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OVERVIEW

@ The Disordered XY Chain.

» Dynamical entanglement.

» The transport of energy and particles.

@ The Disordered Harmonic Oscillators System.
» Dynamical correlations in the eigenstates.

» Correlations in initially product states.
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The XY Chain

AN ANISOTROPIC XY CHAIN IN RANDOM TRANSVERSAL MAGNETIC FIELD

n—1

- Zﬂj[(l +7)070741 + (1 —y5)afad 4] - Z Vja;
j=1

e A =[1,n], Ap a block of spins (subinterval of A).

e The Hilbert space: H := ®”Hx = (C?H)®"  dimH = 2"
TEN

® 1, v; and v; are i.i.d.
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The XY Chain

JORDAN-WIGNER TRANSFORM

\L Jordan-Wigner i

* N * * *\1t
H=C"MC, C:=(c1,¢],c2,¢5, ... Cn,Ch)".

n

M is the block Jacobi matrix

—v10* i S(n)
Ao | S ’
/’Ln—ls(")/n—l)
Mnfls('}’nfl)t —Vpo~

so=(2, )= (5 2
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The XY Chain

ASSUMPTIONS

Assumptions:
@ The XY chain H has almost sure simple spectrum.

e M satisfies eigencorrelator localization, i.e

E <p ||g<M>jk) < Co(1+1j — k))~?, for some > 6.
g|l=

Applications:
pi = p, y; =y forall j € N.
vj are i.i.d from an absolutely continuous, compactly supported
distribution.
e Isotropic case (y = 0): M — Anderson Model.
e Anisotropic case (v # 0):

» Large disorder case. Elgart /Shamis/Sodin (2012).
» Uniform spectral gap for M around zero. Chapman /Stolz (2014).
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Dynamical Entanglement
THE ENTANGLEMENT ENTROPY AND THE ENTANGLEMENT OF FORMATION

XEY X

Fix Ag C A, consider the decomposition:

M =Ha, ® Havn, Where Hpyy = ) He, Havng= Q) Heo (1)
z€Ao z€A\Ag

Let p be a pure state in B(H), then

5<P) =—-Tr [ﬂl log pl] , Where pl = Try, p.

For any (mixed) state p € B(#), then

Ey(p) = piﬂi Zpkg ([96))¥k])-
Yk L
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Dynamical Entanglement
MOTIVATION QUESTION

*—0—0—-0 0—0—0—0—-0-0

o For1 </{¢<mn,let Hy 4 and Hy 1, be the restrictions of H to the
corresponding interval.

o Let p(M) and p{?) be any eigenstates states of Hjj 4 and Hy 1),
respectively.

We study p; := e 1 (p(l) ® p(2)) et

@ p; is an entangled state with respect to H{y g ® Hpy1,)-

Question:
What can we say about the entanglement of p;?
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Dynamical Entanglement
PROBLEM SETTING

(ogo)(ogo)(om@g@

In general
e Decompose A into disjoint intervals A, Ao, ..., Ay,

e Hp, is the restriction of H to Ay.

@ 1, is an eigenfunction of Hy,, and pi = |¢k) (k.

o Define p = @)L, pr, and its dynamics p; = e~ peitfl,

*—o—0—-0 000 000 00090
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Dynamical Entanglement: MAIN THEOREM

DYNAMICS OF PRODUCTS OF EIGENSTATES

@oo}@ oﬁgo:@’o}

THEOREM

There exists C' < oo such that

E ( sup S(pt)> <C

t{Yrte=12,...,

for all n, m, any choice of the interval Ag C A and all decompositions
Aiy.. . Ay of A=[1,n].
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Dynamical Entanglement: COROLLARIES

@ Let pg be the tensor product of local thermal states, then

E (sup Ey ((ﬂﬁ)t)) <C.
t,3

@ Fora=(ay,...,a,) € {1,{}", the up-down configuration associated
with « is given by: eq = €q, ® €0, @ ... ® €q,,,

E (supg(e_itH\6u><€u\6itH)> <C.

@ Let ¢ be an eigenfunction of the full XY chain H.

E (sup $(w>(w|)> < (.| Pastur/Slavin (2014). AR/Stolz (2015).
¥

© Let pg be a thermal state of the full XY chain H.

E (SL/;PEf(Pﬂ)> <C.
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AN IsOoTROPIC XY CHAIN IN RANDOM
TRANSVERSAL MAGNETIC FIELD

n—1

L _E T T
HISO - [Jj0j+ ]+1 § :VJ

j=1
\l, Jordan-Wigner i

Hio = c*Ac + (ZJ Uj) 1, where ¢ := (c1, ¢, ...,cn)t.

A= F 0 : E(sup|<ej,g<A>ek>|)sc*e—”'j—’f'.

lgl<1
© —Vn
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Particle Number Operator

N =" le)erlj and Ns := Y [ep)(eql;.

