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Abstract

We transform the positive-genus real Gromov-Witten invariants of many real-orientable sym-
plectic threefolds into signed counts of curves. These integer invariants provide lower bounds
for counts of real curves of a given genus that pass through conjugate pairs of constraints. We
conclude with some implications and related conjectures for Hodge integrals.
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1 Introduction

Gromov-Witten invariants of a symplectic manifold (X,w) are counts of J-holomorphic curves
in X; they are usually rational numbers. However, it is well-known that the genus 0 Gromov-
Witten invariants of Fano manifolds are precisely counts of rational curves; this observation is key
to enumerating rational curves in the complex projective space P" in [11, Section 5] and [21, Sec-
tion 10]. Positive-genus Gromov-Witten invariants of many symplectic threefolds are transformed
into integer counts of J-holomorphic curves in [30] in the process of establishing the “Fano” case of
the Gopakumar-Vafa prediction of [20, Conjecture 2(i)]. In this paper, we obtain a similar result
for the real Gromov-Witten invariants defined in [7]; see Theorem 1.1. The resulting integer in-
variants count genus g real curves with certain signs and thus provide lower bounds for the actual
counts of such curves. For example, we find that there are at least 10 genus 2 degree 7 real curves
passing through 7 general pairs of conjugate points in P? and at least 40 genus 5 degree 8 real
curves passing through 8 general pairs of conjugate points in P3.

A real symplectic manifold is a triple (X, w, ¢) consisting of a symplectic manifold (X,w) and an
anti-symplectic involution ¢ such that ¢*w=—w. A symmetric surface (3, 0) is a closed connected
oriented, possibly nodal, surface ¥ (dimg ¥ = 2) with an orientation-reversing involution o. The
fixed locus of ¢ is a disjoint union of circles. A real map

w:(X,0) — (X, 9)

is a smooth map u : ¥ — X such that uoo =¢ou. Let J, be the space of w-compatible almost
complex structures on X and define

JS ={Jed,: ¢*T=—J}.

For g,1 € Z7°, B € Ho(X;Z), and J € j‘f, we denote by ﬁg’l(X,B; J)?® the moduli space of
equivalence classes of stable degree B J-holomorphic real maps from genus g symmetric (possibly
nodal) surfaces with [ pairs of conjugate marked points; see [7, Section 1.1]. For each i=1,...,1,
let

evi: My (X, B )P — X, [, (o, 20, (27 2)| — uls),

be the evaluation at the first point in the i-th pair of conjugate points.

Suppose (X, w, ¢) is a compact real symplectic threefold. By [7, Theorem 1.3], a real orientation
on (X,w,¢) in the sense of [7, Definition 1.2] determines an orientation on the moduli space
M, (X, B; J)? and endows it with a virtual class of dimension

dimpg [My (X, B; )] = e1(B) + 21, (1.1)
where ¢1(B)={c1(TX),B). If p1,..., e H*(X;7Z), let

l .
GWo i (- o) = < [ Tevin, [M(X, B; J)¢]”> (1.2)
=1

be the corresponding genus g degree B real GW-invariant of (X, w, ¢). By (1.1), this number is zero
unless

!
Z dimpg p; = Cl(B) + 21. (1.3)

=1



In general, this number is rational and includes contributions from lower-genus curves.

In this paper, we determine the lower-genus contributions to the number (1.2). We find that the
real genus h curves with h < g do not contribute to this number unless g and h have the same parity;
see Propositions 2.2 and 2.3. If h < g and g and h have the same parity, the genus h curves do
contribute to (1.2); see Proposition 2.4. These contributions are closely related to the contributions
from genus h curves to the genus (g+h)/2 GW-invariant in the complex setting computed in [19];
see Theorem 1.1. The integer invariants provided by Theorem 1.1 extract direct lower bounds for
the counts of real curves in X from the real GW-invariants of [7].

If (X,w, ¢) is a compact real symplectic threefold, g,1€Z=°, Be Hy(X;7Z)—0, and Je j(f, let
5 X, By ) < My (X, B; J)?

denote the subspace consisting of simple real maps from smooth domains; see [16, Section 2.5]. If
fi:Yi— X, 1<i<,

are pseudocycle representatives for the Poincare duals of uq, ..., u;, let

My (X, B: )? = {([u, (57, 27) o), i) € My (X, Bs J)* < [ ] »
i=1 .

5 e(X,B; J)? = Mye(X,B;J)? 0 < (X, B;. ) x [ [V
i=1

\/

If EITI;’f(X ,B; J)? is cut out transversely, we denote its signed cardinality by E;fg(J, f).

The expected dimension of M, ;(X, B; J)? is independent of the genus g if the (real) dimension
of X is 6; see (1.1). Thus, one can mix curve counts of different genera passing through the
same constraints. If ¢;(B) <0, then the moduli space of unmarked maps has a negative expected
dimension and all degree B GW-invariants vanish. This leaves the “Calabi-Yau” case, ¢1(B) =0,
and the “Fano” case, c1(B)>0. For g, he Z=°, define Cw',fB(g)e(@ by

(1.5)

) h—l-‘rcl(B)/Q
w)

3 iyl = <Smh(t/ &
g=0 ’

For example,

¢ 3(2):

(2h—2+c1(B)) (5(2h—2+¢1(B))—4)
48 Tk '

23040

Crp(0)=1, Cip(1)=

Theorem 1.1. Suppose (X,w, ¢) is a compact real-orientable symplectic threefold with a choice of
real orientation, g,1€ Z7°, Be Ho(X;7Z), and p; € H*(X;Z) for 1 <i<I are such that c1(B) >0
and (1.3) is satisfied.

(1) There exists a subset jr‘zg(g, B) cjf of the second category such that for all h<g:



o the moduli space M} (X, B; J)? consists of reqular maps;

e for a generic choice of pseudocycle representatives f;: Y;— X for p;, M} (X, B; J)? is a
finite set of regular pairs ([u, (27, 27): 1], (wi):_,) such that u is an embedding.

R Ra!

(2) The numbers E,)f’g(f J), with h<g, are independent of the choice of Je%‘gg(g, B) and f; and
can thus be denoted EhB(,ul, ceey ).

(3) With 52(;(9) defined by (1.5),

Wy (unom) = D) Cilp (58 ELS (s ). (1.6)

O<h<g
g—he27

With €=0,1, (1.6) gives
c1(B)—242¢

GW. () = BE (). GWilp() = Byl p(p) + —— g By (u),
c1(B)+2+2¢
GWzﬁﬁB( ) E4fi B (“) + 14—8 Eiﬁ,B (H) (1.7)
(c1(B)—2 + 2€)(5¢1 (B)—14 + 10¢) _ x4
" 23040 B W),

where p = (p1,..., ). Different versions of the g =0 case of (1.7) go back to [23, 24, 6, 3]; the
g=1 case is [9, Theorem 1.5].

The analogue of Theorem 1.1 in the complex setting is [30, Theorem 1.5]; it establishes the “Fano”
case of Gopakumar-Vafa prediction of [20, Conjecture 2(i)]. The GW- and enumerate invariants
are then related by the formula

g

with the coefficients defined by
i Crp(g)t? = (Sin(t/2)>2h2m(3)
=) h,B t/2 .

The relation (1.8) is also invertible and determines the complex enumerative invariants from the
GWe-invariants.

The standard conjugation on P? is given by
PP [Zy,...,Z4) 24, .., Z4).

Let £ € Hy(PP?;Z) denote the homology class of a line. By [8, Theorem 1.6] and (1.6), Ed? =0
if d—ge€2Z. In general, the genus g real GW-invariants with conjugate pairs of constraints can
be computed using the virtual equivariant localization theorem of [10]; see [9, Section 4.2]. The
standard complex structure Jps is regular in the sense of Theorem 1.1 and [30, Theorem 1.5] if



d > 2g—1; it may be regular for some smaller degrees as well. Thus, Theorem 1.1 provides lower
bounds for the number of positive-genus real curves in P3. Tables 1 and 2 show some complex and
real GW- and enumerative invariants of P3; the complex numbers are obtained from [5] and (1.8).
The numbers in the two tables are consistent with each other as well as with the Castelnuovo
bounds.

The first claim of Theorem 1.1 is standard; see the beginning of Section 2. The second claim follows
immediately from (1.6) and C’}fB(O) =1 for all heZ*. Thus, the key part of Theorem 1.1 is the last
one. Its analogue in the complex setting, i.e. the last part of [30, Theorem 1.5], is deduced from

e [30, Theorem 1.2], which compares the GW-invariants of a manifold with the GW-invariants of
a submanifold which contains all relevant curves, and

e [19, Theorem 3|, which integrates the Euler classes of the relevant obstruction bundles over the
moduli spaces of stable maps into smooth curves.

It should be fairly straightforward to establish the analogue of [30, Theorem 1.2] in the real setting
using the approach of [30]. It does not appear so straightforward to establish the real analogue of
[19, Theorem 3] using the approach of [19] though, as the topology of the Deligne-Mumford moduli
spaces is less well understood.

We instead adapt a direct approach to the last part of Theorem 1.1 and determine the contribu-
tion of every (usually non-compact) stratum of the moduli space of the constrained maps to the
number (1.2). We show that only the simplest possible boundary strata in fact contribute. The
contributions of these boundary strata are given by the number of zeros of affine bundle maps from
the associated virtual normal bundles to the obstruction bundles. In the process, we establish the
real analogue of [19, Theorem 3], but using a different approach (as far as the applications of Hodge
integrals go).

Propositions 2.2-2.4 in the next section decompose (1.2) into contributions from individual strata
of the moduli space (1.4). We deduce (1.6) from these propositions and [19, (1)] at the end of
Section 2. In Section 3, we describe the contribution of each curve C of genus h < g to (1.2)
in terms of the deformation-obstruction complex for each stratum of (1.4) associated with C; see
Proposition 3.1. We obtain Propositions 2.2-2.4 from Proposition 3.1 in Section 4 and establish
the latter in Section 5. In Section 6.2, we compute low-degree real GW-invariants of (P3,74) by
equivariant localization. As a corollary of Theorem 1.1 and these computations, we obtain closed
formulas for Hodge integrals and formulate related conjectures; see Proposition 6.5 and Conjec-
tures 6.6 and 6.7. In contrast to the one- and two-partition Hodge integrals computed in [14, 15],
the equivariant weights in the Hodge integrals of Section 6.2 do not satisfy the Calabi-Yau condition.

We would like to thank J. Bryan, R. Cavalieri, C.-C. Liu, and A. Oblomkov for discussions on
Hodge integrals and the referee for a thorough reading of the paper and detailed comments. The
second author is grateful to MPIM for its hospitality while this project was being completed.



d 1 2 3 4 5) 6 7 8
GWoy q 1 0 1 4 105 2576 122129 7397760
GWiq| -3 |0 =35 -3 |- 1406 2L 14028960
GWou| 505 0| & —s | -2 | SmET | BB _7022780
GW37d _ ﬁ 0| — % % % 2026:78073 28383604501 13 _ 11006839487
GWya m 0 727517360 B 9206%1030 B % B 125365750204 T - 13?12237 11766332950

Eoq 1 0 1 4 105 2576 122129 7397760
Eiq 0 0 0 1 42 2860 225734 23276160
Es 4 0 0 0 0 0 312 83790 18309660
E3q 0 0 0 0 0 11 10800 6072960
E4q 0 0 0 0 0 0 605 980100

d 1 2] 3 4 | 5] 6 7 8
GWi,| 1 |0l =1 | 0 | 5| 0 | =8 | 0
GW{,| 0 |0 0 | =1 |0 |-4| o0 [-1000
GWo, | 2 |0 = | 0 | 2 0 | =BE] o
GWi,| 0 jo| o | -+ ]o0|-3] o |-
wa,d 19120 0] - % 0 % 0 _% 0
GWE, | 0 |0 0 |—g%| 0 |-18| o |40

Eg, | 1|0 =1 | 0 |5 | 0] =8| 0
Ef, | 0 o] 0o | -1 |0 |-4] 0 |-1000
ES, | 0 |0| 0 0 | o] 0| -10] o0
ES, | 0 |0| 0 0 | 0| -1| 0o | -28
Ef, | 0 |0| 0 o | o | o | -1 0
E¢, | 0 J0| 0 0 | o] o 0 | —40

Table 2: Real GW- and enumerative invariants of (P2, 74) with conjugate pairs of point constraints



2 Overview of the proof

Let (X,w, ¢) be a compact real-orientable symplectic threefold and Je T I (3, 0) is a symmetric
surface, j is a complex structure on ¥ such that c*j=—j, and u: (3,0) — (X, ¢) is a real map, we
define

F(u)qﬁ"7 = {{EF(E;U*TX): dgof = foa},
IO (w)? = {nel (3;(T*%,§) " @cu*TX): dpon = noda}.
If in addition w is (., j)-holomorphic, let
D? : D(u)®° — T% (u)%° (2.1)

be the linearization of the real dj-operator at w.

We take the subset Jr%)g(g, B) to consist of J in Jf so that fo is surjective for every simple real
J-holomorphic map u from a genus h symmetric surface (X, o) such that

h<g and (w,us[X]) € {w, B).

By the proof of [31, Proposition 3.6(1)], which adapts the proof of [16, Theorem 3.1.5] to the action
of ¢, jr‘gg(g, B) is of the second category in Je.

Let g, B, and 1, ..., be as in Theorem 1.1, and Je€ ﬂ‘gg(g, B). With f=(f1,..., fi) as before,
define
My (B ) = {Imus ([u, (27, 27)i21], (wi)izy) € (X, B; 1)} (2:2)

If f is chosen generically, then im;;f(X ,B;J)? is cut out transversely and is a finite set for all h<g
by [30, Proposition 3.2]; see also [30, Section 1.2]. Furthermore, the collections (2.2) with h<g
consist of smooth disjoint curves meeting the pseudocycles f; at distinct non-real points. Under
these assumptions, we denote by sgn(u) the sign of

[u] = ([u. (57, 57)m], ()'r) € O (X, B J)° (2.3)

and define sgng(Im u) =sgn(u).

Under the assumptions of the previous paragraph,

g
Mee(X,B; ) = | | | |Mee(C)?,  where Mye(C)?
h=0 cemy ¢(B;J)

My (C, [C]: T)*.

The domain (X, 0,) of an element [u] of 9, ¢(C)? has a unique smooth irreducible component ¥,
called the center component, so that ug=ul|x,,, is non-constant. Each of the remaining components,
called bubble components, has at most one node in common with 3,9 because the elements of (2.2)
are smooth curves in X. We denote by Ty = (ty, my) the pair consisting of the topological type ty,
of the real symmetric surface (3, 0,) and the assignment my, of [ conjugate pairs of marked points
to the irreducible components of ¥,,.



