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This study extends a prior investigation of limit shapes for grand canonical Gibbs
ensembles of partitions of integers, which was based on analysis of sums of geometric
random variables. Here we compute limit shapes for partitions of sets, which lead to
the sums of Poisson random variables. Under mild monotonicity assumptions on the
energy function, we derive all possible limit shapes arising from different asymptotic
behaviors of the energy, and also compute local limit shape profiles for cases in which
the limit shape is a step function.

I. INTRODUCTION

In this work we extend the methods introduced in [9] to analyze limit shapes for Gibbs ensembles
of partitions of integers to partitions of sets. The primary difference is that the former lead to
sums of geometric random variables, while the latter lead to sums of Poisson random variables.
Analysis carried out here applies also in a variety of contexts related to measures on permutations
and in other combinatorial contexts [8, 3, 7, 6, 2, 15].

We use the same notation and definitions as in [9], which may be consulted for additional
information. A sequence of non-negative integers, p = (px), k € IN, corresponds to a partition of an
integer

M = a(p) =) kpy. (1)
k=1

We say that p partitions M (provided the sum above is finite) and denote this by p+-M. The
function /(p) is called the mass of the partition p. For a given partition, py-s represent the
numbers of summands of size k. For example, the partition 21 = 1+2+2+2+4+4+6 corresponds to
p=1(1,3,0,20,1,0...); respectively, #Z(p) = 21. We casually employ the polymer physics language
referring to summands in a partition as polymers and to the individual units as monomers. Thus the
mass of a partition may also be thought of as the total number of monomers in the corresponding
polymeric system.



I.1. GIBBS ENSEMBLES OF SET PARTITIONS

Partitions of sets and integers are related: a sequence p = (px) corresponds to a unique partition of
the integer M = ./ (p) and also to
M!
[TeZy (kDPEpy!
different partitions of a set with cardinality M. Partitions of integers correspond to indistinguish-
able monomers, while partitions of set — to distinguishable monomers. The combinatorial factor
in formula (2) is exactly the number of ways to distribute M labels among unlabeled units in a
partition of M. It appears as a background weight when we introduce measures on partitions of
sets. See, e.g., the treatise by J. Pitman [14] for a discussion on related topics.
Gibbs measures on partitions are characterized by the weights, e #7(P), where #(p) is the
energy (Hamiltonian) of a partition p, and f is the inverse temperature of the system. We consider

energies of the form,
= ZEkPk, (3)
k=1

where the numbers Ej represent the internal energies of polymers of size k, k € IN. Thus the total
energy of our system is equal to the sum of the individual energies of all polymers.

(2)

Canonical Gibbs measures are defined on partitions of sets with prescribed cardinalities, or
alternatively, on sequences p, such that .#(p) = M. These measures are prescribed by the following
probabilities:
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The grand canonical Gibbs measures are defined on all partitions with finite mass (/(p) < o)
by prescribing

1 B o
P, slp =P} = RN prP) Ij e QW ZQMﬁe M. (5)

k=1

These measures are superpositions of the canonical measures IPy; g with weights proportional to
e #M_ The parameter p is called chemical potential. It regulates the expected total mass of the
system, [E, g 4 (p).

As noted by A. Vershik [16], the grand canonical measures are multiplicative:
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This implies that pi-s are independent Poisson random variables with parameters ay. This is the
principal difference between the partitions of sets and integers: the latter induce measures for
which py-s are geometric random variables, cf. [9]. Note that in some cases (see Section IL.iv)
these multiplicative measures may be supported on sequences for which ./ (p) is infinite, such
sequences do not correspond to partitions of any finite integers or sets.



Equivalence of ensembles and the thermodynamic limit. One of the central problems in sta-
tistical mechanics of partitions is to understand various features of the canonical measures in
the limit when the mass of the system, M, tends to infinity. The grand canonical measures were
originally introduced as an aid in this task. Their utility is due to the fact that py-s (which are
not independent in the canonical setting) become independent in the grand canonical setting.
Equation M = E,, g ./ provides the correspondence between M (canonical ensembles) and y (grand
canonical ensembles). Consequently, instead of the limit as M — oo, one considers the so-called
thermodynamic limit, u \| p., where p, delimits the interval of convergence of the series ) /7, kay
representing the expected number of monomers in the system. Notice, that as implied by formula
(6), ag-s are decreasing functions of y, thus the limit y — p, is always taken from above; see
Section I.iv for more details regarding the value of p,.

Yu. Yakubovich [19] and A. Vershik [16] established that as far as the distributions of the (ap-
propriately rescaled) pi-s are concerned, the canonical and grand canonical measures are equiva-
lent in respective limits as M — oo and y \| y., provided the latter has a limit shape (see below).
In this work we only study the grand canonical measures and whenever we omit the subscripts p
and f, we imply that the quantities in question are computed with respect to a grand canonical
measure with corresponding parameters. Results regarding canonical measures may then be
deduced whenever the equivalence of ensembles holds.

I.xx. LiMIT SHAPES

Following A. Vershik [16], we define the size distribution function of a partition as

flap)i=) pi xeR':=[0,00), (7)

k>x

The graph of this function is the boundary of a Young (Ferrers) diagram corresponding to the
partition p. The rescaled size distribution function is defined as

) e % = % . +
Fup) = g feap) =g ) p xeR% (8)

The factor E.Z is chosen to make EF,(x;p) integrate to one; the parameter x = x(p) controls
the scaling in the “horizontal” direction. Scaling in the “vertical” direction is then automatically
determined as [E.#/». The dependence »(u) must be carefully chosen to obtain a sensible behavior
for F,(x;p) in the thermodynamic limit. Whenever, with a proper choice of scaling, F,(x;p)
converges (in an appropriate sense) to some nonzero deterministic function,

Flx) = lim F, (), (9)

the latter is called limit shape corresponding to the energies Ej. Its graph is the limiting curve (in
probability) for boundaries of the rescaled Young diagrams for respective Gibbs partitions.

As py are independent Poisson random variables with parameters ay, see formula (6), their
size distribution functions are also Poisson-distributed, with parameters equal to the sums of the
corresponding a-s. Therefore, such quantities as the expected mass of the partition, expectation



and variance of the rescaled size distribution function, are given by the following sums:

EM = Zkock; (:p) IE/% Zak, VF,(xp) = WIEF( ip). (10)
=1

k>ux

Thus this work is essentially a study of asymptotic behaviors of such sums as y tends to y, — the
boundary of their interval of convergence, see equation (13) below.

I.ir1. KNOWN RESULTS REGARDING LIMIT SHAPES FOR PARTITIONS OF SETS

Most of the classical limit shape studies are motivated by problems in representation theory of
the symmetric group, or by various combinatorial constructions; see e.g., [4]. In particular, one
result relevant to our work concerns the measure induced on partitions by the uniform (Dirichlet-
Haar) measure on the symmetric group via its cycle structure. This measure was analyzed in
great detail by J. F. C. Kingman [13], and A. Vershik and A. Shmidt [17, 18]. It corresponds to
setting a = e M /k in formula (6). There is no limit shape in this case. Instead, the distributions
of cycle lengths converge (after appropriate transformation) to a Poisson-Dirichlet or a closely
related Griffiths-Engen-McCloskey (GEM) distribution {12, 10, 1].