JEA jes

Neq = keq, where k= [{j : o =1}

o Let p =leq)(eq| then (N), :=Tr Np =k is the expected number of
up-spins.

e [H,N] = 0= The number of up-spins is conserved in time.

o py = e Hiso peitHiso s the time evolution of p.

(Ns),, is the expected number of up-spins in S at time .
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RESULTS

Particle Number/Energy Transport

o Fix Fix Sy =[a,b] C A and Sy C A\ 5.

n
e Initial state: p = ® (%ﬁ . _0

Jj=1

), with n; = 0 for all j ¢ Ss.
j

E (Sl;pWsl)pt) <

4C —ndist(S1,52)
(1+em)2
Similar results for disordered Tonks-Girardeau gas, Seiringer/Warzel (2016).
4CD ;
E (sup|(Hg — (Hg e~ Mdist(51,52)
' |< 1>/7t < 1>P| — (1 -|-€777)2
where D = sup,, || Ax||-
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The Harmonic Oscillators

| } I
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The Harmonic Oscillators
THE HAMILTONIAN

1 ky
I8 = Z <2mp§ + 2q§> + Z Mgz — gy)?

T€ {z,y} € A
lz —yl =1

o A:=[-L,L)*NZ% where L > 1 and d > 1.

@ ¢, and p, = —i% are the position and momentum operators.
o The Hilbert space H = ® L3R, dq,).

TEN
e m,\ € (0,00).

{kz}» are i.i.d. random variables with absolutely continuous
distribution given by a bounded density p supported in [0, kpaz]-

HoussAM ABDUL-RAHMAN XY AND HARMONIC OSCILLATORS 15 / 22



The Harmonic Oscillators On a Lattice
THE EFFECTIVE ONE-PARTICLE HAMILTONIAN

A
H = nyk(2BZBk + 1) <— Free boson system.
k=1

@ The operators By, satisfy the CCR
[Bj, Bx] = [B;, B;] =0, [Bj,Bp] =461 forall j, ke {1,
o {7}k are the eigenvalues of h? where
ke 1 2d), ifa=y,

(0z, hdy) = ¢ —A, if |z —y|=1,
0, else.

HoussaM ABDUL-RAHMAN XY AND HARMONIC OSCILLATORS

AL

16 / 22



The Harmonic Oscillators
THE EIGENCORRELATOR LOCALIZATION

Assumption:

There exist constants C' < co and 77 > 0 such that

lgI<1

E (sup [{dz, hgg(h)éyﬂ) < Ce MYl for a € {0,1, -1},
for all z,y € A.

Satisfied for
e d=1.

@ d > 1 in the large disorder case.
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The Harmonic Oscillators
EIGENSTATES

Al

H= nyk(QBZBk +1).
k=1

@ There is a unique vacuum €, (the ground state of H).
o The eigen-pair of H associated with o = (a1,...,qp|) € N'OM is

(¢a7Ea)y

|A|

1
Yo = | | (B, Eo= E (2; + 1),
j:1 /O[]' J J J J

e For any a, the corresponding eigenstate is po, = |[1a)(¥al-
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The Harmonic Oscillators
COR,RELATIONS AT THE EIGENSTATES

Let Co(A, B,t) := (1:(A)B) ., — (A) . (B),,., where 7;(A) = et Ae=1H

In the following Theorem: A € {q,,p.}, B € {qy,py}

THEOREM

For any z,y € A and o € EOO(N‘OM), there exist constants C' < oo and
n > 0 such that

E (Sup 1Ca(A, B,t)!> < C(1 4+ ||| o) e~ 41,
t
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The Harmonic Oscillators
THE WEYL CORRELATIONS AT THE EIGENSTATES

e Define a, = %(qm +ipg), and a} = %(qm — ipg).
@ For f: A — C, the Weyl operator is defined as

W(f) = exp (ﬁ(“(f) + a*(f))>’ where a(f) = > _ f@)as, o' =) f(a)a
zeA TEA

o Let Ca(f;9,) == (W ()W (9))pa = W(F))pa (W (9)) pa-

THEOREM

For any excitation vector « € E"O(NLA‘) with ||a|lec = N, and any vectors
f,g € L?(M), there exist constants ) > 0 and Cy < oo such that

E(Suplca(f7ga ) <CNZ‘f 2N|g |% e—%u—m
t
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The Harmonic Oscillators
QUENCHED CORRELATIONS

Decompose A = A1 W As.

Let Hy, and Hy, be the restrictions of H to A; and Aj, respectively.
Let p(1) and p(® be any eigenstate/thermal states of Hy, and Hy,,
respectively.

py = o—itH (p(l) 2 p(z)) GitH

We study the correlations C), (A, B) := (AB),, — (A),,(B),, where
A€ {qe,p2}, B €{ay,py}.

THEOREM

For any z,y € A and o € EOO(N‘OA”), there exist constants C' < oo and
n > 0 such that

E (sup |Ce (4, B)!§> < C(1 + ||alo) S oYL,
t
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Thank you.
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