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The Harmonic Oscillators System
THE HAMILTONIAN

H=3) (0h+kd)+ Y, Ma—q)

z€EA {z,y} C A
|z —yl =1

A:=[-L,L]*N7Z* where L >1and d > 1.

q: and p, = —i% are the position and momentum operators.

o The Hilbert space H = ® L3R, dq,).
TEN

@ |- | denotes the 1-norm.

A € (0,00) is the coupling parameter.

{kz}» are i.i.d. random variables with absolutely continuous
distribution given by a bounded density supported in [0, kaz]-
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THE EFFECTIVE ONE-PARTICLE HAMILTONIAN

Let ha be the finite volume Anderson model on ¢2(A), i.e.,
ha = Aho A + K,

where hg A is the negative discrete Laplacian over ¢2(A) and
k= diag{ks, = € A}.
Here are some facts about hy:

@ spec(hy) is almost surely simple.

@ spec(hy) C [min ky, 4d)\ + kmax} )
TEA
> hy is almost surely positive.

> hxl/Q is not uniformly bounded in the volume of the system and the
disorder.

e 1 C < oo, >0, independent of the volume A, such that
E (1002, by %8,)[) < € evley

for every x,y € A
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H), AS A FREE BOSON SYSTEM

@ hy is diagonalizable in terms of an orthogonal matrix O and a
diagonal operator 42 = diag{y2,xz € A}, i.e., hy = Oy207.
e Define the annihilation and creation operators
0o = (i) 0= (g = i), forz € A
They satisfy the CCR [a;,a,] =0, and [a,, a)] = 6,1, for all 2,y € A.
o Define the bosons {by} using the Bogoliubov Transformation

b=Ua+Va"
1 1
where U = 5(7% +7‘%)OT, V= 5(75 — y‘%)(’)T.
@ Hy can be written as a free boson system

Al

Hy = Z ’Yk(2b;:;bk +1)
k=1
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EIGENVALUES AND EIGENFUNCTIONS OF Hj)

|A|
H= nyk(%Zbk + 1), ~%'s are the eigenvalues of h/l\/z.
k=1

{b }1 are satisfying the CCR.

@ There exists a unique vacuum g of the b’s, i.e., by = 0 for all

kE=1,... |Al
o Forevery a = (ai,...,ap)) € NEM, The eigen-pair (q, Eq) is given
as
|A| |A|
VYo = 1}_[1 \/— 1) o, Ey = ;%(2% +1).
e The g.s. energy is >, v = Tr h/l\/z, and the gap above the g.s. is
2 ming g
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ABOUT THE EIGENSTATES

Recall: the eigenstates are
Yo = Const. (b)™* (b3)* ... (b)) *1Meho

V ak‘ Qp(al,...,ak—l,...,am‘)v Oék € N
0, ap =20

bkwa:{

bz wa = Vag + 1 ¢(a1,...,ak+l,...,am‘)

ay, is called the k-th mode (# of quasi-particle in the k-th site).

|alls = >_,; a; is called the total number of modes (quasi-particles).

@ « is called the vector of occupation modes.
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LOCALIZATION RESULTS OF THE EIGENSTATES

Known:

@ Area laws of the ground state and thermal states.
Nachtergaele/Sims/Stolz (2013), Vidal/Werner (2002)

Exponential clustering results of arbitrary eigenstates.
AR/Sims/Stolz (2017).

Open problem:
Proving area laws for the eigenstates of Hjy.

@ The ground state and the thermal states of free boson systems are
Gaussian states (quasi-free).

o All eigenstates above the ground state are non-Gaussian.
e From Physics: There is a fundamental need to understand the
entanglement beyond Gaussian states.

@ There are (almost) NO rigorous results about the entanglement of
non-Gaussian states.
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THE N-MODES ENSEMBLE

e For each N € Ny, let Jn be the set all vector of occupation modes
that are describing a total of N modes,

In ={a=(a,...,ap) € N|0A|; Zai = N}
J
We define the “N-modes ensemble state”

1
PN = @ Z W}a><wa"

acJn

Note: py is the orthogonal projection onto the Fock space sector
span{ta; > ;5 = N}

» For all N € N, py is non-Gaussian.

