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1 Moduli space of stable quasi_maps

genus g degree d stable quasi map to X EIN ci
is defined by

genus g nodal curve with marked points p in E Et
L deg d line bile on C of u
u u Un E H C LP 에 base baits finite
does not meets special points nodes and marked points

The image of Chile 門竹 lies in
LD a Eft E It 凸竹

E affine cone of X E1P에

We Z Pi LE is ample for any Eso
any genus O Component of C

need at least 3 special points to be stable
If ko no marked points no rational tail is allowed

X

There exist a moduli space Eau X d parametrising
those quasi maps proper DM stack

Artin stack of pairs

It carries relative P.o T E Last 4
ETS 11
4 치미B

t.IE X d canonical curve 혼 남앖는 line



나 Uo Un univ section of E 에

u induce a map et La x

E ㅕR슜 Hom ku de ID

If KIP E 윴 LP 에Y
From this P Oi we construct virtual cycle

Eau Xiii E Aan Ign xd
vdim.dimxsktgtk dil.ie Wx

quasi_map invariant T'S tl Saf is defined by
GdT psiclass Gsi Et X

斤反私 x Dir Hath U U 4 it a ER

P fields
Next We consider Stable quasi_maps with p_fields
It is given by L u p P.i Pm

L u is a stable quasi map to P
Pi E HTC Weil hi lm E Ko fixed

There is a moduli space 뭆 1M d DM stack
parame tri zing stable maps with A fields



It carries relative p OT E Less
For FEB 혿 E Rita 門每茁R파 Wei

Assume that X Elp c i defined by X fi fm o

deg fi di
There is a cosection h E to
induced from r fields and eqnsfi.fm

degeneracy locus of G where G vanishes is

Eau X d C Eau Mid C 反品 1M d

Eau x d 竺 End손에대사에 siam DirG
E Kim oh Chang Li localized virtual cycle

localized by G

we can use Ii Md instead of Rga xd
for computing 4,9'8 4 SuYg

describe

5ms closed locus in 王 妙 二 玉 仰 d or 玧 吩
we describe some closet loci in RUM Gic

will be used later



Let a AUM be an open subset of pairs CD
such that C is smooth

Let i be the closure of called main component

i 颱
E deg L is positive on

ee

shaded components

랴
田 彫 句

극지Q0T
Note that Zz C Z Z27 Z3

Z 이 Z3 toes魏了

Z Zz Z are all smooth substack of 反 1M



2 Local charts and local equations for
quasi_map space with p fields and its desiugulaizat.im

From now on we consider the case g 2 k o.dz 3
X Elp CY 3 Complete intersection

defined by X f fin 이 degfi.li
n 3

Consider an Artin stack M 짲았 d
parameriting pairs C D

I E degd eff div on C
genusg nodal curve
with h markedpoints

is Sa
Consider x.lk Lis DIE INT 珂 仰 d

Assume XEZ.UZ.lt
mnnnr

boundary

Since since base locus of s is finite we may assume

s.to Let D Z1

Construct affine local charts of EP 1M d
around X
First we chose a small affine nbd VE mtv
around c D Let Dv be a canonical divisor
in the univ curve Ev of V



Now aside a section space

FM TU Dfb 茁 표 WeN OEliDvD
5 lSli.Su Pi

Lee U 兪古七 F set for AEV 函竺 it Flyer
Cy O Dy s Ei sn Papi Pm

is a stable quasi_map

It induces a smooth morphism U 7 2 에
which is a sun nbd around X

So we compute 표 0 Der
for p fields 표 wane O Eli Dv we can Compute

similarly using serve duality

Since base points are finite wemay assume S.to

Let D Z S a pit tarr ai EE 도안 d

Since sc is contained in the boundary we observe

fi OR pi 22
we can find a meromorphic th g ou C which has
double pole at Pi If g has a simple pole it induces a

dey l map c 一迦



g induces a 2 1 morphism Cfp
For unramified point t E M I t Pit Pi
2P Pit Pi We may assume that pi Pi distinct from
other P Pi

So that in finite steps we can construct an

is.muCapitan 0 pit pit tpi一
二 D distinct

ㅋ sie H Up t tpi correspond to

s E HTC Clap.tt arm
so that Zhi 0 Pit tpi

If V is small enough we can extend this to

define an isomuiv
swsmb.md.fm

set for E Ct Dt EV 니네 Cut Duct
Cult Ct Duct ht t Id

distinct

Can div Dw C Cw is of the form

Dw bit tDd Din Dj 0 i



we have F Du E ET Dw

So for simple notation We let WN

Use methods in Hu.li_Niu's paper
for local chart equations for
g 2 stable map its desing

