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The Harmonic Oscillators System
THE HAMILTONIAN

=Y @bt Y (e

TEA {z,y} CA
lz —yl=1

A:=[-L,L]*NZ% where L >1and d > 1.

q: and p, = —i% are the position and momentum operators.

The Hilbert space Ha = (X) £*(R, dga).
zeEA

| - | denotes the 1-norm.

{ky}, are i.i.d. random variables with absolutely continuous
distribution given by a bounded density supported in [0, kaz]-
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THE EFFECTIVE ONE-PARTICLE HAMILTONIAN

Hy = Zpi +q"hag
€A

® q:= (Q:v):cEA-

ha = hoa + k, where
» ho.a is the negative discrete Laplacian over £2(A).
> k.= diag{k,, z € A}.

@ Some facts about hy:

» spec(hy) is almost surely simple.

» spec(hp) C mi}\lk;w,ély—i—kmax .
TE

@ hy is almost surely positive, and |[hal]| < 4v + kmax.
° hX1/2 is not uniformly bounded in the volume of the system and the
disorder.
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H), AS A FREE BOSON SYSTEM

Al

o ha =Y Viloi) (sl
j=1

e For j=1,...,|A|, define

1 1 o1
(V2¢] q+iv; 2 9] p)

The operators {b;}; satisfy the CCR.

@ Hp can be written as a free boson system

bj

Al

Hp = Z’yj(Qb;bj + ]1)
j=1
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EIGENVALUES AND EIGENFUNCTIONS OF Hj)

Al
= Zyj(%;fbj + 1), ~;'s are the eigenvalues of h/l\/2.
j=1

@ There exists a unique vacuum g of the b's, i.e., bjybg = 0 for all

j=1,...,|Al
o Forevery a = (ai,...,ap)) € N‘OM, The eigen-pair (¢4, Ey ) is given
as
|A| |A|
Vo = %o,  Ea= Y 7j(205+1).
j=1

o The g.s. energy is Zj v = Tr h}\ﬂ, and the gap above the g.s. is
2min; v;
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PREVIOUS LOCALIZATION RESULTS

Previous localization results of Hp required that hy is fully localized at all
energies. i.e.,

E (sup |<5x,h;1/2u(hA)5y>|> < CeHla—yl

ul<1

e Known: for v =1, or k, with sufficiently large disorder.
o Expected to be wrong for v > 3 and small disorder.

Known localization results:

Nachtergaele/Sims/Stolz '12,’13
AR/Sims/Stolz '17

Zero-velocity Lieb-Robinson bound.

Exponential clustering of the ground/thermal states.

Area laws for the entanglement of ground/thermal states.
Exponential clustering of eigenstates and after a quantum quench.
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LOW-ENERGY LOCALIZATION OF hy

Given any dimension v > 1, 3\¢g > 0 and C < oo, u > 0 (independent of
L) such that

jul<1

E <sup Ic hAl/Qu(hA)X[o,Ao](hA)5y>|) < Ce eyl

for all x,y € A.

Nachtergaele/Sims/Stolz '12
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LOW-ENERGY LOCALIZATION OF hy

Given any dimension v > 1, 3\¢g > 0 and C < oo, u > 0 (independent of
L) such that

E <su<pl I hAl/zu(hA)X[O,Ao](hA)5y>|) < CeHley

for all x,y € A.

Nachtergaele/Sims/Stolz '12

What is the corresponding localization regime of H?
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THE PHASE OF LOCALIZAED EXCITATIONS

o For fixed \g, let
Sv = e (LA A2 € 0. 0])
I = {a = (Q1,..., ) € NLAl; supp o C S/\o}

@ The phase of localized excitations:

Pr:= Pr(Hp) =Y [$a) (0l

a€cl

Note: Ps is the spectral projection of Hy associated with the
energies

E, = FEy+ Z 2’yjaj.
Js 73 €[0,20]
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PRELIMINARIES

o Weyl operators:
» For f: A — C, the associated Weyl operator is defines as

W(f) = ® exp (Z(Re[fw}%c + Im[fw]pm)) :

zeA

» Note that supp(f) = supp(W(f)).

@ The Heisenberg dynamics:
> . (W(f)) = exp(itHA\)W(f) exp(—itHy).

» Note that (W(f))z = n(W(f)z), where W(f)z := PtW(f)Px.
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LIEB-ROBINSON BOUNDS

THEOREM (RESTRICTED LIEB-ROBINSON BOUND)
For any f,g: A — C,

E (sup ln V(2 W)l ) < 0+ 3% 5 1#@)lg(a)le'=

z,yEN

where C and p are the constants in the eigencorrelator localization bound.

Note: in the case where f and g have disjoint supports,

Z |f(2)]|g(z)]e =¥ < Const. ¢ dsupp(f)supp(g))
x,y€A

Note: Similar restricted LR version was established in Elgart/Klein/Stolz '17

HoussaM ABDUL-RAHMAN

10 / 14




QUASI-LOCALITY

o For X C A.

@ Let f: A — C, such that supp f C X.
o supp(WV(f)) C X but suppr;(W(f)) = A

A

Can m(W(f)) be “approximated” by a local operator supported “near” X?

X(n)

FIGURE: Define X(n) :={z € A; d(z,X) <n}
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QUASI-LOCALITY
Define the surface area of X
0X :={z € X,there exists y € A\ X; |z —y| =1}

THEOREM

Let X C A and f : A — C satisfy supp(f) C X. For any n € Ny and

t > 0, there is an operator th € B(Hn) supported on X (n), such that
for any k > 0 we have

lallcc<r teR

: ( e sup | (mO¥() - th)ﬂa”) < O(1+ W)L+ NSYHOX I F 2L,

Note: Here

C=2°3C <Z e“|z|/6>4. (1)

1<V/4
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EXPONENTIAL CLUSTERING OF THE EIGENSTATES

The (restricted) dynamical correlations of local Weyl operators is given by

Ca(fr9:t) = V(N (@)7) s — V() W (9)7) s
where for any observable A, (A)y, = (Yo, Athq).

THEOREM
For k € Ny, and any functions f,g: A — C,

E( sup supc§<f,g,t>><801+A1/2 S [f(@)g(y)le vy w
o; [lafloo<r tER x,yEA

where C and p are the constants in the eigencorrelator localization.
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Thank you.
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