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ENTANGLEMENT IN DISORDERED QUANTUM XY CHAINS
HOUSSAM M. A. ABDUL RAHMAN
APPLIED MATHEMATICS
ABSTRACT

We consider a class of quantum disordered XY chains where the eigenfunction correlator
localization of the corresponding effective single particle Hamiltonian is satisfied. We
consider the dynamics of the XY chain and we show that, starting from a broad
class of product initial states, bipartite entanglement remains bounded for all times.
Corollaries include area laws for the entanglement entropy of eigenstates and for the
dynamics of any up-down configuration initial state. For the disordered isotropic XY
chain we derive bounds for the particle number transport and prove that the expected
number of particles that can penetrate out of a block of spins decays in distance.
These results demonstrate the fact that the disordered XY chains are fully many-body

localized.
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INTRODUCTION

The purpose of this dissertation is to present new results about some manifestations
of Many-Body Localization (MBL) in a class of quantum XY chains. In particular,
we present results about the entanglement and particle number transport. Most of
the thesis is based on materials from [ARS15, ARNSS16|. The main results are
presented along with their proofs in Chapters 4 and 5.

Throughout this thesis, we assume that the reader has a certain level of knowledge
of operator theory. In particular, topics such as spectral theory for compact operators
and bounded operators acting on the tensor product of separable Hilbert spaces.

Chapter 1 draws the big picture and present the motivation for our contribution.
Chapter 2 covers the basic background about the mathematical formulation of quantum
mechanics needed for our work. In Chapter 3, we present our approach to the theory
of finite Fermionic systems, where the study of the XY chain reduces to the study
of Fermionic systems. In Chapter 4, results about particle number transport for the
isotropic XY model are presented. Chapter 5 includes the dynamical entanglement
results of the disordered XY model. Finally, we discuss briefly some future plans in

Chapter 6.



CHAPTER 1

Towards Many-Body Localization

1.1. Motivation

In this thesis, we are interested in a better understanding of mathematical charac-
terizations of many-body localization (MBL) in interacting quantum systems. This
phenomenon has recently received strong attention in theoretical physics and quan-
tum information theory, see e.g. [BPM12, BN13, BO07, CRF*11, FWB'15,
GMPO05, HNO14, SKG™14, SPA13, MSA13, VA13, ZPPO08|.

MBL lets a system act as an insulator due to the presence of disorder. Systems that
are many-body localized can locally remember forever information about their initial
conditions, and are thus of interest for possibilities of storing quantum information
[NH15]. MBL is generally described in the physics literature as the absence of
thermalization or self-equilibration in a quantum many-body system. But despite
the great efforts to address this phenomena, it is not fully understood and a precise
definition is still lacking. MBL is currently a subject of debate [BAA06, PH10,
OHO07, RH15, RHMS16, ARH16, GE16].

In what follows, we provide a heuristic simple argument explaining MBL. For the
sake of simplicity, we will consider a one dimensional symbolic picture. Consider a

chain A of n particles, where n is an arbitrarily large positive integer.

FiGURE 1.1. Vertical lines stand for the one-particle configuration
space, quantum interaction is represented by the horizontal arrows.
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Vertical lines in Figure 1.1 represent the configuration space of a single particle,
e.g. an electron. Bold horizontal arrows demonstrate the interaction between particles.
By distinguishing a subregion Aq (shaded), pairwise interactions can also be regarded
as an interaction between Ay and the rest of the chain. While the well understood
one-body localization, see for example [Stol1], is for the (localized) vertical motion
of the particle in time, MBL is all about the horizontal direction, it is the so-called
absence of (or weak) information transport, precisely between Ag and A\ Ag. This
can be restated as “localization of information” in Ay.

We conclude that a localized many-body system, in suitable regimes such as weak
interaction or large disorder, should have properties in a way similar to a system
consisting of non-interacting local Hamiltonians, supported, in our case, on Ag and
its complement, respectively. We will focus here on such criteria which by now are
well accepted to be necessary characteristics of MBL and on studying these criteria
for relatively simple models where they can be proven rigorously. The eigenstates of
non-interacting systems are product states and thus have vanishing entanglement and
spatial correlations. Also, its dynamics are trivial with no information propagating
between particles. For an interacting system in the MBL phase one thus expects rapid
decay of correlations and small entanglement of eigenstates, as well as absence of
information transport (i.e. no or slow propagation of particle group waves).

Let us stress here that the term MBL should generally be reserved for properties
which hold uniformly in the number of particles in the system (e.g. in the sense that
relevant constants are bounded in the particle number). In this sense, many-body
localization is to be distinguished from few-body localization, such as the known
rigorous results for the N-particle Anderson model [CS09a, CS09b, AW09, KN13|,
which do not yet allow uniform control in the number of electrons. In particular,
results expected by physicists for the many-body Anderson model, such as MBL at
low electron density or weak interaction strength, e.g. [BAA06, GMPO05], can not

yet be shown rigorously.



1.2. A short survey of known results

To gain further insight in the nature of MBL, it is useful to study simple model
systems. A number of interesting discoveries have been made in recent years through
numerical studies of the quantum Ising chain, the XY chain, and the XXZ chain
[ZPP08, BPM12].

Rigorous mathematical results on localization properties of disordered many-
body systems are so far essentially restricted to two models: Disordered harmonic
oscillator systems [NSS12, NSS13| and the XY spin chain in random field [KP90,
HSS12, SW16b, PS14, GL16|. A recent work with rigorous mathematical results is
about the Tonks-Girardeau gas, which is a continuum analogue of the XY spin chains
[SW16a]. These models are equivalent to free Boson systems and free Fermion systems,
respectively, and thus can be studied in terms of an effective one-particle Hamiltonian.
As a consequence, it is possible to deduce results on MBL from known localization
properties of one-particle Hamiltonians such as the Anderson model. Of course, a
long term goal must be to develop methods which allow to go beyond these simple
models. In particular, an important challenge is to develop mathematical methods to
study the disordered XXZ7 or Heisenberg chain, which reduce to the physically more
interesting situation of interacting Fermion systems, see e.g. [BPM12, BN13, OHO07,
PH10, SPA13] for numerical results. Some progress towards understanding MBL
for larger classes of spin systems in the presence or strong disorder has been made in
[Imb16]. Mathematically, describing the phenomenon of many-body localization and
fully proving it for important classes of physical examples is a wide open field.

For oscillator systems the reduction to an effective one-particle Hamiltonian is
rather straightforward. In particular, the reduction works in any dimension and
does not affect locality properties of the system. This has allowed to verify a quite
complete list of MBL properties for disordered oscillator systems, including a zero-

velocity Lieb-Robinson bound on information transport as well as exponential decay



of correlations and area-law-type entanglement bounds for ground and thermal states
[NSS12, NSS13] (in each case requiring disorder averaging).

