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Abstract. We construct a smooth Artin stack parameterizing the stable weighted curves of genus
one with twisted fields and prove that it is isomorphic to the blowup stack of the moduli of genus one
weighted curves studied by Hu and Li. This leads to a blowup-free construction of Vakil-Zinger’s
desingularization of the moduli of genus one stable maps to projective spaces. This construction
provides the cornerstone of the theory of stacks with twisted fields, which is thoroughly studied
in [8] and leads to a blowup-free resolution of the stable map moduli of genus two.

1. Introduction

Moduli problems are of central importance in algebraic geometry. Many moduli spaces possess
arbitrary singularities [12]. Among them, the moduli MgpPn, dq of degree d stable maps from
genus g nodal curves into projective spaces Pn are particularly important. We aim to resolve the
singularities of MgpPn, dq, that is, to construct a new Deligne-Mumford stack that has smooth

irreducible components and normal crossing boundaries and dominates MgpPn, dq properly and
birationally onto the primary component (the component whose general points have smooth domain
curves). The problem of resolution of singularities is arguably among the hardest ones in algebraic
geometry [3, 4, 9, 10].

The stable map moduli are smooth if g � 0 and singular if g ¥ 1 and n ¥ 2. For g � 1, a
resolution was constructed by Vakil and Zinger [13], followed by an algebraic approach of Hu and

Li [5]. The latter is achieved by constructing a canonical smooth blowup �Mwt
1 of the Artin stack

Mwt
1 of weighted nodal curves of genus one. The method of [5] was further developed in [7] to

finally establish a resolution in the case of g�2. The resolution of [7] is achieved by constructing

a canonical smooth blowup rP2 of the relative Picard stack P2 of nodal curves of genus two.
In higher genus cases, the construction of a possible resolution of the stable map moduli may

seem formidable. The constructions of the explicit resolutions in [13, 5, 7] rely on certain precise
knowledge on the singularities of the moduli. For arbitrary genus, it calls for a more abstract and
geometric approach. As advocated by the first author, every singular moduli space should admit a

resolution which itself is also a moduli. Following this principle, we interpret the blowup stack �Mwt
1

of [5] as a smooth algebraic stack of stable weighted nodal curves of genus one with twisted fields,

and consequently, the resolution �M1pPn, dq of M1pPn, dq as a Deligne-Mumford stack of genus one
stable maps with twisted fields. The results in this paper are the first step to tackle the arbitrary
genus case.

The main theorem of this paper is the following:

Theorem 1.1. There exits a smooth Artin stack Mtf
1 parameterizing the weighted nodal curves of

genus one with twisted fields, along with a universal family Ctf ÝÑMtf
1 and a proper and birational

forgetful morphism $ : Mtf
1 ÝÑ Mwt

1 . Moreover, Mtf
1 {M

wt
1 is isomorphic to the blowup stack�Mwt

1 {Mwt
1 .

We construct the strata of Mtf
1 and the forgetful map $ in §2; see (2.13). We then glue the strata

of Mtf
1 together using smooth charts in §3 and conclude that Mtf

1 is a smooth Artin stack and is
birational to Mwt

1 in Corollary 3.7. The universal family CtfÝÑMtf
1 is described in Proposition 3.9.

We finally show that Mtf
1 {M

wt
1 is isomorphic to �Mwt

1 {Mwt
1 in Proposition 4.3, which implies the

properness of $. These results together establish Theorem 1.1.
1
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We remark that a direct approach to the properness of $ (i.e. without the comparison with the

blowup �Mwt
1 {Mwt

1 ) is provided in the proof of [8, Theorem 2.19(p1)], in a more general setting.
We also point out that there should exist a groupoid, represented by Mtf

1 , that sends any scheme S
to the set of the flat families of stable weighted nodal curves of genus 1 with twisted fields over S
as in (3.33); see Remark 3.10 for some details.

According to [5], the resolution �M1pPn, dq of M1pPn, dq is given by�M1pPn, dq �M1pPn, dq �Mwt
1

�Mwt
1 ,

where

M1pPn, dq ÝÑMwt
1 , rC,us ÞÑ rC, c1pu

�OPnp1qqs

and �Mwt
1 ÝÑMwt

1 is the canonical blowup. Analogously, we take

�M tf
1 pPn, dq :�M1pPn, dq �Mwt

1
Mtf

1 ,

where Mtf
1 ÝÑ Mwt

1 is the forgetful morphism aforementioned. Theorem 1.1 then leads to the
following conclusion immediately.

Corollary 1.2. �M tf
1 pPn, dq is a proper Deligne-Mumford stack and is isomorphic to �M1pPn, dq.

Via the above isomorphism and applying [5], one sees that the stack �M tf
1 pPn, dq provides a

resolution of M1pPn, dq. Nonetheless, without relating to �M1pPn, dq, we can directly prove the

resolution property of �M tf
1 pPn, dq by investigating the local equations of M1pPn, dq in [5] and their

pullbacks to �M tf
1 pPn, dq; see Remark 3.8.

The methods and ideas of this paper are essential to the development in [8] and forthcoming
works. Based on the construction of Mtf

1 , we introduce the theory of stacks with twisted fields
(STF) in [8, Theorem 2.19]. To be somewhat more informative, we work on a smooth stack M
that has a stratification indexed by a set Γ of graphs similar to (2.10); see [8, Definition 2.15].
The graphs in Γ need not to come from the dual graphs as in (2.10), but the stratification of
M should resemble (3.2) locally. Moreover, Γ need not to consist of trees, but it should contain
necessary information on the notion of the (weighted) level trees in Definition 2.1 so that we can
add the twisted fields to the strata of M parallel to (2.12) and obtain a new stack Mtf; see [8,
Definition 2.17]. Such Mtf enjoys desirable properties as in Corollary 3.7 and Remark 3.8. As
an application of the STF theory, in [8], we construct a smooth Artin stack Ptf

2 of genus 2 nodal
curves with line bundles and twisted fields, along with a proper and birational forgetful morphism
Ptf

2 ÝÑ P2, such that

�M tf
2 pPn, dq �M2pPn, dq �P2 P

tf
2 ÝÑM2pPn, dq

provides a resolution. Further, we expect that they can be extended to arbitrary genus, as far as
the existence of moduli of nodal curves with twisted fields is concerned. This is the main motivation
of the current article.

In a related work [11], D. Ranganathan, K. Santos-Parker, and J.Wise provide a different modular

perspective of �M1pPn, dq using logarithmic geometry.
Acknowledgments. We would like to thank Dawei Chen, Qile Chen, and Jack Hall for the

valuable discussions.
Convention. The subscript “1” of the relevant stacks indicating the genus appears only in §1

and will be omitted starting §2, as we only deal with the genus 1 case in this paper. In particular,
we will denote by

Mwt and Mtf

the aforementioned stacks Mwt
1 and Mtf

1 , respectively.
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2. Set-theoretic descriptions

In §2.1, we discuss the combinatorics of the dual graphs of nodal curves and introduce the notion
of the weighted level trees. They will be used to define Mtf set-theoretically in §2.2.

2.1. Weighted level trees. Let γ be a rooted tree, i.e. a connected finite graph that contains no
cycles, along with a special vertex o, called the root. The sets of the vertices and the edges of γ
are denoted by

Verpγq and Edgpγq,

respectively. The set Verpγq is endowed with a partial order, called the tree order, so that v¡v1 if
and only if v�v1 and v belongs to a path between o and v1. The root o is thus the unique maximal
element of Verpγq with respect to the tree order.

For each ePEdgpγq, we denote by v�e PVerpγq the endpoints of e such that v�e ¡v
�
e . Then, every

vertex vPVerpγqztou corresponds to a unique

ev P Edgpγq satisfying v�ev � v.

The tree order on Verpγq induces a partial order on Edgpγq, still called the tree order, so that

e ¡ e1 ðñ v�e © v�e1 .

We call a pair τ�pγ,wq consisting of a rooted tree γ and a function

w : Verpγq ÝÑ Z¥0

a weighted tree. For such τ , we write Verpτq � Verpγq and Edgpτq � Edgpγq. The set of all the
weighted trees is denoted by T wt

R .
We call a map ` : Verpγq ÝÑ R¤0 satisfying

`�1p0q�tou and `pvq¡`pv1q whenever v¡v1

a level map. For each iP`pVerpγqqzt0u, let

(2.1) i7 � min
 
kP`

�
Verpγq

�
: k¡ i

(
,

i.e. the level i7 is right “above” the level i; see Figure 1. We remark that a rooted tree along with
a level map is called a level graph with the root as the unique top level vertex in [1, §1.5].

