LOCALIZATION AND ENTANGLEMENT IN
DISORDERED HARMONIC OSCILLATOR SYSTEMS

Houssam Abdul-Rahman
University of Arizona

Based on joint work with R. Sims (UA) and G. Stolz (UAB).

Entanglement and Dynamical Systems 2018
Simons Center for Goemetry and Physics

December 12, 2018

HoussAM ABDUL-RAHMAN DISORDERED OSCILLATOR SYSTEMS 1/29



MANY-BODY LocALIZATION (MBL)

@ In single-body quantum systems, sufficiently strong disorder localizes
wave functions in space. This is the essence of Anderson localization.

@ By now, Anderson localization is well understood, both physically and
mathematically.
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MANY-BODY LocALIZATION (MBL)

@ In single-body quantum systems, sufficiently strong disorder localizes
wave functions in space. This is the essence of Anderson localization.

@ By now, Anderson localization is well understood, both physically and
mathematically.

Question:
What happens in a quantum system
when both disorder and interactions are present?

@ This is the many-body setting where the situation is fundamentally
different from the single particle case.

o Considerable analytical and numerical challenges persist even for the
simplest many-body models.

@ There are extensive efforts in the physics literature to understand the

phenomenon of MBL as well as the many-body transition.
e.g. arXiv:1705.09103, arXiv:1804.11065
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MANY-BODY LOCALIZATION INDICATORS

@ The many-body dynamics:
» zero-velocity Lieb-Robinson bounds.

» quasi-locality of observables.
@ States localization:
» decay of correlations.

» small entanglement (area laws).
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MBL Ricorous ReEsuLTs- MODELS

o XX/XY chain.
Hamza/Sims/Stolz '12
Pastur/Slavin '14
AR/Stolz '15
Sims/Warzel '16

AR/Nachtergale/Sims/Stolz '16, '17
@ Tonks-Girardeau gas.
Seiringer/Warzel '16
@ Oscillator systems.
Nachtergaele/Sims/Stolz '12,"13
AR/Sims/Stolz '17
AR '18
AR/Sims/Stolz arXiv:1810.12769

@ XXZ spin chain in the Ising phase.
Elgart/Klein/Stolz '18a, '18b

Beaud/Warzel '17, '18
@ Holstein model.

Mavi/Schencker '18
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Outline

I A disordered oscillator model.
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Outline

I A disordered oscillator model.

IT The regime of localized excitations.
» Zero velocity Lieb-Robinson bounds.

» Quasi-locality.

» Decay of correlations in eigenstates.

IIT Entanglement
» An area law for non-Gaussian states above the ground state.

» Dynamical Entanglement (work in progress).
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A Disordered Oscillator Model

THE HAMILTONIAN

=Y @Rrbd)t Y (e

TEA {z,y} CA
lz —yl=1

o A:=[-L,L"NZ" where L >1and v > 1.

i)

o The Hilbert space H, = (X) L*(R, dg..).
zEA

{ky}, are i.i.d. random variables with absolutely continuous

distribution given by a bounded density supported in [0, kaz]-
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THE EFFECTIVE ONE-PARTICLE HAMILTONIAN

[ Hy =Y p2+q"haq,  ¢:=(q)aen
zEA

hyp is the Anderson model on ¢2(A), i.e., hy = ho,a + k, where

» ho,a is the negative discrete Laplacian over ¢2(A).
» k.= diag{k,, = € A}

Recall that:
> spec(hyp) is almost surely simple.

» spec(hp) C |minky, 4V + kmax | -
TEA

@ hy is almost surely positive, and ||ha|| < 4v + kpax.

jo1/2

A '~ does not have a deterministic upper bound.
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H), AS A FREE BOSON SYSTEM

Since hy is positive with simple spectrum (almost surely), it can be
diagonalized with eigenvalues {VJQ}LA:‘I and unique (up to a phase)
|A]

orthogonal eigenvectors {gbj}'jA:‘l, ha = Z’yj2|¢j)(¢j|.
j=1

For j =1,...,|A|, define

11 1
bj = E(%’Q beq + 15 2¢]Tp)7 q = (qz)zer; P = (Pz)zeA-

Note that each operators b; is fully determined by (v;, ¢;).
{bj}j satisfy the CCR: [bj,bk] =0 and [bj,b}i] = (Sj’k]l.