The reduction of the XY model via the Jordan-Wigner transform to a free Fermion
system is only possible for a one-dimensional chain of spins and, as an additional
difficulty, introduces non-locality. Therefore rigorously known MBL properties for the
XY model are more limited.

A first contribution was made in [KP90] which established exponential decay
of certain ground state correlations for the isotropic XY chain in random exterior
field. Using localization of eigenfunction correlators of the underlying one-particle
Hamiltonian, Sims and Warzel [SW16b] found exponential decay of stationary as well
as time-dependent correlations for larger classes of states, including general eigenstates
as well as thermal states, for systems such as the XY chain which can be mapped
to free Fermions. Also, it was proved that the bipartite entanglement entropy of its
ground state satisfies an area law [PS14], and it admits a well defined asymptotic
form with probability one [EPS16|. Localization of eigenfunction correlators is also
the key property of the effective Hamiltonian used in [HSS12] to show a zero-velocity
Lieb-Robinson bound for the XY chain in random field, again after disorder averaging.
An argument in [HSS12], valid for a very general class of quantum spin systems shows
that this implies exponential decay of ground state correlations up to a logarithmic
correction in the size of the ground state gap (the more specific arguments used
in [SW16b] show that no such correction is required for the random XY chain).
This in turn, by another general observation, leads to an area law for the ground
state entanglement [BH13, BH15|. Note, however, that [BH13, BH15]| consider
deterministic systems and that some further analysis would be required to show that
the relation “exponential decay of correlations implies area law” carries over to the

disorder averaged quantities.



1.3. The main results

In this thesis, we study the entanglement dynamics in a class of disordered
quantum XY chains in the dynamical localization regime. We prove that for a large
class of product initial conditions the bipartite entanglement satisfies a constant bound,
independent of time and system size, i.e., the same type of “Area Law” bound Hastings
proved for gapped ground states in one dimension [Has07]. In particular, we consider
a quantum XY chain that has few missing connections between the adjacent spins at
time ¢t = 0. The eigenstates of this chain are product states. For ¢t > 0 we establish
the interactions and we consider the Schrodinger dynamics under the connected chain,

of the initial eigenstates, see Figure 1.2.
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FIGURE 1.2. Gray connections are void and are turned on for ¢t > 0.

We prove that the bipartite entanglement of this dynamics is bounded uniformly
in time and the system size. As a corollary, we prove an area law for the disorder
averaged entanglement of all eigenstates of the XY chain in random field. This is in
agreement with the numerical predictions of [BPM12] and it confirms the doubts
expressed in [CMCFO06] that the observed logarithmic growth of entanglement for
short times holds for all times. Disordered XY chains show many of the features
usually associated with MBL [BAA06, PH10]. By exhibiting complete localization,
the entanglement dynamics of the XY chain, however, appears to deviate from the
logarithmic growth in time generically expected and observed numerically in other
model systems [CMCF06, ZPP08, BPM12].

Moreover, in the isotropic XY chain, sometimes referred to as the XX chain, with
a random field in the Z direction, the particle number is conserved. In this case we
prove that the number of particles moving out a subregion (reservoir) is decaying in

distance. This is in stark contrast with [ARRS08, ARRS99, Oga02].



CHAPTER 2

Basic Concepts From Quantum Mechanics

In this chapter, we present the necessary background from the mathematical
formulation of quantum mechanics which will be needed for our results. We made no
efforts to present a comprehensive presentation for all basics of quantum mechanics
and our choice for the topics is very biased toward the needed concepts in the rest of
the thesis. For example, any quantum mechanical textbook starts with stressing the
axioms. However, in this chapter we give priority to the ingredients such as states
and observables and mention the axiom as an extra piece of information. As a result,
an attentive reader will notice that the “measurement” axiom of quantum mechanics
is not mentioned because we don’t need it in this thesis. For complete presentations,
we refer the reader to references such as [CTDL91, SN11, Pet08|.

We assume that the reader is familiar with basic Hilbert space theory, where we
will consider only separable Hilbert spaces, see for example [Wei80, RS75]. We note
here that we define the inner product (f, g) to be linear in the second parameter and

conjugate linear in the first parameter.

2.1. Pure and mixed states of a quantum system

To each quantum mechanical system a complex Hilbert space H is associated.
This is the first axiom of quantum mechanics. A unit vector ¢ € H is called a pure
state of the quantum system. Unit vectors ¢ and 1 are representing the same pure

state if they are equal up to a phase, this means that there exists a constant z € C

with |z| =1 and ¢ = 2.



The density matriz of a pure state ¢ € H is defined by the rank one projection of

¢’
Py = 19)(9l,

where we used here the convenient physical notation equivalent to say that for any
feH, Pof =(¢, f)¢.

Let ¢ and ¢ are two unit vectors, then they are representing the same state if
and only if Py = P,. This can be seen using the following argument: if ¢ = 21 with
|z| = 1 then

Py = |¢)(¢] = [2[*[) (W] = P

and if P, = P, then for any f € H and (¢, f) # 0 then

_ _W.f
9)(S1f = [V} (WIf = ¢ .1
and since ||¢]| = ||¢|| = 1, then ¢ and v are equal up to a phase, hence they are

representing the same state of the system.

Because of that, the notion “pure state” will be used to describe a unit vector or
its corresponding density matrix, the explicit meaning will be understood from the
context.

In the following we will define “mixed states”, where we need to use the theory for
trace class operators. We list below some basic definitions and facts without proofs,
we refer the reader to operator theory textbooks, for example Chapter 7 in [Wei80].

The Singular Value Decomposition (SVD) for compact operators refers to the
following: let T€ Boo(H), then the positive self-adjoint operator |T'| = (T*T)2 has
nonzero eigenvalues s; > so > ... > 0. It is known that these eigenvalues are either
finite or converge to 0. Additionally, there exists orthonormal sequences {f;} and

{g;} such that

Tf:zsj<fj’f>gj’ or in physics notation Tzzsj|fj><gj|'

J J



T is a trace class operator, denoted T' € By (H), if

T =" sj < o
J

And T is a Hilbert-Schmidt operator, denoted by T € By(H), if
T2 =" 87 < o0.
J
It is clear that Bi(H) C By(H), and in addition to that it is known that By(H) C
Boo(H). For T € By(H), the trace of T is defined as
Te[T] =) (6, T¢;)
J
where {¢;} is an orthonormal basis of H. Furthermore, it is known that Tr[T] is
independent of the choice of orthonormal basis, and the series in the definition is
absolutely convergent.
Note that if 7" € Bi(H) and T" > 0 (in particular, self-adjoint), then from the
spectral theorem for compact self-adjoint operators we have that there exists an

orthonormal basis (ONB) {¢;} of eigenvectors of 7" which correspond to the eigenvalues

Aj such that
T =2 Xlo;) (o5
J

Thus, since T' > 0, we have that 7" = |T'|. Thus, for all j we have 0 < \; = s;. Thus,

Te[T] = Z 05, T'9;) Z)‘ = ZSJ = [|T']|x.