Definition 2.1. We call the tuple

t �
�
γ, w : VerpγqÝÑZ¥0 , ` : VerpγqÝÑR¤0

�
a weighted level tree if pγ,wqPT wt

R and ` is a level map.

For every weighted level tree t as above, we write Verptq�Verpγq and Edgptq�Edgpγq. Set

m � mptq � max
 
`pvq : vPVerptq,wpvq¡0

(
p¤ 0 q,yEdgptq �

 
ePEdgptq : `pv�e q¡m

( �
� Edgptq

�
.

For any two levels i, j PR¤0, we write

(2.2) Li, jMt � `
�
Verptq

�
Xpi, jq, Ji, jMt � `

�
Verptq

�
Xri, jq.

For every ePyEdgptq, let

`peq � maxt`pv�e q,mu
�
P Jm, 0Mt

�
.

For each level iPJm, 0Mt, we set

(2.3) Ei � Eiptq �
 
ePyEdgptq : `peq¤ i `pv�e q

(
.

In other words, Ei consists of all the edges crossing the gap between the levels i and i7.
We remark that all the notions in the preceding paragraph depend on the weighted level tree t,

although we may hereafter omit t in any of such notions when the context is clear.
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Every weighted level tree t determines a unique index set

Iptq � I�ptq \ Imptq \ I�ptq, where I�ptq�Jm, 0Mt,

Imptq�tePyEdgptq : `pv�e q mu, I�ptq�
�
EdgptqzyEdgptq

�
.

(2.4)

The set I�ptq becomes empty if m�0, i.e. the root o is positively weighted. As mentioned before,
we may simply write

I � Iptq, I� � I�ptq, Im � Imptq
when the context is clear.

For each I�I (possibly empty), let

Im � I X Im, I� � I X I�.

We construct a weighted level tree

(2.5) tpIq �
�
τpIq, `pIq

�
�

�
γpIq, wpIq, `pIq

�
as follows:


 the rooted tree γpIq is obtained via the edge contraction

πpIq : Verpγq� Ver
�
γpIq

�
such that the set of the contracted edges is

(2.6) EdgptqzEdgptpIqq�
 
eP

�yEdgptqzIm
�
\Im : J`peq, `pv�e qMt�I�

(
\I�;


 the weight function wpIq is given by

wpIq : Ver
�
γpIq

�
ÝÑ Z¥0, wpIqpvq �

¸
v1Pπ�1

pIq
pvq

wpv1q;


 the level map `pIq is such that for any ePEdg
�
γpIq

� �
�Edgptq

�
,

`pIqpv
�
e q �

$'&'%
mintiPI�zI� : i¥`pvq @ vPπ�1

pIqpv
�
e qu if ePyEdgptqzIm,

minpI�zI�q if ePIm,

maxt`pvq : vPπ�1
pIqpv

�
e qu if ePpImzImq\I�.

It is a direct check that τpIq is a weighted tree and `pIq satisfies the criteria of a level map, hence (2.5)
gives a well defined weighted level tree.

The construction of tpIq implies

I�
�
tpIq

�
� I�zI�, m

�
tpIq

�
� min

�
pI�zI�q\t0u

�
,

Im
�
tpIq

�
�

 
ePImzIm : `pv�e q¡m

�
tpIq

�(
,

I�
�
tpIq

�
� I�zI� \

 
ePImzIm : `pv�e q¤m

�
tpIq

�(
.

(2.7)

Intuitively, the weighted level tree tpIq is obtained from t by contracting all the edges labeled by
I�, then lifting all the vertices v with ev P Im to the level m, and finally contracting all the levels
in I�. Such tpIq will be used to describe the local structure of the stack Mtf in §3.

Definition 2.2. Two weighted level trees t�pγ,w, `q and t1�pγ1,w1, `1q are said to be equivalent,
written as t � t1, if

(E1) pγ,wq�pγ1,w1q as weighted trees;
(E2) for any v, wPVerpγq satisfying `pvq�`pwq¥mptq, we have

`1pvq � `1pwq;

(E3) for any v, wPVerpγq satisfying `pvq¡`pwq and `pvq¥mptq, we have

`1pvq ¡ `1pwq.
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0 � �1r1s � �2r1s � �3r2s � �17

�1 � �27

�2 � �3r1s � �37

m � �3

e�3

e�2

e�1

o � v��1 � v��2

v�1

v�2 v��3

v�3
: vertex of weight 0

: vertex of positive weight

Figure 1. A weighted level tree with chosen v�1, v�2, and v�3

It is a direct check that � is an equivalence relation on the set of weighted level trees. Intuitively,
this equivalence relation records the relative positions of the vertices above or in the level mptq; see
Figure 1 for illustration.

We denote by T wt
L the set of the equivalence classes of the weighted level trees. There is a

natural forgetful map

(2.8) f : T wt
L ÝÑ T wt

R , rγ,w, `s ÞÑ pγ,wq,

which is well defined by Condition (E1) of Definition 2.2.
If t� t1, then mptq�mpt1q, and there exists a bijection

φt1,t : P
�
Iptq

�
ÝÑ P

�
Ipt1q

�
, φt1,tpIq � `1

�
`�1pI�q

�
\ Imptq \ I� ,

where Pp�q denotes the power set. The next lemma follows from direct check.

Lemma 2.3. If t� t1, then tpIq� t1pφt1,tpIqq
for any I�Iptq.

2.2. Twisted fields. For every genus 1 nodal curve C, its dual graph γ�C has either a unique
vertex o corresponding to the genus 1 irreducible component of C or a unique loop. In the former
case, γ�C can be considered as a rooted tree with the root o; in the latter case, we contract the loop
to a single vertex o and obtain a rooted tree with the root o. Such defined rooted tree is denoted
by γC and called the reduced dual tree of C (c.f. [5, §3.4]). We call the minimal connected genus 1
subcurve of C the core and denote it by Co. Other irreducible components of C are smooth rational
curves and denoted by Cv, vPVerpγCqztou. For every incident pair pv, eq, let

(2.9) qv;e P Cv

be the nodal point corresponding to the edge e.
Let Mwt be the Artin stack of genus 1 stable weighted curves introduced in [5, §2.1]. Here the

subscript “1” indicating the genus is omitted as per our convention. The stack Mwt consists of
the pairs pC,wq of genus 1 nodal curves C with non-negative weights wPH2pC,Zq, meaning that
wpΣq ¥ 0 for all irreducible Σ� C. Here pC,wq is said to be stable if every rational irreducible
component of weight 0 contains at least three nodal points. The weight of the core wpCoq is defined
as the sum of the weights of all irreducible components of the core.

Every pC,wqPMwt uniquely determines a function

w : VerpγCq ÝÑ Z¥0, v ÞÑ wpCvq,

which makes the pair pγC ,wq a weighted tree, called the weighted dual tree. Thus, the stack Mwt

can be stratified as

(2.10) Mwt �
§

τPT wt
R

Mwt
τ �

§
τPT wt

R

 
pC,wqPMwt : pγC ,wq�τ

(
.

If the sum of the weights of all vertices is fixed, the stability condition of Mwt then guarantees
there are only finitely many τ PT wt

R so that Mwt
τ is non-empty.
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Given τ�pγ,wqPT wt
R and ePEdgpτq, let

L�e ÝÑMwt
τ

be the line bundles whose fibers over a weighted curve pC,wq are the tangent vectors of the
irreducible components Cv�e at the nodal points qv�e ;e, respectively. We take

(2.11) Le � L�e b L�e ÝÑMwt
τ , L©e �

â
e1PEdgpτq, e1©e

Le1 ÝÑMwt
τ .

For any direct sum of line bundles V �`mL
1
m (over any base), we write

P̊pV q :�
 �
x, rvms

�
PPpV q : vm�0 @m

(
.

For any morphisms M1, . . . ,MkÝÑS, we write¹
1¤i¤k

pMi{Sq :�M1 �S M2 �S � � � �S Mk.

With notation as above, given τ PT wt
R and rts�

�
τ, `

�
PT wt

L , let

$ : Mtf
rts �

� ¹
iPI�ptq

$%�P̊� à
ePEdgptq, `pv�e q�i

L©e
�	M

Mwt
τ

,-
 ÝÑMwt
τ ,

Erts �

� ¹
iPI�ptq

$%�
P
�à
ePEi

L©e
�	M

Mwt
τ

,-
 ÝÑMwt
τ ,

(2.12)

where I�ptq, L©e , and Ei are as in (2.4), (2.11), and (2.3), respectively. It is straightforward that
both bundles in (2.12) are independent of the choice of the weighted level tree t representing rts.
Since  

ePEdgptq : `pv�e q� i
(
� Ei @ iPI�ptq,

we see that Mtf
rts is a subset of Erts. In addition, since each stratum Mwt

τ is an algebraic stack, so

are Mtf
rts and Erts.

