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Introduction

Related Results

@ Pastur and Slavin (2014): “Area law scaling for the entropy of disordered quasifree
fermions” .
Result: An area law for the entanglement entropy of the ground state after
disorder averaging.

@ Hamza, Sims, and Stolz (2012): “Dynamical localization in disordered quantum
spin systems” .
Result: Dynamical localization of the effective one-particle Hamiltonian implies
zero-velocity Lieb-Robinson bound.

@ Nachtergaele, Sims, and Stolz (2013): “An area law for the bipartite entanglement
of disordered oscillators systems” .
Result: Dynamical localization of the effective one-particle Hamiltonian implies an
area law for logarithmic negativity of thermal and ground states after disorder

averaging.
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Anisotropic XY Chain in a Random Field Set-Up the Problem

n—1 n

Y z

Hy ==Y w1+ 70 o + (1 =)o) ol = > vio
J=1 il

@ Hilbert space H = ®(C2, A={1,2,...,n}.
jEA
o fYJ € [071]' /’LJ > O

@ vj;'s are i.i.d. random variables.
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Anisotropic XY Chain in a Random Field Set-Up the Problem

o Hilbert space H = ®(C2, A={1,2,...,n}.
JEA
e v; €[0,1], uj > 0.
@ vj;'s are i.i.d. random variables.
Remark:
Q 7 = 0 — lIsotropic XY chain.
@ 7; =1 — lIsing chain.
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Anisotropic XY Chain in a Random Field The Bipartite Entanglement Entropy

The Bipartite Entanglement Entropy

@ We consider the decomposition H1 ® Ho, where

Hi=Q)C? Ha= (X C°

jEAO jEA\Ao

where Ag C A is a connected (subinterval).

@ The von Neumann Entanglement Entropy of a state p with respect to
the subsystem Ag is defined as follows:

E(p) = —Trpilogpi, where py = Try, p.
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Main Result Jordan-Wigner Transform

Jordan-Wigner Transform

oa_(o 0) a*_<0 1)
S\l 0/ ~\0 0/
J J

X _ . * Y _ (.. %
° 0 =aj+aj, of =i(a; —aj

Z — 9q%q. —
: i 7). and 0f = 2aja; — 1.

Z Z .
oy ...05 a5, ] > 1.

=N

@ Cc = aq, Cj =0

H,, = C*M,C, where C := (c1,c},ca,C5, ..., cn, ).
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Main Result = The Effective One-Particle Hamiltonian

Effective One-Particle Hamiltonian

M, is the block Jacobi matrix

—vo? i S(n)

Mn = HlS(Vl)t

Mn—lS(’Yn—l)
/Ln—ls(’)/n—l)t _VnUZ

where S(v) = 0% +iyoY = <—1’y _71>
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Main Result =~ An Area Law of EE of the Eigen-States

An Area Law

Theorem (Main result)

Suppose that H,, has simple spectrum almost surely, M,, is bounded
uniformly in n, and dynamically localized in the sense that there exists
C < oo and 3 > 2 such that

= (s Joseon]) < s

foralln € N and 1 < j,k < n. Then there exists 0 < Cg < 0o
independent of |A|, |Ag|, such that

’

E <sgp5(|¢><¢|)) < Cp,

where the sup is taken over all normalized eigenfunctions ¢ of H,,.
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Main Result Applications

Applications

e The simplicity of o(H,,) holds generally if the 11;'s and the 7;'s are

independent of v;'s, and the v;'s are i.i.d with absolutely continuous
distribution.

e lIsotropic XY chain (y = 0), M,, +— Anderson Model.

@ Strong Magnetic field:
o Large disorder: v; — Av;, A large. [Elgart, Shamis and Sodin 2012]

o M, gapped: v; > c¢>2orv; <c< —2. [Chapman and Stolz 2013]
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Tools and Approaches Fermionic operators/systems

What we mean by...?

o Fermionic operators: {b;,j =1,2...,n} are called Fermionic
operators in B(H), if they satisfy the "Canonical Anti-Commutation
Relations"

{bj,bk} = {b;, =0 and {bj,bZ} =01 forall 1 < j,k <n.

o Fermionic system: (of b;'s) B := (b1, ba, ..., by, b%,...,05)"
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Tools and Approaches Correlation Matrices, Bogoliubov transformation, and Wick's rule

Some Tools

@ The Correlation matrix of the Fermionic system 3 with respect to a
state p is defined to be the 2n X 2n matrix

'8 .= (BB* o T (T v ol )
P ( >p 105 O p G,k=1,2,...n,#c{0,}

@ Bogoliubov matrices map Fermionic system to another Fermionic
system.

o If state p satisfies Wick's rule with respect to B (quasi-free /
Gaussian) then
Trplogp = trFflogFf.

@ Wick's rule is invariant under Bogoliubov mappings.
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Tools and Approaches Main Steps

Main Steps

© Diagonalize H,, — free Fermion Hamiltonian.

@ Find the eigenfunctions ,'s of H,, and the eigen-states

Pa = [Ya)(Yal.
@ Introduce the “Local Jordan-Wigner operators” in B(H1), (system
C1).

© Prove that
E(pa) =~ Tr palog pag = —tr I log Il 5,
where po.1 = Tryy, pa, (Wick's rule).

