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OVERVIEW

@ Basic concepts.

Particle number transport.

Dynamical entanglement.

@ Open questions.
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Basic Concepts
THE MANY-BODY HILBERT SPACE

o A=[l,n]:={1,2,...,n}.
o For each vertex x € A we associate the Hilbert space H, := C2.

o The Hilbert space associated with the system is

H = ®7—[$ = (CH®" dimH = 2™

z€EA
. 1 0
e Notation: e4 := NE ep= ||

€q = €a Reny ®...Q €y, a=(aj,a,...,an) € {T,}}"

is called the up-down configuration associated with .
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Basic Concepts
THE BIPARTITE ENTANGLEMENTS

XEY X

Fix Ag C A, consider the decomposition:

Ho=Ha, @ Hp\ag Where Hyy = Q) Hoy Havny = X) Ha

xE€Ag J:EA\A()

Let p be a pure state in B(H) (p >0, Trp =1, and p? = p), then

e p is separable: if there exist pure states p(!) e B(H4,) and
p? e B(Ha\a,), such that p = pM @ p2),

e p is entangled: if it is not separable.
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Basic Concepts

ENTANGLEMENT ENTROPY

The entanglement entropy of a pure state p with respect to the
decomposition Ha, ® H\a, is defined as follows:

E(p)=-Tr [Pl 1ng1] , where pl = Try, p.

For any pure state p € B(H):
e &(p)>0.

e &(p) =0 if and only if p is a product state (Not entangled).

e £(p) < (log2)|Ap| (volume scaling).
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Particle Number Transport

AN IsoTrOPIC XY CHAIN IN RANDOM TRANSVERSAL MAGNETIC FIELD

n

_ § ’ Lz

Hiso = 'uJ U]-i-l + U J+1 E :VJJJ
Jj=1

e A =[1,n], A a block of spins (subinterval of A).

o Hilbert space H = (C2)®A

@ uj; and v; are i.i.d.

wor_ (01 , (0 —i . (1 0
=\ o) T\ o) 7T\ 1)

Aj acts on the 4" component of the tensor product, i.e.

Aj - I[®(j—1) QAR ]]®(”—j)
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Particle Number Transport

JORDAN-WIGNER TRANSFORM

i Jordan-Wigner l,

Hiso = c*Ac+ (Zj I/j) 1, where ¢ := (c1,¢2,. ..

{c;j}; satisfy the CAR algebra.

-

A=|M"
Hn—1
Hn—1 —VUn

Assumption: A satisfies eigencorrelator localization, i.e

E <sup |<ej,g(A)ek)]> < Ce ikl

lg|<1
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Particle Number Transport

THE PARTICLE NUMBER OPERATOR

N =Y "ler)erl; and N := " |er)(eq;.

JEA jeS

Neq = keq, where k= |{j : o =1}

Let p = |ea) (€| then (N), :=Tr Np = k is the expected number of
up-spins.

[H,N] =0 = The number of up-spins is conserved in time.

tHiso peitfiso s the time evolution of p.

° pp=¢€

(Ns), is the expected number of up-spins in S at time .
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Particle Number Transport

REsuLTS

——dn, s>

R R R R S

e Fix Ay CAand S C A\ Ao.

o Initial state: p = |¢)(¢|, where ¢ = (e )®AO ® (e )®A\AO

E <SUP<NS>pt> < Clo— 3dist(Ao,S)
t

E (sup | Wshy — )1 ) < €

Similar results for disordered Tonks-Girardeau gas, Seiringer/Warzel (2016).
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Dynamical Entanglement
AN ANISOTROPIC XY CHAIN IN RANDOM TRANSVERSAL MAGNETIC FIELD

n—1

Z’uﬂ (1 +j)of07 + (1 =) J] UJ+1 Zyﬂ
J=1

e A =[1,n], Ay a block of spins (subinterval of A).
e Hilbert space H = (C2)®A

® uj, 75 and v; are i.i.d.
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Dynamical Entanglement
JORDAN-WIGNER TRANSFORM