Ensembles represented by formula (6) may also be obtained by assigning length-dependent
weights to the cycles of a permutation (rather than to the members of a partition). V. Betz,
D. Ueltschi, and Y. Velenik [3]; or N. Ercolani and D. Ueltschi [7] computed various statistical
quantities, such as the expected cycle length, or total number of (finite) cycles for several specific
ensembles in this context.

Another result, obtained by Yu. Yakubovich [19], concerns the uniform measure on partitions
of sets. This corresponds to a; = e # /k! or § = 0 in our terminology. In this case the limit shape
is given by the step function, 1} 1)(x). The appropriate scaling is »(u) = e™".

The so-called expansive case, corresponding in our notation to ay ~ k% !e  with d > 0 was
addressed directly in the context of canonical Gibbs ensembles by M. Erlihson and B. Granovsky
[8] and also generalized by A. Cipriani and D. Zeindler [6]. In this case the thermodynamic limit
is attained as p N\, 0 and the appropriate scaling is % = 1/u. The limit shape is given by the
incomplete gamma function, I'(x;d).

In this work we fill the gaps in existing results and establish a complete classification of
possible asymptotic behaviors of the scaled size distribution functions for all possible asymptotic
behaviors of the energies E; under mild monotonicity assumptions. In particular, we determine
for which Ej-s one gets a limit process rather than a limit shape, when the limit shape is given
by the step function, or by the incomplete gamma function without any assumptions regarding
specific functional form of the asymptotic behavior of E-s (or aj-s). For scenarios in which the
limit shape is given by the step function as in formula (15), we also study its local profile in the
vicinity of the discontinuity point. Our methods are based on a mixture of direct probabilistic
and analytical techniques similar to those utilized in [5, 9] and are somewhat simpler and more
elementary than the methods based on saddle-point-type techniques for generating functions, as
in the aforementioned studies.



I.iv. INFORMAL STATEMENT OF MAIN RESULTS

In this section we summarize our main results in an informal manner. As formula (6) suggests,
the k! factor may be absorbed from the denominator of aj-s into the exponential, and thus we
introduce

u(k) == BEx + InT'(k+1). (11)

It is more straightforward to work with u(k) rather than Ei-s, and we employ it in most of our
proofs and calculations. We assume that the energies may be extended from k € IN into R* in a
smooth and monotone manner:

AssumpTioN 1 There exists a twice differentiable function u : R* — R satisfying equation (11),

such that lim,_,., x%u”(x) exists in IR U {—co, +co)}.

This assumption is more technical than conceptual. The differentiability allows us to use the
mean value theorem at various points in the proofs; it may always be achieved, as any function
defined on integers can always be smoothly extended to reals. The condition on u”(x) allows us
to avoid dealing with lim-sup/infs at various stages in the proofs. It is not entirely essential,
however: if it fails, there may exist subsequences {k;} along which the asymptotic behaviors of
pi;s differ. As all py-s are independent in the grand canonical ensembles, one could analyze all
such subsequences separately using the same methods as presented here.

The thermodynamic limit as attained as y approaches y., a value such that lim ,, E./# = co.
Employing formula (11), we can express the expected number of monomers as

EM = Zke”‘k’”(k). (12)
k=1

Using the root test, we can conclude that this sum converges for all y > p, and diverges for all
u < p., where

e M)
pemmlim T T 13
In particular, if y, = —co, [E is finite for all y, while if y, = co, E is always infinite. Notice
that Assumption 1 allows us to use a regular limit instead of lim-inf in equation (13), while
Lemmas A.1 and A.2 imply the second equality.
As discussed earlier in Section 1.ii, the limit shapes appear provided that the sizes of Young
diagram cells are appropriately rescaled as p ™\, p,. In most cases, the required choice of the

horizontal scaling factor is % = x(yu), the largest solution of
u'(x) = —p. (14)

One can see from the formula (12), that this value of k corresponds to the maximum of the
expression inside of the exponent, i.e., to the range of the most likely polymer sizes. In scenarios
when #”(x) > 0 for all large enough x, e.g. when x € (X, o) for some value X, this implies that as
U \\ 4., equation (14) has a unique solution in (X, c0) and thus its largest solution is well-defined.
In the other cases the appropriate scaling is % = 1/(y — p.) see below for details.



————  LIMIT SHAPE SCENARIOS

SUBCRITICAL REGIME, lim,_ ., x*u”(x) = —co. The concept of limit shape is not applicable here;
there are two possible situations:

a) p, = oo. In such systems the multiplicative measures defined by formula (6) are supported
on sequences, p, for which /(p) = oo, i.e., they do not correspond to partitions of finite sets
or integers. Consequently, the grand canonical probability measures cannot be defined via
formula (5), while the sums representing the size distribution functions (7) diverge almost
surely. One example when this scenario occurs is whenever u(x) tends to negative infinity as
fast or faster than —x(Inx)?, p > 0.

b) u. € R.In such systems the expected number of monomers remains finite for all values of p,
i.e., E/ < co when p = p,. This implies that the thermodynamic limit cannot be achieved in
the setting of grand canonical ensembles and the size distribution functions remain discrete
as p \| .. One family of ensembles with this behavior is prescibed by u(x) = (Inx)?, p > 1.

SUPERCRITICAL REGIME, lim,_ . x?u”(x) = co. In this regime most polymers have sizes in the
vicinity of k ~ »(p) as prescribed in equation (14). The limit shape is attained under the scaling of
u(u) and is given by the step function,

F(x) = 1jg,1)(%). (15)

This regime encompasses all cases which yield the same limit shape as the uniform measure on
partitions of sets for which u(x) = InT(x + 1), cf. [19]. Other examples in this category include
u(x)=xP,p>1; u(x) =x(lnx)?, p >0, etc.

CriticaL REGIME, lim,_ . x’u”(x) € R. In this regime the function u(x) must have the form
(Lemma A.1)

u(x) = —pux + (1-d)Inx + v(x), where delR, v(x)<Inx. (16)

The value of p, in this case is necessarily finite and without loss of generality may be assumed to
be equal to zero. The limit shape behavior is determined by the finer (sublinear) features of u(x).
Let us relate these features back to the energies Ej that were used to introduce Gibbs ensembles
in the first place. Using Stirling’s approximation, InI'(k+ 1) ~ kInk—k +1/2Ink +--- in formula
(11), we can see that unless BE; ~ —kInk, the system is always (for all ) either in the sub or
supercritical regime. The critical regime is only possible when the leading order asymptotics of
BEy and InT'(k + 1) cancel each other exactly, in which case the interplay between the lower order
behavior of BEi-s and 1/2 Ink from InT'(k + 1) determines the outcome, i.e., the value of 4 and the
asymptotics of v(x) as x — co. Different scenarios arise are possible:

a) Eitherd <0, ord =0 and v(x) > co. Ifd <-1, [E remains finite for all values of y, as
in the subcritical regime (b) above. In all other cases, the rescaled size distribution functions
may only converge to a trivial function identically equal to zero. This regime generalizes the
convergent case in [8] where the conditions d < 0 and v(x) ~ const are assumed.



b) Eitherd >0, ord =0 and v(x) - —oco. The limit shape is given by the (rescaled) incom-
plete gamma function,

T(x;d R
F(x):%; [(x;d) ::L yileVdy. (17)

It is attained with the scaling % = 1/u, asymptotically equivalent to (14). This regime
generalizes the expansive case from [8] where d > 0 and v(x) ~ const are assumed; and
d > 1, v(x) = —jlnlnx case from [6]. For example, our result covers cases such as d = 0,
v(x) = —(Inx)?, p € (0,1); or v(x) ~—In---Inx.