Using (2.12) and (2.10), we define

(2.13) Mtf :�
§

rtsPT wt
L

Mtf
rts

$
ÝÑ Mwt.

This is the set-theoretic definition of the proposed stack Mtf as well as the forgetful map in Theo-
rem 1.1. For any xPMwt

τ , the points of the fiber Mtf
rts

��
x

are called the twisted fields over x.

Remark 2.4. By (2.13), �M tf
1 pPn, dq in Corollary 1.2 consists of the tuples�

C, u, rts, η
�
,

where pC,uq are stable maps in M1pPn, dq, rts are the equivalence classes of weighted level trees
satisfying frts�

�
γC , c1pu

�OPnp1qq
�
, and η are twisted fields over

�
C, c1pu

�OPnp1qq
�
.

3. The stack structure of Mtf

In §3, we show Mtf is naturally a smooth Artin stack and describe its universal family.
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3.1. Twisted charts. We first fix rts�
�
γ,w, `

�
PT wt

L and xPMtf
rts, and write

τ � frts � pγ,wq P T wt
R , pC,wq � $pxq PMwt

τ .

Since Mwt is smooth, we take an affine smooth chart

V � V$pxq ÝÑMwt

containing pC,wq.
As in [5, §4.3] and [7, §2.5], there exists a set of regular functions

(3.1) ζe P ΓpOVq with e P Edgpγq,

called the modular parameters, so that for each ePEdgpγq, the locus

Ze � tζe�0u � V

is the irreducible smooth Cartier divisor on V where the node labeled by e is not smoothed. For
any I�I�Iptq, let

V�
pIq :�

 
ζe1�0: e1P

�
EdgpγqzEdgpγpIqq

� (
� V,

VτpIq :� V�
pIq X

 
ζe�0: ePEdg

�
γpIq

� (
� V�

pIq � V.

Then, V�
pIq is an open subset of V. Shrinking V if necessary, we see that

VτpIq P π0

�
Mwt

τpIq
X V

�
,(3.2)

where π0 denotes the set of the connected components. In particular, VτpIq can be considered as

a smooth chart of the stratum Mwt
τpIq

. Rigorously, the sets I and I depend on the choice of the

weighted level tree t representing rts, however, V�
pIq and VτpIq are independent of such choice; see

Lemma 2.3.
Given a set of the modular parameters as in (3.1), we may extend it to a set of local parameters

on V centered at pC,wq:

(3.3) tζeuePEdgpγq Y tςjujPJ with pC,wq � 0 :� p0, . . . , 0q ,

where J is a finite set. We do not impose other conditions on ςj .
For each ePEdgpγq, we set

Bζe :� pdζeq
_ P ΓpV;TMwtq.

Lemma 3.1. For every I � I and every e PEdgpγpIqq, the restriction of Bζe to VτpIq is a nowhere

vanishing section of the restriction of the line bundle Le in (2.11) to VτpIq.

Proof. Since the restriction of dζe to Ze�tζe�0u (�VτpIq) is identically zero, we observe that the
restriction of Bζe to Ze is a nowhere vanishing section of the normal bundle of Ze. It is a well-known
fact of the moduli of curves that the normal bundle of Ze is Le; see [2, Proposition 3.31]. �

For each level iPI��I�ptq, we choose a special vertex

(3.4) viPVerpγq s.t. `pviq� i.

We then denote by ei, e�i , and v�i respectively the edges and the vertex satisfying

(3.5) ei�evi , v�i � v�ei , e�i � ev�i
.

Each iPI� determines a strictly increasing sequence

(3.6) ir0s :� i   ir1s :� `pv�i q   ir2s :� `pv�ir1sq   � � � .

We would like to remark that ir1s and i7 in (2.1) need not to be the same; see Figure 1 for
illustration. This sequence is finite, as there is a unique step h satisfying irhs�0.
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By Lemma 3.1, there exist λe P A with e P yEdgptq so that the fixed x PMtf
rts over pC,wq can

uniquely be written as

x �
�

0 ;
¹
iPI�

�
λe �

�â
e©e

Bζe |0
�

: `peq� i
� 	
, where

λe�0 @ ePyEdgptqzIm, λei�1 @ iPI�, λe�0 @ ePIm.
(3.7)

Let

Ux � AI� � AyEdgptqztei:iPI�u � AI� � AJ

be an open subset containing the point

(3.8) yx :�
�
0, pλeqePyEdgptqztei:iPI�u

, 0, 0
�
.

The coordinates on Ux are denoted by

(3.9)
�
pεiqiPI� , pueqePyEdgptqztei:iPI�u

, pzeqePI� , pwjqjPJ
�
.

For any I�I, we set

U�x;pIq�
 
εi�0 @ iPI� ; ue�0 @ ePIm ; ze�0 @ ePI�

(
� Ux,

Ux;rtpIqs�U�x;pIqX
 
εi�0 @ iPI�zI�; ue�0 @ ePImzIm; ze�0 @ ePI�zI�

(
.

This gives rise to a stratification

(3.10) Ux �
§
I�I

Ux;rtpIqs.

We remark that neither Ux nor its stratification (3.10) depends on the choice of the weighted level
tree t representing rts, even though the sets I and I depend on such choice. We also notice that
U�x;pIq is an open subset of Ux, but the strata Ux;rtpIqs are not open unless I�I.

For each iPI�, we take
uei :� 1.

By (3.7), shrinking Ux if necessary, we have

(3.11) uePΓ
�
O�

Ux

�
@ ePyEdgptqzIm.

With the local parameters ζe and ςj as in (3.3), we construct a morphism

θx : Ux ÝÑ V pÝÑMwtq

given by

θ�xζe �
ue � ue�

`peq
� ue�

`peqr1s
� � �

ue
v�e
� ue�

`pv�e q

� ue�
`pv�e qr1s

� � �
�

¹
iPJ`peq,`pv�e qM

εi @ ePyEdgptq;

θ�xζe � ze @ ePI��EdgptqzyEdgptq; θ�xςj � wj @ j PJ.

(3.12)

The numerator and the denominator in the first line of (3.12) are both finite products, because (3.6)
is always a finite sequence.

For any I�I, it follows from (3.11) and (3.12) that

(3.13) θx
�
U�x;pIq

�
� V�

pIq, θx
�
Ux;rtpIqs

�
� VτpIq ,

where V�
pIq and VτpIq are described before (3.2).

Fix I�I (I may be empty). With

rtpIqs � rτpIq, `pIqs P T wt
L

as in (2.5), Mtf
rtpIqs

as in (2.13), and the chart VτpIqÝÑMwt
τpIq

as in (3.2), let

Φx;pIq : Ux;rtpIqs ÝÑ VτpIq�Mwt
τpIq

Mtf
rtpIqs

�
ÝÑMtf

rtpIqs

�
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be the morphism so that for any yPUx;tpIq ,

(3.14) Φx;pIqpyq�
�
θxpyq;

¹
iPI�zI�

�
µe;i;Ipyq�

� â
e©e, J`peq,`pv�e qM�I

Bζe
��
θxpyq

�
: ePEi

�	
,

where

µe;i;I �

�
ue �

ue�
`peq
�ue�

`peqr1s
� � �

ue�i
� ue�

ir1s
� � �


� ±
e¡ei; J`peq,`pv�e qM�I

θ�xζe±
e1¡e; J`pe1q,`pv�

e1
qM�I θ

�
xζe1

�� ¹
hPJ`peq,iM

εh

	
for all iPI�zI� and ePEi. Similar to (3.12), the products in the first pair of parentheses above are
both finite products.

By (3.13), the description of V�
pIq above (3.2), and (2.6), we see that

µe;i;I P Γ
�
OU�

x;pIq

�
@ I�I, iPI�zI�, ePEi.

Moreover, by (3.11),

(3.15) µe;i;I |Ux;rtpIqs

#
� 0 if `pIqpv

�
e q   i,

P Γ
�
O�

Ux;rtpIqs

�
if `pIqpv

�
e q � i.