For each pair 7 = (t,m) consisting of a topological type of genus g symmetric surfaces (X, 0) and
an assignment of [ conjugate pairs of marked points to the irreducible components of ¥, let

M7 ¢(C)? = {[u]eM,¢(C)?: Tu =T} (2.4)

The subspaces M7 ¢(C)? then partition M, ¢(C)? into smooth, but generally non-compact, strata.
We denote by .7, ;(C)? the collection of all pairs T =(t,m) for which the space (2.4) is non-empty.

We will call a topological type t as above basic if it describes nodal symmetric surfaces consisting of
smooth bubble components attached directly to the center component. For any topological type t,
let mo(t) be the distribution that assigns all marked points to the center component. We denote
by T (C)? < Z44(C)? the set of all tuples T = (t, mo(t)) such that t is basic.

Given J e ﬂﬁg(g, B), let Agl(J ) be the set of ¢-invariant @;-admissible perturbations v of d;, as
in [6, Section 1], [9, Section 3.1], and [31, Section 3.1]; in the unstable case (g,l) =(0, 1), we take
'Ag),z(*]) = {0}. For ve Af])’l(t]), we denote by 90, (X, B; J,v)® the moduli space of equivalence
classes of degree B (J,v)-holomorphic real maps from smooth genus g symmetric surfaces with
[ pairs of conjugate marked points. Let

l

gﬁg,f(Xv B; J, V)¢:{([u7 (Zi+7 Zi_)£=1]> (%)i:l) € SIng,l()(v B; J, V)d) X HYl
i=1 (2.5)

u(zh) = filw) i}
If f and v are generic, this is a compact 0-dimensional manifold. A real orientation on (X, w, ¢)
determines a sign for each element of (2.5). The signed cardinality *90,¢(X, B;J,v)?| of (2.5)

is the number (1.2). We establish Theorem 1.1 by splitting (2.5) into contributions from the
strata M7 ¢(C)? of M, ¢(X, B; J)? as described by Definition 2.1 and Proposition 2.2 below.

Let X4,(X, B)? be the configuration space of equivalence classes of stable degree B real maps from
genus g symmetric (possibly nodal) surfaces with [ pairs of conjugate marked points. This space
is topologized as in [12, Section 3|. Define

l

200 (X, B)? = { ([, (27, 2V ] wi)hea) € Xgu (X B) < [ [Vis w(z) = i) i}
i=1

Definition 2.1 ([13, Definition 2.4]). Let (X,w, ), B, ¢, [, and f be as in Theorem 1.1 and
Je jr‘gg(g,B). A subset Z <M, ¢(X, B;J)? is 0 -regular if there exist Cntr‘f(Z) €Q and a dense
open subset Ag(J ) C.AZ;Z(J ) with the following property. For every VE.A%(J ), there exist

(a) a compact subset K, C Z,

(b) an open neighborhood U, (K)< X, ¢(X, B)? of each compact subset K = Z, and
(¢) e, (U)eRT for each open subset U of X, ¢(X, B)?
such that

|, ¢ (X, By J,t0)? A U| = Cotrf(2) it te(0,6,(U)), KycKcUcU,(K).



If Zcﬁgf(X, B:; J)? is @ -regular, the corresponding number Cntr?(Z) is the @ j-contribution of Z
to (1.2).

Proposition 2.2. Let (X,w,¢), B, g,l, and f be as in Theorem 1.1, Jejr(gg(g,B), and C be an
element of./\/lﬁf(B; J). For each T€ Z,,(C)?, M1 £(C)? is a 05-regular subspace of M, (X, B; J)?.
Furthermore, Cntr?(i)ﬁTyf(C)‘ﬁ) =014 T¢I} ().
The implication of Proposition 2.2 is that

g

GW;%;’ (,ul, . ,,ul) = Z Z Z Cntr(fb (E)JTT,f(C)‘b)
h=0cemy, .(B;.J) T€Z4.(C)?
g
= Z Z Z Cntr? (QﬁT,f(C)qj).

0 cent? (Bi) TET5 ()

It thus remains to reduce the last expression in (2.6) to the right-hand side of (1.6).

For a tuple I=(g1,...,gm) of positive integers, let
oI)=m, Il=g1+...49m-

For I=(g1,...,9m)and I'=(g},...,g..,), denote by t; 1(C) the topological type of nodal symmetric
surfaces consisting of the symmetric surface (C, ¢) as the center component,

e m pairs of smooth surfaces of genera gi,...,gm (the same genus in each pair) attached at
conjugate points of C, and

e m' smooth symmetric surfaces attached at real points of C.

The set 77 (C)? then consists of the pairs

Tir = (tI,I’(C)va (’tI,I'(C)))
such that 2|I|+|I'| =g—h, where h is the genus of C.

Proposition 2.3. Let (X,w,®), B, g,1, £, J, and C be as in Proposition 2.2. If [€(ZT)™ and
I'e(ZH)™ are such that 2|I|+|I'|=g—h and m' >0, then Cntr?(imTI L £(C)?)=0.
For each I =(g1,...,9m), let Tr =Ty and denote by Aut(/) = Sy, the stabilizer of I. For each
le7+
g ez, let
P(g) = {(91,--,9m)EZ)™: 4.4 gm =g/, meZ}.
By (2.6) and Proposition 2.3,

i - Aut(Dl o )
GngB (Ml, ceey ,ul) - Z Z Z chtrf (mﬁf(C) ) . 27
go_g}?;gz CeMy o(B;J) I€P((9=h)/2)

The last contribution is described Proposition 2.4 below.



For ¢'€eZ™", we denote by ﬂggl the Deligne-Mumford moduli space of stable genus ¢’ one-marked
curves. Let

E,L —>Mg/’1 (28)

be the Hodge vector bundle of harmonic differentials and the universal tangent line bundle at the
marked point, respectively. Let Ay =ci(E), »=c1(L*), and

Ty, TC " Mgr,l xC —> ﬂg/’l, C (2.9)
be the component projection maps. Let

g -1
Qg = J )‘g’—l)\g’< Z (_1)7”/\ng 1’r'> )

g’,l r=0
For each g.€Z?", define

é}{B(gc) = Z (2_2};;21(3))7% H((—l)giagi) . (2.10)

(915--,9m)EP(gc) i=1

Proposition 2.4. Let (X,w, ), B, g,l, £, J, and C be as in Proposition 2.2. For each element
I=(g1,--.,9m) of P((g—h)/2),

Cutrf (M7,.¢(C)?)
i—1
Sgnfc f * Tk ® (g r i—1—r
= sz‘ ™ E ®7T NXC -1 )\ngz )
— 2m|Aut(T) |H< Mg, 1 %C o (75 ¢ ) 7;)( )
where NxC is the normal bundle of C in X.

We now proceed as at the end of [19, Section 2.3]. Since )‘5' =0 by [17, (5.3)],
Cog (TR E*@ENXC) = =73 (Mg —1Ag) - ¢ 1(NxC). (2.11)

Since

L e (NxC) = e1(B) — (2—2h), (2.12)

Proposition 2.4 thus gives

Cntr{,"j (DJTTI’f(C)‘ZS) = sgne(C)

[ J((—1)%ay,) .

(2—2h—c1(B))™ %
|

2m|Aut(D)] o5
Combining this with (2.7) and (2.10), we obtain
ngg(/,bl,...,lu/l = Z ZChB Th Sgnf ZChB Th h’ﬁ(f,t]).
0<h< ¢ 0<h<
; IS5, CeMG ¢(B3J) g <h<g

We show below that é}i{ p(g) satisfies (1.5). This implies (1.6) and thus establishes Theorem 1.1.

10



By the g=0 case of [19, (26)] and [19, (1)],
o0
=1

o (Spee)- (242)”

Thus, by (2.10),

ve}

é';)fB(gC)ﬁgc = exp ((l—h—cl(B)/Q) Z ag/(it)2g’)
=0 g'=1

gec=

 (sin(it/2)\"THA B2 ginne/2) \re )2
O\ it/2 B t/2 '

Thus, Ci¥ 5(9e) = Ci¥p(90)-

3 Stratawise contributions

Proposition 3.1 below relates the contribution of each stratum mT7f(C)¢ in Proposition 2.2 to
the zeros of a bundle map from the space FT° of smoothing parameters to the obstruction bun-
dle Obs‘f}. For the purposes of Proposition 3.1, we describe the structure of M7 ¢(C)® in detail in
terms of graphs.

3.1 Rooted decorated graphs

A graph (Ver, Edg) is pair consisting of a finite set Ver of vertices and an element
Edg € Sym™(Sym?Ver)

for some meZ>°. We will view Edg as a collection of two-element subsets of Ver, called edges, but
some of these subsets may contain the same element of Ver twice and Edg may contain several copies
of the same two-element subset. Hereafter we use w and e to denote vertices and edges, respectively.

An S-marked decorated graph or simply decorated graph
T = (Ver,Edg, S, g, m) (3.1)
consists of a graph (Ver, Edg), a finite set S, and maps

=0

g: Ver — Z and m: S — Ver.

We define the arithmetic genus g,(7") of T as in (3.1) by

9a(T) =pa+ >, a(w),

weVer

where p, is the arithmetic genus of the graph (Ver, Edg). For each we Ver, let

valy(T) = 2g(w) + |m ™ (w)| + [{eeEdg: wee}

)

11



with each e = (w,w) counted twice above. A decorated graph 7 as in (3.1) is called stable if
valy, (7) =3 for every we Ver.

A decorated subgraph of a decorated graph 7 as in (3.1) is a decorated graph

T =(Ver',Edg’, S', ¢, m) (3.2)
such that Ver’ c Ver and
e Edg’ cEdg is the subcollection of the edges with both vertices in Ver’,

e S’ is the disjoint union of m~!(Ver’) and the subcollection Edg’® < Edg of the edges with one
vertex in Ver’ and the other in Ver—Ver/,

o ¢ =glver:
o W[ 1(very = My-1(very and m'(e) =w if ee Edg’ and en Ver' = {w}.

Thus, we choose the vertices Ver’ © Ver to be contained in 7' and then cut the edges starting
in Ver’, but ending in Ver—Ver’, in half and thus convert them to marked points. We define the
complement of a decorated subgraph 7 as in (3.2) to be the decorated subgraph

(T")° = (Ver', Edg'*, 5", g'¢, m") (3.3)

of T with Ver’® = Ver— Ver'.

An involution o on a decorated graph 7 as in (3.1) is an automorphism of the graph (Ver, Edg)
and the set S such that

coo =id, goo =g, com=moo. (3.4)

In such a case, let V(7)< Ver and EZ(7) cEdg be the subsets consisting of the fixed points of o
and
Ve(T) = Ver—Vg(T),  Eg(T) = Edg—Eg(T).

A rooted decorated graph
T = (Ver, Edg, S, g, m; o, WQ) (3.5)

is a connected decorated graph with an involution ¢ and a special vertex wge Ver, called the root,
such that o(wg)=wp and

e there are no loops in (Ver, Edg) passing through wq (i.e. removing any edge containing wy
disconnects this graph), and

e val,(7) >3 for all weVer—{wo};
see Figure 1. In such a case, let Eo(7)cEdg be the subset of edges containing the root wy and
0.c(T) = Eo(T) n E&(T), or(T) = Eo(T) n ER(T).

Since Eo(T) is preserved by the action of o, so is E¢ (7).

12



® : the root vertex
: the center
---: the fixed locus

Figure 1: A rooted decorated graph representing an element 7 of 7% 3(C)?

A rooted decorated subgraph of a rooted decorated graph 7 as in (3.5) is a rooted decorated graph
T = (Ver',Edg', S’,g',m’;a’,wo) (3.6)
such that (Ver’,Edg’, S, g’,m’) is a decorated subgraph of (Ver, Edg, S, g, m) and

/ p—
o = U|Ver’uEdg'uS"

The complement (7)€ of a rooted decorated subgraph 7' as in (3.6) is the complement of the dec-
orated graph (Ver’, Edg/,S’,¢’,m’) in (Ver,Edg, S,g,m). This is a decorated subgraph preserved
by o.

We define the center of a rooted decorated graph T as in (3.5) to be the maximal rooted decorated
subgraph
7%= (VerO,Eng, So,go,mo;ao,wo) (3.7)

such that

9a(T) = g(wo) + ga((T)). (3.8)

The assumption that no loop in (Ver, Edg) contains wq implies that each rooted decorated graph
has a well-defined center. The complement of the one-vertex decorated subgraph

To = ({wo}, &, So. 90, {So = wo}; 00, wo) (3.9)

of T containing wo consists of connected decorated subgraphs 76,;3 of 70 indexed by the edges
e in Eo(T). If e is in Eo(T)nS°, we define 7, = &. The assumption that val,(7) >3 for all
we Ver—{wo} and (3.8) imply that each g, is a stable graph and g(7..) =0. For each ee Eo(T),
let

76?@ = (Verg;evEdgg;ev Sg;evgg;evmg;e) (3.10)

be the decorated subgraph determined by Verf,. = Ver(7g..)uo(Ver(7g.)).
Let 7 be a rooted decorated graph as in (3.5), 7 be its center as in (3.7), and

T¢ = (Ver®, Edg®, 5%, g°,m¢) = ((Ver®)¢, (Edg®)¢, (S°)%, (g°)¢, (m°)) = (T7)° (3.11)
be its complement. Let

E.(T) =Edg — (Edg”UEdg?), Elc(T) =EJ(T)nEL(T), El(T)=E.(T)nEL(T)
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be the edges separating the center 70 of 7 from its complement 7¢. Thus,
Edg = Edg® 1 E.(T) u Edg®. (3.12)

The decorated subgraph T°¢ is the disjoint union of the connected decorated subgraphs ’T,’; . indexed
by the edges e€E,(7). The assumption that val,(7) >3 for all we Ver—wyq implies that each 7/,
is a stable graph. For each eeE.(T), let

7:(;-6 = (Verc.r;€7 Edgc.r;€7 Sf;e’ gf;e’ m?’e) (3'13)
be the decorated subgraph determined by Ver{,, = Ver(7,..)u Ver(a(7,..)). Define

() Eo(T) — Eo(T) by e € Sgyvile)} VeeEl(T),
Auto(T)={geAut(T): gre=e Ve€E,(T)}, Aut*(T)=Aut(T)/Aut.(T). (3.14)

3.2 The strata of 91,¢(C)?

We recall the notion of a nodal go-doublet introduced in [9]. It is a two-component nodal symmetric
surface (X, o) of the form

=108 = {1} x %y u {2} x X, o(i,z) = (3—i,2) V (i,2)€X, (3.15)

where Y is a connected oriented, possibly nodal, genus gy surface and 3 denotes X with the op-
posite orientation. The arithmetic genus of a gg-doublet is 2gp—1. The components of 3 are ordered.

