Test 1 Linear Algebra MA 413/513 May 29, 2018

Name: Signature:

SHOW ALL YOUR WORK!

In all of the following questions, V is a finite dimensional vector space over a field F.

1. [10 points| Solve the equation z* + 8 = 0, where z € C.

2. [10 points| Prove or give a counterexample: if Uy, Uy, W are subspaces of V' such that
V=UieWandV =U, & W,

then U; = Us.



3. [20 points| Solve one of the following two questions as directed

e For 413 students
Let U; and U; be two subspaces of V.

(a) Show that U; N U, is a subspace of V.
(b) Show that U; + Uy is a subspace.

e For 513 students
Let F[z] be the vector space of all polynomials with coefficients from the field F. Let

W =F[z] x F? = {(q,u); q € F[2],u € F?}.

Equip W with a vector addition (+) and a scalar multiplication (-) in such a way that W becomes a vector
space, and prove that W(+, ) is a vector space over F.



4. [20 points| Let Wy and W5 be two subspaces of V,
prove that V' = W7 @ W if and only if the following conditions hold
(1) V= W1 + W2 and
(2) If 0 = wy + wy with wy € Wi and wy € Wy, then w; = we = 0.



5. [20 points| Suppose that vy, ve, vs, v4, v5 is a linearly independent list in V. Prove that the list
V1 — V2,V2 — VU3, V3 — U4, Vs

is linearly independent.



6. [20 points| In each of the following subsets of C(R), prove or disprove that it is a subspace.

(a) The set of all f € C(R) such that f(z) <0 for all z € R.

(b) The set of all f € C(R) such that fol f(z) dz=1.

(d) The set of all f € C(R) such that f(2) is an integer.

(¢) The set of all f € C(R) such that for some «, 3,7 € R
*f df

OLW‘FB%—F’Yf:O.



7. [10 points| Solve one of the following two questions as directed

e For 413 students
Prove that U = {(z1, 2, 23) € F3| 23 = 21 + 22} is a subspace from F3.

e For 513 students
Consider the vector space V = C(R) of continuous functions f : R — R.
Let U, C V and U, C V be the sets of odd and even continuous functions respectively.
Recall: f:R — Ris odd if f(—z) = —f(x) for all x € R, and is even if f(—x) = f(z) for all z € R.
(a) Show that for any f € C(R),

f(@) + f(=x)
2

flx) = f(==

g(z) = is even, and h(z) =

(b) Prove that U, and U, are subspaces of V.
(¢) Show that V = U, & Uk,.