We choose additional sections A A B Vs tv
don't intersect to each others 에 92

If C D EV is of the form ftp.EO
then ing of A A a.az lies in each genus l comp

Separated

Then we have

R윫 UCD.tt Da Rif Dit Da B D Ou

Rt 이 bittDdB 파이매제하쐪
一一 GP2 Else free

Teapot
oh d

from some cohomology Computations

Also we have decomp ihr
THO Dit Dat t.tt B 三 茁 파 Ditka 미



So that we can express et Deva as a 2x d matrix

났앉 왆 Note that each column express

닩 파 U Diet 坮 一 B 3

飛茁
UP

i SN
a

Ex as her eva
p

E 颱楡 tn ㅴ 쏆
E E p

G R Cz 감 Slc E HT GOafish
eva 0 SIRE HO R ORCRY

511
Time choice OR
She H인 G da determined by
a me at a

If the node Z is smoothed a

憮 to
竺 凹 mass

eva c a a

감 앉타MtCA2 b
이 a EHTG.ba RY

et Ti be the node_smoothing parameter on V
Geo CV is the bars where node Z is not smoothed

Z eva t.io eva c.TT CEP at rez



we can check r 1 see Hati genus l desing
for detail

Similarly we can check eva do 도 CEP at
Since d 23 we may choose p 모 are not conjugate
the 2Xd matrix becomes

등은 o via some basis change of
2 Opd and at

Similarly if xt C D EV is of the form

2x d matrix is of the form
via suitable

음 o

basis change

If x C D EV is of the form

閨邈
We can check 2x d matrix is of the form

왠EE스도 요데보다 chit biz
late bit s is a locus where R R conj



bc
We blow up this bans 5 5 0 CV

in the level of Mw
E Artin stack of weighted curves

M
다

BlmMw T V X mw MT

주뱣00is.ie
UX mario

Let E be a local parameter of Y correspond to

the ex c divisor E c

pull back of EVA Deva TP et
is of the form

o

similarly Riy.WetOEliDisiLat2oEkd
given by transpose of 2x lid matrices with same form

as above

Using these results we can Compute
石七 巫 F Dr as subspace of It OF밤 GT

E Ex a data
and find equations GP심OF is an obs.b.dk for 하세



X11 X12 X Id
Let 421 X22 X자 be coordinates of edu

hi Xm 4nd
X세 1 1세 2

be coordinates of Em
Xhtml Xuan 2

rewrite Xu hem by Xi Xuan
K2 11mm2 by a Yu tm

If V is a able around Kfc D of type

t.IO then It F Dr anandan
is defied by equations i

X Tie Xatm다 0 ate them 互 二

Then the normal cone Coin andtan
Et F Di Tx andtan IT

can be computed by the following
7 consider some affine

et Spec R Vx a 2dam
chart of theblowup

def ideal Xiii XuanTi Yeti Yuan도 CRE item
I 고 YI Yatm

Cone parameter d dan p fm



3 Normal cone computation and splitting of virtual cycle

nrrrnnrnrnre.FINormal cme Riki trim Yi Yuan hitman Ri Pam
re 시 kid 一 乂 di gif y PiR

yii.di dit.fi T.com.trndietiXiPie 도 Yi
Normal cone has 3 irreducible components
over Xi Xuan y Yam 이 c Tot F Dv