If S1 and S> are finite sets with a fixed bijection og between them, let M;go,l,(slusws) denote the
moduli space of stable nodal ggp-doublets with the first component carrying the S;-marked points
and with the marked points interchanged by the involution og. Similarly, if S is a finite set with an
involution g and geZ>" is such that 2g+|S|> 3, we denote by Rﬂg,(svgs) the Deligne-Mumford
space of real genus g curves with marked points indexed by S and their type (real vs. conjugate)
characterized by og. Let

Ly, E — ﬂ;90—17(51LIS2703)’ Rﬂg,(sﬂs) (3.16)

be the universal tangent line bundle for the i-th marked point for each 1€ .571155,.S and the Hodge
vector bundles of holomorphic differentials, respectively.

For each e€ Ef.o(T), E¢.c(T), we denote by

MT oie © Mo (790058000 Moa(T2),(550:0)

the open stratum consisting of the symmetric surfaces (X, o) with o-compatible complex structure
whose dual graph is 77, or 7.7, with involution o. For each ee Efy(T), E{x(T), let

MT gie @ RM g, (7,055,000 BM g (T2,),(5,0.0)

be the analogous open stratum. If ee Eo(7) and 7, = &, we define M7 ;.. to consist of one point.
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We now return to the setting of Proposition 2.2. If f is generic, the smooth embedded real curve C
in (X, ¢) intersects the images of f1,..., f; at distinct non-real points

Zf(C)ECﬁfl(Yl), ey ZZ—F(C) ECﬁfl(YE)

Let z; (C)=¢(2(C)). The dual graph of an element [u] of M7 ¢(C)? is a rooted decorated graph
which is completely determined by the pair 7 = (t,m). The center 7° of T corresponds to the
maximal connected union X of the irreducible components of the domain ¥, of each element
of 93?77f(C)¢ such that XU contains the center component Yu0. The topological components of
the complement of .0 in X0 are the trees f]g;e of spheres corresponding to the graphs 76’;6 with
e€Eo(T)—S% we define f]g;e = if ee Eo(T)nSY. The topological components of the complement

we Of the irreducible components of %, corresponding to the graphs

T... with eeE,(T); the sum of their arithmetic genera is g—h. For now on, we will not distinguish
a pair 7 =(t,m) from the associated rooted decorated graph.

of 2 in ¥ are the unions s

For each eeEg(T), let Sc(T)c .S be the subset of the marked points of T carried by the connected
component of the graph obtained by cutting 7 at the edge e which does not contain wq. If
TeZ,,(C)? is as in (3.5), then

S = {1+71_7"'7l+7l_}7 ga(T) =9, g(WO) :h‘7 (317)
1Se(T)| <1V eeE§e(T), Se(T) = V eeEgx(T); (3.18)
the last two properties hold because the points z{ (C), ...,z (C) are non-real and distinct. Define

Cr = {(2e) eero(T) eCBT): 2o #20 ifee, 2 =2z(C) if So(T)={i"}} cEo(M),
The involution o of T acts on CF by
(0(2)), = 0(2o(e)) V¥ 2=(2c)eeko(T) - (3.19)
We denote by C77 < C5 the fixed locus.
By (3.18), we can choose Ef. (T) = Efc(T) such that
§.c(T) =E§ (T)uo(E§ (T)) and  Se(T)n{l",...,1"} =& VeeEf (T).
We then choose E., (T) = E7c(T) such that

$c(T) =EL (T)uo(EZ, (T)) and  (e) € E§ (T) UEGR(T) VeeE (T).

Let
0.5(T) =E§ . (T)uELr(T),  E{(T)=E{ (T)uER(T).
We take N
Mr(C)? = [ [M70e x C3°. (3.20)
e€Ef o (THUEZ - (T)

The actions of the group Aut™(7) on Eo(7) and E.(7) and the possible changes in the subsets

0+(T) € Ege(T)  and  EJ(T) < Elc(T)
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induce an action of a group m*(T) on (3.20). The natural node-identifying immersion
s Mrp(C)? — My p(C)? (3.21)
is m*(T)—invariant.
For each ee Ef._(7), E{..(T) and e€EJ(T), denote by
TTe: i)’3J17—,f(C)‘Z5 — M7 5 and TCie: ﬁT’f(C)d) —C
the corresponding projection maps. For eeo(Ef, (T)),0(EZ (7)), let

TTie =TT0(e) - 9’5’177f(c)¢ — M7 o0(0)-

For each ee EZ (T, let
E. — M7 ¢(C)? (3.22)

be the subbundle of 775“—; E consisting of the holomorphic differentials supported on ifb;e. For each
e€EJR(T), let
Ee =74 E —> M7 ¢(C)°. (3.23)

The involution o lifts to an R-linear isomorphism
e ]E: - E:(e)u {&C(n)}(l{’) = U(CCO“OdU) eC v TIEEZv Ke}Eo‘(e%
where ¢c: C— C is the standard conjugation. Let

Obsr = @ Ef@nfTX — Mre(C)°. (3.24)
e€E.(T)

The involution ¢ acts on Obsy by
P(1e®@Ye) = (Fe(11e)) @(d, S(Ye)) EEG (@G ey TX  Ve€EL(T), ne€Ey, Yeems (T X.
In other words,
{6} (ke)eema(r)) = (dzy@ (n(ccore0d0))) oy VNEODST, Re€Ee, e€EW(T).
We take the obstruction bundle
Obsf- € Obsy — M7 ¢(C)* (3.25)

to be the fixed locus under this action.

Let ﬁeffDVTT,f(C)‘z’ with u=17¢(U) as in (2.3). For each eeE,(T), u is constant on the support of
the elements of Ec|y (which is contained in Xf..) and sends it to m¢..y (1) €C. Thus, we can define

Og: I (% 775y @u*(TX, J)) — Obsrly by

{@ﬁ(n)}((ﬁe)eeE.(T)) = (;ﬁfi Ke /\7]) i V ke€E|g, e€El(T). (3.26)

c
use
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If n is (¢, oy )-invariant, then Og(n) GObS?—|ﬁ. A Ruan-Tian deformation v for maps from genus g
curves with 2/ markings into (X, J) as in [4, Section 2] determines elements

vg eT(S;T*Sy'@u*(TX,J))  and  vr(d) = Og(vg) € Obst,.

If l/EAil(J ), then 7 takes values in Obs?-. The homomorphism v — Uy surjects onto the sub-

—~
space of Aut (7 )-invariant sections.

For each edge e = (w1, ws) in Edg, we denote by INLe the tensor product of the two complex line
bundles corresponding to the tangent spaces of the irreducible components ¥,.,,, and X, of X,
at the node e. Let

T FT = ( @Ee>/Aut.(T) — ﬁT’f(C)‘ﬁ. (3.27)

ecEdg

We fix an m*(’T)—invariant and involution-invariant metric on 7 and for each §€R define
FTs = {veFT: |v|<d}.
The involution o acts on £7 by
(0((ver)ererdg)), = do(vg(ey) V¥ e€Edg.

We denote the corresponding fixed locus by FTo.

If 7=(t,m) with t basic, then Edg=E,(7) and

FT = @ w3 Loomt,TC. (3.28)
e€E.(T)
Define
Dr: FT — Obst, {D7((0e®@u()eern ()} (Fe)eera(r) = (Ke(Ve)v(ey) sep s (3:29)

with k. €E.. The homomorphism D7 restricts to a homomorphism
D?}: FT° —> Obs?-
between the fixed loci of the two bundles.

The bundles FT° and Obs?— form a deformation-obstruction complex for 9, ¢(X, B;J)?® over
M7 ¢(C)?. The choice of real orientation on (X,w, ¢) orients this moduli space and thus the total
space of the vector bundle _

%, Obsy — FT7, (3.30)
where 7z, FT7 —> 97175(6')‘1’ is the bundle projection map. Since the dimension of the total
space of FT° and the rank of Obs?} are the same, every transverse zero of a section ¥ of (3.30)
thus has a well defined sign. The next structural proposition will be proved in Section 5.

Proposition 3.1. Let (X,w, ¢), B, g,1, and f be as in Theorem 1.1, J€ jr‘ﬁg(g, B), C be an element
of Mﬁ,f(B5 J), I/E.AZ;J(J), T=(t,m)eZ,,(C)?, and K <My ¢(C)® be a precompact open subset.
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(1) If t is not basic and v is generic, there exist §,(K)eR™ and an open neighborhood U,(K) of K
in Xy¢(X, B)? such that

My e(X, B; J,tv)? nU(K) =@ ¥V te(0,6,(K)). (3.31)

(2) If t is basic, there exist 0,(K)ER™, a family

Uys(K)  Xg6(X,B)?,  6€(0,6,(K)),
of neighborhoods of K, continuous families of continuous m*(T)-z'nvarmnt maps

(I)T;W: ﬁl]:ii(K)h;—lf(K) - V;JVK(K)a ET v ~’%TU - R+? te (_5V(K)75V(K))7

and a continuous family of m*(T)—sections

W € T(FTY Obsy ), te (—0,(K),d,(K)), (3.32)

)izt ) Trre
such that O, is a degree |m*(7')| covering of its image,

q)T;O|L7*_}f(K) = LlTf, ETO|L7—f (K) = 07 (333)

prm v) - (D¢(u)+wT( 7o (U )H 7 (V) (Jo]+[t]), (3.34)
O, (U, (0 )AFTY) = My ¢(X, B; J,t0)? nU,5(K) ¥ te(—6,8), 6€(0,6,(K)). (3.35)

If in addition v is generic, te(—6,6), and 6€(0,6,(K)), then
O Uy, (0) N FTY — My (X, By J, t0)? AU,s(K) (3.36)

preserves the signs of all points.

4 Proofs of Propositions 2.2-2.4

We will next deduce the three propositions of Section 2 from Proposition 3.1 following the principles
laid out in [25, Sections 3] which relate stratawise degenerate contributions to zeros of affine maps
between vector bundles. These principles readily apply with the manifold M (accidentally denoted
by X in Lemma 3.5(3) and Corollary 3.6(5) in [25]) replaced by an orbifold (in the sense specified
after [27, Definition 2.10]). All bundles in [25, Sections 3| are assumed to be complex so that all
transverse isolated zeros of bundles sections are canonically oriented. While the former is no longer
the case, the latter is; see the paragraph preceding Proposition 3.1. The rank over C appearing in
the statements of [25, Sections 3| should be replaced by half the rank over R. We will apply the
reasoning behind [25, Corollary 3.6] with

M=Mre(C), F=F =F =FT°, O=0 =O0bsy,

F* c F and O" < O being the trivial (zero) subbundles, and a = Dg’-. We continue with the
assumptions and the notation as in Propositions 2.2 and 3.1 and assume that v is generic.
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4.1 The regularity of the boundary strata

The crucial difference between the main boundary strata, i.e. those corresponding to 7 = (t,m)
with t basic, and the remaining boundary strata is that the latter are d;-hollow in the sense of
[25, Definition 3.11] and thus automatically do not contribute to the number (1.2). In order to
complete the proof of Proposition 2.2, we show that the main boundary strata with m#mg(t) do
not contribute either; the reason is more delicate in this case.

Proof of Proposition 2.2. Let T =(t,m).

Suppose t is not basic. For the purposes of Definition 2.1, we then take K, = ¢J. Given a precompact
open subset K M7 ¢(C)?, let 6,(K)€eR™ and U, (K) < X, ¢(X, B)? be as in Proposition 3.1(1).
Let UcU,(K) be an open neighborhood of K. By (3.31),

M, ¢(X, B; J,tv)? n U € M, ¢(X, B; J, tv)? n U, (K) = &.

This establishes Proposition 2.2 for 7 = (t,m) with t not basic.

Suppose t is basic. In particular,
Eo(T) = E(T) = Edg,  dim M7 ¢(C)?® + 1k FT7 = tk Obs}-.

We assume that 7 is given by (3.5) and satisfies (3.17) and (3.18). For each ee Edg, we denote by
e/wp€e the vertex different from wpee. Let

So(T) = {ie{l,....1}: item ' (wo)}
be the pairs of marked points carried by the non-contracted curve in ﬁtT,f(C)d’.

The vector bundles F7° and Obs?-, the bundle homomorphism D‘?-, and the bundle section v
naturally extend over the compactification

~

Mre€)f = | [Migepuo) 105700 X | [BMatefun)(sg.0) X CT (4.1)
e€E7  (T) e€EZ r(T)

of ﬁ"[‘7f(c>¢, where Cr is the closure of

{((Z;r (€), z; (C))ieSO(T)7 (Ze)eeE.(T)) : (Ze)eeE.(T) EC;—}

in the corresponding real moduli space of points on C. We denote these extensions in the same
way. The compactification (4.1) is a union of the quotients of the spaces M7 ¢(C )® by subgroups of

m*(T’ ) for some rooted decorated graphs 7”. The restriction of 77 to the quotient of ¢ ﬁtT/,f(C)d’
lifts to 77 (as the sections U7 and U are pullbacks from the closure of M7 ¢(C)? in M, ¢(C)?).

The homomorphism D? does not vanish over ﬁtT,f(C)(b. The pairings of tangent and cotangent
vectors in (3.29) correspond to algebraic bundle sections. Thus, the homomorphism D?} is a regular
polynomial (linear map in this case) in the sense of [25, Definition 3.9]. By the first two parts of
the proof of [25, Lemma 3.10], the zero set of the affine bundle map

G FTT — Obsy,  ¢r,(v) = DY) + 7r(u) ¥ 0eFT|, ueMr(C)?,
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thus has finitely many zeros. The continuous extension of this map over ﬁT,f(C)d) does not vanish

over the complement of ﬁ']’,f(c)d) . By the third part of the proof of [25, Lemma 3.10], the signed
cardinality of the affine bundle map

Uriw: FT7 — Obsh,  Urim(v) = DHv) + w(u) ¥ veFT7|w, uedire(C)?,

does not depend on a generic choice of the section w of Obs?- over 9/3\?7—5(6)‘?5. In this case, the
cobordism in the proof of [25, Lemma 3.10] may cross the fibers of 777 over the codimension-one
boundary strata of E)JTT’f(C)‘Vb . However, the orientation on such a cobordism extends across the

zeros in these fibers based on the same considerations as above Proposition 3.1. We denote the
signed cardinality of ¢! _(0) by N (D‘;)—)

By the previous paragraph, (3.34), and the proofs of Lemma 3.5 and Corollary 3.6 in [25], there exist
a compact subset K7, M7 ¢(C)? and Cr,, eR' with the following property. If K My ¢(C)? is

~

a precompact open subset containing K7, then there exists ¢, (K)eR" so that the bundle map
Ui FTy ol — Obs]

is defined and

U, (0) € FTE iy, T[¥7,(0)] = N(D})  Vte(0,6,(K)). (4.2)
Let K, c 97 ¢(C)® be a compact subset such that

I?T;,, c IN{,,EL;-}f(KV)

and set
1

A ()|
We verify below that K, and the number (4.3) satisfy the conditions of Definition 2.1.