@ H) can be written as a free boson system
[A|
Hy = 7;(2b5b; + 1)
j=1

HoussaM ABDUL-RAHMAN DISORDERED OSCILLATOR SYSTEMS 8 /29



EIGENVALUES AND EIGENFUNCTIONS OF Hj)

Al
Hy = nyj(%;bj + 1), ~;'s are the eigenvalues of h}\/z.
j=1

@ There exists a unique vacuum g of the b's, i.e., bjybg = 0 for all j.
o Forevery a = (ai,...,ap|) € N‘ | the eigen-pair (1, Eq) is given
as
[A] IA|
d)a = ¢Oa Ea227j(2aj+1)'
j=1

{bj}; are the modes (or quasi-particles).

a € NI describes the occupations of modes.

The ground state energy is Z v =Tr hl/Z.

e The gap above the ground state is 2min; ;
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Outline

A disordered oscillator model.
II The regime of localized excitations.
» Zero velocity Lieb-Robinson bounds.
» Quasi-locality.

» Decay of correlations in eigenstates.

Entanglement
An area law for non-Gaussian states above the ground state.

Dynamical Entanglement (work in progress).
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hx 1S FULLY LOCALIZED = Hj IS LOCALIZED

ha being fully localized at all energies. i.e.,

E | sup |(5:, k) Pu(ha)é,)| | < Cerle (1)
lu|<1
implies the following localization results
@ Zero-velocity Lieb-Robinson bound.

e Exponential clustering of the ground/thermal states.

Area laws for the entanglement of ground/thermal states.

Exponential clustering of eigenstates and after a quantum quench.

Nachtergaele/Sims/Stolz '12,’13
AR/Sims/Stolz '17
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ha IS FULLY LOCALIZED = H, IS LOCALIZED
ha being fully localized at all energies. i.e.,

E (sup \<5$,h;1/2u(hA)5y>\> < CeHley (1)
lu|<1
implies the following localization results
@ Zero-velocity Lieb-Robinson bound.
e Exponential clustering of the ground/thermal states.
@ Area laws for the entanglement of ground/thermal states.

o Exponential clustering of eigenstates and after a quantum quench.

Nachtergaele/Sims/Stolz '12,’13
AR/Sims/Stolz '17

The singular eigencorrelator localization (1) is

e known for k, with sufficiently large disorder.
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LOW-ENERGY LOCALIZATION OF hy

Given any dimension v > 1, 3\¢g > 0 and C < oo, u > 0 (independent of
L) such that

E <su<pl I hﬁ”u(hA)xm,Ao](hA>6y>|) < CeHley

for all x,y € A.

Nachtergaele/Sims/Stolz '12
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LOW-ENERGY LOCALIZATION OF hy

Given any dimension v > 1, 3\¢g > 0 and C < oo, u > 0 (independent of
L) such that

E <su<pl I hA”?u(hA)xm,Ao](hA>6y>|) < CeHley

for all x,y € A.

Nachtergaele/Sims/Stolz '12

What is the corresponding localization regime of H?
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THE REGIME OF LOCALIZED EXCITATIONS

@ For fixed \g, let
Sxe = {7 €{L...,|Al}: ¥ €10, ]}
7T = {a = (al,...,aw) S Ng“; supp a C S)\O}

@ The regime of localized excitations:

acl

[ Pr:= Pr(Hp) =) [$a) (0l

@ 1), for a € T is the eigenfunstion of Hp that results from modes
associated with the bottom of the spectrum of hjy.

@ Pr is the spectral projection of Hp associated with the energies
E,=FEy+ Z 27jaj.
4i V2€[0,7]

o If we choose A\g > 4v + kmax, then Pz = 1.
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WEYL OPERATORS

To quantify localization for the oscillator system, it will be useful to
identify a convenient class of observables.

o Let f: A — C, the associated Weyl operator is defines as

W(f) = ) exp (i(Relfslgz + Im[f2]p.))

zEA

Note that supp(f) = supp(W(f)).
o The Heisenberg dynamics: 7,(W(f)) = e aW(f)e~Ha,

W(f)z := PPW(f)Pr = CfW(X(hA)[O,)\O}f)PI, where 0 < Cf <1.