This, along with (3.13), Lemma 3.1, and (2.12), implies Φx;pIq is well-defined.
The morphisms Φx:pIq, I�I, together determine

Φx : Ux ÝÑMtf, Φxpyq � Φx;pIqpyq if y P Ux;rtpIqs.

We remark that Φx;pIq and Φx are also independent of the choice of the weighted level tree t
representing rts. Moreover, we observe that

(3.16) Φxpyxq � Φx;pHqpyxq � x @x PMtf,

where yxPUx is given in (3.8).
A priori Φx is just a map, for the set-theoretic definition (2.13) of Mtf does not describe its stack

structure, although each Mtf
rt1s is a stack. In §3.2, we will show such Φx patch together to endow

Mtf with a smooth stack structure. Each Φx will hereafter be called a twisted chart centered at x
(lying over V ÝÑMwt), although rigorously it becomes a chart of Mtf only after Corollary 3.7 is
established.

Lemma 3.2. For every I � I, Φx;pIq : Ux;rtpIqsÝÑ Mtf
rtpIqs

of (3.14) is an isomorphism to an open

subset of Mtf
rtpIqs

.

Proof. For any iP I�ptpIqq� I�zI�, notice that every edge in Ei of the weighted level tree t is not
contracted in the construction of tpIq (c.f. (2.6)). Thus,

Ei � Edg
�
tpIq

�
@ iPI�ptpIqq.

In particular, the edges ei, iPI�ptpIqq, can be used as the special edges of tpIq. For conciseness, let

ErtpIqs :� yEdgptpIqq
H� 

ei : i P I�ptpIqq
(
\ ImptpIqq

�
�

§
iPI�ptpIqq

 
ePEdgptpIqq : `pIqpv

�
e q� i, e�ei

( �
�yEdgptpIqq�yEdgptq

�
;

see (2.7) for notation.
Let tζeuePEdgpγqYtςjujPJ be a set of the local parameters on V centered at $pxq as in (3.3). By

the definition of VτpIq above (3.2),

(3.17) tζeuePEdgptqzEdgptpIqq \ tςjujPJ

is a set of local parameters of VτpIq .
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Recall that there exist λePA�, ePyEdgptq, such that

x �
�

0 ;
¹
iPI�

�
λe �

�â
e©e

Bζe |0
�

: `pv�e q� i
� 	

as in (3.7). Let Ux;ErtpIqs be an open subset of pA�qErtpIqs such that

pλeqePErtpIqs P Ux;ErtpIqs � pA�qErtpIqs.

The coordinates of Ux;ErtpIqs are denoted by

pµe qePErtpIqs.

In addition, we set

µei � 1 @ iPI�ptpIqq, µe � 0 @ ePImptpIqq.

Thus, the function µe is defined for all e P yEdgptpIqq, and is nowhere vanishing on Ux;EptpIqq for all

ePyEdgptpIqqzImptpIqq.
The smooth chart VτpIqÝÑMwt

τpIq
in (3.2) induces a smooth chart

U 1
x;rtpIqs

:� VτpIq � Ux;ErtpIqs ÝÑMtf
rtpIqs

given by �
z, pµeqePEptpIqq

�
ÞÑ

�
z ,

¹
iPI�ptpIqq

�
µe
� â
ePEdgptpIqq, e©e

Bζe |z
�

: `pIqpv
�
e q� i

�	
.

We will construct a morphism

(3.18) Ψx;pIq : U 1
x;rtpIqs

ÝÑ Ux;rtpIqs

such that Φx;pIq�Ψx;pIq and Ψx;pIq�Φx;pIq are both the identity morphisms, which will then establish
Lemma 3.2.

Given
�
z, pµeqePEptpIqq

�
PU 1

x;tpIq
, we denote its image by

y :� Ψx;pIq

�
z, pµeqePEptpIqq

�
P Ux;rtpIqs,

which is to be constructed. With the coordinates on Ux as in (3.9), we set

(3.19) zepyq�ζepzq @ ePI�, wjpyq� ςjpzq @ j PJ.

By (3.2), we see that

zepyq�ζepzq�0 ðñ e P I�zI�
�
� I�ptpIqq

�
.(3.20)

The rest of the coordinates of y are much more complicated; we describe them by induction
over the levels in I� � I�ptq. More precisely, we will show that εipyq with i P I� and uepyq with

ePyEdgptqztei : iPI�u are all rational functions in ζe1pzq and µe2, satisfying

(3.21)
v
εipyq�0 ô iPI�zI�

w
and

v
uepyq�0 ô ePImzIm

w
.

In particular, (3.21) and (3.20) imply yPUx;rtpIqs, i.e. Ψx;pIq is well-defined.

The base case of the induction is for the level

i0 :� max I�ptq.

We take

(3.22) εi0pyq � ζei0pzq.

By (3.2), we see that εi0pyq satisfies (3.21). We take

uei0 pyq � 1.
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For any e�ei0 with `peq� i0, we set

(3.23) uepyq �

#
µe if i0RI�

�
i.e. i0PI�ptpIqq, ePEptpIqq

�
ζepzq
ζei0

pzq if i0PI�
�

i.e. ei0 PEdgptqzEdgptpIqq
� .

If i0PI�, then by (3.17) and (3.2), we have ζepzq�0 if and only if (m� i0 and) ePImzIm. If i0RI�,
then µe�0 if and only if (m� i0 and) eP ImzIm. We thus conclude that uepyq satisfies (3.21) for

all e P yEdgptq with `peq � i0. Moreover, such εi0pyq and uepyq are obviously rational functions in
ζe1pzq and µe2 . Hence, the base case is complete.

Next, for any i P I�, assume that all εkpyq with k¡ i and all uepyq with e P yEdgptq and `peq ¡ i
have been expressed as rational functions in ζe1pzq and µe2 , satisfying (3.21).

For the level i, we first construct εipyq. The construction is subdivided into three cases.
Case 1. If iRI�, then set

εipyq � 0.

Obviously this satisfies (3.21).
Case 2. If iPI� and Ji, ir1sM�I�, then eiPEptpIqq, hence µei�0. Letpi :� min

�
Ji, ir1sMzI�

�
P I�ptpIqq.

Intuitively, pi is the level containing the image of vi in tpIq. Thus,

`pIqpeiq � pi.
Let εipyq be given by

µei�εipyq�
ue�i

pyq�ue�
ir1s
pyq � � �

ue�
pi

pyq�ue�
pir1s

pyq � � �
�

±
e¡e

pi, J`peq,`pv
�
e qMt�I

ζepzq±
e1¡ei, J`pe1q,`pv�e1 qMt�I

ζe1pzq
�
¹

hPLi,piMt

εhpyq.(3.24)

The inductive assumption implies that all εhpyq with h P Li,piMt, as well as all ue�
irhs
pyq and ue�

pirhs

pyq

with h¥0, are non-zero and are rational functions in ζe1pzq and µe2 . By (3.17) and (2.6), we also see
that all ζepzq and ζe1pzq in (3.24) are non-zero. Therefore, such defined εipyq is a rational function
in ζe1pzq and µe2 , satisfying (3.21).

Case 3. If Ji, ir1sM� I� (hence i P I�), then we see ei PEdgptqzEdgptpIqq; c.f. (2.6). Intuitively,
this means ei is contracted in the construction of tpIq. By the description of VτpIq above (3.2), we

see that ζeipzq�0. Let εipyq be given by

ζeipzq � εipyq �
¹

hPLi,piMt

εhpyq.(3.25)

Mimicking the argument in Case 2, we conclude that εipyq is a rational function in ζe1pzq and µe2 ,
satisfying (3.21).

Next, we construct uepyq for ePyEdgptq with `peq� i. Set

ueipyq � 1.

For e�ei, the construction is subdivided into two cases.
Case A. If Ji, `pv�e qM�I�, then

e P EptpIqq\ImptpIqq
�
�yEdgptpIqqztei : iPI�ptpIqqu

�
,

hence µe exists, and µe�0 if and only if ePImptpIqq. In Case A, since Ji, `pv�e qM�I�, (2.7) further
implies

(3.26) µe�0 ðñ ePImzIm.
Let

κ � κe :� min
�
Ji, `pv�e qMzI�

� �
P I�ptpIqq

�
.



12 YI HU AND JINGCHEN NIU

Since Ji, κM�I�, we have

`pIqpeq � κ.

Let uepyq be given by

(3.27) µe�uepyq�
ue�i

pyq�ue�
ir1s
pyq � � �

ue�κpyq�ue�κr1s
pyq � � �

�

±
e¡eκ, J`peq,`pv�e qMt�I

ζepzq±
e1¡e, J`pe1q,`pv�

e1
qMt�I ζe1pzq

�
¹

hPJi,κMt

εhpyq.