¢) d=0and v(x) > C, In this case the scaled size distribution functions (under the same
scaling, % = 1/p) converge in distribution to a Poisson process which starts at 0 when x = co
and whose jumps are distributed with density e"“~*/x. As x \_ 0, this process tends to
infinity almost surely. It is closely related to the Poisson-Dirichlet distribution [12, 10]
which describes the distribution of the (scaled) cycle lengths in a random permutation; see
Section ILiii.

———— LOCAL PROFILES FOR THE STEP FUNCTION SCENARIOS

As discussed above, in the supercritical regime the limit shape is given by the step function. It
is, therefore, natural to study the local behavior of the size distribution functions near the point
of discontinuity. In order to do that, we consider the shifted size distribution function and its
rescaled version, cf. equations (7) and (8):

n
glsp) = k; pi and  Guxp) = g gllxp), x€R (18)
2X+H

Notice that the shift is given by x#(y), solution of equation (14); the “vertical” scaling factor, [E.#/x,
remains as in equation (8), while the “horizontal” scaling factor, C = C(p), is different and must be
determined from further analysis, see Section III. Let

G(x) = ﬂh\n}} Gu(x;p) (19)

be the local limit shape. The following three regimes are possible:

GAussiAN REGIME, lim,_, . u”(x) = 0. The proper scaling is prescribed by C = 1/4/u”(x), and the
local shape is given by the Gaussian integral,

G(x) = \/%_n.ro e V2 dy. (20)

DiscrReTE GAUSSIAN REGIME, lim,_, u”(x) = C € (0, 00). No additional scaling is needed, i.e.,
C =1, and the local shape is a discrete Gaussian distribution,

Glx) = é Ze—Ckz/z’ where Q= Ze—Ckz/z. (21)

k>x keZ



HARD STEP FUNCTION REGIME lim,_, u”(x) = co. In this regime the size distribution function
asymptotically concentrates on finitely many values of k, and the local limit shape remains a step
function under any rescaling such that ¢ — co as y \| p,.

II. LiMIT SHAPE THEOREMS

In this section we present the formal statements and calculations regarding the limit shapes for
the grand canonical Gibbs ensembles of set partitions. The Assumption 1 on the function u(-)
introduced in section L.iv is enacted. As can be expected from Section L.ii, the calculations that we
carry out in order to establish various limit shape statements involve various sums as in equation
(10). Let us introduce some additional notation for these sums:

Su(a,b):=E Z Pr = Z e kU5 (a)=S,(a,00;  S,:=S,(1,00). (22)

a<k<b a<k<b

I1.1. THE STEP FUNCTION REGIME

We start from the cases where the limit shape is the step function F(x) = 1jg ;}(x). This scenario
occurs when lim,_,, x>u”(x) = co. In this regime the sums in (22) are dominated by the terms near
the maximum of —puk — u(k), i.e., in the vicinity of k = »(y) determined by equation (14). Notice

also that

El = Zke—yk—u(k) — Ze—yk—[u(k)—lnk]' (23)
k=1 k=1

Therefore, by Lemma A.2, we have limy\”* [E/ = oo, and the thermodynamic limit is achieved as

Iy

THEOREM 1
Suppose u(-) satisfies limy_,q, x>u”(x) = co. Let F(x) = Ljo,1)(x), and p and x be related as prescribed in
equation (14). Then for each Ay <1, A, > 1, and € > 0,

im Py sup |F,(x;p)-F(x)|>e} =0. (24)
XG]R"'\(/\l,/\z)

Proor  As F,(x;p) is decreasing and F(x) = 1|,1}(x), it is enough to show that for all x € [0,1) U
(1,00),
lim IP}{|F,(x;p)— F(x)| > €} =0. 25)
Tim P{IFy (x;p) - F)| > ] (
Using the triangle inequality, we can split this into two parts:
lim Pi|F,(x;p)-IEF,(x;p)| > €} =0; lim EF,(x;p) = F(x). 26
lim P{|Fy (x;p) - EFy(x:p) > e} lim EF,(x;p) = F(x) (26)

For the first limit, by Chebyshev’s inequality, we get

1 1 x
P|F,(x;p) - EF,(x;p)| > €} < SVEmP) = 557 ERxp) (27)



By Lemma I1.2, */[EA/ ~ 1/5”, while by Lemma A.2, lim”\ﬂ* SM = oo. Thus the right-hand side of
equation (27) tends to 0 as p \, ., whenever the second limit in equation (26) holds as well.
To prove the latter, we note that

xSy Sy(nx)

EF,(x;p) = Su(nx) = 4 S (28)
H

x
E
The same Lemma II.2 implies that xS, ~ E/, thus it remains to show that, for all x € [0,1)U
(1,00), limyny, Sp(%x)/S, = 1jg,1)(x). This follows from the fact that in this regime the principal
contribution into the sums in equation (22) comes from the terms near k = »(y), which is proven
in Lemma II.1 below. [ ]

Lemma II.1
Assume that a twice-differentiable function u(-) satisfies lim,_,, x>u”(x) = co. Fix arbitrary A, and A,
satisfying 0 < Ay <1 < A,. Let #(p) be the solution of (14). Then

lim S, (A1, %A,)/S

=1. (29)
N

p=

Proor  To prove (29), it is sufficient to show that S,(xA,)/S, — 0 and S,(1,%4,)/S, — 0 as
U\ t.. We split the proof into the following two steps:

Step 1. For the first assertion, let ¢ = A, — 1; %, = (1 + ne)x. Then we have
Sy(%/\Z) = Zsy(%w Ayl ) (30)
n=1

Let a, = e (%) cf. equation (6). By definition of x, the quantity —uk — u(k) is decreasing
whenever k > x, therefore S, (%, #,1) < (41 — %), = xay, and

S,(xAy) < ex Z(xn. (31)
n=1
Observe that a,,,;/a, = e FCu1=%u)[uCn)-uCw)] = e=ex(pru'(E)] for some & € [x,,, X peq]- As 1’ is
increasing, u’(&) > u’(x,,) > u’(%;). Therefore a,,1/a, < e *+'4) which implies that
el ()] AL
Zl‘*" s Zoe T el 6] (32)
n= n=