e Note that (W(f))z = OWV(f)1).
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RESTRICTED LIEB-ROBINSON BOUNDS

THEOREM (AR/Sivs/SToLz ARXIV:1810.12769 )
For any f,g: A — C,

E (sup [ OV, Wiglall ) < €+ X2 3 1falgtalle

z,yEN

where C and p are the constants in the eigencorrelator localization bound.

v

Note: in the case where f and g have disjoint supports,

Z |f(2)]|g(z)]e =¥ < Const. ¢ dsupp(f)supp(g))
z,yeA

Note: Similar restricted LR version was established in Elgart/Klein/Stolz '18

HoussaM ABDUL-RAHMAN
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QUASI-LOCALITY

@ For X C A, let f: A— C, such that supp f C X.
o supp(W(f)) € X but suppr(W(f)) = A

Can 7:(W(f)) be “approximated” by a local operator supported “near” X?

HoussaM ABDUL-RAHMAN

FIGURE: Define X (n) := {z € A; d(z,X) <n}

o
DISORDERED OSCILLATOR SYSTEMS
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QUASI-LOCALITY
Define the surface area of X
0X :={z € X there exists y € A\ X; |z —y| =1}

THEOREM (AR/Sivs/SToLz ARX1V:1810.12769 )

Let X C A and f : A — C satisfy supp(f) C X. For any n € Ny and

t > 0, there is an operator Wy ,, € B(Ha) supported on X (n), such that
for any k > 0 we have

E < sup  sup ‘<¢a, (e(W(f)) — /Wt,n)wa>

a€Z;||al|eo <k tER

> < Clax || fI1 /2.

Note: Here

4
é = 25/30 (Z €u|z/6> (1 + fi)l/g(l + )\1/2) (2)

ZELY
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EXPONENTIAL CLUSTERING OF THE EIGENSTATES

The (restricted) dynamical correlations of local Weyl operators is given by
Ca(f,g:t) = (OV(NIV(9)1) g — W()2) e WV (9)T)0
where for any observable A, (A)y, = (Yn, Athy).

THEOREM (AR/SIMS/STOLZ ARX1V:1810.12769 )
For k € Ny, and any functions f,g: A — C,

]E( sup supC’g(ﬁg,t)) < 8C( 1-|-)\1/2 Z |f(x |e—ulz yl)
a; ||aflo<r tER 2geA

where C and p are the constants in the eigencorrelator localization.
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Outline

A disordered oscillator model.

The regime of localized excitations.
Zero velocity Lieb-Robinson bounds.

Quasi-locality.

Decay of correlations in eigenstates.

IIT Entanglement
» An area law for non-Gaussian states above the ground state.

» Dynamical Entanglement (work in progress).
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BIPARTITE ENTANGLEMENT

THE LOGARITHMIC NEGATIVITY

o Fix a subregion Ay C A and decompose the Hilbert space
Ha = Hao @ Ha\a,, Where

Hay = Q) L2R),  Hano = Q) L(R)
z€Ao z€A\Ag
e For any state p € B(H,), the logarithmic negativity N(p) is defined
as
N(p) =logllp™ 1 (=log|lp™h)
where pT' is the partial transpose of p with respect to Ag (the first
component).

@ Some properties:

» If p is a separable state then N'(p) = 0.
» If pis a pure state then A (p) is an upper bound for the von Neumann

entanglement entropy.
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ENTANGLEMENT OF THE EIGENSTATES OF H,

Known:

@ Area laws of the ground state and thermal states.
Nachtergaele/Sims/Stolz (2013), Vidal/Werner ('02)

o Exponential clustering results of arbitrary eigenstates.
AR/Sims/Stolz ('17,'18).

