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The Harmonic Oscillators System
The Hamiltonian

H =
∑
x∈Λ

(
p2
x + kxq

2
x

)
+

∑
{x, y} ⊂ Λ
|x− y| = 1

λ(qx − qy)2

Λ := [−L,L]d ∩ Zd where L ≥ 1 and d ≥ 1.

qx and px = −i ∂
∂qx

are the position and momentum operators.

The Hilbert space H =
⊗
x∈Λ

L2(R, dqx).

| · | denotes the 1-norm.

λ ∈ (0,∞) is the coupling parameter.

{kx}x are i.i.d. random variables with absolutely continuous
distribution given by a bounded density supported in [0, kmax].
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The Effective One-Particle Hamiltonian

Let hΛ be the finite volume Anderson model on `2(Λ), i.e.,

hΛ = λh0,Λ + k,

where h0,Λ is the negative discrete Laplacian over `2(Λ) and
k := diag{kx, x ∈ Λ}.
Here are some facts about hΛ:

spec(hΛ) is almost surely simple.

spec(hΛ) ⊂
[
min
x∈Λ

kx, 4dλ+ kmax

]
.

I hΛ is almost surely positive.

I h
−1/2
Λ is not uniformly bounded in the volume of the system and the

disorder.

∃ C <∞, µ > 0, independent of the volume Λ, such that

E
(
|〈δx, h−1/2

Λ δy〉|
)
≤ C e−µ|x−y|

for every x, y ∈ Λ
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HΛ as a free boson system

hΛ is diagonalizable in terms of an orthogonal matrix O and a
diagonal operator γ2 = diag{γ2

x, x ∈ Λ}, i.e., hΛ = Oγ2OT .

Define the annihilation and creation operators

ax =
1√
2

(qx + ipx), a∗x =
1√
2

(qx − ipx), for x ∈ Λ.

They satisfy the CCR [ax, ay] = 0, and [ax, a
∗
y] = δx,y1l, for all x, y ∈ Λ.

Define the bosons {bk}k using the Bogoliubov Transformation

b = U a+ V a∗

where U =
1

2
(γ

1
2 + γ−

1
2 )OT , V =

1

2
(γ

1
2 − γ−

1
2 )OT .

HΛ can be written as a free boson system

HΛ =

|Λ|∑
k=1

γk(2b
∗
kbk + 1l)
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Eigenvalues and eigenfunctions of HΛ

H =

|Λ|∑
k=1

γk(2b
∗
kbk + 1l), γk’s are the eigenvalues of h

1/2
Λ .

{bk}k are satisfying the CCR.

There exists a unique vacuum ψ0 of the b’s, i.e., bkψ0 = 0 for all
k = 1, . . . , |Λ|.

For every α = (α1, . . . , α|Λ|) ∈ N|Λ|0 , The eigen-pair (ψα, Eα) is given
as

ψα =

|Λ|∏
k=1

1√
αk!

(b∗k)
αkψ0, Eα =

|Λ|∑
k=1

γk(2αk + 1).

The g.s. energy is
∑

k γk = Trh
1/2
Λ , and the gap above the g.s. is

2 mink γk
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About the eigenstates

Recall: the eigenstates are

ψα = Const. (b∗1)α1 (b∗2)α2 . . . (b∗|Λ|)
α|Λ|ψ0

bk ψα =

{ √
αk ψ(α1,...,αk−1,...,α|Λ|), αk ∈ N

0, αk = 0

b∗k ψα =
√
αk + 1 ψ(α1,...,αk+1,...,α|Λ|)

αk is called the k-th mode (# of quasi-particle in the k-th site).

‖α‖1 =
∑

j αj is called the total number of modes (quasi-particles).

α is called the vector of occupation modes.
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Localization Results of the Eigenstates

Known:

Area laws of the ground state and thermal states.
Nachtergaele/Sims/Stolz (2013), Vidal/Werner (2002)

Exponential clustering results of arbitrary eigenstates.
AR/Sims/Stolz (2017).

Open problem:
Proving area laws for the eigenstates of HΛ.

The ground state and the thermal states of free boson systems are
Gaussian states (quasi-free).

All eigenstates above the ground state are non-Gaussian.

From Physics: There is a fundamental need to understand the
entanglement beyond Gaussian states.

There are (almost) NO rigorous results about the entanglement of
non-Gaussian states.
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The N-modes ensemble

For each N ∈ N0, let JN be the set all vector of occupation modes
that are describing a total of N modes,

JN = {α = (α1, . . . , α|Λ|) ∈ N|Λ|0 ;
∑
j

αj = N}.