Cntry (M7 £(C)?) N(D%). (4.3)

Let K Cm'y"f(C)(b be a precompact open subset containing K, K= L;—’lf(K ), and

S,(K) € (0,6,(K))  and  Uy(K)= U,y x)(K)

be as in Proposition 3.1(2), and U c U,(K) be a neighborhood of K. Since K, is compact, there
exists €,(U)€(0,d,(K)) such that

F gT§V6V(U)|[~(V - (p;—vltV(U) :
Suppose te(0,€,(U)). By (3.35), the first statement in (4.2), and the last condition,
\Il'};ltu(o)mq)'};ltu(U) < \Ij’};ltu(o)mq)};ltu (UV(K)) = W%}tu(o)mf%i(l()b?
= \I/;-}ty(O)ﬂf C'O-T;VEV(U)|IN{7-W <~ \Ij},ltu(o)mql},lty(U)

This implies that ~
‘I/’_r;ltu(o)“‘b};ltu((]) = \I/’_F;ltv(o)mf%i(mm'
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Combining this conclusion with (4.2), we obtain
7, (0) 0@, (U)] = ¥, (00 FT3 g0l | = N(DF).

The last two statements and (3.36) give the first statement of Proposition 2.2 for 7 = (t,m) with
t basic and the contribution given by (4.3).

It remains to show that N (D?) =0 if 7 = (t,m) with t basic and m # mg(t). The last condition
implies that at least one conjugate pair (ZZ+ ,2; ) of marked points is carried by the contracted

components of the elements in {)\J/TTf(C)‘ﬁ. For ee .- (T), let

S, ={e,o(e)} < 57,

be the complement of the markings {1*,17,...,17,1"}. Let
My = [ [Migeepwoy-1es.0) X | [RMa(epun) (st * -
eeE7  (T) e€ES R (T)

We denote by N
D/ﬁ: F'T7 — Obs’fé

the vector bundle homomorphism over ﬁ,T,f(C)‘b defined analogously to the vector bundle homo-

morphism D? over §j\t’7’7f(c)¢.

Let . .
f: M7 (C)? — M £(C)?

be the morphism dropping the points marked by 17,17,...,1", I~ that are carried by the contracted
components. Thus,

T o _ ¢k TIg0 ¢ _ 19 ) _ /o
FT |ﬁ7‘,f(c)¢ a f*]:/T |ﬁ7‘,f(c)¢7 ObST o f*ObST’ DT|§IT,f(C)"’ o f*DTkUV?T,f(C)"> ’

This implies that N (D?-) =N (f*D%‘? ), with the second number defined analogous to the former. If
m=#mg(t), then

dim My ()¢ + rtk F'T7 < dim My ¢(C)% + 1k FT7 = rk Obs) = rk Obs/y.
Thus, there exists a section @’ of Obsli-5 so that the affine bundle map
Vs FITT —> ObslE, 4 (v) = DE(v) + w(u) Y veF T lu, uedy¢(C)%,
over 53\?’7-7f(C)‘3S does not vanish. This implies that the affine bundle map
Pl FT7 — Obsy, {0 }(0) = {FDF}@) + {F*@}(w) ¥ ve FT]w, ueiy¢(C)?,

does not vanish and so
N(D}) = N(j*D§) = 0.

This establishes the last claim of Proposition 2.2. O
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4.2 The contributions of the main boundary strata

We continue with the setup and notation in the proof of Proposition 2.2 and set

Mre(€)? = | [Migepu)-1.(s2,000 ¥ | [RMatefwn) (5,00 % CT
eeEg  (T) €€EZ;R(T)

where C7 < CE+(T) is the closure of Cr . Thus,
cr = ()%= x Cre,

where C1.c © c%c(T) is the fixed locus of the involution given by (3.19) with Eo(7) replaced
by EZ.c(7). We denote by
1\3?—: FT7 — 6/b5j—
the vector bundle homomorphism over §j/tT7f(C)¢ defined analogously to the vector bundle homo-
morphism D?} over M7 ¢(C)?.
Let . —
q: M7 £(C)? — My £(C)?

be the map induced by the natural projection €T—>CT. Since
T o _ xTTO

¢ _ O é| — D0
‘é\ﬁT,f(C)d” Obs = ¢"Obsy, DT‘mT,f(C)¢ B q*DT‘mT,f(C)¢’

and ¢ is the identity on ﬁtTyf(C)(b,
N(D%) = N(¢*D5) = N(DY). (4.4)

Since the contributions of the boundary strata of Propositions 2.3 and 2.4 are given by (4.3), it
remains to determine the number N (D?-)

Proof of Proposition 2.3. Let

F: My p(C)? — My 4(C)? = Hﬂég(e/wo)q,(s;:e,a) x| [RMgepun).(sg..0) * Crc
eeEg  (T) e€EZ r(T)

be the natural projection. We denote by
D FT° — Obsy
T T

the vector bundle homomorphism over 53/1'7—7f(C)¢ defined analogously to the vector bundle homo-
morphism D?} over ﬁT’f(C)(i) , but for each e€ EJ (7)) we replace the factor 77, (1€ in (3.28) by
the trivial complex line bundle (with the standard conjugation) and the factor 7, (X in (3.24) by

the trivial rank 3 complex vector bundle. Since C? is a disjoint union of circles and the restriction
of every orientable vector bundle to a circle is trivial,

o % 1o ¢ w TP ~ %79
FT7 = PFT |5, cpr  Obsy =f*Obsy, DF =D
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and thus N(D$) =N (*D). If E{(T)# O, then
dim M- ¢(C)? + rk F'T7 < dim M7 ¢(C)? + rk FT7 = tk Obs = 1k Obsy.

As in the last paragraph of the proof of Proposition 2.2, this implies that N (f*ﬁ'f-’) =0. Proposi-
tion 2.3 now follows from (4.3) and (4.4). O

Proof of Proposition 2.4. We continue with the setup and notation in the proof of Proposi-
tion 2.3. We now assume that t is a basic topological type, T = (t,mg(t)), and EJp(7T)= . Let
m=|E{. (T)| so that

ATt ()| = 27 |Aut*(T)), (4.5)

with the groups Aut*(7) and m*(T) as in Section 3.2. With the notation as in (2.8) and (2.9),
we define the bundle homomorphism

Dy : ﬂ;‘/L®7T§TC — W;IE*®7TETX
over My 1 xC analogously to (3.29).
For each eeEJ. | (7)), let

MTe(C) = Mig(epun)—1,(fewre)to) X {1, 27)€C?: 27 =0(27)}
and denote by o o
TTes TCsts TC;— + Mo (C) —> Mogieung)—1,(fe,0(e)},0) € C

the three component projection maps. Let
Ly Ly B B — Mogefun)-1.({eo(e)) o)

be the universal tangent line bundles at the marked points indexed by e and o(e) and the subbundles
of the Hodge bundle [E consisting of the holomorphic differentials supported on the first and second
component of each doublet (the first component carries the marked point indexed by e). Denote by

Fe cnr Ly@ne TCO®ny L @ni_TC and

4.6
Obs?  mf B @, TX @y E* @ng_TX (46)

the fixed loci of the conjugations over the identity induced by the involution ¢ as in Section 3.2
and by
D?: FZ — Obs?

e

the vector bundle homomorphism over ﬂ:r;e((f) defined in the same way as before.

The projections

Mig(epwo)-L{er(@po) — Maepoya and  {(zF,27)eC?: 2¥=¢(z7)} — €

on the first component in both cases are diffeomorphisms and induce orientations on their domains
from the complex orientations on their targets; we will call the former orientations the complex
orientations. The map

M’.T;e(c) - ﬂg(e/wo),l xC
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induced by the above projections naturally lifts to vector bundle isomorphisms
Fe — Ty LOTETC  and  Obs? — ¥, E*@rETX (4.7)

obtained by projecting to the first components in (4.6). These projections induce orientations on
their domains from the complex orientations on their targets; we will call the former orientations the
complex orientations. Since the isomorphisms (4.7) intertwine the vector bundle homomorphisms DY

and Dg(e/wo)a

N(DZ)¢ = N(Dy(efun))- (4.8)

where the two sides denote the numbers of zeros of generic affine bundle maps associated with D¢
and Dy(e/u,) With respect to the complex orientations on their domain and target vector bundles
and the bases of these vector bundles.

In the case of Proposition 2.4,

MreC)? = [ [Migeepuo)-1(teotyo) XCT = | [Mr(C). (4.9)
eeE7  (T) eeE  (T)

With

et M7 £(C)* —> M7..(C)
denoting the component projection map,

5‘71)-: (—Bﬂ:Df: FTo= @ﬂ:}_g — (Sb/sj-z @W:Obsf. (4.10)
eeEg () eeEg  (T) eeEg  (T)

The identifications in (4.9) and (4.10) induce orientations on their domains from the complex
orientations of their targets defined in the previous paragraph. By (4.8) and the first equality
in (4.10),

N(ZS?’)C = HN(Dg(e/wo))’ (4.11)
eeEg ()

where the left-hand side denotes the number of zeros of a generic affine bundle map associated
with Df} with respect to the complex orientations on its domain and target vector bundles and the
base of these vector bundles.

The curve C = X corresponds to an element [u] of My ¢(X,B;J)? as around (2.3). The real
orientation on (X,w, ¢) fixed in Section 1 determines the sign,

sgng(C) = sgn(u) € { + 1},
of [u]. The open subspace C3 of C7 corresponds to the family

{[w, (ze)cera(m) | (2e)cema () ECT}

of marked maps meeting the constraints f. The real orientation on (X, w, ¢) and the choice of the
subset EJ., (T) of E.(7) determine an orientation on Cr. It differs from the complex orientation
by sgng(C).
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For each ¢’ € Z™", the real orientation on (X,w, ¢) determines an orientation on the moduli space
ﬁ;g,_l’(ﬁ,r)(X ,0;J)? of J-holomorphic degree 0 maps from g’-doublets with one conjugate pair
of marked points. As topological spaces

ﬁ;g/_17(1+717)(X, 0, J)¢ x m;g/_17(1+’17) X {(ZB+, fL'_) €X2 4= gb(ﬂj‘,)}, (412)
but the moduli space on the left-hand side comes with an associated obstruction bundle
Obsﬁ} — Msg’—l,(lﬂl—) x{(z,d(x)): zeX}; (4.13)
the latter is the fixed locus of the involution on
TR @ TX @B @n* TX — My g+ 1-yx{(z",07)eX?: zy=g(x_)}
induced by ¢ as in Section 3.2. In particular, the projection to the first component
Obs% — mhE} @i TX (4.14)

is an isomorphism. The last factors in (4.12) and (4.14) are oriented from the (almost) complex ori-
entation of X (by projecting to the first component in the case of (4.12)). Along with the complex
orientations on the first factors on the right-hand sides of (4.12) and (4.14), these orientations on
the last factors induce an orientation on the total space of the vector bundle in (4.13); we will call
this orientation the complex orientation. By [8, Theorem 1.3], the orientation on the total space of
this vector bundle induced by the real orientation on (X, w, ¢) differs from the complex orientation
by (=1)9 1.

By [8, Theorem 1.2], the immersion (3.21) is orientation-preserving with respect to the orientations
on its domain and target induced by a real orientation on (X, w, ¢) if and only if me2Z. Combining
this with (4.11) and the last two paragraphs, we conclude that

N (D7) = (=1)"sgne(©)] T((—1)**) 7N Dy )
eeE7, (T)

= Sgnf(C)H((_1)g(e/w0)N(Dg(e/wo)))-
eeEg ()

The claim now follows from (4.3), (4.5), and Lemma 4.1 below. O
Lemma 4.1. With notation as above,

g1
N(Dg/) = f/\/{ CCQQI (W;/E*®ﬂ5NXC) ( Z (_1)T)\rwg 1r> ]
g1 r=0

Proof. By definition N(Dy) is the signed cardinality of the zero set of the affine bundle map

Voo W;/L®7T&"TC — W;,]E*®7T§TX,
Vgi(v) = Dy (v) + w(u) VY veny LQnETC|,, ue My xC,

with respect to the complex orientations on the domain and target vector bundles and the complex
orientation on their base, for a generic section w of the target bundle. Since w is generic, it spans
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a trivial complex subbundle Cw in ﬂ;,E*@)FgTX . The composition of @ with the tensor product
of the identity and the natural projection T'X |c —> NxC induces a section @’ of the vector bundle

w;,]E*®7T§NXC — My 1 xC.
Since w is generic, the zero set Z,+ of this section is a smooth oriented sub-orbifold.

We denote by Ay < Mgr’l the subspace of marked curves so that the irreducible component
containing the marked point is a smooth rational curve. The vector bundle homomorphism D,
corresponds to a section of the bundle

(n3 LemETC)" @ miE*@mETX — Mg 1 xC,
which we denote in the same way. We note that
D' (0) = Ay xC c My xC. (4.15)
Along with the projection
WZ/E* meTX — W;,E*®7TgTX/Cw,

the section Dy induces a section of the bundle

(W;;L@T(&kTC)* ® (W;/E*@)W&kTX/Cw) — ﬁg/,l xC.
Since the image of Dy lies in W;,E*®7T2'TC , the latter restricts to a section of the bundle

V= (ﬂ;,L®7réTC)* ® (W;,E*®7T§TC/(CW) — Z;

we denote it by D;.

Since the image of Dy lies in W;‘,E*®W§TC , N(Dy) is the signed cardinality of the zero set of the
affine bundle map
Vot Ty LOTETC — myB*@mETC, Y. (v) = Yy m(v) ¥ UEW}L@W&"TC‘Zw/.

,.
g™

Since the linear part of this bundle map is holomorphic, it is a regular polynomial in the sense of
[25, Definition 3.9]. By [25, Lemma 3.14],

N(Dy) ={e(V),[Z=]) — Cutrp-i ), =_(Dy)- (4.16)

The last term above is the D;-,—contribution to the middle term from the subspace D;l(O) N2
of Z,s; this notion is the direct analogue of Definition 2.1 in this setting. By [27, Proposi-
tions 2.18A,B] and (4.15),

cntrpgfll(o)mzw,(pj) = Z dile(Vi), [(AgrixC) N Ze | (4.17)

for some d; € Z, closed subvarieties Ay.,; < Ay, and vector bundles V; over Ay.; xC; these are
determined by the scheme structure of D;l(O) c My .

