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The Harmonic Oscillators
THE HAMILTONIAN

Hy = Z (pi + kxgi) + Z Mgz — Qy)2

TzEA {z,y} C A
lz —yl=1

o A= ([a1,b1] X ... x [ag, bg]) N Z® for integers a; < b; for all 7, and

d>1.

@ Foreach z € A, ¢, and p, = —i% are the position and momentum
operators.

o The Hilbert space Hy = ®£2(R) = L2(RY).

FASIAN

@ A € (0,00) is the coupling parameter.

o {ky}, arei.i.d. random variables with absolutely continuous
distribution given by a bounded density v supported in [0, kpax]-
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CORRELATIONS OF THE HARMONIC OSCILLATORS

KNOWN RESULTS AND THE NEW CONTRIBUTION

Known: Exponential decay of the position-momentum correlations at the:
e ground state

o thermal states.
Nachtergaele-Sims-Stolz (2012).

New Results:
1. Correlations at the energy eigenstates.

2. Correlations after a quantum quench.
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DIAGONALIZING Hp

e Define the annihilation and creation operators

1 . 1 )
ax:ﬁ(Qx—i_pr)a a;: %(Qx_lpx)’ for z € A.

They satisfy the Canonical Commutations Relations (CCR)

[az, ay] = [ag,a,] =0, and [az, ay] = 6,1, for all z,y € A.

) Py

@ The harmonic Hamiltonian can be writen as

Hy=3(a (“))Qm+nim—n a )
@ hy is the finite volume Anderson model on £2(A), i.e.,
ha = )\hO,A + k

where hg 5 is the discrete Laplacian operator, and
k := diag{k,, x € A}.
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DIAGONALIZING Hp

e o(hp) C |min kg, 4dX + kpax | -
TEA
@ hy is diagonalizable in terms of an orthogonal matrix O and a
diagonal operator 42 = diag{y2,x € A}, i.e., hy = Oy207.
e Define the bosons {by,k =1,...,|A|} using the Bogoliubov

tranformation
b=Ua+Va*

where
1

1 1
U= §(v% +y72)0T, V= Sz - v 2)o".
@ H) can be written as a free boson system

Al

Hy = y(2b5bk + 1)
k=1
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A FREE BOSON SYSTEM

Al
Hy = Z*yk(%Zbk + 1) «— Free boson system.
k=1

@ The operators b, satisfy the CCR

o {7 >0,k=1,...,|A|} are the eigenvalues of h/%\.
o The eigen-pair of Hj associated with a = (a1,...,q))) € NEA‘ is
(Ya; Ea),
A |A]
), Ea= 2(203‘ + 1)
j=1 j=1
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The Harmonic Oscillators
THE EIGENCORRELATOR LOCALIZATION

Assumption: The eigencorrelator localization

There exist constants C' < oo and n > 0 and 0 < s < 1, independent of A,
such that

_1
E (Sup (8, oy 2 g(h)5y>\s> < Ce Myl
lg|<1

for all z,y € A.

Satisfied for
o d > 1: large disordered case with s = 1.

o d = 1: any distribution density v with s = % .
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The Harmonic Oscillators
CORRELATION MATRIX

e For any observable A and state p, (A), := Tr[Ap].
@ The position-position dynamical correlation at state p is

<7't(p:r)py>p - <Tt(px)>p<py>pa x,y € A

Tt(Qz) — eitHAqme—itHA.
We will considers states p such that (74(p.)), = (1:(gz)), = 0 for all
re€Aandt > 0.

o Define the positions-momenta correlation matrix
T (t) = <<Tt(Q)qT>p <Tt(q)pT>p>
? (re(p)a")p (m(p)p"),p

o Let
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EIGENSTATES CORRELATIONS

Recall The eigencorrelator localization assumption: There exist constants
C <ooandn>0and0< s <1, independent of A, such that

E (sup ]<5I,h_5g(h)5y>]5> < Ce MYl for all z,y € A. (1)

lgl<1

THEOREM

Under the eigencorrelator localization assumption (above),

E <sup I(Fpa(t))xy|!s> < CC'(L+ Jlaflo) ! +oe ¥
t

for all finite rectangular boxes A C Z%, z,y € A and o € N(|]A|. Here C, n
and s are as in (1) and C' < oo depends on d, A, s and kyax, but is
independent of A.
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CORRELATIONS AFTER A QUANTUM QUENCH

@ Decompose A into M disjoint rectangular sub-boxes, A = &Jé\il Ay.
o For each 7, let Hy, be the restriction of Hy to A,.

o Let Hp a be the Hamiltonian of the non-interacting system on Hj,
M
Hopn =) Hp, @Iy,
=1

