (3.3). It is a direct check that the point-wise defined v can locally be written
as

P21 Vg — Uy )

such that
ko~ . . *, Heze Pe RPN .
paei=¢; Viely; Yy ue = ﬁ v eeEdg(t)\(]Im L {ei}ie]l+)7
exepe) 't
wg‘ue:\z’e-M Veelm; Y5ze=2. Veel_; yiwj=s; Vjel.
Hezeg(e)pe
This shows 95 : ™' — M is a morphism. O

Remark 4.4. In [6], another resolution M — M™ called the derived resolution of MM, is con-
structed for the purpose of diagonalizing certain direct image sheaves. That resolution is “smaller”
in that the resolution MWt —s MMV of [5] factors through M — M. Mimicking the approach
of §3, we may construct a moduli stack

n= | oy oy =B @ LF ) —
[egw eeEdg(t), {(ve )=m(t)

This moduli should be isomorphic to o,

REFERENCES

[1] M. Bainbridge, D. Chen, Q. Gendron, S. Grushevsky, and M. Méller, Compactification of strata of Abelian
differentials, Duke Math. J. 167 (2018), no. 12, 2347-2416.
[2] J. Harris and I. Morrison, Moduli of curves, Graduate Texts in Math. vol. 187, Springer-Verlag, New York, 1998.
[3] H. Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic zero. I, Ann. of
Math., 2, 79 (1), (1964) 109-203.
[4] H. Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic zero. II, Ann. of
Math., 2, 79 (1), (1964) 205-326.
[6] Y. Hu and J. Li, Genus-one stable maps, local equations and Vakil-Zinger’s desingularization, Math. Ann. 348
(2010), no. 4, 929-963.
[6] Y. Hu and J. Li, Derived resolution property for stacks, Euler classes and applications, Math. Res. Lett. 18
(2011), no. 04, 677-690.
[7] Y. Hu, J. Li, and J. Niu, Genus two stable maps, local equations and modular resolutions, math/1201.2427v3
[8] Y. Hu and J. Niu, A theory of stacks with twisted fields and resolution of moduli of genus two stable maps,
math,/2005.03384.
[9] A. de Jong, Smoothness, semi-stability and alterations, Publ. Math. IHES 83, (1996) 51-93.
[10] J. Kollar, Lectures on resolution of singularities, Annals of Mathematics Studies 166, (2007).
[11] D. Ranganathan, K. Santos-Parker, and J. Wise, Moduli of stable maps in genus one & logarithmic geometry I,
math/1708.02359
[12] R. Vakil, Murphy’s law in algebraic geometry: Badly-behaved deformation spaces, Invent. Math. 164 (2006), no.
3, 569-590.



MODULI OF CURVES OF GENUS ONE WITH TWISTED FIELDS 23

[13] R. Vakil and A. Zinger, A desingularization of the main component of the moduli space of genus-one stable maps
into P, Geom. Topol. 12 (2008), no. 1, 1-95.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ARIZONA, USA.
Email address: yhu@math.arizona.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ARIZONA, USA.
Email address: jniu@math.arizona.edu



	1. Introduction
	2. Set-theoretic descriptions
	2.1. Weighted level trees
	2.2. Twisted fields

	3. The stack structure of Mtf
	3.1. Twisted charts
	3.2. Stack structure
	3.3. A simple example
	3.4. Universal family

	4. Comparison with Hu-Li's blowup stack wt
	References