26



By the Poincare Duality, (2.11), and (2.12),
Ce(Vy), [(Agi xC)n 2o | = (e(V; (W;/E*®FENXc),[Ag/;iXC]>
= (2—2h—01 (B))<6(V;;))\g/_1Ag/, [Ag’;i]> .

By [1, Lemma 1], A1 Ay vanishes on My ;—M, ; and thus on Ay;. Combining this observation
with (4.16), (4.17), and (4.18), we conclude that

e((m *,L®7ré‘TC)*®(7T;,E*®7TETC/(CW)),[Zw/]>
- (e TEy (0O (22 = Gy ). 22

(4.18)

_ g1
Z VAT 2y = 0 | (DA ey (g B @ENKC).
r—0 r=0 My 1 xC

The third equality above holds because mjci(TC) vanishes on Z.s by (2.11) and the Poincare
Duality; the last equality holds by the Poincare Duality. O

5 Proof of Proposition 3.1

Continuing with the notation of Section 3, we set up a two-step gluing construction to prove
Proposition 3.1. For each 7 € 17971(C)¢’ as in (3.5), we first smooth out all nodes corresponding
to Edg in (3.7) and Edg® in (3.11). This step is not obstructed. At the second stage, we smooth
out the remaining nodes, i.e. the nodes corresponding to E.(7); see (3.12). This step is ob-
structed, i.e. not every J-holomorphic map in mtT7f(C)¢ can be smoothed out to a nearby element
of M, ¢(X, B; J, tv)®. We show that the elements of M, ¢(X, B; J,tv)? that lie near M7 ¢(C)? (and
thus are smoothings of some elements of M ¢(C)?) correspond to the small zeros of the (non-linear)
Banach bundle map =74, in (5.12). This map has no small zeros if v is generic and 7 is as in
Proposition 3.1(1). If 7 is as in Proposition 3.1(2), the small zeros of =7, correspond to the small
zeros of the map W74, in (3.32) and (5.30) between finite-rank vector bundles over M1 ¢(C)®. We
use the same strategy as in [28, Sections 3.2,4.2,4.3] and [29, Section 3.3].

For a generic choice of the pseudocycles f, the projection
Mye(X, B; J)? —> My (X, B; J)?

to the moduli space component in (1.4) is an embedding. Thus, we can view M7 ¢(C )? as the subset
of the elements of My (X, B; J )? which map to the curve C X and meet the pseudocycles f at
the marked points.

Let (So, 00) be asin (3.9). We denote by Sﬁh,(som)(B)‘?ﬁ the moduli space of degree B J-holomorphic
real maps from smooth genus h symmetric surfaces with the marked points indexed by the set Sy
with the involution o¢. Analogously to (3.20), let

517’()()(]5 = HMT,J;e X SD/th,(So,ao)(B)d) (5'1)
e€Ef - (T)UES - (T)

and " o
v g M (X)? — My (X, B; J)?
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be the natural m*(T)—invariant node-identifying immersion extending (3.21). The image of this
immersion is the stratum

My (X)? < My, (X, B; J)*
of stable maps of the topological type 7 (not necessarily passing through the constrains). For

each element u of 9717()( ), a vertex we Ver corresponds to an irreducible component ¥y, of the

domain ¥, of the map u in the image of this immersion. Each edge e = (w?, w¢) in E.(7T) < Edg

corresponds to a node z.(u) € X, formed by joining a point z0(u) in X3, = Yuwo With a point

rg(u) in Bg., =Dy

We denote the natural extensions of the vector bundles in (3.24), (3.25), and (3.27) and of the
bundle homomorphism in (3.26) to ﬁT(X )® in the same way. The center component Yy.0 = Su:w,
is no longer identified with C. The bundle 77, (T X in (3.24) should thus be replaced by Wi;teVEK@TX ,
where oy is the projection onto the last factor in (5.1). With notation as in (3.27), let

AT=( @L )/ Aut(T) — Mr(x)*,

ecEdg? LEdg®

§T = @ W;’;eLtf@W;‘ﬁL(e) - ﬁT(X)d) :
eeE«(T)

We denote by vy e F1T the image of an element v of FT under the natural projection
FT — AT < FT.
The involution o acts on FT° by
(0 (v ®Very)ereba(T))) o = 40 (V(e)) ®AT (Vg(ey)-
We denote the corresponding fixed locus by %’T".
For each ee E,(7), let Edg67.;e CEdg6;<e> be the subset of edges whose removal separates e and {e).
This subset is empty if e={e). Let
Bdg .. = Edgp... v {e} U {(e)} cEdg V¥ eeE.(T).

Since Yy, ~P! for every wee with eeEdgf)’,;e, there is a natural isomorphism

Fe: ®ze/ i) W;;6L6®W§;<6>TC N (52)
€’€Edg o;c
see [22, (2.3)]. Define
pri FT — §T, p7(0) (Pe(V) e, () = (Fe( ) Ue’)) ,
e’'eEdg ... "/ e€Ee(T)

D7:§T — Obsy, {D7((0e®uey)cenma()) } (e)eck. () = (He(ve)(dxge>(u)uo(v<e>)))eeE. o’

where ug =ulx,,, and xge>(u) €Xy,0 is the point forming the node of 3, corresponding to the edge
(e)eEo(T). The bundle maps D7 and py restrict to

D%ﬁ—: %T" — Obs?— and PT: FTo —s %T”,
respectively. If 7 = (t,m) with t basic, then 3T =FT°, pg = id, and the restriction of D?— to
S)TTTi(C)‘z’ is as below (3.29).
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5.1 The unobstructed gluing step

Let {— A’ be a family of deformations of the domains of the elements of ﬁT(X ) for a small
neighborhood A% ¢ FT° of the zero section. It is the restriction to #7° < FT of the analogous fam-
ily in the complex setting. The fiber of {— A7 over ve A is a nodal symmetric surface (3, 0y,).
Its dual graph 7T, is a rooted decorated graph obtained from 7 by deleting the edges corresponding
to the non-zero components of v and identifying the vertices of each deleted edge. In particular,

EJT) =ET) VYveANnFT;

we will not distinguish between these two sets below. It can be assumed that vy €A for all ve A”.

We fix an involution-invariant Riemannian metric on 3 and denote its restriction to ¥, by g,. For
any ve A, ee Edg with v, =0, and deR, let ¥,..(6) © X, denote the g,-ball of radius § centered
at the node x.(v) corresponding to e. If in addition ve F1 T and e€E.(T), define

E0e() = Bue(®) nTe  E0e(6) = Due(®) nThe,  E6(6) = T UBue(9).
If e € Eo(T), let 28;6(5) = i%;e UXue(d). The subset A” ¢ FT° contains 97?7(X)¢ as the zero
section. There are continuous fiber-preserving retractions ¢ and ¢, respecting the involutions so

that the diagram
q

de
T i’lA“r\L]'NHT" ﬂ|ﬁ7’(x)¢
A° N AFIT My (X)¢
commutes. We denote by
Qu: Xy — Xy and Qe Xy — Xy, ve Ay, ueﬁT(X)‘ﬁ, (5.3)

the restrictions of ¢ and ¢, to >,.

After possibly shrinking A%, the Riemannian metric on 4 and the map ¢ can be chosen so that

e ¢ is smooth on each stratum of i,

o q(zf(v)) =27 (77]5.7.(, (v)) forallv e A” and i=1,...,1,

for each v € A%, g, is biholomorphic on the complement of the subspaces g1 (Su.e(24/]ve])) with
eeEdg,

there exists a continuous function Jj : %IT(X )®» — R* such that every restriction (5.3) is a
(gu, gu)-isometry on the complement of the subspaces g, ' (Zy.c(d4(u))) with ee Edg and v, #0,

there exist a continuous function d3: DAJ/IT(X ) —R* and holomorphic functions

228 |0 (Buel03(w)) — €, eeEL(T),
ueN(X)®
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such that ze, = ze|zg.e(55(u)) and 2¢., = 2¢|ne (65(w)) are unitary coordinates centered at ze(u)
and ’ ’

0

C 0
(2e2) |4 (2o 65 0)) Oz

C
D) 0%

) el e = 12601 e

Ze‘qu—l(za;e<65<u)>—zu;e<2\/|ve\)) - Ze;uoq"d‘qsl<za;e<65<u>>—zu;e(2\/\ve|>> ’
Ze\qv—l(zam(as(u»—zu;e(2\/\ue|>) - Ze;uo%‘qsl(za;ewz(u))—zu;e(z\/wem
for all UEAO‘U and ue M (X)®.

We can assume that 20,(u) is less than the minimal distance between the nodal and marked points
of Xy for every ue My (X)?, 6;<d, <1, and

16[v] < 85 (n 3, (0))° Vel

The functions d4, 03, z¢, and z¢ can be chosen compatibly with the m*(T)—actions and with the
involution on 4l

With eeE.(7) and F, as in (5.2), define

Pe;u C— Tx<e>(u)zu;0 by

Ve ® pe;u(c) = I (Ue®c

® ® U€/> V ceC, veery, L
z2(0)  ¢'eBdg ..
e'#e

el
0Ze:u u

By the C-linearity of F¢, pe.u is a well-defined C-linear isomorphism.

Let gx be a ¢-invariant metric on X, VX be its Levi-Civita connection, and exp be the exponential
map of VX. Fix a number p>2. For each ve A’ and a smooth real map f: ¥, — X, let

D?: ]__‘(f)¢ EF(ZU, f*TX)d)ﬁv _ 1‘\0,1(f)¢ = Fo,l (E’U) T*Z?)J@f*TX)QS’UU (54)

denote the linearization of the -operator at f defined via the connection V¥ as in [16, Section 3.1].
The construction of [12, Section 3] provides modified Sobolev norms | - ||, p,1 and | - ||, , on the do-
main and target of the homomorphism (5.4) as well as L%-inner products -, -, 2 on these spaces.
These homomorphisms satisfy elliptic estimates involving the | - ||, 51 and | - |, , norms with coef-

ficients that depend only on W];T(v)eﬁjvTT(X)‘z’ and |[df], peR.

For UEAUﬁflThl, Y., is obtained from X, by smoothing the nodes corresponding to the subsets
Edg® and Edg® of the edges of 7. Since the restrictions of v to the irreducible components of ¥
sharing the nodes indexed by Edg® are constant, the smoothings of these nodes of ¥, extend to
the deformations of the map u into X. The nodes indexed by Edg® are the nodes of the center %0

of ¥y, which consists of the non-contracted smooth genus h curve ¥y,0 with contracted rational
tails Eg;e attached. If ue My ¢(C)?, then ulyo is a regular J-holomorphic map. Therefore, there
exists a neighborhood

09 (C) < W (X)?
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of ﬁTf(C)‘z’ such that the family of the deformations

o T o _ AC T 70| _
H‘A‘(’:mﬁlT—) Aen AT, where A7 = A" n FT ‘U;‘if(c)’

of the domains of the elements of ﬁ?if(C) extends to a continuous m*(T)—invariant family

Up: Ty — X,  veAINAT, (5.5)

of J-holomorphic maps. This family can be chosen so that it is smooth on each stratum of A%m.%ﬂ'.
The smoothings of the maps u with a fixed image curve arise algebraically.

By shrinking 03, we can assume that the diameter of u(3%..(d3(u))) is at most half the injectivity

radius of gx for every ue?r)\ﬁT(X)d’ and e€ Eg(T). Since @, — u as v —> u, we can also assume
that the diameter of

U(E(l)l;<e> (65 (u))) w Ty (qgl (i[l)l;<e>(5é (u)))) cX

is less than the injectivity radius for all ve A% AF1T|u and e € E(T). For ve A7, A F1T ] and
e€E.(T), we can thus define a smooth function

Curet 0yt (Baey (03 (W)) UEG e = Tty X St XDy(ay,, () Cuse = o (5.6)
by requiring that (y.els. = 0.
For each ’UEA%|UFN.%1T, let
Uy = UOGy: Ly —> X.

Since 1, —u as v—>u,
Uy, = exp,, (v (5.7)

for some small vector field ¢, €T'(u,)?, provided A’ and ﬁ?if(C) are sufficiently small. Since the
map ¢, is holomorphic on X,,..(d3(u)) for each ee E.(7T),

e = Zeliy, (5,0 = 2we OBl ) e (Bo(W) — €

is a holomorphic coordinate centered at z0(v)=¢q;*(z%(u)).

Lemma 5.1. The families of 4{—> A% and (5.5) can be parametrized so that the following holds.
There exist smooth functions

C: ﬁ%f(C) — R and

mv;e: Ev;e(ég(u)) —> Tu( (u))X with UEA% ﬂﬁ1T|u, uEﬁ?{AC), GEE.(T)

ey
respecting the m*(T)-actz'ons such that

Cv;e (Ze;v) = Cv;e(o) + da:(<)6>(u)u0 (pe;u(ze;v)) + é:):“L‘fu;e (Ze;v) ) (58)

ICollop1 < C(u)|v|1/p, |%v;e(ze;v)| < C(u)|Pe;u (Ze;v)||26;v|’ |dze;vmv§6| < C(“)|Pe;u (Zew)|

for all zea, € Sy (03(1)), VEALAF 1T |u, ue (7;%(6), and e€E4(T).
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Proof. Since g, is constant, this lemma concerns only the smoothings of the nodes of ¥V and the

restrictions of ¢, and i, to Egc Y- The restriction qU|E(v) can be written as the basic gluing map
of [26, Section 2.2]. Since u|sg is a regular map, [28, Lemma 3.2] provides a family of maps (5.5)
satisfying the first bound in Lemma 5.1.

The smooth function R, is defined by (5.8). The two bounds on R, follow directly from the
proofs of [28, Lemmas 3.4,3.5]. The only difference is the presence of the 0-th order term (,..(0) in

the current setting; it does not appear in [28, (3.27)] because of the vanishing condition imposed
on the elements of I'y (v) in [28, (3.2)]. By [26, Lemma 3.5] and the first bound of Lemma 5.1,

<ol co < Crlmlo] 7
Along with (5.7) and (5.6), this implies that
[Gore ()] < Ca(w) o] 77 (5.9)

Thus, all estimates from [28, Lemmas 3.4,3.5] apply in the current setting. O

5.2 The obstructed gluing step

We now move to the second stage of the gluing construction. For each ve A7 sufficiently small, we
will construct an approximately J-holomorphic map

Ueipy: Dy —> X st [ 0stte ‘pr < Cy (WJ;T(U))‘/)“T(U)‘ (5.10)

~

for some continuous function Cy: Ugif(C) — R*. This map is analogous to the approximately .J-
holomorphic map constructed just before [12, Lemma 3.5]. It can be written explicitly in this case
as each map 1,, is non-constant on only one irreducible component ¥, .o of its domain and X, .9
is smooth.