We observe that if iR I�, then κ� i and hence
±
hPJi,κMt εhpyq�1; if iP I�, then the previous con-

struction of εipyq, along with the inductive assumption, guarantees
±
hPJi,κMt εhpyq�0. Mimicking

the argument of Case 2 of the construction of εipyq and taking (3.26) into account, we see that
uepyq determined by (3.27) is a rational function in ζe1pzq and µe2 , and it satisfies (3.21).

Case B. If Ji, `pv�e qM�I�, then (2.6) gives

(3.28) e P EdgptpIqq
�
i.e. ζepzq�0

�
ðñ e P ImzIm.

Let uepyq be given by

ζepzq � uepyq �
ue�i

pyq�ue�
ir1s
pyq � � �

ue
v�e
pyq�ue�

`pv�e q

pyq�ue�
`pv�e qr1s

pyq � � �
�

¹
hPJi,`pv�e qMt

εhpyq.(3.29)

Once again, mimicking the argument of Case A of the construction of uepyq, and taking (3.28)
as well as the description of VτpIq right before (3.2) into account, we see that uepyq determined

by (3.29) is a rational function in ζe1pzq and µe2 , and it satisfies (3.21).
The cases 1-3, A, and B together complete the inductive construction of Ψx;pIq. Moreover,

comparing


 (3.19) with the second line of (3.12),

 (3.22), the second case of (3.23), (3.25), and (3.29) with the first line (3.12),

 the first case of (3.23), (3.24), and (3.27) with the expressions of µe;i;I right after (3.14),

we observe that Ψx;pIq is the inverse of Φx;pIq. �

Corollary 3.3. Φx : UxÝÑMtf is injective.

Proof. This follows from Lemma 3.2 and the stratification (3.10) and (2.13) directly. �

3.2. Stack structure. In this subsection, we will show the twisted charts Φx patch together to
endow Mtf with a smooth stack structure; c.f. Proposition 3.6 and Corollary 3.7. Note that a priori,
Φx depends on the choices of the special vertices tviuiPI� (3.4) and of the local parameters (3.3).
Nonetheless, Lemmas 3.4 and 3.5 below will guarantee that such choices do not affect the proposed
stack structure of Mtf, hence will make the proof of Proposition 3.6 more concise.

Let twi : iPI�u be another set of the special vertices satisfying (3.4), and w�
i , di, and d�i be the

analogues of v�i , ei, and e�i in (3.5), respectively. As in (3.6), each level iPI� similarly determines
a finite sequence

ix0y � i   ix1y � `pw�
i q   ix2y � `pw�

ix1yq   � � � .

We take an open subset

Ua
x � AI� � AyEdgptqztdi:iPI�u � AI� � AJ

with the coordinates �
pδiqiPI� , pu

a
eqePyEdgptqztdi:iPI�u

, pzaeqePI� , pw
a
j qjPJ

�
.

as in (3.9), and then construct

θax : Ua
x ÝÑ V, µae;i;I PΓ

�
OUa,�

x;pIq

�
, Φa

x : Ua
x ÝÑMtf

parallel to (3.12) and (3.14). Let U�Φa
xpU

a
xqXΦxpUxq.
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Lemma 3.4. The transition map

pΦa
xq
�1�Φx : Φ�1

x pUq ÝÑ pΦa
xq
�1pUq

is an isomorphism.

Proof. Let g : Φ�1
x pUqÝÑpΦa

xq
�1pUq be the isomorphism given by

g�δi�εi �
ue�i

�ue�
ir1s
� � �

ue�
i7
�ue�

i7r1s

� � �

udi �udix1y � � �

ud
i7
�ud

i7x1y
� � �

ud�
i7
�ud�

i7x1y

� � �

ud�i
�ud�

ix1y
� � �

@ iPI�,

g�uae�
ue
ud`peq

@ ePyEdgptqztdiuiPI� , g�zae�ze @ ePI�, g�wa
j �wj @ j PJ.

The fact that g is an isomorphism can be shown by constructing its inverse explicitly, which is
similar to the proof of Lemma 3.2, but is simpler. The key point of the construction is that

udi �
1

g�uaei
@ iPI�, ue �

g�uae
g�uaei

@ ePyEdgptq with `peq� i,

and each εi is a product of g�δi and a rational function of ue with ePyEdgptq.
It is a direct check that the isomorphism g satisfies

θax�g�θx and g�µae;i;I�
µe;i;I
µdi;i;I

@ I�I, iPI�zI�, ePEi.

Thus, pΦa
xq
�1�Φx�g and hence is an isomorphism. �

Let
tpζe : ePEdgpγqu\tpςj : j PJu

be another set of extended modular parameters centered at x on the same chart V ÝÑ Mwt;

see (3.3). We use this set of local parameters to construct another twisted chart pΦx : pUxÝÑMtf; in

particular, we have pθx : pUxÝÑV and pµe;i;I PΓ
�
O
pU�
x;pIq

�
as in (3.12) and (3.14), respectively. Parallel

to (3.9), the coordinates on pUx are denoted by�
ppεiqiPI� , ppueqePyEdgptqztei:iPI�u

, ppzeqePI� , p pwjqjPJ�.
Let U�ΦxpUxqXpΦxppUxq.
Lemma 3.5. The transition map

ppΦxq
�1�Φx : Φ�1

x pUq ÝÑ pΦ�1
x pUq

is an isomorphism.

Proof. By Lemma 3.4, it suffices to use the same set of the special vertices tviuiPI� for both Φx andpΦx. For any ePEdgpγq, the local parameters pζe and ζe defines the same locus Ze�tζe�0u�tpζe�0u,
hence there exists fePΓpO�

Vq such that pζe � fe � ζe.

Therefore, we have

(3.30) B
pζe
|Ze �

�
1
fe
Bζe

���
Ze .

Let g : Φ�1
x pUqÝÑ pΦ�1

x pUq be the isomorphism given by

g�pεi�εi � fei �feir1s � � �
fe
i7
�fe

i7r1s
� � �

@ iPI�, g�pze�ze @ ePI�, g� pwj�wj @ j PJ,
g�pue�ue � ±

e1©e fe1±
e1©e`peq

fe1
@ ePyEdgptqztei : iPI�u.
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The explicit expression of g above implies it is invertible; see the parallel argument in the proof of
Lemma 3.4.

It is a direct check that pθx�g�θx and

g�pµe;i;I±
e©e, J`peq,`pv�e qM�I

fe
�

µe;i;I±
e©ei, J`peq,`pv�e qM�I

fe
@ I�I, iPI�zI�, ePEi.

Taking (3.30) into account, we conclude that ppΦxq
�1�Φx�g and hence is an isomorphism. �

Given I�I and x1PΦx

�
Ux;rtpIqs

�
, let V$px1qÝÑMwt be a chart containing $px1q and Φx1 : Ux1ÝÑ

Mtf be a twisted chart centered at x1 over V$px1qÝÑMwt. Let U�ΦxpUxqXΦx1pUx1q.

Proposition 3.6. The transition map

Φ�1
x1 � Φx : Φ�1

x pUq ÝÑ Φ�1
x1 pUq

is an isomorphism.

Proof. Since x1PΦx

�
Ux;tpIq

�
�ΦxpUxq, its underlying weighted curve satisfies

$px1q P V�
pIq

�
�
 
ζe�0 : ePEdgptqzEdgptpIq

�(
� V

	
.

Thus, replacing V$px1q by V$px1qXV�
pIq if necessary, we may assume

$px1q P V$px1q � V�
pIq.

Moreover, the following modular parameters on V:

ζe , e P Edg
�
tpIq

�
� Edgptq

also serve as modular parameters on V$px1q. Thus by Lemma 3.5, we may assume Φx1 is constructed
using the local parameters on V$px1q:

tζeuePEdgptpIqq \
�
tςjujPJ \ tζeuePEdgptqzEdgptpIqq

	
as the analogue of (3.3).

Let the special vertices vi and edges ei of t be respectively as in (3.4) and (3.5). By Lemma 3.4,
we may further assume that the special vertices and edges of tpIq are respectively

vi and ei, iPI�
�
tpIq

�
�I�zI�.

For any iPI�zI� and hPZ¥0, let iÒ, e:i , and iphq be the analogues of i7, e�i , and irhs, respectively,
for the weighted level tree tpIq instead of t; see (2.1), (3.5), and (3.6) for notation.