Now we can define mixed states

DEFINITION 1. A mized state is a non-negative trace class operator p € By(H)

with
Trfp] = ol =) A =1
J

where \y > Ay > -+ > 0 are non-negative eigenvalues of p (with multiplicity).

9



Note that the mixed states can be decomposed as
p=> Alo;) ol (2.1)
J

We see that pure states are a special case of mixed states. We can take the pure
state Py = [¢)(¢| and represent it as a mixed state by setting ¢, = ¢ and {¢;}32,
as an arbitrary orthonormal basis of {¢}*. Then set \; = 1 and A; = 0 for j > 2.
And since P, is an orthogonal projection i.e. PZ = P,, we can say that if p € B;(H)
is non-negative with trace one and p? = p then it is a pure state. In the following,
the notion “state” will be used to denote a generic mixed/pure state, and the exact

meaning will be understood from the context.

2.2. Dynamics

The “observables” axiom of quantum mechanics relates any physical quantity
attached to the quantum system to a self-adjoint operator acting on H. Such self-
adjoint operators are called observables of the system.

One observable of the system H represents the total energy of the system. This
observable is called the Hamiltonian of the system, let us denote it by H, it controls
the way the system is evolving with time, assuming that the system is closed. The
“dynamics” axiom of quantum mechanics implies that if the system is in an initial

state ¢ (at time ¢ = 0), then the state of the system at time ¢ is then given by
¢y = e Mg (2.2)
and thus the evolution of p = |¢)(¢]| is given by
py = e~ itH peitH (2.3)

This is the so-called Schrodinger evolution of p.

10



In quantum mechanics, the expected value of an observable A at a general state p

is given by
(A), = Tr[Ap]. (2.4)

Note that in the case where p is a pure state, i.e. p = |¢)(¢| for some unit vector

¢ € H, then (2.4) reads

Thus, the expected value of A at the evolved state p; is

(A),, = Tr[Ap]=Tr[Ae " pe""] (2.5)
= Tr[e"Ae™p] = Tr[r(A)p)
= (n(A)),
where
(2.6)

Tt(A) — 6z’tHAe—z'tH

is called the Heisenberg dynamics of the observable A.

2.3. Coupling quantum systems and entanglement

Consider two quantum systems acting on the Hilbert spaces H and K with
Hamiltonians H; and H,, respectively. The “coupling” axiom of quantum mechanics
says that the Hilbert space of the coupled system is the tensor product H ® IC. The

coupling Hamiltonian HéQ) of the non-interacting systems is given by

oY = H @1+ 1 H,. (2.7)

If A and B are observables of the systems H and I, respectively, then they are
extended as observables of H ® K as

A1, and 1® B.

11



Moreover, if the two subsystems are in states ¢ and 1 respectively, then the coupled

system is the state
O R . (2.8)

The corresponding density matrix is

p=10@9Y)(¢ @Y= [0){d] @ |¢) (. (2.9)

Again, depending on the context, states of the forms (2.8) or (2.9) are called product
states. A pure state is said to be entangled if it cannot be written as a product state.
Note that this definition of “entangled states” does not apply for mixed states. We
will not discuss it here because and we are going to consider entanglement of pure
states only. It is important to keep in mind that not all pure states in H ® K are

product states. The following theorem gives the general form of a state ¢ in H ® K.

THEOREM 2.1. (Schmidt Decomposition) For ¢ € H & KC with ||¢|| = 1, there exist
ONBs{e;} and { fr} of H and K, respectively, and a unique sequence sy > sg > ... >0

with ) 83 = 1 such that
6= sile;® fp). (2.10)
J

In particular, ¢ is a product state (not entangled) if and only if s =1, s; =0 for
Jj=>2.

PROOF. {e; ® f;}32, is an orthonormal system, thus " s? = 1 follows from
|o|| = 1 once (2.10) is proven.

Pick ONBs {¢;}, {fk} in ‘H and K, respectively. Let ® = (¢;i), be the matrix
operator in £2(N) with ¢, = (&; ® fx, @), then

Do lenl =D 10E @ fud)F = [I9lI° =1,
ik ik

so ® € By(¢*(N)), the Hilbert-Schmidt operators, in particular in ® is bounded and
compact. The SVD of ® gives sequences of ONBs {g;} and {h;} in ¢*(N) and a

12



sequence s; > so > --- > 0 such that
O =Y s, V)b
J

for every ¢ € (*(N). This can be rewritten as ® = UDV*, where V is the unitary
matrix operator with columns g¢;, U is the unitary matrix operator with columns h;,

and D = diag{s;,j € N}. Now, change the ONBs in H and K,
ej =Y Uyéy and fi=> Virfm Vi k.
¢ m
Using the new bases, we have
(¢ @ frs @) = D Uty Vel ® fns ) (2.11)
tm

and
(60 @ fns ) = dom = D Usw Drs Vins = 3 5:Us Vi
58 57‘67‘5 r

By substituting in equation (2.11), we get

<€j®fk>¢> = ZSTZU_KJ'UETZVWLICV_W (212)
T 0 m
0, ifj#k;
Sj, lfj = k.
So, ¢ =3, si(e; ® f;). .

A Many-body system is regarded as a generalization of the previous argument from
the coupling of two systems to the coupling of n subsystems over the Hilbert spaces
H; for i € {1,2,...,n}. In this case, the Hamiltonian H[()") is a generalization of (2.7)

and it is acting over the Hilbert space

j=1

13



For interacting many-body systems, we have a Hamiltonian of the form
H™ = B + W

where W is a self-adjoint operator on H, describing the interaction between the

subsystems.

2.4. Entropy

Let p be a mixed state. That is, p is a non-negative self-adjoint operator with

trace 1. This means that o(p) C [0, 1] and

p =3 Aklow) (0]

with 0 < Ay <land ), A\ =1

Now, define
—xlogz, x € (0,1]
g(x) = . (2.13)
0, r=0
Here and throughout this text, we use log to denote the natural logarithm, as opposed
to the dyadic logarithm used in this context in the information theory literature. The
distinction is irrelevant for our work, as we will not keep track of universal constants.

g is a non-negative, continuous function on [0,1] and has a maximum at (1,1).

The von Neumann entropy of p is given by

S(p) == Trlg(p)].