Let # = (1 +¢&/2)x and @, = e M%) We estimate Su(n, 2) = (% - n)e M) = exd,/2 for terms
around x, and also observe that a;/d, < e ¥+ (0]ex/2 Thep

~ 2a 1 e—[y+u'(fﬁ)]£}{/2
Su(#A)/S, (%, %) < =

< .
a 1 —e—ex[ptu’ ()] = 1 — e—ex[ptu’ ()] (33)

Recall the relation (14) between p and x, and that x>u”(x) — co by assumption. This implies that
there exists some & € [x, %1 ], such that

e~ exlpru' ()] — o-u"(E)ePn? 0, as pu\ M. (or, equivalently, as x — o). (34)



Similarly,
e_[ﬂ+u’(17t)]€%/2 0, as 7 \ - (35)
Then we conclude,
lim S,,(x1,)/S,(#, ) = 0, 36
Hm u(tA2)/8, (%, %) (36)
and therefore S, (%1,)/5, 0.

Step 2. For the second assertion, we first introduce a cut-off for k. Because lim,_,o, x*u”(x) = oo,
we can find N such that u”(x) > 0 for x > N. In other words, u’(x) is increasing on [N, o). Let us
show that

S, (1,N
W) (37)
N Sy
If p, = —oo, let r = maxy<y<n_1 #’(x). Then for any p < —r, we have —pk — u(k) is increasing on
1 <k <xu. As x — oo, equation (37) follows. On the other hand, if p, > —co,
N-1
lim S, ( e kul (N-1) max e Mk-uk), (38)
F N\ P 1<k<N-1

As lim%\y* SI‘ = o0, equation (37) follows in this case as well. Thus in order to show that the ratio
S”(l,%kl)/SM tends to zero, it suffices to have

Su(N,%AL)/S, — 0. (39)

To this end, we follow a similar idea asin Step 1. Lete =1-A; and L=min{n e N: N > (1 —ne)u}.
Let %, =(1 —ne)xforx=1,...,L—1and »; = N. Then we have

=~

-1
Sy(NI%/Xl) = Sy(%n+1’%n)~ (40)

=
Ul
—_

Let a, = e ¥ #0%) When k € [N, ], the quantity —uk — u(k) is increasing, which implies that
S,u(}tm—b}t ) = (%n - %n+1)an S enay. Thus

L-1
Su(N,xAp) < ex Zan. (41)
n=1
Observe that, when n = 1,...,L — 2, @, 1/a, = e Hu1=Xu)-[u0)-uw)] = eex(p+u'(2) for some

& € [My41, %] As 1'(x) is increasing on [N, 0), u/(&) < /(%) < u'(%y). Appr/a, < eXprw'Ca)),
This yields that

L-1 0
enex(pru’(x1) _ Ena
Su(N,%Ay) < ex Z{a,, < exay ZO’ T eonm iG]’ (42)
n= n

Let % = (1 — ¢/2)x. Using the same argument as for validating formula (36) above, we conclude
that S, (N, xA,)/S, — 0. [ |

10



Lemma I1.2
Assume that u(-) and x(p) are as in Lemma I1.1. Then

lim »S,/E/ = 1. (43)
PN

Proor  Recall that E.# may be treated exactly as S, if we absorb the extra factor of k into u(k),
see equation (23). Thus as in the previous lemma, the principal contributions into [E.#Z come from
the terms in the vicinity of %, the largest solution of

u'(%)—-1/% = —p. (44)

Such # exists, as u’(%) - 1/# is increasing for large . Let us show that lim ,, (%/%) = 1. Indeed,
as p=-u'(n),
u'(n) = u'(#)-1/x. (45)

Thus by the mean value theorem, there exists & € [, %] (note that & > x), such that
u”(&) (% —-xn) = 1/%, orequivalently, &2u”(&) [th(zft—x)/éz] =1. (46)
By assumption, limg_,, &2u”(&) = o0, and therefore we must have

ﬂli\_‘n;* [#(2 =)/ = 0. (47)

As & < %, this implies that lim , , (%/%) = 1, as claimed.
By Lemma II.1, for any 0 < Ay <1 < A,, we have
Bl ~ Z ke #k-ulk), (48)
ke[S, #A,)
At the same time,
%A, Z e Hk-ulk) < Z ke k) < 51, Z e Hh-ulk) (49)

kE[}At/\l,J:t/\z) kE[ﬁ/\],ﬁ(/\Q) ke[ft/\l,itt/\z)

Because # ~ X%, Lemma II.1 also implies that these upper and lower bounds are asymptotically
equivalent to 1,5, and #A,S, respectively. As A; and A, may be chosen arbitrarily close to 1,
the assertion follows. [ |

II.11. THE INCOMPLETE GAMMA FUNCTION REGIME

Let us now consider the critical regime, where lim,_,,, x?u”(x) € R, see p. 7. Using the definition
of . (13) and Lemma A.1, we can represent the function u(:) as

u(x) = —px+(1-d)Inx + v(x) with deR, lim xv'(x)=0. (50)

X—00

Notice that in this case the thermodynamic limit is achieved as y ™\, pi. € R. To simplify notation,
let us assume, without loss of generality, that p, = 0 and fix the scaling as » = 1/p. If d > 1,

11



this scaling is asymptotically equivalent to that determined by equation (14). Notice that when
0 <d <1, equation (14) has no solutions for y > u,, however this scaling is still appropriate as may
be seen from the analysis below. The scaled size distribution functions may now be defined as

Fu(x; Pk- (51)
K yIE/% ykZ>’x

Lemma I1.3
Suppose that the condition (50) holds and d > 0. Then

E.« NIM_(d+1 v/WT(d + 1), Su(x/p) ~ e WA (x;d)  forall x> 0. (52)
Proor We first compute
x/]d Z k-1 o—nk—v(k) _ }l_d —v(1/p) Z(yk)d 1 o=k o—v(k)+v(1/p) . (53)
pk>x pk>x

Take any € > 0. As limy_,,, kv’(k) = 0, we have, [v(x) —v(y)| < ¢|Inx —Iny| for all large enough x and
y. Therefore, we have |- v(k) + v(1/u)| < €|In(pk)| for all small enough p. Sending p ™\, 0 and then
¢ — 0, we obtain that the last sum in equation (53) converges to I'(x;d).