2N
> TI‘[HApN} = (1 + |A|> Z’yk.
k
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BIPARTITE ENTANGLEMENT

THE LOGARITHMIC NEGATIVITY

o Fix a subregion Ay C A.

o Decompose the Hilbert space Ha = Hjp, ® Hp\a,, Where

Hay = Q) L2R),  Han,= Q) LR
z€No xeA\Ao

e For any state p € B(H,), the logarithmic negativity N (p) is defined

as

N(p)=loglp™ 1 (=1logp™1)

where pT' is the partial transpose of p with respect to Ag (the first

component).
@ Some properties:

» If p is a separable state then N'(p) = 0.
> If p is a pure state then p is an upper bound for the von Neumann

entanglement entropy.
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AN AREA LaAw

1 _
@ Recall: PN = —— Z |wa><"/’a|7 E (|<6x7h/\1/25y>|) <C e*ﬂ\mfm.
IINI 55,
o Let 9Ag:={z € Ap; 3y € A\ Ag with [z —y| = 1}.
THEOREM

For any Ag C A, N € Ny, and the corresponding N-modes ensemble py,
there exists C' < oo such that

E (M(pn)) < C(2N +1)|0A,| (1)

where the constant C' is independent of N, Ag and A.

2
Note: C = C(4dx + kmax)l/2 (Z e‘””) _

TEZY
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KEY LEMMAS
The Weyl operators:

Forz € C, W, :=exp <Z(zaz + za;)).

) V2
o For f: A —C, W(f):=Q)Wr,.
zeA
@ The first Lemma finds | W(f)),, = L Z (o W(f)ha) =77
‘jN‘ acJN

n'? oo
Let M := | A 1/ | recall that hy = 04207
0 b

Let xx(M) be the spectral projection associated with the eigenvalues
-1
Y and 7, .
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KEY LEMMAS
The Weyl expectations at the eigenstates:
LEMMA

Let o= (a1,..., ) € Nl | be the vector of occupation modes and let
1Yo be the corresponding eigenstate of Hy. Then for any f : A — C,

Al 5
(o W(F ) = =31 HL% («’W)

) and L, is the Laguerre polynomial of degree .

n!

k n,.n
Li(x) = Z (k)(—l):v, forkeN. (Lo(z) =1, Li(z)=1—u,...)
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KEY LEMMAS

AN OBSERVATION ABOUT THE LAGUERRE POLYNOMIALS

LEMMA

Fix N € Ng and K € N, then for any x1, . ..

K

2 la@)

a:(al,...,aK)EN(If k=1

Sia; =N

where Qn is a polynomial of degree N.
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KEY LEMMAS

AN OBSERVATION ABOUT THE LAGUERRE POLYNOMIALS

LEMMA

Fix N € Ng and K € N, then for any x1, . ..

K

2. la@)

where Qn is a polynomial of degree N.

This gives

,.%‘KER,

K
=y | )
i=1
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KEY LEMMAS

LEMMA (NACHTERGAELE/SIMS/STOLZ '13)

Fix a > 0, there exists a unique self adjoint trace class operator p, such
that

a>1

-1 2
Wz)p, =€ 192° v 2 € C, where ||p,||1 = { 0

Q=
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KEY LEMMAS

LEMMA (NACHTERGAELE/SIMS/STOLZ '13)

Fix a > 0, there exists a unique self adjoint trace class operator p, such
that

a>1

-1 2
Wz)p, =€ 192° v 2 € C, where ||p,||1 = { 0

Q=

LeEMMA (AR ’17)

Fix a > 0 and ¢ € Ny, there exists a unique self adjoint trace class
0 ) such th
perator pg’ such that

1
<Wz>p<e> =L, <2a’Z|2> e"1% v e,

¢ >1
h (g) < a a =~
where 1o < T 2
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Thank you.
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