Open problem:
Finding/Studying/Understanding the entanglement for the
eigenstates of H)y.
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ENTANGLEMENT OF (NON-)GAUSSIAN STATES

@ The ground state and the thermal states of free boson systems are
Gaussian states (quasi-free).

o All eigenstates above the ground state are non-Gaussian. i.e.,

[A| 3
o W) = e 1T ] 1, ("W)

7 _ (Relf]
Here f = (Im[f]

M =h7'2 @'/, and xi(M) := X{ﬁl}(h_l/z) ® X{w}(hl/2)-

>, L, (-) is the Laguerre polynomial of degree ay,

Note: M is the correlation matrix (RRT),, , where R = [ﬂ

@ There are (almost) NO rigorous results about the entanglement of
non-Gaussian states.
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THE N-MODES ENSEMBLE

For each N € Ny, let Jn be the set all occupations « associated with a
total of N modes,

JIN :{a: (Oéla...,Oé|A|) ENEA‘; Zaj :N},
J

1
PN = W a;]v ‘wa><¢a|'

@ pn is the orthogonal projection onto the Fock space sector

span{ta; ) ;a5 = N}

2N
o Tr[HppNn] = <1 + |A\> Z’Yk —|A|lso & S. energy Z’Yk
k k
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THE N-MODES ENSEMBLE

For each N € Ny, let Jn be the set all occupations « associated with a

total of N modes,

IN ={a=(a1,...,q])) € N'OA‘; Zo‘j = N}
J

1
PN ‘= W aezj:N ‘wa><wo¢|'

e For all N € N, py is non-Gaussian, in fact

TelpyW(f)] = e 11D gy <<fo>) .

2

where Qp is a polynomial of degree .

@ The exact logarithmic negativity can be found using correlation
matrices.
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AN AREA LaAw

© oy =7 3 o) (tal, and we haveIE<|(5z,hAl/25y>|> < ¢ e,

‘j a€JN
o Let 9Ag:={z € Ag; Ty € A\ Ag with |z —y| = 1}.
THEOREM (AR ’18)

For any Ag C A, N € Ny, and the corresponding N-modes ensemble py;,
there exists C' < oo such that

E (N (pn)) < C(2N + 1)[8A| (3)

where the constant C is independent of N, Ag and A.

2
Note: C = C(4dA + kax) "/ (Z 6—,”) _

A
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DYNAMICAL ENTANGLEMENT

A SIMPLE CASE

o Let Hy, and Hy\y, be the restrictions of Hy to Ag and A \ Ao,
respectively.

o Let p1 and py be any thermal/ground states of Hy, and Hy\x,,
respectively.

o Note that (for example) if p; and py are ground states then p; ® pg is
the ground state of Hy, ® 1+ 1® Hy\x,

o We study p; := e itHA (p1 & pg)eitHA.

@ p is and entangled state with respect to Hp, ® Ha\a,-
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DYNAMICAL ENTANGLEMENT

A SIMPLE CASE

o Let Hy, and Hy\y, be the restrictions of Hy to Ag and A \ Ao,
respectively.

o Let p1 and py be any thermal/ground states of Hy, and Hy\x,,
respectively.

o Note that (for example) if p; and py are ground states then p; ® pg is
the ground state of Hy, ® 1+ 1® Hy\x,

o We study p; := e itHA (p1 & pg)eitHA.

@ p is and entangled state with respect to Hp, ® Ha\a,-

‘Question: What can we say about the entanglement of p;?
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DYNAMICAL ENTANGLEMENT

WHAT ABOUT CORRELATIONS OF p;?
Define the positions-momenta correlations
Corp,(Az, By) = (AsBy)p, — (A2)pe(By)pr, A B € {p,q}, z,y € A

Then the following are upper bounds for

E (sgp ]Cpt(Ax,By)ll/‘Q’) , for all A, B € {q,p},

@ P0 = pPa; D pa, (eigenstate-eigenstate):
< Cy (14 N)*Pemmlz=sl where max {[|o1 [loo, [|aallo } < N
e po = pg @ pa (thermal-thermal):

< Comax {1, 5_1/3}6_”Q|m_y|.
AR/Sims/Stolz '17
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DYNAMICAL ENTANGLEMENT

INITIAL RESULTS

@ In the gaped case with gap 4:
N (pt) < C5 [0Ao| where Cy — o0 as 4 — 0.

o If p{* and p'g2 are thermal states (with inverse temperatures (31 and
,32) and
(pﬁlﬁz)t — o tH (p,fl ® pgz)eitH

then
E (N ((p%%),)) < C(1 + max{By, B}) (max{2 + C2,2 + 8t2})/* |9A,|.
e If p; and po are ground states then

E(N (p1)?) < C(max{2+ CZ,2+82}) " [9A,|.
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Thank you.
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