The asymptotics of [E.Z follows similarly. The difference is that the summation (23) for E.Z
starts from k = 1, and thus we must show that the contribution from the corresponding range
of k is negligible in the limit of vanishing p. Indeed, for any € € (0,1), take N = N(¢) such that
[v(x) —v(y)| < e[lnx —Iny| for all x,y > N. Split the sum producing [E.Z into two parts,

N 0
de e Hk-v(k) Z ke~ mk—v(k) (54)
k=1

k=N+1

As v(k) < Ink, we have yd“ e'M = 4(1). The first sum in equation (54) my be bounded by
N4 exp {maxi—;_y [v(k)|}. Therefore

[ee)

lim yd“ YW 4 = lim lim ],td+1 v(1/p) Z k4 e~ mk-v(k) — I'(d+1), (55)
pu—0 e—0pu—0
k=N+1
concluding the proof. ]

In the following theorem we prove that the limit shape is given by the incomplete gamma
function if either d > 0; or d = 0 and lim,_,, v(x) = —co. Notice that when d = 0, we must require
existence of the limit of v(x) as x — oo, as it is not a consequence of our general assumptions that
lim,_, x*v”(x) = 0 and lim,_,, xv’(x) = 0. For example, consider v(x) = sin(Inlnx). (Alternatively,

one could require sign-definiteness of u”(x) or v”(x) for all large enough x.)

THEOREM 2
Let u(-) and v(-) be related as in equation (50), F,(x;p) be as defined in equation (51). Assume either
that d >0, or d = 0 and lim,_,, v(x) = —co. Then for each a >0, € > 0,

lim P{sup|F,(x;p) - F(x)| > €} = 0. 56
lim {sxliEI W p) = F(x)| 6} (56)

Here F(x) =T (x;d)/T'(d + 1); ['(x;d) is the incomplete gamma function, cf. (17).
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Proor Notice that F(x) is a decreasing function and lim,_,., F(x) = 0. By triangle inequalities, it
is enough to show, for any fixed x > 0,

;llig})IP”“FV(x;p)—F(xﬂ > e} =0. (57)
Lemma II.3 shows that |
limEF = lim x/ . 58
NmEF,(xip) = MO#IE%(#) F(x) (58)
It remains to show that
lim P, {|F, (x;p) - EF,(x;p)| > €} =0. (59)
By Chebyshev’s inequality and using that py-s are Poisson random variables,
-2
Pu{lFu(p) ~EF,(p)l > e) < P VE(5p) = S EF, () (60)
By Lemma I1.3, y[EZ ~ u~% eI/ which tends to infinity as u tends to zero. [ ]

Il.ir1. LiMIT PROCESS REGIME

Formula (60) above and the accompanying argument show exactly why there is no limit shape if
d =0and lim,_,,, v(x) € R: the variance of the scaled distribution functions does not vanish in the
thermodynamic limit. Instead of the limit shape, however, we get a limit process. This happens
whenever the function u(-), see (11), may be represented as,

u(x) = —px+Inx+v(x), with v(x) >CelR as x— oo (61)

As before, we may set p, = 0 and consider the limit p \, 0 rather than y \, .. Computing the
expected number of monomers in the system, we get,

00 -C
E = Z e mk=vlk) L lj etCdr = S, (62)
k>0 HJo M

Thus in this case, formula (51) for the scaled size distribution functions may be replaced with a

simpler equivalent,
N (63)
uk>x

The “vertical” scaling in this case is y-independent, as uIE.# — eC in the limit.

As mentioned above, in this scaling the variance of F,(x;p) does not vanish as p ™\, 0, thus
we are expecting that the latter converges to a stochastic process rather than to a deterministic
limit shape. Let us define a random measure on R* corresponding to F,,(x; p) (its measure-valued
derivative up to a minus sign):

7,(dx;p) : Zpkéx pk)dx, e, m(sf;p) = ;jpk, o C R*. (64)
HKE
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The pi-s are independent Poisson random variables with parameters e #*~*() /k  consequently,
for any finite sequence of disjoint intervals [a},b;), j = 1...n, the quantities 7, ([a;,b;); p) are also
independent Poisson random variables with parameters ):a], <pk<b; e =v(k) /k. Computing

Z L k—v(k) c(Pe
lim —e M) = e j —dx. (65)
N0 iRy k a X

we conclude that 77, converges in distribution to 71, a Poisson point process on R™ with intensity
given by e =% /x, see [11]. Therefore we have just proved

Prorosrtion II.1

Let u(k) satisfy equation (61) and the scaled size distribution function be defined as in equation (63).
Then its derivative, 0, (x; p), converges in distribution to a Poisson point process with intensity e /x
as prescribed in equation (65). Alternatively,

Ey(5p) 5 n([x,), xeR. (66)

Notice that the range of summation in formula (63) may be rewritten as k > xeCE.Z. If we
remove the expectation and discard the factor of e, we get an alternative (random) scaling for the
size distribution function:

Fasp) = ) pe (67)
k> xA(p)

This scaling ensures that Fﬂ(x;p) = 0 whenever x > 1, and thus the size distribution function may
be regarded as a random partition of the interval [0,1] in the sense that F,(a;p) - F,(b; p) is the
number of subintervals with lengths in [4,b) in such a partition. The limiting object in this case
is a Poisson-Dirichlet distribution that describes cycle lengths in a random permutation [12, 10].
This, of course, is not a coincidence, as the functional form of the function u(-), given in equation
(61), implies that in this regime the resulting grand canonical Gibbs measure on partitions is
exactly the Poissonization of the uniform (Dirichlet-Haar) measures on symmetric groups.

II.tv. NoO LIMIT SHAPE REGIMES

Let us take a look at the regimes in which the limit shape does not exist. This may happen
for several reasons: either because the number of monomers, E.#, remains finite (as p | p.);
because the grand canonical measures are supported on non-summable sequences p which do not
correspond to partitions of finite integers/sets; or if the limit shape technically exists, but is given
by a trivial function identically equal to zero.

e x?u”(x) - —oco with #/(x) \y —co. We claim that the sum ) {2, p; is almost surely infinite for
all p (and thus so is /). Indeed, as p, = 00, S, =E} 2| py = oo for all p € R. The following propo-
sition shows, that the grand canonical measures are concentrated on non-summable sequences,
and thus there are no limit shapes in these scenarios:

14



Prorosition 1I1.2
Let Sﬂ = o0o. Then

]P{Zpk = oo} =1, and consequently, ]P{/% = oo} = ]P{kak = oo} =1 (68)
k=1 k=1

Proor Recall that py-s are independent Poisson random variables, thus their sum, ZZ; Pk 1S
also Poisson with parameter A,,:=) /", e #k=u(k) see Section Lii. For any fixed N € N and all large
enough m, we have

00 m N k
A

IP{> kaN}SIP{E pksN}:e‘A’" E k—"nSe‘AmAﬁ. (69)
k=1 k=1 k=0

Sending m to infinity, we obtain, H’{Zz":l pr < N} =0 for all N € N, yielding the assertion. [ ]

e x?u”(x) > —co, u’(x) — const. Recall formula (23) for the expected number of monomers,
IE/. By an argument similar to that in Lemma A.2, we can get that p, = —lim, ,,, #’(x) and
(ex+u(x))/Inx — oo. This implies that E.# < co when p = p,, i.e., the expected number of
monomers remains finite as y \, y. and thus the proper thermodynamic limit cannot be achieved
in the setting of grand canonical ensembles.

e lim, . x*u”(x) € R. In this regime, u(-) has the form u(x) = —px + (1 — d)Inx + v(x), where
d € R and lim,_,,, xv’(x) = 0, see equation (50). In Theorem 2 and Proposition II.1 we considered
cases when either d > 0 or d = 0 with lim,_, v(x) € RU{-oc0}. When d < -1, [E is dominated
by a converging series, oc de, and so is finite for all . Thus, similarly to the case above, there is
no thermodynamic limit in this regime. It remains to discuss cases when d € [-1,0), or d = 0 with
lim,_, o, v(x) = c0.