Recall that I�
�
tpIq

�
�I�zI�\

 
ePImzIm : `pv�e q¤m

�
tpIq

�(
. We denote by�

pε1iqiPI�zI� , pu
1
eqePyEdgptpIqqztei:iPI�zI�u

, pz1eqePI�ptpIqq, pw
1
jqjPJ\pEdgptqzEdgptpIqqq

�
the coordinates on Ux1 parallel to (3.9), and construct

θx1 : Ux1ÝÑV$px1q and µ1e;i;I 1 PΓ
�
OU�

x1;pI1q

�
, I 1�IzI, iPI�zpI�\I 1q, ePEi

parallel to
θx : Ux ÝÑ V and µe;i;I P Γ

�
OU�

x;pIq

�
, iPI�zI�, ePEi,

of (3.12) and (3.14), respectively. In this way, Φx1 : Ux1ÝÑMtf is constructed analogously to Φx.
Let g : Φ�1

x pUqÝÑΦ�1
x1 pUq be the isomorphism given by

g�ε1i � εi �
� ¹
hPLi,iÒMt

εh

	
�

±
e¡teiÒ , J`peq,`pv

�
e qMt�I

θ�xζe±
e¡tei, J`peq,`pv�e qMt�I

θ�xζe
�
ue�i

�ue�
ir1s
� � �

ue�
iÒ
�ue�

iÒr1s

� � �
�

�

µ
e:
iÒ

; iÒp1q; I
� µ

e:
iÒp1q

; iÒp2q; I
� � �

µ
e:i ; ip1q; I

� µ
e:
ip1q

; ip2q; I
� � �

@ iPI�zI�
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and

g�u1e�µe; `pIqpeq; I @ ePyEdg
�
tpIq

�
ztei : iPI�zI�u,

g�z1e�ue @ eP
 
ePImzIm : `pv�e q¤m

�
tpIq

�(
, g�z1e�ze @ ePI�zI�,

g�w1
j�wj @ j PJ, g�w1

e�θ
�
xζe @ ePEdgptqzEdgptpIqq.

To see g is well defined, notice that V$px1q�V�
pIq implies that

(3.31) Φ�1
x pUq � U�x;pIq.

Thus, every µe;i;I above can be considered as a function on Φ�1
x pUq. By (3.31) and (3.13), the

function θ�xζe with e P yEdgptqzIm is nowhere vanishing on Φ�1
x pUq whenever J`peq, `pv�e qMt � I.

Taking (3.11) and (3.15) into account, we conclude that g is well defined.
Once again, the explicit expression of g implies it is invertible; see the parallel argument in the

proof of Lemma 3.4. Moreover, it is a direct check that θx1�g�θx and

g�µ1e;i;I 1 � µe;i;I\I 1 P Γ
�
OU�

x;pI\I1q
XΦ�1

x pUq
�

@ I 1�IzI, iPI�zpI�\I 1q, ePEi.

Thus, Φ�1
x1 �Φx�g and hence is an isomorphism. �

Corollary 3.7. Mtf is a smooth Artin stack that is birational to Mwt, with tΦx : UxÝÑMtfuxPMtf

as smooth charts. Moreover, the structure of the stratification (2.13) is locally identical to the one
induced by (3.10). Furthermore, for any xPMtf, any chart VÝÑMwt containing $pxqPMwt, and
any twisted chart Φx : UxÝÑMtf centered at x lying over VÝÑMwt, we have

Ux Mtf

V Mwt

Φx
$θx

where $ is the forgetful morphism as in (2.13) and θx is as in (3.12).

Proof. The first statement follows from Proposition 3.6, (3.16), and the fact that $ restricts to the
identity map on the preimage of the open subset 

pC,wqPMwt : wpCoq¡0
(
�Mwt.

Lemma 3.2 then implies for every rtsPT wt
L , the stack structure of Mtf

rts is the same as that induced

from the inclusion Mtf
rts ãÑMtf; i.e. the second statement of Corollary 3.7 holds. The last statement

follows from (3.14). �

Remark 3.8. By (3.12) and Corollary 3.7, one sees that on an arbitrary twisted chart Ux of Mtf,

$�
� ¹
e1©em

ζe1
�
� pue�mue�mr1s

� � � q
¹
iPIm

εi,

$�
� ¹
e1©e

ζe1
�
� pueue�mue�mr1s

� � � q
¹
iPIm

εi � ue �$
�
� ¹
e1©em

ζe1
�

@ ePEm.

This, along with the local equations of M1pPn, dq in [5, §5.2], implies that the primary compo-

nent of �M tf
1 pPn, dq is smooth and �M tf

1 pPn, dq contains at worst normal crossing singularities. This
observation should be useful for the cases of higher genera.

3.3. A simple example. Let rts � rγ,w, `s PT wt
L be given by the leftmost diagram in Figure 2.

Then,
Edgptq�ta, b, c, du, m��2, I�I��t�1,�2u.

Each of the four distinct subsets I of I determines a weighted level tree tpIq; see Figure 2. Let

x PMtf
rts be a weighted curve of genus 1 with twisted fields over pC,wq PMwt. The core and the

nodes of C are labeled by o and by a, b, c, d, respectively.
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0

�1

�2

a
b

c d

o

t

0

�1

a b

o

tpt�2uq

0

�2

a bc

o

tpt�1uq

0
o

tpt�1,�2uq

: vertex of weight 0

: vertex of positive weight

Figure 2. Relevant weighted level trees in §3.3

Let VÝÑMwt be an affine smooth chart containing pC,wq, with a set of local parameters

tζa, ζb, ζc, ζdu \ tςjujPJ

centered at pC,wq, where ζa, . . . , ζd are the modular parameters. There then exist non-zero λc and
λd such that

x �
�

0 ; r 0 , Bζb |0 s , r Bζa |0 , λc �pBζbbBζcq|0 , λd �pBζbbBζdq|0 s
�
.

We choose the special edges (3.5) of t to be e1�b and e2�a. Let

Ux � At�1,�2u � Atc,du � AJ

be an open subset containing the point

yx � p0, 0, λc, λd, 0, . . . , 0q.

The coordinates of Ux are denoted by

ε�1, ε�2, uc, ud, and wj with j PJ.

We may take Ux�tuc�0, ud�0u.
By Corollary 3.7 and (3.12), the forgetful morphism $ : MtfÝÑMwt can locally be written as

θx : UxÝÑV such that

θx
�
ε�1, ε�2, uc, ud, pwjq

�
�
�
ε�1 �ε�2looomooon

ζa

, ε�1loomoon
ζb

, ε�2 �ucloomoon
ζc

, ε�2 �udloomoon
ζd

, pwjq
�
.

Considering all possible subsets I of I in (3.14), we obtain a twisted chart Φx : UxÝÑMtf centered
at x over VÝÑMwt so that for any

y �
�
ε�1, ε�2, uc, ud, pwjq

�
P Ux,


 if ε�1�ε�2�0, then

Φxpyq�
��

0, 0, 0, 0, pwjq
�
;

r0, Bζb|θxpyqs, rBζa|θxpyq, ucpBζbbBζcq|θxpyq, udpBζbbBζdq|θxpyqs
	
PMtf

rts;


 if ε�1�0 and ε�2�0, then

Φxpyq�
��

0, ε�1, 0, 0, pwjq
�
; rBζa|θxpyq ,

uc
ε�1

�Bζc|θxpyq ,
ud
ε�1

�Bζd|θxpyqs
	
PMtf

rtpt�1uqs
;


 if ε�1�0 and ε�2�0, then

Φxpyq�
��

0, 0, ε�2 �uc, ε�2 �ud, pwjq
�
; rε�2 �Bζa|θxpyq , Bζb|θxpyqs

	
PMtf

rtpt�2uqs
;


 if ε�1�0 and ε�2�0, then

Φxpyq � θxpyq �
�
ε�1 �ε�2, ε�1, ε�2 �uc, ε�2 �ud, pwjq

�
PMtf

rtpt�1,�2uqs
.
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With the expressions of Φx as above, it is straightforward to check

Φxp0, 0, λc, λd, 0, . . . , 0q � x,

as well as to verify the statements of Lemmas 3.2, 3.4, 3.5, and Proposition 3.6 in this situation.

3.4. Universal family. Let πwt : CwtÝÑMwt be the universal weighted nodal curves of genus 1.
The stratification (2.10) gives rise to a stratification

Cwt �
§

τPT wt
R

Cwt
τ satisfying πwtpCwt

τ q�Mwt
τ @ τ PT wt

R .