We note here that g(p) is defined in the sense of the functional calculus and that,
as g > 0, we have g(p) > 0, thus

S(p) > 0. (2.14)

We can also, slightly informally, define the von Neumann entropy as

S(p) = —Tr[plog p] = ZAklogAk = Zg M),

14



where one can see that g(p) € By(#H) if and only if S(p) < co.

Here we list some properties of the entropy S(p),

LEMMA 2.1. (a) S(p) =0 if and only if p is a pure state.
(b) If n = dimH < oo, then

maxS(p) = logn,
p

which is attained if and only if p = %]1.

(c) If dim'H = oo, then there exist mized states p such that S(p) = occ.

PRrOOF. (a) This can be seen if we note that

S(p) =0 g(\) =0 Vk
<=>)\k€{0,1} Vk
SAh=1 =0 k>2

= p= ’¢1><¢1|7

where g is defined in (2.13).
(b) Let

p=> Alo;) ol
j=1

Define the probability measure p on [0, 1] as

1 n
W= ﬁ;é)‘j'

If we let f(z) = x on [0, 1], then since —g is strictly convex on [0, 1], we can apply

Jensen’s inequality. We then have

—g(/ fdu>§—/ go fdu..
0,1 0,1
[0,1] [0,1]

_1 _1 _1
=n ?:1 )‘jfﬁ =n 27:1 Q(Aj)

15



Thus, we have
. 1 1 1
=500 <70 (2) - (2) ons
Furthermore, since —g is strictly convex, we have equality if and only if f(x) is
constant for p almost everywhere. This occurs if and only if supp i is a singleton, i.e.
A1 = --- = \,. This means that \; = 1/n for all j and p = %]1.
(d) In order to construct an example you need a sequence of eigenvalues which converge

to zero sufficiently slow. The sequence

C

e = ———
"7 k(log k)?

for £ > 2 is one such sequence. The C' is a normalization constant, guaranteeing

> & Ak = 1, while one finds — ), A\glog Ay = 0. O

The next Lemma deals with the entropy of product states.

LEMMA 2.2. Let p; and ps be two states in By(H) and B (K), respectively, then

S(p1 @ p2) = S(p1) + S(p2)- (2.15)

PRrOOF. Let {\;};, and {}x be the eigenvalues of p; and ps, respectively. Note
that the eigenvalues of p; ® po are {\;u}; 5. First, if one of the states say p; is a pure
state, then it has eigenvalues 1 (with multiplicity one) and zeros. Thus, the nonzero
eigenvalues of p; ® ps are the same as those of py, which leads to (2.15). So, we will

assume that 0 < A;, p < 1 for all j and k.

Spr@p) = =Y (\julog(Ajp)) (2.16)
7,k
= =) (\prlog ) = (A log )
Jsk 7.k

= — Z (Ajlog Aj) — Z (121 log pux,)



where we used the fact that >, A\; = > ux = 1. O

2.5. Partial traces

We present the definition of the partial trace operator as a part of the following

theorem, see Chapter 2 in [Att].

THEOREM 2.2. [Att] Let T € B1(H ® K). Then there exists a unique trace class
operator Tric T' € By(H) such that

(f,(Trx TYh) = (f © g0, T h® gy) (2.17)

n

for all f,h € H and every ONB {g,} in K.

We call Tri T the partial trace of T with respect to K or the reduced state of T' to

‘H. Similarly, one can define Try T by

(&, (Tea T)) = Y (en @&, T (€0 ® 1))

n

for all ¢,v € K and every ONB {e,} in H.

We list some properties of the partial trace in the following lemma.

LEMMA 2.3. (a) If T € Bi(H® K), then
Tr[T] = tr[Tric T] = tr [Try T .
(b) If A € Bi(H) and B € B1(K) then A® B € Bi(H® K) and
Tre(A® B) =tr[B] A, Try(A® B) = tr[A] B. (2.18)
(c) IfA€e B(H) and T € Bi(H ® K) then

Tre(A® DT = ATre T (2.19)
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Note that here and throughout the thesis, we use the two notations Tr and tr for
the trace. The former is to denote the trace over the full Hilbert space H ® K, and the

second with a little “t” is to denote the trace over the smaller Hilbert spaces H or K.

PRrOOF. (a) We prove that
tr [Tre T = Tr[T).

Proving the other equality that the partial trace with respect to H has the same trace
as T is identical. Let {e;} and {g,} be ONBs of H and K, respectively.

tr[Tee 7] = ) (e, (Trxc T)e;) (2.20)

J
= ) (e;®g.T(e; @ go))
.t
= Tr[T].
In the last step we used that {e; ® g/}, is an ONB of H ® K.
(b) Since A and B are trace class operators, then using the SVD there are non-negative

sequences {s;} and {r;} and ONBs {f,}, {g,} of # and {f;} and {g;} of K such that
A= Zsj|fj><gj| and B = Zrﬂfjﬂéﬂ (2.21)

with

J j
Then the tensor product gives
A®B = ) smlfi)el © |fi) (ol (2.23)
g,k

= Zsjrk|fj ® fu){g; © Gl

Jk
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which yields that

1A Bl =Y s = Al Bl < oo.
gk
We prove the first statement in (2.18), the proof of the second equality is identical.
For any f,h € H and ONB {g,} of K.

(f: (Tre(A® B)h) = > (f® g, (A® B)h® g) (2.24)

= > (f,Ah){ge, Bge)

¢
= (f,tr[B]A h).

(c) First note that (A ® 1) € B(H ® K) and that (A® 1)T € Bi(H ® K), see for
example Theorem 7.8 in [Wei80]. For any f, h € H and ONB {g,} of K:

(fi (Tre(A@DTY R = > (f@gn, (A DT)h@g,) (2.25)

n

= D ((Af)®gn, T(h & ga))

n

= (A, (T T) h) = (f, (ATrx T) ).

This completes the proof. [l

Our interest will be in states, here we prove that reduced states of states are states

as well.

LEMMA 2.4. If p € Bi(H ® K) is a state then Tric p is a state (> 0 and has trace

one).

PROOF. For any f,h € H and ONB {g,} of K, we have

(f.(Teep)h) = D (f @ go p(h @ g0)) (2:26)

L

= Z(P(f ® ge), h ® ge)

14

= > (h@gep(f © g0))

14
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= <h7 (Tr/C p)f)
= ((Trccp)fs ).
Since p is closed, then
(Tric p)* = Tri p.

The following simple argument shows the non-negativity of the reduced state

(f,(Trcp) f) =D _(f @ ge, p(f © 0))- (2.27)

¢
The left hand side is a sum of non-negative diagonal elements of p, thus Trx p > 0.

The fact that the reduced state has trace one follows directly from Lemma 2.3. [

The following Lemma establishes links between reduced states and entanglements.