As earlier, without loss of generality, we may set y, = 0. Consider any scaling, such that
lim,_,o #(p) = 0o, which is necessary to get a continuous limit for the size distribution functions.
For any y > x >0, let

Fu(x,y;p) = ﬁ Z Pk- (70)
nx<k<ny
Then we have F,(x;p) = F,(x,3;p) + F,(y;p), cf. formula (7). We know that ), <<, Pk is of
Poisson distribution with parameter S, (%x, xy). Let us show that

ii{l})sﬂ(%x,%y): 0 (71)

for all x and y with 0 <x <. In fact, in the case d < 0, as v(x) < Inx, we have
S, = Y el Nk ¢ 72)
k>1

Notice that S, (xx, #y) < S, (%x,%y). As x — oo, equation (71) follows, cf. (22). We now turn to the
case when d = 0 and lim,_,, v(x) = co. Note that

1 1
Sulxxxp) = ) Lo = e Y = ek, (73)

nx<k<ny nx<k<ny
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Take any ¢ > 0. Notice that [v(ky) —v(k;y)| < €|In(ky/k,)| for ki, k, large, cf. Lemma A.1. Then for »
large, it holds

1
Suben ) S copee® ) L seg e ln(z) (74)

X
nx<k<ny

where ¢, , . is a constant depending only on x, y, and ¢. By the assumption that lim,_,, v(x) = oo,
we obtain (71).
As a consequence of (71), we have

lim P{F,(x,v;p) = 0} = lim P =0\ = lim e SkC2¥) — 1, 75
lim {M(xyp) } Hm Z Pk lim e (75)

nx<k<ny

Assume now that F,(x; p) converges in distribution to some random variable &. Then F,(y; p) must
converge in distribution to £ as well. In other words, for all x > 0, F,,(x;p) converges in distribution
to &. However,

IEdeSJ- liminfIEF ,(x; delimian EF,(x;p)dx = 1. 76
i HminfEF,(p)ds < liminf | EF,(xp) (76)

This implies that £ =0, i.e, the only admissible limit shape is the zero function.

III. LOCAL PROFILES OF THE STEP FUNCTION SHAPE

As discussed in Section ILi, whenever x?u”(x) — co as x — oo, the limit shape is given by the step
function. In this section we investigate its local profile near the discontinuity point. We consider
the shifted and rescaled size distribution function as defined in equation (18):

n
Gu(xp) = EZ Z P x€R (77)
k>Cx+x

The new parameter C = C(u) controls the scaling in the vicinity of the discontinuity point.

II1.1. GAUSSIAN REGIME

We start from the case when the local limit shape is given by a Gaussian integral. This happens
when u”(x) — 0 with additional assumption that x’u”(x) is non-decreasing and u”(x) is non-
increasing. New local limit shapes along subsequences of y might show up if monotonicity is
not assumed. See Section III.iv for a more detailed discussion.

THEOREM 3

Assume that lim u”(x) = 0, lim x*u”(x) = oo and both u”(x) and x*u”(x) are monotone. Let
X—00 X—00

A
Gulxip) =g Z Pk- (78)
k—u=x/\u”(x)
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Then, for each € > 0, we have

lim IP{sup|G,4(x;p) -G(x)|> e} =0 (79)

N xeR
where ) -

2
G(x) = —f e /24t 80)
) V2T( X (
Proor The theorem will follow if we show, for all x € R,
1 R
lim EG,(x; =—f e 124y, (81
BN ”( P) V21t Jx )

Recall the notation in equation (22). By Lemma I1.2, x/[E.# ~ 1/S,,. Therefore

EG,,(x;p) ~ S, (2 +x/v/u”())/S,. (82)
Thus it suffices to show that
Jim W (x)er s, = f e /24y, (83)
Jim fu” () e S, (o4 /4w (30)) = f e 24,
—00 X

We will prove the first limit only; the second follows by a similar argument. By Lemma II.1, for
any ¢ >0, 5, ~S,((1-¢€)x, (1 +¢)x). Thus

u”(%)eu(%)ﬂm S,u - Z o~ Hlk=2)~(u (k)1 () u” (%) = Z o~ Hk—(u(k+x)-u(x)) u”(x).
(1-e)n<k<(l+e)n —ensk<ex
(84)

By the assumption, lim,_,., x>u”(x) = oo, and thus ex+/u”(x) — co. As u” (%) = 0,

lim lim Z et BOk?/2 Vu”(%) = J- e /2 dx = \V2m. (85)

N0 —en<k<ex

We now Sh20W that the exponential function in the last summation of formula (84) may be replaced
by e #" (k"2 Using Taylor expansion, we can find & = &(k, %) in between x and k + x, such that
l/l”(é) 2 M”(é) 1 ”

— pk = (u(k + %) — (%)) = —[ulk + %) —u(x)—u'(x)k] = -k = 002" (k% (86)

As u”(x) is decreasing, we must have u”((1 + &)»)/u”(x) < u”(&)/u”(x) < 1 for 0 < k < ex; and
1<u”(&)/u”(n) <u”((1-¢e)n)/u”(xn) for —ex < k < 0. Therefore,

» _“”((1+“3)K) ” 2
Z ot/ (0k?/2 < Z e Hk—(ulk+x)-u()) < Z e Wi " (»)k*/2

0<k<ex 0<k<ex 0<k<ex
” “”((l—i)%) ” 2
Z et ()k2/2 > Z o Hk=(u(k+2)-1()) > Z o w0 M (%)k?/2 (87)
—en<k<0 —en<k<0 —en<k<0
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As x?u”(x) is increasing, (1—¢)>u”((1-¢)x) < u”(x) < (1+¢)*u”((1+¢)x). Thus we conclude that

lim lim ) et k0G0 e = J 4y,

ENOJONp 0<k<ex 0 58)
0
lim lim e Mk (ulke3)=ula) [y (30) = e /24y,
END N —eu<k<0 —o0
And the limit in equation (83) follows. -

IIl.11. DiscrRETE GAUSSIAN REGIME

When lim,_,,, u”(x) = ¢ for some 0 < ¢ < oo, for the shifted limit shape, no rescaling is needed in
the “horizontal” direction and the shape is a discrete Gaussian.