Parallel to (2.12) and (2.13), we set

Ctf
rts �

� ¹
iPI�ptq

$%� P̊
� à
ePEdgptq, `pv�e q�i

pπwtq�L©e
�	M

Cwt
frts

,-
 ÝÑ Cwt
frts @ rtsPT wt

L ,

Ctf �
§

rtsPT wt
L

Ctf
rts ÝÑ Cwt.

Mimicking the construction of the stack structure of Mtf in §3.1 and §3.2, we can endow Ctf with
a stack structure analogously. Furthermore, the projection πwt : Cwt ÝÑMwt induces a unique
projection

(3.32) πtf : Ctf ÝÑMtf.

It is straightforward that

Ctf � Cwt�MwtMtf ÝÑMtf.

For any scheme S, a flat family Z{S of stable weighted nodal curves of genus 1 with twisted
fields corresponds to a morphism f : S ÝÑMtf such that Z{S is the pullback of (3.32):

(3.33) Z{S � pS �Mtf Ctfq{S .

This leads to the following statement.

Proposition 3.9. CtfÝÑMtf in (3.32) gives the universal family of Mtf.

Remark 3.10. One may establish a moduli interpretation of Mtf as follows: for any scheme S, every
flat family Z{S of stable weighted nodal curves of genus 1 with twisted fields can be constructed
directly as follows. A priori, Z{S should be over a flat family CS{S of stable weighted curves, thus
by the universality of the moduli Mwt, there exists a morphism

α : S ÝÑMwt �
§

τPT wt
R

Mwt
τ

such that CS{S is the pullback of Cwt{Mwt via α. This induces a stratification of the scheme S:

(3.34) S �
§

τPT wt
R

Sτ satisfying αpSτ q�Mwt
τ @ τ PT wt

R .

We take

Stf
rts �

� ¹
iPI�ptq

$%� P̊
� à
ePEdgptq, `pv�e q�i

α�L©e
�	M

Sfrts

,-
 πSÝÑ Sfrts @ rtsPT wt
L ,

Stf �
§

rtsPT wt
L

Stf
rts

πSÝÑ S.

For any chart VSÝÑS, shrinking it if necessary, we see there exists a (smooth) chart VÝÑMwt

such that
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VS V

S Mwt

commutes. The modular parameters ζe on V pull back to regular functions on VS , which are
denoted by ζSe . By (3.34), we have

Sτ X VS � tζSe �0 : ePEdgpτqu X tζSe1�0 : e1REdgpτqu.

Mimicking the construction in §3.1 and §3.2, we can thus endow Stf with a scheme structure.
We say Z{S is a flat family of stable weighted nodal curves of genus 1 with twisted fields if and

only if there exists a section σtf of πS : StfÝÑ S such that

Z � CS �S
�
σtfpSq

�
.

This construction is consistent with (3.33). One can check that the groupoid sending any scheme
S to the set of all such defined flat families Z{S is represented by Mtf.

We would like to remark that a more succinct definition of a flat family of stable weighted nodal
curves of genus 1 with twisted fields should be desirable.

4. Comparison with Hu-Li’s blowup stack �Mwt

Let π : �MwtÝÑMwt be the sequential blowup constructed in [5, §2.2]. Since Mwt is a smooth

Artin stack and the blowup centers are all smooth, so is �Mwt. As per the convention of this paper,
we omit the subscript indicating the genus. In Proposition 4.3, we show that Mtf is isomorphic to�Mwt. Lemma 4.2 is rather technical; it is only used in the proof of Proposition 4.3.

We briefly recall the notion of the locally tree compatible blowups described in [7, §3]. Let M be
a smooth stack, γ be a rooted tree, and V be an affine smooth chart of M. If there exists a set of
local parameters on V so that a subset of which can be written as 

zePΓ
�
OV

�
: e P Edgpγq

(
,

then the set is called a γ-labeled subset of local parameters on V. For example, if M�Mwt and V
is a chart centered at a weighted curve whose reduced dual tree is γ, then the set of the modular
parameters tζeuePEdgpγq is a γ-labeled subset of local parameters.

Let Verpγqmin be the set of the minimal vertices of γ with respect to the tree order. We call a
subset S of Edgpγq a traverse section if for any v PVerpγqmin, the path between o and v contains
exactly one element of S. For example, the subsets Ei of Edgpγq as in (2.3) are traverse sections.
Let Ξpγq be the set of the traverse sections. The tree order on Edgpγq induces a partial order on
Ξpγq such that

S ¡ S1 ðñ
v
S�S1

w
and

v
@ ePS, D e1PS1 s.t. e©e1

w
.

We remark that the tree order on Edgpγq and the induced order on Ξpγq in this paper are both
opposite to those in [7], in order to be consistent with the order of the levels of the weighted level
trees.

Let �M ÝÑM be the sequential blowup of M successively along the proper transforms of the
closed substacks Z1, Z2, . . . of M.

Definition 4.1. [7, Definitions 3.2.4 & 3.2.1] The blowup �M ÝÑ M above is said to be locally
tree-compatible if there exists an étale cover tVu of M such that for each V P tVu, there exist a
rooted tree γ, a partition of Ξpγq:

Ξpγq �
§
k¥1

Ξkpγq

and a γ-labeled subset of local parameters on V such that
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 for every k ¥ 1,

Zk X V �
¤

SPΞkpγq

 
ze�0 : ePS

(
;


 if S1PΞk1pγq, S
2PΞk2pγq, and S1

¡S2, then k1 k2.

If a sequential blowup �MÝÑM is locally tree-compatible, then the blowup procedure is finite
on each V PtVu, because the set Ξpγq is finite.

Lemma 4.2. If the blowup �MÝÑM successively along the proper transforms of the closed substacks

Z1, Z2, . . . of M is locally tree-compatible, then the blowup �M1 ÝÑM successively along the total
transforms of

Y1 � Z1, Y2 � Z1YZ2, Y3 � Z1YZ2YZ3, . . .

yields the same space, i.e. �M1��M.

Proof. We prove the statement by induction. For each h¥1, we will show that after the h-th step,

the blowup stacks �M1
phq of M along the total transforms of Y1, . . . , Yh is the same as the blowup�Mphq of M along the proper transforms of Z1, . . . , Zh.

The base case of the induction is trivial. Suppose the blowup �M1
pkq�

�Mpkq. We will show that

for any xPM and any lift rx of x after the k-th step, the blowup along the total transform rYk�1 of

Yk�1 has the same effect as that along the proper transform qZk�1 of Zk�1 near rx. Since x and rx
are arbitrary, this will establish the pk�1q-th step of the induction.

W.l.o.g. we may assume x P
�k�1
i�1 Zk (otherwise we simply omit the loci Zi not containing x

and change the indices of Zi and Yi accordingly). The blowup �MÝÑM is locally tree-compatible,
hence there exist a rooted tree γ, an affine smooth chart V containing x, and a γ-labeled subset of
local parameters ze, ePEdgpγq on V such that

x P tze�0 : ePEdgpγqu.

As shown in [7, Lemma 3.3.2], there exist traverse sections Spkq P Ξkpγq and Spk�1q P Ξk�1pγq

(c.f. Definition 4.1), an affine smooth chart rV
rx, and a subset of local parametersrε1, . . . , rεk; rze with ePSpk�1qzSpkq; qze with ePSpk�1qXSpkq

on rV
rx so that qZk�1 is locally given byqZk�1 X rV

rx �
 rze�0 : ePSpk�1qzSpkq, qze�0 : ePSpk�1qXSpkq

(
.

Moreover, by [7, (3.13)], the total transform of each Zi with 1¤ i¤ k is locally given by trεi� 0u.

Thus, rYk�1 is locally given byrYk�1 X rV
rx �

� qZk�1 X rV
rx

�
Y
 ¹

1¤i¤k

rεi � 0
(
.

That is, on the chart rV
rx, qZk�1 and rYk�1 are defined by the ideals

I
qZk�1

�xrze : ePSpk�1qzSpkq, qze : ePSpk�1qXSpkqy and I
qZk�1

� ¹
1¤i¤k

rεi�,
respectively. Therefore, blowing up along qZk�1 has the same effect on rV

rx as that along rYk�1. �

Proposition 4.3. Mtf{Mwt is isomorphic to �Mwt{Mwt. In particular, $ : MtfÝÑMwt is proper.