Let 8: RT—]0, 1] be a smooth cutoff function such that

8y = {1, if r<1/2;

0, ifr>=1.
For each eeR*, we define 3.e C®(R;R) by Bc(r)=p(r/e). For ve A?|,, and e€E,(T), define

Guet @y (Bue(05(1)) — ¢, (Bhe(G3(w)) by 2e(Fose(@)) = Bswy (126(2) ) 2e (2);

in particular,
Gore(T) = Qo (), if xqul(Z?l;e(éé(u))—Eu;e@ |vel));
’ we(v1), if 2€q; (055, (5(w))).

If in addition ueﬁ?f(C), define

Uy (Gor (), if €, (Bhe), T, (Bue(24/[ve])) Ve€EL(T);
Ueip: By —> X, Ueio(T) = 1 Uy (Guie (), ifxqul(Eu;e((Sg(u))), e€E.(T);
Uy, (Te(v1)), if xqul(Ea;e—Eu;e(%(u))), eeBE(T).
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The support of 0y, is contained in the annuli ¢, (35, (63(u))) with e Eo(T). On these annuli,
the map g, is equivalent to the modified gluing map §y,.2 of [28, Section 4.2]. The bound in (5.10)
thus follows from Lemma 5.1 as in the proof of the first estimate in [28, Lemma 4.4(3)].

For each ve A7, and {eker ngl, we define Rugef(u.m)d’ as in the above construction of u,.,. Let

T (ue)” = {Ru¢: Eeker DY

and denote by
Ly (u-;v)¢ - P(“-;v)¢

the L2-orthogonal complement of I'_(u,.,,)?. Analogously to the third estimate in [28, Lemma 4.4(3)],
. 6
1 (F}N-T(U)) I¢lopr < HD;ZE.;UCHU@ <G (7"}‘7'(“)) I¢]op,1 Vel (“';v) (5.11)

for some continuous function Cj : ﬁﬁ?f(C) — R*. The second estimate in [28, Lemma 4.4(3)] also
applies in this case for the same reasons as before.

Lemma 5.2. If A%, ﬁ?yf(C), and O, : ﬁ?yf(C)—ﬂRJr are sufficiently small, then

(I)T: {(U7 C) : UEAU, C€F+ (u'§v)¢7 HCH’U’pJ < 5‘ (ﬂf']'d (U)) } - xg,l(Xa B)¢7
(v.0) = [0(0)] = [exPuunC (57 (W), 7 (W), .
is an A\Jut*(T)—mvam'ant degree |m*(7)| covering of an open neighborhood X1.£(C) of My ¢(C)?.

Proof. By the choice of T'_ (u..,,)?, this is essentially an inverse function theorem. The continuity,

injectivity, and surjectivity of the induced map on the quotient by Aut’ (T) are proved by arguments
similar to Sections 4.1, 4.2, and 4.3-4.5 in [26], respectively; see also the paragraph following
Lemma 4.4 in [28]. O

Let V7 be the J-linear connection corresponding to VX. For each ve A% and CEF(u.w)‘z’, let
e: T (ua)” — TP (expy, €)%
be the isomorphism induced by the V”/-parallel transport along the VX-geodesics
5 —> expuw(sC), se[0,1].
With v as in Proposition 3.1, define
Erw(v,-): I‘(u.;v)d) — 70! (u.;v)¢ by E1w(v,() = HC_I o ({0s+tv} expu.wC) : (5.12)
Similarly to [26, (3.9),(3.10)],
E7u0(0, Q) = stz + tru,,, + DY, ¢+ Noy (), (5.13)
with the quadratic term N, satisfying
NZ(0) = 0, [NS/(Q) = N3G,y < Calmpr () (It1+1C
V oteR, (¢ €l (ta)® site [Clop, ¢

B s I CRYY

o1 < e (Wﬁ’r(v))
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for some continuous function Cy: ﬁ?if((f) —RT.
We will show that =7, does not vanish if v is generic, 7 = (t,m) with t not basic, [v(¢)] is suffi-
ciently close to SJTT’f(C)‘b, and te R is sufficiently small. In the case t is basic, we will construct

a section W, as in (3.32) so that its vanishing locus corresponds to the vanishing locus of =7,
after the constraints f are taken into account.

For any functions o7, €7 : ﬁ?f(C) —R*, let

Q‘SvaT = {(U’C): UEA%U CEF+(U°;U)¢> |U|<57—(7T]7‘7‘0(U))7 HC

By (5.13), (5.10), (5.11), and (5.14), there exist continuous functions

lop1 < 67—(7rj;7.0 (v)) }

o1, €7, Cr: UF4(C) — RT
such that

{(t7 v, C) eRx Q(sT,eT : |t| < 5T(7T}N‘Ta (U))a ET;tV(U7 C) = 0}

— {(t; v, )R X Q(ST,ET: <] v,p,1 <CT(7T]§TU (U)) (|p‘7’—(v)|_|_|t|) } (5.15)

We can assume that

{UE’%T(b‘ﬁ%f(c): |v] <(57~(7rﬁ7,(,(v))} c A7, er<b., Or,er <1, 20761 <er,
and that the functions é7, e, C'y are m*(T)—invariant.
Let eeE (T), ue(?%f(C), and ve A%|y. We define a holomorphic map

Guet 25 (Ba(W) =4, (5 (05(w)) — =6, = By, by
£ g0 Sue@y/Ivel)) T P18 g0 (Suie2y/]0e)))

c _C
Zeoqwe‘q;%zw(&a(u>>> - Ze‘q;%zu;e(éa(u))) » Quie

For each holomorphic (1, 0)-differential k€E|x,, supported on if}l;e, we define a (1, 0)-differential
R..,k on X, by

HdeQU;Ea if xEq;l(iﬁ;e—Eu;€(55(u)));
Reukl|, = 3 By (ze(@))rodaque,  if 2€q5 (Sue(55(n)));
0 it re X, —q, (55, (55 (w)).

Combining this construction with a continuous collection of isomorphisms
R'U1§e : E€|Zu Ee|zvl

as above [28, (4.9)], for each k€ Ec|, we obtain a (1, 0)-differential R,.,x on ¥,. Analogously to [28,
(4.10)], for each ge[1,2) there exists a continuous function Cy: ﬁﬁﬁf(C) —>R* such that

HRUF;HU# < Cy(u) x| VvelAb|y, KEE:|u, e€E.(T). (5.16)
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The norm on the left-hand side of (5.16) is the usual Sobolev norm with respect to the met-
ric g,; the norm on the right-hand side of (5.16) is any fixed norm on the finite-rank vector bundle
Ec—Uf¢(C).

With e, u, and ve A% |, as above and (. as in (5.6), let
CU§€ = CU1§606U;6(x) : Ef};e (53(11)) - Tu(z<e>(u))X'
Define
0, : T (uey)? —> Obsy|, Dy

{@U(n)}((ne)eeE.(ﬂ) = <1ﬁ (vaﬁie)/\(ﬂ:l' 77)) V ke€Ec|u, e€EL(T).
2 IS¢, 55(u) vie JeeRa(T)

v;eY¢

By Holder’s inequality and (5.16), the above integral is finite and

|00 < Co)|nlvy ¥ 7el% (usy)? (5.17)

for some continuous function Cg: ﬁfﬁf(C) —RT.

It is immediate that
6,4 ~ Pr(rzr )] < ) 519
for some continuous function €, : Az — R* that vanishes along ﬁgif(C) By the proof of [28,

Lemma 4.4(7)], there exists a continuous function €; : A7, — R* vanishing along ﬁif(C) such that

[00(D2, Q)| < c1()Clopr Y CET (tar)?. (5.19)

By Lemma 5.1 and the proof of [28, Lemma 4.4(6)], there exists a continuous function e3: Az — R™
vanishing along (7? ¢(C) such that

|00 (8te) = DFp%(0)] < €5(v)[pF(v)]; (5.20)

the 0-th order term (,..(0) appearing in the expansion of Lemma 5.1 has no effect on [28, (4.24)].
By (5.13), (5.14), and (5.17)-(5.20), there exist continuous functions

Cz: ﬁi’f((f) — R and e=: A7 — RY

with ez vanishing along ﬁ?f(C) such that

€0 (ETin (v,)) = (DFAF(W) + 07 (W0 ()] < C (w7 () (IS o) ¢, 1 (5.21)
+ez(t,0) (|pF () |+t + [Clvp1)

for all teR, ve AZ, and (€D (te;)? With (] p1 <o (T2 (V).

By (5.15) and (5.21), there exists a continuous function

€70 Rx AL — RT
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vanishing along {0} x INJ;Zf(C) such that

D505 (0) 4177 (370 ()| < et ) (5] + 1)

~ (5.22)
V (t;0,)eRxQri5, e st |t|<(57—(77]5.7—g(v)), E1(v,()=0.

Suppose T = (t,m) and t is not basic so that
dim {)\J/TTf(C)‘j’ + 1k FT7 < dim 97?7-7f(C)¢ + 1k FT° = 1k Obs?—.
Thus, the bundle map
FT7 — Obsg, v —> D?pgr(v) +77 (T2 (V)),

has no zeros over ,;.)\j/t'j"f(c)¢ for a generic choice of v € .A¢ (J). By (5.22) and the proof of [25

Lemma 3.2], for every precompact open subset K 93?7- f(C)¢ there thus exist 5 (K)eR™ and an

open neighborhood 9, (K) of K in Q5 ¢ such that Z7,, does not vanish on €, (K K). By Lemma 5.2
and (5.12),

l
U,(K) = X,¢(X,B)® n (@T(Qy(ﬁ*)) x HY)

i=1

is an open neighborhood of K = t1.¢(K ) in X,¢(X, B)? satisfying (3.31) with K replaced by K.
This establishes the first statement of Proposition 3.1.

From now on we assume that 7 = (t, m) with t basic. Thus, the domain of each element of Sf)\J/TT(X )@
consists of a smooth genus h curve ¥,,0 with smooth positive-genus curves

ifl;e = ECu;e for eekE, (T) :EO(T)

attached at distinct points. Furthermore, 7 = F7 and pF(v) =v. The gluing construction now
consists of only the second, obstructed step.

For each uei)fi\ﬁT(X)d’, let

PO 1( )C 1—\(2 T EO 1®U (TX J)) al’ld PO,l(u)¢) EF%I(U) mFO,l(u)¢

denote the subspace of harmonic (0, 1)-forms and the subspace of ¢-invariant harmonic (0, 1)-forms.
The former is generated by harmonic forms each of which is supported on ¥, . for some ee E, (7).
The homomorphism (3.26) restricts to an isomorphism

Ou: T (u)? — Obsy]

For each v e A%|y, e€ E((T), and n € %! () supported on X¢.,, we define an element R,7 in

L% (ua;) by

u;e’

nodeU;ey 1f1~eq*1(zc _Zue((sé( )))
Runl, = { Byt (2o @D, onodagues it 2€q, (Sue(dp(u):
0, if 2e %, — g5 (58, (65(w))).
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This definition induces an injective homomorphism
Ry: %' (u)? — 101 (o)
that satisfies

|Ron],,, < Cr@)nl,  [Ou(Run) = Ou(n)]| < Cr)[o|n] Vel (u) (5.23)

for some continuous function Cg: ﬁ?ﬁf(C) —R.
For each ve AZ, let

ro! (u.;v)¢ = {Run: neF%l(u)‘ﬁ} and F?r’l (u.;v)q5 = {nefo’l (tesw): Ou(n)=0}.
By (5.23),
T (tary) = T (1) ® @ T (war0)? (5.24)

for all v sufficiently small; by shrinking A7, we can assume that (5.24) holds for all v e A%.
Denote by
Ty s T (1) — T (a)?

the projection to the second component in the decomposition (5.24). By (5.17) and (5.23), there
exists a continuous function C : U;éf(C) —>R* such that

va +77va C. (W];TU(U))H'O v.p V ner%t (u.;v) ) (5.25)

By (5.11), (5.19), (5.23), and (5.25), there exists a continuous function such that C : ﬁﬁﬁf(C) —RT
such that

Cy (”ﬁ’r(“)) Hc|v,p71 S H” u.UCH ( ﬁT(“))HQ

for all v sufficiently small; by shrinking A7, we can assume that (5.26) holds for all ve AZ.

vpl Y C€F+(U)¢ (5.26)

y (5.13), the identity Z7.4, (v, () =0 is equivalent to the system of equations

{ iy D+ A NGO = =il Byt — v, €T () (527

@U (\—lT;ty( ,Q)) =0¢€e ObST|u'

By (5.26) and index considerations, the homomorphism

A0 D2 Ty () — T (te)”

Uesv *

is an isomorphism; its norm and the norm of its inverse are bounded depending only on 7'(']_-7-( v).
In light of (5.10), (5.14), and (5.25), we can thus apply the Contraction Principle to the first
equation in (5.27) provided |v| and |t| are sufficiently small (dependmg on 71']_-7—( v)). More precisely,

for every precompact open subset KCUTf(C) there exist 6, (K), 6,(K), C(K)eR" such that

5,(K) <infdr, e (K)<infer, 2076,(K) < e (K),
K K
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and for all teR and UE}"T|K with [t], [v] <8, (K) the first equation in (5.27) has a unique solution

G (V) €T 4 (Uary)? With |G (V)]|wp1 <¢6,(K) and this solution satisfies

|G @)1 < CAE)(Jv]+]H). (5.28)
If K is preserved by the m*(T)—action, then the function v —> (3, (v) is m*(T)—equivariant.

The maps

S FT ol — Zoa(X.B)%, v —> [0(Gu(0))] = [expuenlv), (5 (). 2 @)1

with [t| <4, (K) are the analogues of [26, (3.16)] in the present situation. Let
~) o~
MI(K)? < Xyu(X, B)?
denote the image of J7.;,,. Since the evaluation map
ev: My (X)? — X!

is transverse to the pseudocycles f along mT;f(C)(b, the maps 77, can be adjusted for the con-
straints as in the proof of [26, Lemma 3.28]; this adjustment is summarized below.

We denote by N
T s NF — M6 (C)?

the normal bundle of M7.¢(C)? in M7 (X)?. Fix an m*(T)—equivariant identification
S N — M (X)?

between neighborhoods of M7¢(C)? in N# and in M7 (X)? restricting to the identity over Mr£(C)?
and identifications

(I)M

T fTUN“—ﬂ~ FT° — FT° and I 7r~ ObsT — ObsT

of vector bundles lifting 5’}, restricting to the identity over M7.¢(C )?, and respecting the splittings.