THEOREM 4
Assume that lim,_,, u”(x) = c for some 0 < ¢ < co. Let

n
Gulxip) = g Z Pk- (89)
k-n>x
Then for each € > 0
lim lP{supIGF(x;p) - G(x)|> e} =0 (90)
PN | xeR

1
where G(x) = A Y iox e=k*/2 and M, = Y ez e—ck?/2.
Cc

Proor Similar to proof of Theorem 3, it suffices to show that for all x € R

: “ 1 —ck2/2
IEG#(x,p):WS”(%+x)—>E];e ¢ as p\| P (91)
2X

Recall that y = —u’(»). Then for some & = &£(k, %) in between x and k, we have
el () +pux Sﬂ(% +x) = el () +pux Z e Hk—u(k) _ Z e_u”(é)(k—u)z/z_ (92)
k—n>x k—n>x
Notice that % " oo as p | p.. Then, for py close to y,, we can relabel k — ¢ as k so that
Z e—u”(é)(k—}t)z/Z _ Ze—u”(g)kz/z N Ze—ckz/z. (93)
k—u>x k>x k>x

In the last convergence we have used & > min{x, x+x} and lim;_,, u”(k) = c. It remains to consider
the contribution from »/E .Z. By Lemmas II.1 and II.2, for any fixed € € (0,1), we have

eu(%)Jr”% E Neu(}()Jrl,l% Z e*]lkfu(k) — Z e,u”(g)kZ/Z. (94)

n
k>(1-¢e)n k>—exn
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Here we have & > (1 — €)%. Notice that u”(k) — ¢ > 0. Sending p “\| p., we obtain

et —E}‘t% ~ Y e koM (95)
k>—c0

Formula (91) follows. [ |

IIl.111. HARD STEP FUNCTION REGIME

In the case when lim,_, ., u”(x) = oo, the distribution of p; is so concentrated around x that, for
any scaling in x direction, the local limit shape function is always the step function 1(_, o)(x).

THEOREM 5

Assume that lim u”(x) = co. For any C = C(u) / o0 as p \| ph., let

X—00
P
Gu(x;p) = B Z Pk- (96)
k-n>Cx

Then for each or each A; <0, A, >0, and € >0,

lim P sup  [G,(x;p) - G(x)|>€}=0. (97)
BNFs | xeR\(Ag,A5)
where G(x) = 1(_q,0](X)-

Proor It suffices to show that limy\y
Theorem 1, we show that } 7>, e~ pk-ulk) ¢
[ %] is the integer part of .

.EG,(x;p) = G(x) for all x = 0. Following the proof of
oncentrateson k = x| —1, | %], [#]+1, and | ]+ 2 where

Step 1. Recall notation in equation (22). Let us first show that lim\ ,, S,(% +3)/S, = 0. Take any
two integers a, b such that | %]+ 1 <a < b. Recall that y = —u’(x). Then for some &, &’ witha <& <b
and x <&’ <&,
eil/lbiu(b) ’ 7 ” ’ ” ’ ” ’
— e/ COb-a)-u'(E)(b-a) _ o=(E=)(b-a)u"(&') < o-(a—x-1)(b-a)u"(&') L o—(b-a)u”(&’) (98)
e—pa—u(a) = =

Here we used &—x > a—(|x]+1) > 1. Take some A > 0. As u”(x) — oo, e H0-1(b) ye=pa-u(a) < e=(b-a)A_
Therefore for all large enough x-s, S, (% +3)/S, < S,(% +3)/5,(2) < e, Sending A — o, we
establish the desired limit.

Step 2. It remains to show that lim\ , S,(1,%-1)/S, = 0. By Lemma IL.1, we may ignore first
finitely many terms in the sum Sﬂ(l,x —1), i.e., for any fixed N, lim”\y* Sﬂ(l,N)/SF = 0. As
u”(x) — oo, we may find A(N) such that limy_,,, A(N) = oo and u”(x) > A(N) for x > N. By a
similar argument as in Step 1, S,(1,%—1)/S, < §,(1,x—1)/S,(N +1,%) < e~N), The proposition
follows after sending y — p, and then N — co. [ ]

III.1v. REMARK ON THE MONOTONICITY REQUIREMENT

In section IILi we required that x?>u”(x) be non-decreasing and u”(x) be non-increasing to get
the Gaussian limit for the local shape function. These monotonicity assumptions are essential in

19



the sense that if either of them is not satisfied, either the Gaussian limit is not ensured or different
limit shapes may occur along different subsequences of u. Let us construct an example illustrating
this phenomenon.

First of all, using the scaling relation u’(%) = —y, we can deduce that

n+k
J‘ (x+k—x)u”(x)dx = pk + u(k+2)—u(x). (99)

P

Define u”(-) in the following way: first let u”(x) = 1 for 0 < x < 1, u”(x) = 1/2" for 2" < x < 2",
n € N. (One could modify u” in [2",2" + 27"] by interpolating between the end-point values to
obtain a continuous function, but it’s not required.) It is not hard to check that x?u”(x) tends to
infinity, however not in a monotone manner. Recall the local shape function G,(x;p) as in (78).
We will see that the resulting limit shape is only determined up to subsequences.

First, pick the sequence x, = 3-2""!, n € N. The corresponding y, is then determined by the
relation (14). Assume ¢ < 1/3. Note that u”(x) = u”(x%,) for (1 —&)x,, < x < (1 +€)x,,. Then, using
pn =—u'(%,), we get,

Y explopk[ulk ) —ul)]f = ) exp{—%u”(%n)} (100)

—en, <k<ex, —en, <k<ex,

Repeating the arguments of Theorem 3, we obtain the standard Gaussian G(x) = fxm e 2 dt/\2m
as the limit of G, (x; p).

We now show that a different limit shape may appear if we follow another sequence of x.
Let %, = 2" and, accordingly, ji, = —u’(%,). Assume ¢ < 1/2. Now u”(x) behaves differently
on the different sides of x,: u”(x) = u”(x,) for (1 -¢)n, < k < u, and u”(x) = u”(»,)/2 for
n, <k <(1+e)u,:

) explpk = [ulk ) —uGa)]f = ) exp{—"—;u”(xn)};

—ex, <k<0 —exn, <k<0
k2
Z exp{—ynk—[u(k+}tn)—u(}tn)]} = Z exp{—zu”(%n)}. (101)
O<k<ex, 0<k<ex,

Repeating the arguments of Theorem 3 again, we now find that G, (x;p) converges to

g
x) = (1+«/§)\/%L h(t)dt, (102)

where h(t) = e7t/4 for t > 0 and h(t) = e™**/2 for t < 0.

Notice, however, that a sequence of x, realizing the Gaussian limit as in Theorem 3 always
exists if we require monotonicity of u#”(x). Indeed, by Lemma A.3, we may find positive sequences
e, 4 0and x,, T oo, such that

” 1 _ ” 1
lim &,,,,\/u”(%,,) = oo, limsup WA = )% om) =1, lim liminf 2\ &n)%m) ((L+ €n)m)

m—o0 m—sco u” (%) n—00 M—00 u” (%)

=1. (103)
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Thus we have u”((1 + &€,)%,,)/u” (M) < u”(E)/u”(n,,) < 1 for all & € [x,,, (1 + €,)%,,)]; and also
1 <u”(E)/u” (ny) Su”((1 =€) n)/u” (1) for all & € [(1 — €,,)%,, #,,). Therefore, using Taylor
expansion, cf. (86),

” “”((1‘*5 Xm) , » 2
e_u (%m)kz/z < Z e_,”‘k_(u(k‘*'%m)_”(%m)) < e_W"l (Km)k /2;
0<k<e,x,, 0<k<e,x,, 0<k<e,u,
y _ QA =em)m) | » 2
Z et (k2 5 Z oMkt (k+2) =1 (%)) > Z o Wiy W Om)k?/2 (104)
—&p M, <k<0 —&, 1, <k<0 —EmMm<k<0

Taking m — oo and then n — oo, we obtain the Gaussian limit by (103).