Let {ps, ¢ =1,..., M} be states acting on £L2(R’¢), and let

M
pi=Qpe.
(=1

We study the positions-momenta correlations at the state

pr = e*ltHA peltHA )
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CORRELATIONS AFTER A QUANTUM QUENCH

M
@ Recall that p; = e~ UHA <® pg) oitHA
(=1

o For every x,y € A, let

(Fpt)zy = (FPt (O))xy = <<qqu>pt <qxpy>l)t>

<mey>pt <p:rpy>pt
e Forall z,y € Ay

(Lpp)ay = (Lp,(0))ay = (<qzqy>p’5 <quy>pe>

(P2y)py  (PPy)pe
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CORRELATION AFTER A QUANTUM QUENCH
Recall: The Eigencorrelator Localization Assumption,

_1
E <sup (62 hA2g(h)5y>|3> < Ce Yl for all 2,y € A. (2)
lgl<1

THEOREM

Under the assumption given above. Suppose that, for some C' < oo, and ' > 0,
E (| (Tpe)oyll®) < Clem 1=l (3)

for all ¢ and all x,y € Ay, where 0 < s <1 is as in (2).

Then, for n) from (2), 1 := %min{n, n'} and p = Q, pe, there exists a constant
C" < oo such that

E (sup <rpt>xy||§) < (C)/3gre=loy
teR

for all z,y € A. Here C' is the constant from (3) and C" depends on d, A, s,
kmax and 7, but is independent of A and the number of subregions M.
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Correlations After a Quantum Quench
THERMAL STATES CORRELATIONS

o Thermal States:
e_BHA

pﬂ = m, fOr /8 E (0,00)

THEOREM

For a rectangular box A C Z% and 8 € (0,0), let Ly =T,,(0) their
static position-momentum correlation matrices.

There exist C < co and pu > 0, dependent on d, \ and the distribution of
the random variables k., but independent of A and (3, such that

L 1
E (H(Ppg)xyHE) < C'max {1, ﬂ} 67u|x7y|

for all x,y € A.
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Correlations After a Quantum Quench
COROLLARIES: THERMAL STATES

o Consider the thermal states of H,, with inverse temperatures /3,

(=1,....M, ie,

e Betla,
p£75€ - T\['[e_ﬁéHA[} .

@ The product state

M
PB1, B = ® Pe,B,-
/=1

@ The Schrodinger evolution

7’L'tHA( )eitHA'

(81,80 )t = € PB1,...Bm
e We assume the eigencorrelator localization with s = 1/2.

Result:
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Correlations After a Quantum Quench
COROLLARIES: ENERGY EIGENSTATES

o For{=1,....M, let ay € NLAA, and p,, be the corresponding
“local” eigenstate of H,,.

Let NV be the highest mode, ||ay|jcoc < N forall £=1,..., M.
The product state

M
Pa = ® Pay-
(=1

@ The time evolution

e—itHA itHp )

(pa)t ==

@ We assume the eigencorralator localization with s =

Pat

D=

Result:
E <Sup H(F<pa>t)my!é> < C(1 + N)3e Byl
t

for all z,y € A.
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Correlations After a Quantum Quench
COROLLARIES: EIGENSTATES-THERMAL STATES

@ Fix 5 >0and N < .

o Consider the local states py, £ = 1,..., M, where each p, is one of
the following:

> a thermal state with inverse temperature §; € (3, 00).
> an eigenstate with occupation number vector ay with ||ag|lec < N.

M M
o Let p= ®pg and p; = e~ <® pg) e itHA

=1 (=1
e We assume the eigencorrelator localization with s = 1/2.

Result:

1
113 -
E <Sup ||(Fpt)xy||‘13> < Cmax{(l + N)%, 5}3 e~ Mr—yl
¢

for all z,y € A.
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Correlations After a Quantum Quench
COROLLARIES: #DECOMPOSITIONS = THE VOLUME OF THE SYSTEM

If the M = |A].

{H{x}a T € A} with H{w} = p% + kzqu%

Let {n,,z € A} be the set of occupation numbers in sites z € A.
Let N = max, ng, i.e., the maximum occupation number.

The eigenstates are

én, (qz) = Const. H,,_ (v kzqz)e , forz € A.

Let p = ®Px and p; = e~itHa <® P:c) oitHA

zEA FISTIN
e We assume eigencorrelator localization with s = 1/2.

Result:
B (sup [Tl ) < €1+ 2N e
t

for all z,y € A.
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Thank you.

YUL-RAHMAN 18 / 18



	Harmonic Oscillators