Ry Nai Xan ai Yatm

EG Nii Xan a Yatm hi.hn Mii Putin
ER me

Let Spec RN Xuan ai Yum n U 0
에

Over Ted Alan andtan fred E Tedx G2대에
Zieglered to Tian

Over Xi iai o Teo C 1M

no 幽岾 iii iii 몌
邀

르 RX도 Yi Yan didnt m Thi putin
Yip _y Pi

fiber over Spec RICE It i hem are

affine one of the blow up Bl A irreducible



et Spec Ikki Xuan 다 U SpecRAY i yntm.tn
n U U 더 Coaxed tan ly glued to an

iwed.comp of the cone over ER1 1M

U glued to ayiwehcicr.amp 1M CE 에
Correspond to

aol.DK laid
mired aced genus l quasi map
defined in Merlin Li'S 2019 paper

30 Over IF 石 二 similarly defined as 1M

RD RICE 데 Elke if Kii Xuan Gaiman
Thi data Pie Putin

adj_X di Yip Y Pi

다 fiber sua Spec Rat 데 is a product of

affine cones of the blowup Bb A
irreducible

Let U2 SpecRIG 뙤 Xiii Xuan hi Yuan n U
다 Culverdean ly glued to an ied comp over

W d arrests to t.A.usAnterior

gluing of U2



Similarly we can do similar one computations
for other local charts of Md

gain
a

By considering some base changes via By andmu

we obtain bed computation of relative intrinsic
normal cone Et MIB
오 쎄서 Ted Ue U E U E adivertedtiredcomp5

드 p는 ez e3 lies over boundaries
一阜 트린 Z3is does notproper trans f of Z1 meet

The bcdiae_G.in map we have blowup

bath

있이때 GE 빼서 j 玭 呵냥
可 ear E 1M from Costello's pushforward

4H손시대 1 8 a pan 낭
formula

iii 竹毖 T.ir 炷 十 Tim 냥
errors parentsGives reduced tianya.info

boundary cycles
quasi_map inV 一一



Gives splitting of virtual cycle
All cycles supported in E x

E Y3
We can check

뗴에뙁 b.xoie.no
th

G

payed
be free fromN 茁戍 t l I R파 L computation

Geeta G Ob EU o
induces a section 6 N U

ㅋ
quantum Letsdietz property for genus 2

reduced quasi map in v

4 Computations to obtain standard versus reduced
formula

갋 t 冷毖 comes frm degree of boundary cycles

Briefly explain how to compute 1멧지방
supp in totes



Recall the ball computation above

h badly given by

Spec Akira I Xiii hem G.i Juan Kid X di

y
다 ie data Pi Puig yip _y pi

Over RK 다이데iNatm 8nine이 Ear
E

It can be considered by the following consider

4 i Speckle it.ir Xuan Gi Yuan X
2

hrs Spec cc x a 내에 x a Cutmy

쓰으inin Y1i쎜
imy C

p
degen locus of
4 42

Lee Speed Belie 成筠符 y퍘갊
let Ee E be corresponding exe divisors

4 inhas an injection Species Specie x E 대대
twisting E E2 IT



For the projection P Rs E we have

n int C

We observe 4 glued to the natural morphism
coursemoduli of int normal cone

ㆊNM21T Is Caryn leary as dss sheaf

T AP P TW
대 템빼서에 am
loc free사nm R파이마

computation

Because it is locally induced from the ideal inclusion

Tiki I Ktm Eh IF atm C T 5
t incl baeCone

Caryn leaning fromlocal comp of E
p TFor P 뺘 Plz E 妙 俵 댦尙災節았 i

다

一一

and exe divisor E too
reducedgenus l quasi_map

4 induces an injection
T pttNm2lmwLEtspt bs.bdle
Sit A Int C MIN에 art



Then

CiapnywlUrF0btN.t localized

Re p Fobs let Nm21m이티
P Etonians 고 器앑tn theory

argumentc At Nm21m에 herobs 2 to erase E twisting
term

닰쯡 int rkobs2mrETexpressed by univ tan bundles at nodes

By some further cohomology comp similar to Zinger's
we obtain closed formula for Ii Ya
For exact argument we need localized Gysin map
it use some modified method See L Oh Zo

for detail
We can compute other boundary cycles similarly

As a result we obtain the closed formula

Y Ii2 d

긂 斤反 x dir 4 tt
2 tests Tx

一式斤示 x did 나



5 Further projects

Using this formula t Wall crossing btw quasimap in v
and GW.in

We are going to give another Way for amputation of
genus 2 GW_iws of quite 3 folds and

another CY3 C.ie IP

We believe that all these methods directly applied
to the case X CYSC.IE IP x x Nr
Also going to compute genus 2 GW in in this case

We assumed d 23 to avoid conjugacy point
issue If Da Re then dimension of sections

i C D differs by whether Pc R is conjugate or not

cmjagency parameter oh Mdi affects to

Ex d matrix we considered above

But we want to remove this assumption for
full generality and for genus 2 GW computation

in all degree So we will also try to remove

d 23 assumption

End