Proof. Our goal is to construct two morphisms ψ1 and ψ2 between �Mwt and Mtf so that the
following diagram
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�Mwt Mtf

Mwt

ψ2

ψ1
π $

commutes. Since π and $ restrict to the identity map on the preimages of the open subset 
pC,wqPMwt : wpCoq¡0

(
�Mwt,

respectively, we see that ψ2�ψ1 and ψ1�ψ2 are the identity maps. This then implies the former
statement of Propoistion 4.3. The latter statement follows from the former as well as the properness

of the blowup �MwtÝÑMwt.
We first construct ψ1. For each k PZ¡0, let Zk �Mwt be the closed locus whose general point

is obtained by attaching k smooth positively-weighted rational curves to the smooth 0-weighted

elliptic core at pairwise distinct points. By Lemma 4.2, the blowup π : �MwtÝÑMwt successively
along the proper transforms of Z1, Z2, . . . can be identified with the blowup of Mwt successively
along the total tranforms of

Y1�Z1, Y2�Z1YZ2, Y3�Z1YZ2YZ3, . . .

We observe that for each k PZ¡0, the pullback $�1pYkq to Mtf is a Cartier divisor. In fact, for
any rts � rγ,w, `s PT wt

L and x PMtf
rts, let UÝÑMtf be a twisted chart centered at x, lying over a

chart V ÝÑMwt. In [5], the blowup π locally on V is proved to be compatible with the weighted
tree pγ,wq obtained by contracting all the edges e of γ as long as there exists v © v�e satisfying
wpvq¡0. Let tζe : ePEdgpγqu be a set of modular parameters on V as in (3.1) and

tεiuiPI� Y tueuePyEdgptqztei:iPI�u
Y tzeuePI�

be the subset of the parameters (3.9) on U. We claim that

(4.1) $�1pYkq X U �
 ¹
iPI�, |Ei|¤k

εi �0
(
.

To show (4.1), we first notice that $�1pYkqXU�$
�1pYkXVq by Corollary 3.7. Every irreducible

component of YkXV can be written in the form

Yk,S :�tζe�0 : ePSu with SPΞpγq, |S|¤k, SX
�yEdgptqzIm

�
�H.

For each irreducible component Yk,S of YkXV, the local expression θx of $ as in (3.12) implies the
pullback $�1pYk;Sq can be written as ¹

hPJ`peq,`pv�e qM

εh �0 : ePSXpyEdgptqzImq,

�
ue �

¹
hPJ`peq,`pv�e qM

εh
�
�0 : ePSXIm, ze�0 : ePSXI�

(
.

(4.2)

Since SX
�yEdgptqzIm

�
�H and |S|¤k, we can always find ePSX

�yEdgptqzIm
�

such that |Eh|¤|S|¤k

for all hPJ`peq, `pv�e qM. By (4.1) and (4.2), the pullback $�1pYk,Sq is thus a sub-locus of the right-
hand side of (4.1). Moreover, it is a direct check that

$�1pYk,Eiq X U � tεi�0u @ iPI� with |Ei|¤k.

Therefore, (4.1) holds.

Since every $�1pYkq is a Cartier divisor of Mtf, by the universality of the blowup π : �MwtÝÑ
Mwt, we obtain a unique morphism

ψ1 : Mtf ÝÑ �Mwt

that $ : MtfÝÑMwt factors through.
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We next construct ψ2 explicitly. For any rx P�Mwt, let pC,wq be its image in Mwt. As shown
in [7, §3.3], there exists a unique maximal sequence of exceptional divisorsrEi1 , . . . , rEik � �Mwt, 1 ¤ i1   � � �   ik

containing rx. Each rEij is obtained from blowing up along the proper transform of Zij . Note that
k is possibly 0, which means pC,wq is not in the blowup loci. The weighted dual tree τ�pγC ,wq,

along with the exceptional divisors rEi1 , . . . , rEik , uniquely determines a weighted level tree t
rx such

that

I� � I�ptrxq � t�ik, . . . ,�i1u.

In particular, m�mpt
rxq��ik.

With the line bundles Le, ePEdgpt
rxq, as in (2.11), the notation L�, �Mt

rx
and J�, �Mt

rx
as in (2.2), and

the notation irhs as in (3.6), the line bundles

Li � Leib
â

jPL i, ir1s Mt
rx

L_j ÝÑMwt
τ , iPI�,(4.3)

can be constructed inductively over I�. Then, we take

Le � Le b
â

jPL `peq, `pv�e q Mt
rx

L_j ÝÑMwt
τ , ePyEdgpt

rxq.(4.4)

In particular, Lei�Li. For each ePEdgpt
rxq, (4.3) and (4.4) imply

Leb
â
e1¡e

pLe1bL_`pe1qq � L©e b
� â
jPL `peq, 0 Mt

rx

L_j
�
.

Hence for each iPI�,

(4.5) P̊
� à
`pv�e q�i

�
Leb

â
e1¡e

pLe1bL_`pe1qq
�	
� P̊

� à
`pv�e q�i

L©e
�
.

For h¥ 1, let rxphq be the image of rx in the exceptional divisor of the h-th step. Given i P I�,
The proper transform of Z�i after the first �i�1 steps of the blowup may have several connected
components; see [7, Lemma 3.3.2]. The normal bundle of the component containing rxp�i�1q is the

pullback π�p�i�1q

À
ePEi

Le, where πphq : �Mwt
phqÝÑMwt is the blowup after the h-th step.

Notice that the non-zero entries of rxp�iq exactly correspond to the edges ePEi satisfying `pv�e q� i.
Therefore, rxp�iq P π�p�i�1qP̊

� à
`pv�e q�i

Le
�
.

Then, rxp�jq with j PJi, 0Mt
rx

together determine a unique

ηiprxq P P̊
� à
`pv�e q�i

�
Leb

â
e1¡e

pLe1bL_`pe1qq
�	

� P̊
� à
`pv�e q�i

L©e
�
.

The last equality above follows from (4.5). We then set

ψ2prxq � �
pC,wq, rt

rxs,
�
ηiprxq : iPI�ptrxq

�	
PMtf

rt
rxs
.

Obviously, this implies $�ψ2�π.
It remains to verify such defined ψ2 is a morphism. Let VÝÑMwt be a smooth chart containing

pC,wq, and tζe : ePEdgpt
rxqu\tςj : j PJu be a set of local parameters centered at pC,wq as in (3.3).

As shown in [7, §3.1&§3.3], there exists a chart rV
rxÝÑ�Mwt containing rx with local parameters

rεi, iPI�; ρe, ePyEdgpt
rxqz

�
Im\tei : iPI�u

�
;qze, ePIm; rze, ePI�; sj , j PJ.
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All ρe are nowhere vanishing on rV
rx. Moreover, with π : rV

rxÝÑV denoting the blowup, we have

π�ζei�
¹

hPJi,ir1sMt
rx

rεh @ iPI�; π�ζe�ρe
¹

iPJ`peq,`pv�e qMt
rx

rεi @ ePyEdgpt
rxqz

�
Im\teiuiPI�

�
;

π�ζe�qze ¹
iPJ`peq,`pv�e qMt

rx

rεi @ ePIm; π�ζe�rze @ ePI�; π�ςj�sj @ j PJ.

For ePteiuiPI� , we set ρe�1. Then,

ρe P Γ
�
O�
rV
rx

�
@ ePyEdgpt

rxqzIm.

Let Uψ2prxqÝÑMtf be a twisted chart centered at ψ2prxq, lying over VÝÑMwt. The parameters
on Uψ2prxq are as in (3.3). It is a direct check that the point-wise defined ψ2 can locally be written
as

ψ2 : rV
rx ÝÑ Uψ2prxq

such that

ψ�2εi�rεi @ iPI�; ψ�2ue�

±
e©e ρe±

e©e`peq
ρe

@ ePyEdgptqz
�
Im\teiuiPI�

�
;

ψ�2ue�qze � ±
e¡e ρe±

e©e`peq
ρe

@ ePIm; ψ�2ze�rze @ ePI�; ψ�2wj�sj @ j PJ.

This shows ψ2 : �MwtÝÑMtf is a morphism. �

Remark 4.4. In [6], another resolution �Mdr ÝÑMwt, called the derived resolution of Mwt, is con-
structed for the purpose of diagonalizing certain direct image sheaves. That resolution is “smaller”

in that the resolution �MwtÝÑMwt of [5] factors through �MdrÝÑMwt. Mimicking the approach
of §3, we may construct a moduli stack

N �
§

rtsPT wt
L

Nrts, Nrts � P̊
� à
ePEdgptq, `pv�e q�mptq

L©e

	
ÝÑMwt

frts.

This moduli should be isomorphic to �Mdr.
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