We define the “N -modes ensemble state”

ρN :=
1

|JN |
∑
α∈JN

|ψα〉〈ψα|.

Note: ρN is the orthogonal projection onto the Fock space sector
span{ψα;

∑
j αj = N}.

I For all N ∈ N, ρN is non-Gaussian.

I Tr[HΛρN ] =

(
1 +

2N

|Λ|

)∑
k

γk.
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Bipartite Entanglement
The Logarithmic Negativity

Fix a subregion Λ0 ⊂ Λ.

Decompose the Hilbert space HΛ = HΛ0 ⊗HΛ\Λ0
, where

HΛ0 =
⊗
x∈Λ0

L2(R), HΛ\Λ0
=

⊗
x∈Λ\Λ0

L2(R)

For any state ρ ∈ B(HΛ), the logarithmic negativity N (ρ) is defined
as

N (ρ) = log ‖ρT1‖1 (= log ‖ρT2‖1)

where ρT1 is the partial transpose of ρ with respect to Λ0 (the first
component).

Some properties:
I If ρ is a separable state then N (ρ) = 0.
I If ρ is a pure state then ρ is an upper bound for the von Neumann

entanglement entropy.
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An Area Law

Recall: ρN :=
1

|JN |
∑
α∈JN

|ψα〉〈ψα|, E
(
|〈δx, h−1/2

Λ δy〉|
)
≤ C e−µ|x−y|.

Let ∂Λ0 := {x ∈ Λ0; ∃ y ∈ Λ \ Λ0 with |x− y| = 1}.

Theorem

For any Λ0 ⊂ Λ, N ∈ N0, and the corresponding N-modes ensemble ρN ,
there exists C̃ <∞ such that

E (N (ρN )) ≤ C̃(2N + 1)|∂Λ0| (1)

where the constant C̃ is independent of N , Λ0 and Λ.

Note: C̃ = C(4dλ+ kmax)1/2

∑
x∈Zd

e−µ|x|

2

.
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Key Lemmas
The Weyl operators:

For z ∈ C, Wz := exp

(
i√
2

(zax + za∗x)

)
.

For f : Λ→ C, W(f) :=
⊗
x∈Λ

Wfx .

The first Lemma finds 〈W(f)〉ρN =
1

|JN |
∑
α∈JN

〈ψα,W(f)ψα〉 =??

Let M :=

(
h
−1/2
Λ 0

0 h
1/2
Λ

)
, recall that hΛ = Oγ2OT .

Let χk(M) be the spectral projection associated with the eigenvalues
γk and γ−1

k .
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Key Lemmas
The Weyl expectations at the eigenstates:

Lemma

Let α = (α1, . . . , α|Λ|) ∈ N|Λ|0 be the vector of occupation modes and let
ψα be the corresponding eigenstate of HΛ. Then for any f : Λ→ C,

〈ψα,W(f)ψα〉 = e−
1
4
〈f̃ ,Mf̃〉

|Λ|∏
k=1

Lαk

(
〈f̃ ,Mχk(M)f̃〉

2

)
.

Here f̃ =

(
Re[f ]
Im[f ]

)
and Lαk is the Laguerre polynomial of degree αk.

note:

Lk(x) =
k∑

n=0

(
k

n

)
(−1)nxn

n!
, for k ∈ N. (L0(x) = 1, L1(x) = 1− x, . . .)
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Key Lemmas
An observation about the Laguerre polynomials

Lemma

Fix N ∈ N0 and K ∈ N, then for any x1, . . . , xK ∈ R,

∑
α = (α1, . . . , αK) ∈ NK

0∑
j αj = N

K∏
k=1

Lαk(xk) = QN

 K∑
j=1

xk

 ,

where QN is a polynomial of degree N .

This gives

〈W(f)〉ρN =
1

|JN |
QN

(
1

2
〈f̃ ,Mf̃〉

)
e−

1
4
〈f̃ ,Mf̃〉.
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Key Lemmas

Lemma (Nachtergaele/Sims/Stolz ’13)

Fix a > 0, there exists a unique self adjoint trace class operator ρa such
that

〈Wz〉ρa = e−
1
4
a|z|2 , ∀ z ∈ C, where ‖ρa‖1 =

{
1 a ≥ 1
1
a a < 1

Lemma (AR ’17)

Fix a > 0 and ` ∈ N0, there exists a unique self adjoint trace class

operator ρ
(`)
a such that

〈Wz〉ρ(`)
a

= L`

(
1

2
a|z|2

)
e−

1
4
a|z|2 , ∀ z ∈ C,

where ‖ρ(`)
a ‖1 ≤

{
a` a ≥ 1

1
a`+1 a < 1
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Thank you.
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