@ Prove the uniform area law. .. (some steps are a generalized version of the
proof given by Pastur and Slavin (2014)). ues
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The Entanglement Entropy of the Eigen-States Diagonalizing Hp,

Diagonalizing H,,

e H,=C*M,C.
o C=(c1,c2,...,n, 5, ..., )t Fermionic system.

~ A, B,
o M, = _B, —A, , Where

-V 0 Tk
4,=| M B, = | M

Hn—1 . . Tn—1Hn—1
Hn—1 —Vn ~In—1Hn—1 0
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The Entanglement Entropy of the Eigen-States Diagonalizing Hy,

° Mn is diagonalizable via a Bogoliubov matrix W.

o M, =W? (g OA) W, A:=diag{)\; >0, j=1,2,...,n}.
A O : .
o H,=5* 0 —A B, where B := WC is a Fermionic system.

o H, = QiAjb;bj - anxjn.
j=1 j=1
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The Entanglement Entropy of the Eigen-States Diagonalizing Hy,

Hy=23" Ajblhy — Y Ay L.

Let Q be the vacuum state of the b;'s.

o a=(a,q9,...,ay) € {0,1}™

{tho == (b7)* ... (b})*"Q2, a € {0,1}"} are ONB of H and
eigenfunctions of H,,.

{pa = |ta)(¥al}, are the eigen-states of H,,.

Let pa,1 := Try, pa-
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The Entanglement Entropy of the Eigen-States Diagonalizing Hy,

Hy=23" Ajblhy — Y Ay L.

o Let €2 be the vacuum state of the b;'s.
o a=(a,q9,...,ay) € {0,1}™

0 {1 = (b)) ... (b2)*Q, a € {0,1}"} are ONB of H and
eigenfunctions of H,,.

o {pa := |ta)(¥al}, are the eigen-states of H,.

o Let po1 := Try, pa-

? ?
5(,004) == TI' pa71 log pOé,l = —tr Fba,l log Fba,l
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The Entanglement Entropy of the Eigen-States Local Jordan-Wigner Operators

Local Jordan-Wigner Operators

Suppose that Ag :={r,7+1,...,7r+£—1} CA, r > 1.

@ Define the local Jordan-Wigner operators {cgl), Jj € Ao} on H; as follows

G- ;
V) =a@1%7Y, V= (o7) ®a@1® I sy

@ Let Cy (c,(nl), cﬁljl, ey cglﬁé 1 c,(«l)*, e ,052571*)t (The local Jordan-Wigner
fermiomc system).

Example (n =7, Ao = {4,5,6})

coccee e

= a® 11

cél) = ¢’® a ® 1
cél) = ’® 07 ® a. )
—-——
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Local Jordan-Wigner Operators

The Entanglement Entropy of the Eigen-States

The Entanglement Entropy

The von Neumann Entanglement Entropies of the eigen-states
{pa, € {0,1}"} with respect to the connected subsystem Ay C A are

given by the formulas:

E(pa) = —trTS logIGL . (1)
Note that £(pa) is
[ Aol
Epa) == (& 10g gl + (1 - €7 log(1 - 1)),
j=1
where Ej(-a) are the eigenvalues of Fgl .-
" s
16 / 21
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The Entanglement Entropy of the Eigen-States Correlation Matrix

The Correlation Matrix

How accessible is Fgl 7
a,l

Lemma

° Fga = XA, (Mn), almost surely, where
By, = {)\j oy = O}U{—)\j oy = 1}, and {:|:>\j,j = 1,2,...,%}
are the eigenvalues of M,.

° ng, | Is the restriction of I‘ga to span{e;, entj,7 € Ao}
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An Area Law for the Eigen-States

Theorem (Recall)

Suppose that M, is bounded uniformly in n, and dynamically localized in
the sense that there exists C' < oo and 3 > 2 such that

sup [[stlu] ) < 5
lgl<1 | | < T35 =%

for alln € N and 1 < j,k < n. Then the Entanglement Entropy of the
eigen-states satisfy an area law, i.e. there exists 0 < Cz < oo independent
of n, £ and «, such that

E (sgp £(pa)) < Cg.
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An Area Law for the Eigen-States = Sketchy Proof

Sketch of Proof

@ We use a generalized version of the proof given by Pastur and Slavin
(2014).

o We get
E(pa) 21082 > > | Ixan (M)l

JEA0 kEA\Ag

@ By taking the sup over « then averaging, we get

B (sweton)) <2062y 3 8 (s s, ()l])-

j€M0 kEA\Ag

Houssam Abdul-Rahman Area Law for Eigen-States 19 /21



An Area Law for the Eigen-States = Sketchy Proof

Sketch of Proof (Cont.)

o Now
£ (s | lva () < (s || ) <
Aq ; < —
a nooik lg|<1 i 1+1[j—k|#
o Weuse 1+ (z+9)* > /(14 22%)(1 + 2y*), valid for z, y > 0,
o> 1.
DD RS VED D DD
JEAo kEA\Ao JEAQ k€ A\Ag JEAy k€ A\Ag
kE>r+4¢—1 kE<r
2

o E <sup€(pa)> < 4C'log?2 Z :
a i us

Houssam Abdul-Rahman Area Law for Eigen-States 20 /21



An Area Law for the Eigen-States = Sketchy Proof

Thank you.
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