LEMMA 2.5. If p is a pure state in B1(H & K), then the reduced states Tric p and

Try p are pure states if and only if p is a product state (not entangled).

PROOF. Let ¢ € H®K with ||¢|| = 1, using the Schmidt decomposition, there exist
orthonormal systems {e;} and {f;} of H and K, respectively, and a non-increasing

non-negative sequence {s;} such that

b= Zsjej ® f;, with Zs? = 1.
Then
p=Io) (¢l = stjsk!ej ® fi){ex @ fil
i
= Z;Sjsk|€j><€k| & | f5) (Sl

By taking the partial trace with respect to K,

Trep = Y syse Tre (lej) (e @ [ £3)(fi]) (2.28)

Jk
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= > sisile;)(exld
i,k

S IACHCE
j

In the second step we used the property (a) in Lemma 2.18 noting that tr [| f;) ( fx|] = 0.

Similarly, we can see that

Tryp=>_ sl

J

This means that the reduced states are pure states if and only if s; = 1 and s = 0 for

k > 1. By substituting in (2.28) we get that

p = \€1><€1’ ® ‘f1><f1‘

which is a product state. U

2.6. Entanglement and von Neumann entanglement entropy

We now define the entanglement entropy as part of the following theorem.

THEOREM 2.3 (Entanglement Entropy). Let p be a pure state in H ® K. Then its

(bipartite) entanglement entropy is defined as
E(p) = S(Try p) = S(Trk p), (2.29)

where S(+) denotes the von Neumann entropy in H and IC, respectively.

What makes the above a theorem is that it needs to be proven that the two

different expression given for the entanglement entropy are the same.

PROOF OF THEOREM 2.3. Let p € H®K with |lpf| =1 and let ¢ = >, s;¢;® f;

be its Schmidt decomposition as given by Proposition 2.1. Then

p=lodel =) sisele; ® fi)lee® fol:

3t
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Then using the same calculation as in the proof of Lemma 2.5, we get

Tr,cpzzsﬂej)(ej\, and TTH/):ZS?’fj><fj|~

J J
i.e. in the ONBs {e,} and {f.}, respectively, given by the Schmidt decomposition, the
two partial traces of p have the same diagonal matrix representation. In particular,

S(Try p) = S(Trep) = — Z s2log s2. (2.30)

r

O

The next Lemma explains why the entanglement entropy is considered as one of

the best tools to quantify entanglement of pure states.

LEMMA 2.6. (a) E(p) > 0.
(b) E(p) =0 if and only if p is a product state.

PROOF. (a) is a direct consequence of (2.14).
(b) Using the definition of the entanglement entropy, £(p) = 0 if and only if S(Try p) =
S(Tric p) = 0 which is satisfied if and only if (Lemma 2.1) Try p and Trg p are pure
states. Lemma 2.5 proves that the latter is correct if and only if p is a product

state. [l
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CHAPTER 3

The Theory of Finite Fermionic Systems

In this chapter we include some background from the theory of finite Fermionic
systems, which will be used in Chapter 5. Some of this is well known in theoretical
physics and can also be found in the mathematical physics literature, e.g. [BR97] or

[BLS94|. We include a self-contained presentation of this material here.

3.1. Fermionic operators

In this section we define the Fermionic operators/systems and list some of their
important properties. Then we present the Jordan-Wigner Fermionic systems, and
finally, we study the Bogoliubov transformation.

In a Hilbert space ‘H of dimension dim H = 2", we call
D = (dy,d;,do,dy, ... dp,d)" (3.1)

a Fermionic system if the operators d; € B(H) and their adjoints satisfy the Canonical

Anticommutation Relations (CAR)
{dydi} = 0, {djydi} = {d},d} =0 forall jjk—=1,....n,  (3.2)

where we use {-,-} : B(H) x B(H) — B(H) to denote the Anti-commutator. i.e. For
A and B in B(H),

{A,B} := AB + BA. (3.3)
We will use later [-, -] to denote the Commutator, i.e.
[A, B] := AB — BA. (3.4)
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Note that the statements in (3.2) are equivalent to

on
0 1
DD* + J(DD*)'J = 1y,, where J = . (3.5)
10
Here we use the notation (-)®" to denote the n-fold direct sum corresponding to the

natural order of canonical basis of C?", i.e, J is the block diagonal matrix with blocks
0 1

10
Next we state some basic properties of Fermionic systems.

LEmMA 3.1. If D is a Fermionic system in H, then the operators {dj,d;-,j =

1,2,...,n} are linearly independent in B(H).

PrOOF. Let {a;}7_; and {3;}}_, in C, such that
A= (ayd; + B;d5) = 0. (3.6)
j=1

Now, for k =1,2,...,n and using the linearity of {-, -},

{A, dk} = 0= ﬁk{dz, dk} =0= ﬁk =0 (37)
and this completes the proof. U

In the following, we list some important algebraic properties of systems of Fermionic
operators. For a somewhat useful introduction of these properties see [Nie05]. For
a brief treatment see Proposition I1.6.2 in [Sim93]. First, the operators d;d;, j =
1,...,n, are pairwise commuting orthogonal projections. This can be checked easily
using the CAR of the d; operators. Thus, they can be simultaneously diagonalizable
with eigenvalues 1’s and 0’s. In other words, there exists a unit vector 1 such that for
all j

didjp = ;b with 75 € {0, 1}. (3.9)
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Second, note that if ¢ is a unit eigenvector of djd; with eigenvalue 1, then d;1 is a
unit eigenvector of d;d; with eigenvalue 0, for this reason, d; is called annihilation
operator. Maybe, the only non-obvious fact in the past statement is that d;¢ is a unit

vector, this follows from the following argument:

ldb||* = (dj, d) = (i, didsp) = (¥, ) = 1. (3.10)

Similarly, if ¢ is a unit eigenvector of djd; with eigenvalue 0, then by applying the
creation operator d; on ¢ we get is a unit eigenvector d;i¢ of djd; with eigenvalue 1.

Back to (3.9), and define
Q= (dy)"(dy)™ ... (dp)" . (3.11)
It follows directly from an iterative application of (3.10) that ||2|] = 1 and for all j

did;Q =0, thus Q € (| ker (d}d)) .

j=1
For each o = (a1, ..., ;) € {0,1}" use successive d} to define
o = (d])* ... (d))*Q, (3.12)

{¥a, @ € {0,1}"} form an orthonormal system of common eigenvectors for the d;d;:

) 0, ifa; =0,
didjie = (3.13)
wom if a; = 1.

In the given case dimH = 2", and thus the vectors 1, form an ONB. In particular,
the normalized vector () is unique up to a trivial phase. It is frequently referred to as

the vacuum state.