A. APPENDIX

The following lemmas establish a few asymptotic properties of functions satisfying Assumption 1:

Lemma A.1

Assume that u(-) is a twice-differentiable function satisfying
lim x*u”(x) = y € R. (105)
X—00

Then there exist ¢ € R and v(x) satisfying lim,_,,, xv’(x) = 0, such that

lim u’'(x)=¢, u(x) = cx —ylnx + v(x). (106)
X—00
Notice that we also have, v(x) < Inx as x — oo.

Proor Equation (105) implies that for any € > 0 there exists x(, such that y —& < x?u”(x) < y + ¢

for all x > x(. Dividing these inequalities by x? and integrating, we conclude that
|t (x1) =" (x2)] < (Iyl+€)[1/x1 = 1/x,] (107)
for all x1,x, > xg. Thus lim,_,, #’(x) exists and is finite. Let us denote this limit by ¢ and define

v(x) == u(x)—cx+ylnx. (108)

Directly from this definition we can calculate that lim,_,., x?v”(x) = lim,_,o, v’(x) = 0. Then for

any € > 0 and x, x( large enough, we also have [v’(x) —v’(xg)| < €]1/x — 1/x¢]|. Sending x, to infinity,
we obtain —&/x < v’(x) < €/x, from which we conclude that lim,_,., xv’(x) = 0 and v(x) <lnx. =

Lemma A.2

Assume that u(-) is a twice-differentiable function satisfying
lim x%u”(x) = oo. (109)
X—00

Then the following holds:

o= lim = im0
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2. If g = —oo, then u(x) > x. If p, € R, then Inx < u(x) + p.x < x and lim [u(x) + p.x] = —oo.
X—00

3. Mh\n}'} Sy =00 (refer to p.8 for the definition of S,,).

Proor 1. The assumption (109) implies that u”(x) > 0 for all large enough x. Thus both
limits lim,_,., u’(x) and lim,_,,, u(x) exist. Observe that if the latter is finite, we must also have
lim, ., #’(x) = 0, which implies p, = —lim,_,,, u’(x). If lim,_, o, #(x) = 200, pr, = —lim,_,,, u’(x) as
well by L'Hospital’s rule. Note that this assertion also holds by similar argument if the limit in
equation (109) were negative infinity.

2. If p, = —oo, ie., u'(x) = o0 as x — oo, u(x) must be superlinear, i.e., u(x) > x. If y, € R,
u(x) + p.x must be sublinear. At the same time, property (109) implies that for any fixed M > 0
and all sufficiently large x, u”(x) > M/x?. Integrating from x to infinity, we get u’(x) + p, < —M/x.
Another integration yields that lim, ., [u(x) + p.x] < -MInx+ C — —co as x — oo.

3. If p, = —o0, S’, — o0, because every term in the series (22) diverges as y \| p.. If . € R, the
monotone convergence implies that S, — 5, = co. The latter series diverges, as its terms grow
unboundedly by assertion (2). [ ]

The following lemma is used in Section IIL.iv to demonstrate existence of non-Gaussian local
shapes when the monotonicity assumption is omitted:

Lemma A.3
Consider a non-increasing function, f : (0,00) - (0,00). Assume lim,_,, x*f(x) = co. Then there exist
sequences £, N\, 0 and xy /" oo, such that

- - f(xk — €xxx) e ftEnxy)
lim g xp/f(xx) =00, limsup——— =1, limliminf~———=1. 110
P e ) el flx) nooo ke f(XE) (110)

Proor Fix any sequence 7, N\, 0 and assume 7, < 1 for all n. Let a,, to be a sequence such that
0<(1+7,)%a, <1 forall nand lim,_, a, = 1. Since x?f(x) — co, we can find a sequence z; such
that . x+/f (x) > k whenever x > z;. We first show that there exist y; " oo, such that

YeZ2z [+ Tv)/f(vk) 2 ay, foralln<k. (111)
We first show that there exists y; > z; such that
for+nuy)/fm) = a1 (112)
Suppose it does not hold, i.e. for all x > z; we have
flx+7x) < ayf(x). (113)

Let u; = (1 +&1) 2. Then f(uy) < a;¥f(z;). Therefore, as 0 < (1 +1;)%a; <1
k
klim u,%f(uk) < klim [(1+T1)2a1] sz(zl) =0 (114)

which contradicts the assumption that lim,_,,, x? f (x) = co.
We now show that we may find y, > z;, such that

f@a+mv2)/f(2) 2 a1, f(¥2+71292)/f(y2) = . (115)
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Assume the opposite. Then for all x > z,,
flx+mx)<aif(x) or f(x+1x)<asf(x) (116)

Let ug =z and uy = (14+711)"* (1+75)"* up_; where my+ny =1, my = 1if f(up_1+7iux_1) < aq f(ug_1),
my = 0 otherwise. When n; = 1, we have f(uy_q + Toug_1) < ap f(ux_1). Therefore,

k k
Yijomj Yian

flu) < ay™ “ay™ f(u), (117)

and .
ul f(uy) < [(1 +1)%a ] - ][(1 +175) 2a2]zj:1 " ul f (o). (118)
As Z] 1M+ Yk 1 1j =k, at least one of the two sums goes to 1nﬁn1ty as k — oco. Therefore we get

limg_, o, ukf(ukg 0 which contradicts the assumption that limy_,., x? f (x) = co. Similarly, for any
k > 3 we can find yj such that (111) holds.

Define ¢, = 7,/4 and x; := (1 + 74/2)yx. We now show that (111) implies the lemma. As
X > Vg > 2, it follows that exx;+/f (xx) — oo. Note that, as 7 <1,

P ( _ 3) _
Vk—(l 1+T/2) L= e = (1= &)xi (119)
Therefore
limsupM < limsup f (i) < limsup& = (120)
koo (%K) koo J (Xk) koo J (Vi + TkVk)
Finally, notice that for any fixed n and all large enough k, (1 + 7,,/4)(1 + 7¢/2) <1 + 7,,. Thus
o ftrenxy) L f(A )T+ T/2)y) o f (L T)ve)
liminf =—————= = liminf > liminf ———= > a,,. (121)
koo fxp) k—oo (1 +T/2)p1) k—eo S (@) "
Take n — oo and note that lim,,_,,, a, = 1 to complete the proof. [ ]
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