Let K <9M7.¢(C)® be an open subset such that L?rlf(K) c K is precompact. By Lemma 5.2, (5.12),

(5.28), and the proof of [26, Lemma 3.28], there exist a neighborhood U, (K) of K in X,¢(X, B)?,
0,(K),C,(K)eR™, and a unique section

P € F(]?qu(K)‘L;}f( *N /\7 )

such that
|5 ()] < Cu (K) (Ju]+[t]) (5.29)

and the map
~ Y ~ o~ ~(t ~
D7 =T 0PFODy, ! J:E(Z(K)L;}f([() — MNE)? A U (K)
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is an m*(T)—invariant covering of degree |m*(T)| By (5.28) and (5.29), 1., satisfies the first
condition in (3.33).

We define the section in (3.32) by

tv

W (0) = {1 3 3™ (Ot o, gy B (BBl (0)), G (B (1)) (5.30)

By (5.21), (5.28), and (5.29), Y. (v) satisfies (3.34) with e, satisfying the second condition
in (3.33). By (5.12), (5.27), and the last sentence of the previous paragraph, (3.35) is satisfied as
well. If v is generic, then

M, ¢(X, B; J,tv)® = M, ¢(X, B; J, tv)?.

The last statement of Proposition 3.1 is obtained as in the proof of [26, Corollary 3.26]. The
crucial point in both cases is that the signs of the elements of \P}}ty(()) are determined from the
orientation of the deformation-obstruction complex over each stratum associated with the moduli
space M, (X, B; J)?.

6 Computations and applications

In this section, we determine the genus g degree d =1, 3,4 real GW- and enumerative invariants
of (P3,74) with d conjugate pairs of point insertion; the latter is readily obtained from the former
via (1.7). By [9, Theorem 1.6] and (1.6), the genus g degree d real GW- and enumerative invariants
vanish whenever d—g € 2Z. Examples 6.2-6.4 apply [9, Theorem 4.6] to compute the genus g
degree d =1, 3,4 real GW-invariants with d—g¢ 2Z by equivariant localization with the standard
(C*)2-action on (P3,74). In [18], these computations are carried out for d=5,6,7,8. The degree 2
GW- and enumerative invariants vanish because there are no conics passing through two generic
conjugate pairs of points in P3; the vanishing of the GW-invariants in this case is shown by
equivariant localization in [9, Example 4.10]. The results of these computations are summarized in
Table 2. We conclude by combining Theorem 1.1 with Castelnuovo bounds to obtain conclusions
about one- and two-partition Hodge integrals.

6.1 Preliminaries

Let g, ke Z?° with 2g+k>3. We denote by
E— m%k

the Hodge vector bundle of harmonic differentials over the Deligne-Mumford moduli space of (com-
plex) genus ¢ curves with & marked points. For each i=1,...,k, let

Y € H* (M)

be the first Chern class of the universal cotangent line bundle at the i-th marked point. For a
formal variable u, we define



This is the equivariant Euler class of E* tensored with the trivial line bundle with the equivariant
first Chern class equal to .

For formal variables u1, uo, and ug, define

Au1) A(uz)A(us) +
. = . = 7
Io(ut, ug, ug) = 1, I (ur, ug, us) o w(u—t) Vgel”,
2 A(u1)A(ug)A
IQ;O(UI7UQ,U3):M7 Loy (11, uz, ug) = (u1 +uz) usf (u1) A(uz)A(us) v geZt
Uty uruy  JRq, ,(u1— 1) (u2—2)

These integrals are known in the literature as one- and two-partition Hodge integrals. We note that
I.g(ur, ug, uz) = In,g(ur, us, uz), Ip.g(ur, ug, uz) = Ing(ua, ui, us), (6.1)
Iy (ur, ug, uz) = Ity (—ur, —ug, —us), Ip,g(ur,uz, u3) = In.g(—u1, —ug, —u3)

for all ge Z>Y.

Lemma 6.1. For g,keZ>°,

J A( ) ( ) ( ):(ull) _lfl;g(ul,uQ,ui;) ’if 294‘]{323,]?217
M, uwi(ur—v1)

(U1+U2)2U3J Aur)A(uz)A(us)
(OK M, (w1 —=v1)(uz—2)

= (ufl—i-u;l)k_QIg;g(ul,u2,u;z,) if 2g+k=3, k=2.

Proof. For (g,k)=1(0,3), both identities follow from the moduli space My 3 being a single point.
In the remaining cases, they are consequences of the dilaton relation as shown below. If k=2 and
2g9+k =4,

J Aur)A(uz)A(us) EJ Au1 (u2)A(u3) 5+2 ZJ gkAlul UQ)A(U3)¢5
1

s—1

My Ul(ul—wl uy

—ZJ MM T =t [ MDA g)

] My W (ur—v1)

If k=3 and 2g+k >4,

J A(UI)A(U2)A(U3) _ J A ul A(UQ)A(Ug) il iQ
M

7g,k(u1_¢1)(u2_w2) 515220 i1+1u§2+1
(uy uy Y7t
- (u1)A(uz)A(usz)
81,822120J Mg,k—1 Uil+1u§2+1
A A A
= (u11+u21)f (ul) (UQ) (Ug) .
Mg -1 (w1 —1)(ug—12)
Both of the claimed identities now follow by induction from the base cases. ]

In the next three examples, we denote by H € H?(P3; Q) the usual hyperplane class and use the
standard (C*)%-action on (IP?,74). The fixed points of this action are

P, =[1,0,0,0], P»=1[0,1,0,0], P;=1[0,0,1,0], P;=1[0,0,0,1];
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they satisty P =74(P,) and P3=74(P;). Define
ma:{1,2,3,4} — {1,2,3,4} by  Pry = 7a(Pi).
We denote by
a1 = —a and a3 = —oy

the weights of the standard (C*)2-action and by
x,e(TP?), c(TP?) € Hi (P* Q)
the equivariant hyperplane class and the equivariant Euler and Chern classes of TP2. Thus,

x|p, = @i, (TP, = [[(+x—a;)  Vi=1,2,34. (6.3)
i
For ieZ, let
1, if i¢2%Z;

&= {3, if ie2Z.

The genus g degree d real GW-invariant of (P3,74) with d pairs of conjugate point constraints is
given by

GWE;Z’” (H?,...,H?) = J[ ﬁ (evi*H (x—aj)). (6.4)

~——— 3 J)T4vir - | .
Y Mg a(P3,d)7a ]V 57 (i)

By [9, Theorem 4.6], this integral is the sum over contributions Cntrr ,(3%) from the (C*)2-fixed
loci Zr , corresponding to the elements (I, o) of the collection A, 4(4,d) of admissible pairs; these
are reviewed below.

Each element (I', o) of A, 4(4,d) consists of a genus g S-marked [4]-labeled decorated graph I" with
S as in (3.17) for I =d and an involution ¢ on I'. The former consists of an S-marked decorated
graph 7 as in (3.1) and additional functions

¥: Ver — {1,2,3,4} and 0: BEdg—Z*

such that ¥(vy) #9(v2) for every edge e={v1,v2} and the values of d add up to d. The bijection o
is an involution on 7 as in (3.4) such that Yoo =740 and doo =0. The first condition implies that
V(') =. A pair (T, o) is admissible if d(e) ¢ 2Z for every ee ER(T'). Since ev;|z; , is the constant
map with value Py(n(;y), (6.3) implies that

ev® X—o) = a o —a) = e(TP<i>P3)7 lfﬁ(m(l+)):<l>7
Zj1;:<[z'>( 2 31;:<Iz>( iy =) {0, if 9(m(i*)) #(i); (6.5)

for each i=1,...,d.
For each edge e ={v1, v}, let

Qg — Oy

¢e;v1 = 0(6)
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For each ve Ver, let

S, = E,(T) um™(v)
be the disjoint union of the edges leaving v and the marked points carried by v. If in addition
val,(I') =3 and eeE,(I'), let o

Yue € H (Mo s,)
denote the first Chern class of the universal cotangent line bundle associated with the marked point
indexed by e.

If 9(m(i*)) = (i) and val,(I') > 3, the contribution of the vertex v to Cntrr ,(3%) is given by [9,
(4.18)] as

_ e(E*®Tp ]P’B)
1) Cntrp gy (37) = —(—1)8HEDlg (T, 3yl o) : 6.6
( ) o, ( ) ( ) e( Focw) ) o Hwe;v(we;v‘i‘wv;e) ( )
Mgy, s, €€Ev )
By the second statement in (6.3),
e(E*®Tp,,,P*) = [ [A(oww)—ay) (6.7)

Jj#9(v)

If 9(m(i*)) = (i) and val,(T")€ {1, 2}, the contribution of the vertex v to Cntrr ,(3%) is given by [9,
(4.19)] as

(—1)5ant1"F,o;v(3d) - (_1)|m*1(v)\e(TP ]P)3)‘Sv‘71

9 (v)

3150l [Bu(D) (6.8)
( Hwe U) < Z e;v) .
eeE, () e€B, (T)

If 9(m(it)) # (i), then (—1)*Cntrr 4.,(3%) =0 by the second case of (6.5).

If ee EZ(T), the contribution of the edge e to Cntrr ,(3%) is given by [9, (4.22)] as

(=1 L
(e) (d(e)!)? g ()~ () PO ()2 %e) ((e)=r)ag(vy) +T%(vy) . (6.9)
( o(e) ) Il H( o(e) —aj)
J#0(v1),9(v2) r=0

Cntrpme =

If ee EG(T), the contribution of the edge e to Cntrr ,(3%) is given by [9, (4.23)] as

o(e)—1

—1) 2 1

(e(e)! /o, -1 QEO=D2/ gy o0, .
9 &0 (vy) 1—[ 1—[ LG DI
( 9(e) ) 0(01)0(v2) 7=0 ( (e) J)

Cntrr ge = (6.10)

The description of the contribution Cntrr ,(3%) of Zr, to (6.4) in [9, Theorem 4.6] involves picking
any subsets

Vi(I) < Ver and E(I')cEZ(T) s.t.
Ver = Vi) uo(VLI)) and  Edg=EZ() uEL(T)uo(ELT)).
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By [9, (4.26)],

1

Cntrr » (3d) - m

[ [(-1)*"Cntrr 60 (3%) [ [ Cntrr e . (6.11)

veVo(T) eeEg (I uES (T)

We will call an element (T, o) of Ay 4(4,d) contributing if ¥(m(i*)) = (&) for every i=1,...,d. By
[9, Theorem 4.6], the number (6.4) is the sum of the rational fractions (6.11) over the contributing
elements of Ay 4(4,d).

6.2 Low-degree real GW-invariants

We next apply the above setup to evaluate the integral in (6.4) for d=1,3,4 and g€ Z>" such that
d—g¢27.

Example 6.2 (d = 1). We compute the genus g degree 1 real GW-invariant of (P3,74) with
1 conjugate pair of point constraints for every g€2Z=°. This invariant is given by (6.4) with d=1.
If (I', o) is an element of A, 1(4, 1), then I' consists of a single edge e = {v,v2} with

ceE,  de)=1,  g(vi)=glvs) = g, m(1t) =1, m(1")=2.

If (T', o) is a contributing pair, then

1

042 27

19(”1) =1, 19(”2) =2, ¢e;v1 = —2q, CntrF,a;e = P
1 3

(—=1)* Cntrp,g;vl(Sl) = a%—a% if g=0;

the last two statements follow from (6.10) and (6.8). If g=2¢' >0, then (6.6), (6.7), and the first
statement of Lemma 6.1 give

' A(2041)A(051—043)A(041+Oé3)
_1 Sy . 1 — _1 g 2 2_ 2 J
(—1)*1Cntrp g0, (3") = (—=1)7 201 (af —a3) M. 2o(200—1n)

(-1)¢ (a%_ag)llgg’ (201, a1 — a3, a1 +as).
Combining the last three equations with (6.11), we obtain

GWEZ“ (H?) = (—1)911.4 (201, @1 — a3, a1 +as) Vge2727°. (6.12)

In particular, we obtain the numbers GWg & GW%S 4 and GWff g listed in the d =1 column of
Table 2.

Example 6.3 (d = 3). Let g€ 2Z2°. The genus g degree 3 real GW-invariant of (P3,74) with
3 conjugate pairs of point constraints is given by (6.4) with d = 3. If (I',o) € Ay3(4,3) is a
contributing pair, then

J(m(17)),9(m(3")) =1, JI(m(17)),9(m(37)) =2, J(m2")) =3, I(m(27))=4. (6.13)

There are 4 types of admissible pairs satisfying (6.13); see Figure 2. The number next to each
vertex v in this figure, i.e. 1,2,3, or 4, is ¥(v), the number next to each edge is 9(e), and the arrows
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1+ 1 1 3 o9+ 1t 1 1 4  9- 1+ 1 1 3 o9+ 1t 1 1 4  9-

3+791 g2 3+791 g2 9+ /g1 g2 g+ /9 (92

1 1 1 1
37 37 37 37
1_>—0—2* 1_>—0—2+ Z_L—q—gf 1_¥—2+
2 1 4 2 1 3 2 1 4 2 1 3

Figure 2: Admissible pairs potentially contributing to (6.4) with d=3

indicate the involutions. The labels g; and g2 next to the top vertices are the values of g on these
vertices. Since the values of g are preserved by the involution, gi1+g2 =g/2. We can take VI (I') to
consist of the two top vertices and ES (I') of the top edge e;. We denote by vy the left top vertex,
by wvo the right top vertex, and by es the vertical edge. In the case of the first diagram in Figure 2,
(6.6)-(6.10) and Lemma 6.1 give

-1 1

C t . = s C t . I e
BT 01 doraz(on +az)? HTnoses O‘%_O‘g
(=1)™1Cntrr, o0, (3%) = —(=1)7 201 (af —a3) (o1 +as) oy, (a1 — a3, 201, 01 +a3)

(—1)%20ntrr, 00, (3%) = (—1)922a3 (s +a1) I1,9,(as— a1, 203, ag+oq ).