LEMMA 3.2. Let H and H be 2" dimensional Hilbert spaces and

D= (d,d,... d,d)
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be a Fermionic system in H. Then
D= (dy,di,... dyd;) (3.14)

is a Fermionic system in FH if and only if there exists a unitary operator U : H — H
such that U*csz =d; for all 1 < j <n. The unitary operator U is characterized by
U = ¢o for all o € {0,1}", where {¢o} and {¢a} are the ONBs associated with D
and D through (3.12).

PROOF. Let Q and Q be the vacuum states of D and D, respectively. For the
basis vectors ¢ = (d%)* ... (d*)*Q and ¢, = (d3)* ... (d*)*Q, let U : H — H the

unitary determined by U, = ¢, for all a. Then for any j we have

s = &b (3.15)
0, if oj = 1;
— (_1)Zizlak’¢~>a+ej _ (_1)ZizlakU¢a+ej, if a; = 0.
= Udisa,

here e; is the j-th canonical basis vector of C". Thus dj = U*JjU and U*csz = d,

for all 1 < 7 < n. The converse follows easily using
{dfl,d#} U {dfl,d;f?} U* forany 1 < j.k <n, (3.16)
where #; and #-, stand for * or nothing. 0

LEMMA 3.3. Let D be a Fermionic system in H and A be the x-algebra generated

by the components of D. Then A = B(H).

PROOF. We need to show that for any «, 5 € {0,1}" there exists an operator

A, p € A, such that A, g1p, = g and A, g1hs = 0 for a # &. By defining

Aap = (ﬁ(djd;)lﬂf> (ﬁ (d;;j)ﬁ"—-’> (ﬁdjﬂ'), (3.17)

J=1 J=0
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and note that here and throughout this thesis operator products as on the right hand
side of (3.17) are to be read from right to left, i.e. [[[_, dj = d, ... d;. The following

calculation shows that each basis element is mapped to a basis element,

e () ) )

((da)® "(dn D) ()™ (d]) M (dy) ™ (dy) ™ Q)
n n—1 n
. (H a1 (H )= ()] vo v
J=1 j=1
where we used d;d}d{) = dif2 for j # k in the last step. Finally, we will show that

Ay ptha = 0 for a # &, we have

(3.18)

’:]:

Since & # «, there exists jy such that either («;,,&;,) = (1,0) or (o, &;,) = (0, 1).
In the first case d;, will commute (up to signs) with all the terms to its right and thus
annihilate §2. In the second case d} will appear twice in (3.18) and commutes (again
up to signs) with all the terms in between its two appearances. As (d;fo)2 =0, we

again get A, gs = 0. O]

Let f,g:[1,n] — C and {d;}}_, be a set of Fermionic operators, then define

A(f) = Sho Fydy, where fi= | fy oo fu] o fii= J0),

. (3.19)
a(9) = Yio oy, where g:= |gi g ... gu| » 9= (k).
For more general form of combinations, we define
D(f,g) = d(f) +d*(g). (3.20)
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The following Corollary follows directly from Lemma 3.3

COROLLARY 3.1. Finite products of D(f;,g;) generate the x-algebra A = B(H).

LEMMA 3.4. Let p and p be operators on B(H). Assume that for all m € N,

fi gk = [1,n] = C where j,k=1,2,...,m we have
<HD(fj,9j)> = <HD(ijgj)> (3.21)
j=1 0 Jj=1 P
then p = p.

PROOF. Let us consider any ONB {¢,} of H, then using Lemma 3.1, for all
A € B(H) we have

(A), = (A); = Tr[Ap] = Tr[Ap], for all A € B(H). (3.22)
Then for A = A, s := |da)(Ps], (3.22) reads

<¢67 p¢a> = <¢57 ﬁ¢a> (3.23)

Thus, p = p as claimed. U

3.1.1. Jordan-Wigner Fermionic system. In this subsection we introduce
a special important Fermionic operators on B(H), where H = @), C? and A =

[1,n] :={1,2,...,n}. Let
oi=1®.. . 91escle..0l, ec{ryz}, (3.24)

with non-trivial entries in the j-th component of the tensor product, and choose the

standard representation

o = , o= , 07 = (3.25)



of the Pauli matrices. We note that,

(01)2 = (ay)2 = (az)2 =1, {0% 0} ={0"%0°}={0Y,0°}=0. (3.26)
Define
1 0 0 1 01
a:==(oc" —io¥) = , at==(c"+1i0Y) = ) (3.27)
2 10 % 0 0

Let us consider the canonical basis of C? with the up-down spin notation:

GT : s €¢ : (328)

It is observed that
aer = e and a'e| = ey,

and for this, a and a* are called lowering nd raising operators, respectively. Note that
a‘a = , and aad" = (3.29)

are orthogonal projections. As above we write

a; = 1®..91l®el®...®1, (3.30)

¢ = 1®.. . 9ledele... ol (3.31)

The raising and lowering operators satisfy the mixed commutator and anti-commutator
relations

{aj>a;} =1, (aj)2 = (a*f)Q =0, (3.32)

J
laj, ap] = |a}, a;] = [aj,a,] =0 for j # k. (3.33)
The creation and annihilation operators are defined as follows,

-2 z * _ 2 z * .
Cj — 01...Uj_1aj, CJ—O'l...O']_l(Z], ]—1,...7n. (3.34)

29



From this it follows readily that the c; operators satisfy the CAR:
{ej, ey =0, e e} ={cj,cx} =0 forall jk=1,...,n. (3.35)

This transformation from a set of Pauli operators to a set of Fermionic operators dates

back at least to the paper of Jordan and Wigner [JW28] in 1928. We call

. * * *\t
C:=(c1,c],C0,Coy vy CnyCh)

the Jordan- Wigner Fermionic system.
We will often need to deal with the Local Jordan-Wigner systems that are defined

over an interval Ag :={r,r+1,...,r+ ¢ — 1} C A as follows, see also Figure 3.1.1:
=0V @ae 1% je A, (3.36)

It is easy to check that the cg»l)’s are Fermionic operators in H; := ) iehs C2%. We use

C: to denote Fermionic system associated with the c§-1).

QQQ(...)

= a ® 1 ® ]l
cg) = 0'® a @ 1
cél) = 0"® 0" ® a.

FiGUuRrE 3.1. Local Jordan-Wigner operators when n =7 and ¢ = 3.

3.1.2. Bogoliubov transformation. In this subsection we define and discuss
the Bogoliubov transformation between two Fermionic systems.

A matrix W € C**?" is called a Bogoliubov matrix if W is unitary and
WJW' = J, where J = (o")%". (3.37)

The reason for using this terminology is that, for the finite Fermionic systems considered

here, Bogoliubov matrices implement Bogoliubov transformations:
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THEOREM 3.1. Let D be a Fermionic system in H and W € C**2", Then
D:=WD (3.38)
1s a Fermionic system in H if and only if W is a Bogoliubov matriz.