\L Jordan-Wigner i

* N * * *\1t
H=C"MC, C:=(c1,¢],c2,¢5, ... Cn,Ch)".

n

M is the block Jacobi matrix

—v10® S(n)
M = MlS(Vl)t )
/’Ln—ls(’}/n—l)
,unfls('}’nfl)t —Vpo~

so=(2, )= (5 2
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Dynamical Entanglement
MOTIVATION QUESTION

*—0—0—-0 0—0—0—0—-0-0

o For1 </{¢<mn,let Hy 4 and Hy 1, be the restrictions of H to the
corresponding interval.

o Let p(M) and p@ be any eigenstates of Hyygand Hypy ),
respectively.

We study p; := e 1 (p(l) ® p(2)) et

@ p; is an entangled state with respect to H{y g ® Hpy1,)-
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Dynamical Entanglement
MOTIVATION QUESTION

*—0—0—-0 0—0—0—0—-0-0

o For1 </{¢<mn,let Hy 4 and Hy 1, be the restrictions of H to the
corresponding interval.

o Let p(M) and p@ be any eigenstates of Hyygand Hypy ),
respectively.

We study p; := e 1 (p(l) ® p(2)) et
@ p; is an entangled state with respect to H{y g ® Hpy1,)-

Question:
What can we say about the entanglement entropy of p;?
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Dynamical Entanglement
PROBLEM SETTING

@g@(ogo)(om@gﬂ

In general
e Decompose A into disjoint intervals A, Ao, ..., Ay,

e Hp, is the restriction of H to Ay.

@ 1, is an eigenfunction of Hy,, and pi = |¢k) (k.

o Define p = @)L, pr, and its dynamics p; = e~ peitfl,

*—o—0—-0 000 000 00090
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Dynamical Entanglement
ASSUMPTIONS

Assumptions:
@ The XY chain H has almost sure simple spectrum.

o M satisfies eigencorrelator localization, i.e
E <Sup|g‘§1 Hg(M)ij) < Co(1+|j — k|)~?, for some 5 > 6.

Applications:
pj =, v; = forall j € N.
vj are i.i.d from an absolutely continuous, compactly supported
distribution.
e Isotropic case (y = 0): M — Anderson Model.
e Anisotropic case (v # 0):

» Large disorder case. Elgart /Shamis/Sodin (2012).
» Uniform spectral gap for M around zero. Chapman /Stolz (2014).
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Dynamical Entanglement
AN AREA Law

@oo}@ oﬁgo:@’o}

THEOREM

There exists C' < oo such that

E ( sup S(pt)> <C

t{Yrte=12,...,

for all n, m, any choice of the interval Ag C A and all decompositions
Aiy.. . Ay of A=[1,n].
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Dynamical Entanglement

COROLLARIES

Ifm=n

Dynamics of Up-Down Spins

@ number of decompositions is n.

e eigenfunctions are up and down spins: e and e;.

For a = (041,042, . .

an) € {1,1}", recall that the up-down configuration
associated with « is given by:

Ea = €ay D eay ®...R0 eq,

Result:

E (sup E(G_itH|ea><ea|eitH)> < C.

Barderson, Pollman, and Moore PRL (2012).
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Dynamical Entanglement
COROLLARIES

Entanglement of Eigenstates

For m = 1 (No Decomposition)
Let ¢ be an eigenfunction of the full XY chain H.

Result:

E Szpc‘l(li/))W) <C.

Pastur/Slavin (2014).
Elgart/Pastur/Shcherbina (2015).

HoussaM ABDUL-RAHMAN ENTANGLEMENT IN THE XY CHAINS

17 / 19



OPEN QUESTIONS

@ Dynamical entanglement of the tensor product of more general pure
states.

o Area law for the entanglement of thermal states.
Sims/Warzel (2016)

o “Logarithmic negativity” in the XY chain.
Eisler/Zimboras (2015)
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Thank you.
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