By (6.11), the contributions of the first two diagrams to (6.4) with d =3 are thus

Cntrplm(33)
Cntrp2,02(33)

(_1)9/2I2;91(a1 —ag, 201, a1 +as) g (az—a1, 2a3, a1 +as), (6.14)

(—1)9/2I2;gl(a1 +asg, 2aq, o —ag)Il;gQ(al +asg, 2a3, a3 —al);

the second expression is obtained from the first by replacing as by —ag (which corresponds to
interchanging 3 and 4) and using the second identity in (6.2). In the case of the third diagram in
Figure 2, (6.6)-(6.10) and Lemma 6.1 give

-1 1

Cntrr, gaier = —5——5
2 3,03;€2 a%_a%’

Cntrr, gae; =
BB 4araz(ag+az)

2
(=1)%1Cntrry gy, (3%) = (=1)9"40d (a1 +a3) 19, (1 — s, 201, a1 +a3),

g 2003 (a§ —a%)

(—1)*2Cntrry gyi00 (33) =—(-1) 12;92(043 —a1, 203, a3 +a1).

3ag—aq
By (6.11), the contributions of the last two diagrams to (6.4) with d=3 are thus

(—=1)9/2204
3az—aq
—(—1)9%20a,
3az+ay

Cntrp3703(33) = Il;gl(al —ag, 201, o +Oé3)[2;g2(043 —aq,2as, o +043),

(6.15)

Cntrp47g4(33) = Il;gl(al +asz, 2aq, —043)12;92(011 +as,2as, a3 —al).

The genus g degree 3 real GW-invariant of (P2, 74) with 3 conjugate pairs of point constraints is the
sum of the four fractions in (6.14) and (6.15) over all g1, go€ ZZ° with g1 +g2 = g/2. In particular,
we obtain the numbers GWg & GVV;‘s 4 and GWf g listed in the d=3 column of Table 2.
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1+ 1 1 3 2+ 1+ 1 1 3 2+t 1+ 1 1 4 92— 1+t 1 1 3 9+

3.:,. g1 g2 4+ 34,_ g1 g2 4+ 3.:,. g1 g2 4, 3+ g1 g2 4+
1| 1) Yer 1 1 1 1 1 1
3- II I s I RS I g >< 3
1- _ - e v oo- -
> 1 4 7 > 1 4 % > 1 3 ° 1 2 !

Figure 3: Admissible pairs potentially contributing to (6.4) with d=4

Example 6.4 (d = 4). Let g € Z*—27Z. The genus g degree 4 real GW-invariant of (P3,74)
with 4 conjugate pairs of point constraints is given by (6.4) with d=4. If (I',0) € Aj4(4,4) is a
contributing pair, then

J(m(1%)),9(mBY)) =1,  I(m(2%)),¥(m(4")) = 3. (6.16)

There are 11 types of admissible pairs satisfying (6.13): the first diagram of Figure 3, with the
4 possible ways of labeling the vertices and the 2 possible involutions on the loop of edges, and the
remaining 3 diagrams in this figure. All 8 versions of the first diagram in Figure 3 have the same
automorphism group Zy and all edges of degree 1; their contributions thus cancel in pairs by [9,
Corollary 4.8]. For each of the remaining diagrams, we denote the top left and right vertices by v,
and wvo, respectively, and the top, left, and right edges by e, e2, and es, respectively. We take
VI(I') = {v1,v2} in all three cases, ET (I') ={e;} for the middle two diagrams, and E (I') = {e1, e}
for the last diagram. In the case of the second diagram in Figure 3, (6.9), (6.10), (6.6), (6.7), and
Lemma 6.1 give
-1 1 1

Cntrr, go.ep = Cntrr, go.ex =
4a1a3(a1+a3)2 ’ 2,02;€2 Oé% 2,02,€3

2 2 2 )
as Q3 —ag
(=1)™ Cntrp2,02m(34) = —(—1)92 (a% )(a1 +a3) (al—a3,2a1,a1 +a3),
(=1)%= Cntrp%@m(?fl) = —(—1)%2a3 (a3 041) (a3+a1) (ag—a1,2a3,a3+a1).

By (6.11), the contributions of the middle two diagrams to (6.4) with d=4 are thus

CntrFQ,Uz;el =

Cntl"r2702(34) = —(—1)(971)/212;511(0(1 —asg, 201, a1 +063)1—2;g2(043—041, 2ai3, g +043), (6 17)
Cntrp3,g3(34) = —(—1)(971)/212;91(011 +as, 2aq, ag —ag)Igm(ozl +as, 2a, ag —041); '
the second expression is obtained from the first by replacing a3 by —as and using the second
identity in (6.2). In the case of the last diagram in Figure 3, (6.9), (6.6), (6.7), and Lemma 6.1
give
-1 1
Cntrr4’g4;e2 =

Cntrl“4aff4;€1 =

4@1@3(041 +043)2 ’ 4041@3(041—0&3)2
(—1)*1Cntrr, o4, (3%) = =(=1)7"407 (af —a3) Iz, (01 — 3, a1 + 13, 2011,
(_1)%2 CntrF4,U4;U2 (34) = _(_1)9240% (Oé% _O‘%)I2;92 (053 —o1, a3+, 2043) .

By (6.11), the contribution of the last diagram to (6.4) with d=4 is thus
Cntrr4’g4(34) = (—1)(9_1)/212;91(041 —ag, a1 tas, 2041)[2;92(043 —aq, 01+ as, 2043). (6.18)

The genus g degree 4 real GW-invariant of (P3,74) with 4 conjugate pairs of point constraints is
the sum of the three expressions in (6. 17) and (6.18) over all g1, go€ Z=° with g1 +g2=(g9—1)/2. In
particular, we obtain the numbers GVV1 & GVV%5 4 and GVV;5 4 listed in the d=4 column of Table 2.
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6.3 Implications for Hodge integrals
We put the Hodge integrals I1.,, and I3, into the generating functions

Fy(ur,ug, ugit) = Y Tiglug,ug, ug)t®,  Fo(ur,ug, uz;t) = Y Ing(u, ug, ug)t™
g=0 g=0

Proposition 6.5. With notation as above,
sin(t/2)
t/2
R (y, o +y, 3 t) Fo(—y, x—y, x; t)
sin(t/2)>5 (6.20)
t/2 ’

Qa;tnyl(xvx—i_y?y; t)FQ(x7x_y7 —Y; ) +

2y
— Fi(z,o—y, —y; t)Fa(x, v +y,y5t) — Fi(—y, o —y, x;:t) Fa(y, x4y, 23t) = <
Fy(x4y,z,y:t) Fa(z—y, z, —y;t) + Fa(x+y,y, x5 t) Fo(x—y, —y, ;1)

sin(t/2)\® (6.21)
— Fy(z,y, vy t) Fo(z, —y, 2 —y;t) = S
t/2
Proof. By the n=1 case of [3, Examples 6.3] or the g=0 case of Example 6.2,
Ep ™ (H?) = GWg ;™ (H?) =
Since every degree 1 curve in P? is of genus 0, EIP [ (H?) =0 for every ge Z*. Along with (1.6)
and (1.5), these two observations give

© 5 o sin 0—1+4/2
S GWE T = Y = ()

9=0 g=0
Combining this statement with (6.12) and setting x =a; + a3 and y=«aj —as, we obtain (6.19).
By the n=1 case of [3, Examples 6.4] or the g=0 case of Example 6.3,

Ep ;™ (H?, H® H) = GWp 5™ (H® H?, H?) = —1.
By [9, Example 4.11] or the g=1 case of Example 6.4,
EV(HP, HP, HP, H?) = GWS ;™ (H®, B, H3 H?) = —1.
By the Castelnuovo bound, every degree 3,4 curve of genus 2 or higher lies in a P? and so
Ey, 7 (H?, H® H?),Ey T4 (H?, H* H3 H®) =0V geZ™.

Along with (1.6) and (1.5), these three observations give

- P34, 173 173 173142 A 12 sin(t/2) "2
Z 1DIGWy ' (H”, H?, H°)t™ = —Z Coze(9)(it)™ = _(t/2) ;

S 3.1 sin(t/2)\1~1+16/2
St o -~ s (22)

Combmmg these two statements with the conclusions of Examples 6.3 and 6.4 and setting z = a1+as
and y =1 —ag, we obtain (6.20) and (6.21). O
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The strategy in the proof of Proposition 6.5 can be applied with complex GW-invariants using [30,
Theorem 1.5]. The d=1 case would then give

. 2
Fi(u,z,y; ) Fi(u,u—x, u—y;t) = <81r;(/752/2)> . (6.22)

The u=x+y case of this identity recovers (6.19).

It is straightforward to see that
Fi(uy, ug,us;t) = Fy (1, ug/ur, ug/us;t), Fy(uy, ug, uz;t) = Fo(u1/us, ug/us, 1;t)
By Mumford’s relation [17, (5.3)],
Fy(—z, @, —2x;t) = 1 +Z t2gf _AEY i Zg] ) RS W
M (—D(=1—11) 45 Mo

Thus, the y=—2z case of (6.19) is equivalent to the k=—2 case of [2, Theorem 2].

The coefficients of Fy(1,x,y;t) are rational symmetric functions in x,y. Thus, Fi(1,z,y;t) is a
function of x4y, zy, and t. However, it does not appear to depend on xy.

Conjecture 6.6. The function Fy = Fy(u1,us,us;t) depends only on uy, us+us, and t.
If this is the case, (6.22) would imply that
sin(t/2

t(/Q/ ) exp <f1 ((UQ +U3)/U1 —1; t))

for some f1€Q(2)[[t?]] such that fi(—z;t)=—f1(2;t).

Fi(ui,ug, us;st) =

The coefficients of Fy(z,y,1;t) are rational symmetric functions in x,y. However, they appear to
depend on z+y and xy and not just up to a fixed uniform scaling factor. On the other hand, the
next statement appears plausible.

Conjecture 6.7. With notation as above,

sin 8 (22 —42)2
F2($>y7$+y;t)F2(xv _va_y;t) = _( t(/tz/z)) ( .%'2?52) : (623)

Along with (6.21), (6.23) would imply that
FQ(m+y7 T,Y; t)FQ('r_:% T, —Y; t) + F2($+y7 Y, Z; t)FQ(x_:% Y, Z; t)

sin(t/2) \* a* —322y2 414
t/2 x2y?

Department of Mathematics, Stony Brook University, Stony Brook, NY 11794-3651
Current Address: Department of Mathematics, The University of Arizona, Tucson, AZ 85721-0089
jniu@math.arizona.edu

Department of Mathematics, Stony Brook University, Stony Brook, NY 11794-3651
azinger@math.stonybrook. edu

47



References

1]
2]

3]

C. Faber, A non-vanishing result for the tautological ring of M, math/9711219

C. Faber and R. Pandharipande, Hodge integrals and Gromouv-Witten theory, Invent. Math. 139
(2000), 173-199

M. Farajzadeh Tehrani, Counting genus zero real curves in symplectic manifolds, Geom.
Topol. 20 (2016), no. 2, 629-695, Part II jointly authored with Aleksey Zinger

M. Farajzadeh Tehrani and A. Zinger, Absolute vs. Relative Gromov- Witten Invariants, JSG 14
(2016), no. 4, 1189-1250

A. Gathmann, GROWI, available on the author’s website

P. Georgieva, Open Gromouv- Witten invariants in the presence of an anti-symplectic involution,
Adv. Math. 301 (2016), 116-160

P. Georgieva and A. Zinger, Real Gromov- Witten invariants and lower bounds in real enumer-
ative geometry: construction, Ann. Math. 188 (2018), no. 3

P. Georgieva and A. Zinger, Real Gromov-Witten invariants and lower bounds in real enumer-
ative geometry: properties, math/1507.06633, to appear in JSG 17 (2019), no. 4

P. Georgieva and A. Zinger, Real Gromov- Witten invariants and lower bounds in real enumer-
ative geometry: computation, math/1510.07568

T. Graber and R. Pandharipande, Localization of virtual classes, Invent. Math. 135 (1999),
no. 2, 487-518

M. Kontsevich and Yu. Manin, Gromov- Witten classes, quantum cohomology, and enumerative
geometry, Comm. Math. Phys. 164 (1994), no. 3, 525-562

J. Li and G. Tian, Virtual moduli cycles and Gromov- Witten invariants of general symplectic
manifolds, Topics in Symplectic 4-Manifolds, Internat. Press, 1998

J. Li and A. Zinger, On Gromouv- Witten invariants of a quintic threefold and a rigidity con-
jecture, Pacific J. Math. 233 (2007), no. 2, 417-480

C.-C. Liu, K. Liu, and J. Zhou, A proof of a conjecture of Marino-Vafa on Hodge integrals,
JDG 65 (2003), no. 2, 289-340

C.-C. Liu, K. Liu, and J. Zhou, A formula of two-partition Hodge integrals, JAMS 20 (2007),
no. 1, 149-184.

D. McDuftf and D. Salamon, J-holomorphic Curves and Symplectic Topology, 2nd. Ed.,
AMS 2012

D. Mumford, Towards an enumerative geometry of the moduli space of curves, Arithmetic and
Geometry, Vol. 11, 271-328, Progr. Math. 36, Birkh&user, 1983

J. Niu and A. Zinger, Lower bounds for enumerative counts of positive-genus real curves:
appendiz, available on the authors’ websites

48



[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]
[30]

[31]

R. Pandharipande, Hodge integrals and degenerate contributions, Comm. Math. Phys. 208
(1999), no. 2, 489-506

R. Pandharipande, Three questions in Gromov- Witten theory, Proceedings of ICM, Beijing
(2002), 503-512

Y. Ruan and G. Tian, A mathematical theory of quantum cohomology, JDG 42 (1995), no. 2,
259-367

R. Vakil and A. Zinger, A desingularization of the main component of the moduli space of
genus-one stable maps into P Geom. Topol. 12 (2008), 1-95

J.-Y. Welschinger, Invariants of real symplectic 4-manifolds and lower bounds in real enumer-
ative geometry, Invent. Math. 162 (2005), no. 1, 195-234

J.-Y. Welschinger, Spinor states of real rational curves in real algebraic convexr 3-manifolds
and enumerative invariants, Duke Math. J. 127 (2005), no. 1, 89-121

A. Zinger, Enumeration of genus-two curves with a fized complex structure in P? and P3,
JDG 65 (2003), no. 3, 341-467

A. Zinger, Enumerative vs. symplectic invariants and obstruction bundles, JSG 2 (2004), no. 4,
445-543

A. Zinger, Counting rational curves of arbitrary shape in projective spaces, Geom. Topol. 9
(2005), 571-697

A. Zinger, A sharp compactness theorem for genus-one pseudo-holomorphic maps,
Geom. Topol. 13 (2009), 2427-2522

A. Zinger, Reduced genus-one Gromov-Witten invariants, JDG 83 (2009), no. 2, 407-460

A. Zinger, A comparison theorem for Gromov-Witten invariants in the symplectic category,
Adv. Math. 228 (2011), no. 1, 535-574

A. Zinger, Real Ruan-Tian perturbations, math/1701.01420

49