Proor. We will assume first that W is a Bogoliubov matrix and D is a Fermionic

system, this means that W is unitary, WJW?* = J, and
DD* + J (DD*)' J = 1y,. (3.39)
Condition (3.37) is equivalent to say that JW = WJ and W'J = JW*, then
DD* + J(DD*)!'J = WDDW* + JWDDW*)'J (3.40)
= WDD'W* + JW (DD*)'W'J
= WDD'W* + WJ(DD*)' JW*
= W (DD* + J(DD*)'J) W*
= W]lgnW* - ]lgn.

Thus, D is a Fermionic system. By performing a simple change of basis, the converse

can be restated as: If D and D are two Fermionic systems related by

~ ~ t ~

(dl,dg,...,dn,(dl)*,...,(dn)*) — W (di,da, ... d, (d1)s .. (da)) (3.41)

then W is unitary and satisfies
S 0
WLW! = J,, where J; := ) (3.42)

To show this, we will show that W is unitary with the following block structure

. |k L
w=1|_ | (3.43)

L K
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First, write W in the generic block form,

. |K L
W = . (3.44)
M N

From the transformation (3.41) we get that for j =1,2,...,n

k=1
d = ) (Mdy + Nydy). (3.46)

k=1
By taking the adjoint of the left hand side of (3.45)

d; = (Kjedy + Lirdy). (3.47)
k=1

Then comparing it with (3.46), using that the elements of a Fermionic system are

linearly independent, see Lemma 3.1, we get

Njk:Kjk, Mjk:ija for k = 1,2,...,n. (348)
Since this is true also for all j = 1,2,...,n, then this means that
M=L,and N = K. (3.49)

Next, we will prove that W is a unitary matrix that is the rows are ONB of C?".

Using (3.45), (3.46) and (3.49), we have the following

{d,d} =1 = {Z(Kjkdejkdz),Z(L_ﬂdz+K_ﬂdz*>}=1 (3.50)
m=1 =1
= > (KpKp{de,d;}) + > (LiwLpf{dy, di}) =1

k=1 k=1

= ZKij_jk+ijL_jk: 1
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2n
= Z |sz|2 =1.
z=1

This proves that the rows of W are normalized. To prove that different rows of W are
orthogonal we use the following two arguments: First, using (3.45), (3.46) and (3.49),
we have the following for j # k

n

{dj,di} =0 = {Z(ijdijmd;),Z(L_mdl+K_md7>}=0 (3.51)

m=1 =1

3

n

o (KTl di}) + S (LTl ) =0

m,l=1 m,l=1

m=1
2n 2n
= > WiWi=0and Y Wiin):Wn: = 0.
z=1 z=1
Second, for j # k, we have

n

{d;,d,} =0 = {Z(ijdm + Limd?), Y (Kpd; + Lkld;‘)} =0 (3.52)

j=1 =1
n

3

= Z (KjmLi{dm, di'}) + Z (LjmKu{d,,di}) =0

m,l=1 m,l=1

= Y KjmLim + LimKm =0
m=1

2n

= Z szW(nJrk)z =0,
z=1

and this shows that W is a unitary matrix, which means that WW* = 1. Thus

K L||K* L KK*+ LL*=T1and LL' + KK' =1
_ =1= B o (3.53)
L K| |L* K' KL'+ LK'=0and LK*+ KL* = 0.
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Then,

N k L|fo 1] [kt 17
wowt = [T (3.54)
L K| |1 o] | K

LK'+ KL' LL*+ KK* 0 1

KK'+ LL' KL*+ LK* 1 0
U

In the situation above we say that D is a Bogoliubov transformation of D (with
respect to the Bogoliubov matrix W). The following Lemma gives a clear idea about

the class of Fermionic systems we will deal with.

LEMMA 3.5. The Bogoliubov transformation between two Fermionic systems is an

equivalence relation.

PROOF. The reflexive property follows from the fact that the identity matrix is
the trivial Bogoliubov matrix. The symmetric property is satisfied because the adjoint

of a Bogoliubov matrix W is Bogoliubov:
WIW'=J = JW'=W*J=J=WJW = W*"JW" =]

The transitive property follows from the fact that Bogoliubov transformation is closed

under multiplication: Let W7 and W5 be two Bogoliubov matrices then
WAWo J(WiWo)t = Wy (WoJWHW! = W JJWT = J. (3.55)

O

3.2. Quasi-free states

This section is devoted for quasi-free states where we include a definition in terms of

Wick’s rule, and show that Wick’s rule is invariant under Bogoliubov transformation.
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We say that the state p is quasi-free with respect to a Fermionic system D if for

every positive integer m and functions f;,g; : A = C for j = 1,2,...,m, we have
m 0, if m is odd;
D:.) = m ) ) (3.56)
<E ]>p Z( D*(DyD;) < H D; > , if m is even.
k=2 7j=2, j#k p

Here D; is short for D(f;,g;) and a pair f;,¢; : A — C as in (3.20). Recall that here
and throughout this thesis operator products as on the left hand side of (3.56) are to be
read from right to left, i.e. [['_; Dj = Dy, ... Dy. For the case of even m, where (3.56)
is a form of Wick’s rule, an iterative application shows that expectations <H§”:1 Dj>p
can be written as a sum of products of terms of the form (D, D;),. We note that
the resulting expression is known as the Pfaffian (denoted by pf) of the skew-adjoint
m x m-matrix D™ with entries [D»™)] . = (D,D,), for 1 < s < r < m and
appropriately extended by antisymmetry, see Appendix A for a brief introduction to
Pfaffians. The Pfaffian of an odd-dimensional skew-adjoint matrix is generally set to

zero, so that (3.56) can be restated as

<HD > = pf [DP™)] . (3.57)

p
The following Lemma states that Wick’s rule is invariant under the Bogoliubov

transformation and that it is carried over by unitary transformation.

LEMMA 3.6. Let D and D be Fermionic systems on H and assume that p is
quasi-free with respect to D.

(a) If D is a Bogoliubov transformation of D, then p 1S quasi-free with respect to
D.

(b) Let U be the unitary relating D and D as in Lemma 3.2. Then UpU* is

quasi-free with respect to D.
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PROOF. (a) First, let {W;;,1 <14,j < 2} be the blocks (3.43) of the Bogoliubov

matrix T as in (3.41), then

n

d(f) = }:i7 (3.58)

k=1

= ij ( Wll)jkdk + Z(Wm)jkdlt:)

n

- Z <Z1 (W) k]f]) dp + ; (Zl sz)kjﬁ') dj,

= (Wuf) (Wfo) :

Similarly,
d*(g) = dWyg) + d" (W * g) (3.59)
and
D(f,g) = d(f) +d*(g) = d(h) +d"(r) = D(h,r) (3.60)
where
h=Wf+Whgand r=Wf+ Wig. (3.61)

Then, if m is even

o) -

p

D(h]-,rj)> (3.62)

=T

p

= (—1)* (D(hg, ) D(h1, 1)) < H Dh],r]>
j=

2, j#k p

1

i

2

(—1)* <[7(fk,gk[7f1,91> < ﬁ [)f],gj>
Jj=2, j#k

p

and if m is odd

<H (f5,95) > = <HD(hj>Tj)> = 0. (3.63)

P =1 P
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(b) For any positive integer m,

o), (o)) (o), e

P P
Thus, if m is odd, then since p is quasi-free with respect to D then both sides of (3.64)

are zeros. If m is even then

<ﬁ1~7ﬁ> = <ﬁ Dj> (3.65)
Jj=1 UpU* Jj=1

p

(—1)* Dk,D1<H D>

J=2, j#k P

As an obvious conclusion from Lemma 3.6, if D and D belong to the same class of
Fermionic systems (under the Bogoliubov transformation relation) and p is quasi-free
with respect to D then both UpU* and p are quasi-free with respect to both Fermionic
systems D and D. An important class of Fermionic systems is the equivalent class
of the Jordan-Wigner Fermionic systems under the Bogoliubov relation. And when
a state is quasi-free with respect to this class, we will simply say that the state is

quasi-free.

3.2.1. Diagonal states. In this subsection we prove that diagonal states are

quasi-free states. First, note that the set of quasi-free states is closed.

LEMMA 3.7. If {pn}n is a sequence of quasi-free states with respect to the generic

Fermionic system D, and p, — p then p is quasi-free with respect to D.
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PROOF. p, is quasi-free means that

m 0, if m is odd;

Dj)y =¢ & - LS. 3.66

<£[1 j> Z(—l)k<DkD1>pn < H Dj> , if m is even. (3.66)
om k=2 j=2, j£k on

Then the statement of the Lemma follows directly by taking the limit as n goes to

infinity and using the continuity of the trace. 0

THEOREM 3.2. (Wick’s Rule) The operator p'%e9) € B(H) given by

. I ; 0
(diag) _ ® Ui (367)

i=t \0 1—=mn;

p

where, n; € R for 1 < j < n, satisfies Wicks Rule with respect to the Jordan- Wigner

Fermionic system C.

The strategy of the following proof is essentially the “classical” argument for the

proof of Wick’s rule for thermal states in free Fermion systems, e.g. [BR97].

PrROOF. We will drop the superscript (diag) in the proof for simplicity. For odd

values of m in formula (3.56), Wick’s rule follows from proving

<ﬁ cf?j> — 0. (3.68)

=1 )
We will assume that the product of ¢#’s is not zero, otherwise there is nothing to

prove. Since

aac*a = a, a*aa* =a*, and a0’ = +a”

then it is easy to see that

m n
H Ciirj == ® Aj,
j=1

J=1
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where A; € {aj,aj},a;a},aja;, 05,1}, and since m is odd then there exists j, €

{1,2,...,n} such that Aj, € {aj,,a} }. Then

m

[Icp

J=1

Tr

n ; 0
=+ H tr A] Tb
j=1

The last product vanishes because

tr |a” 7 0 =0.
0 1—n

If m is even then the proof is more involved. First, assume that n; ¢ {0,1} for all

1 < j < n, and note that

Mk
kP =77 o PCk, (3.69)
because
; 0 j 0 ; 0
o T; _ " o (3.70)
01— 0 —(1—mn) 0 1-—mn
0 0 0 0
a & = S G a (3.71)
0 1—m e 0 L=m\o 1-n,
and since,
c(flp=Y fuckp = pZﬁl ik C- (3.72)
k=1 k=1 Mk
Then, we have
c(f)p = pc(Dyf), where D, := diag {%,j =1,2,... ,n} : (3.73)
— 1
Similarly, we have
c*(9)p = pc*(Dy'g). (3.74)
Second, we have
{eth.cF.a} =f.0e. {0,000} =9.Pe. (3.75)



because of the following argument

{et,cfa)} = {ethelh}+ el @)}

The statement with ¢*(g) can be shown using a similar approach. Now, if m is even

(1) = ((fLe) ) (({e) ) - om

p p P

then

The first term equals

m

HCj c(fi)p

=2

_(3.73) Ty

1165 pe(Dy 1)

=2

= Tr

- <anugm>e2<H G ) - [<cm{c<an1>,cm1}(H Oj)> -

(i),

<CmC’mlc(an1) (H

J
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- gnson 0] -{(fo) o),

p P

Then, by taking the second term to the left hand side and defining f; := (1+ Dy) f,

we get
<(f[l Cj) C(f1)> = é(_l)k<Dn<ﬂ +Dy) " 1, gi)ee <4_2ﬁ# Oj> . (3.7)
A simple calculation gi:es that p
(Dy(1+ D) fi, gi)er = i niF1;90;, (3.78)
which match with (C(fy, g)c(f1)), as follows
(Clfege)el)) = (elf)e()y + (¢ (ge)el i), (3.79)

p
= Zfljgkj<c;cj>p = anfljgkj'
=1 =1

Thus equation (3.77) becomes

<(HCJ> C(f1)> =D (=DMC(frs gi)el < H C> : (3.80)
Jj=2 k=2 =2, j#k

p P

By applying similar steps to the second term of (3.76) we get

<(}i@> o) ={ren fie))

P p

Sl 1.6) (fic) o),

p p
Then by moving the second term to the left hand side and defining g, := (Il + D, 1) g1,

and noting that

(C(frrgr)"clg1))), = (elfr)e(g1))p + (¢ (gr)c"(91))p (3.81)
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= Zﬁjglj<cjc;>p = Z(l - nj)ﬁjgkj
J

J

= (D (M4 DY) G, fr) o -

Then we get

<(H(Jj> c*(§1)> = > (=DMC s 1) (G0) < H C> . (3.82)

0 k=2 7j=2, j#k p

By substituting the results (3.80) and (3.82) in (3.76), we get our result

<HC’> :i ii(eely < H C>. (3.83)

p =2 J=2, j#k P
Finally, in the general case where n; € R for all j =1,2,...,n, there exists a sequence
n (n) 0
Ui
= ! (3.84)

j=1 0 1-nm

J
where n™ gé {0,1} — n; as n — oo and thus p, — p. Now since p, is quasi-free

with respect to the C then p is quasi-free with respect to the Fermionic system C by

Lemma 3.7. O

Let B be any Fermionic system in B(?). Corollary 3.2 below shows that the

density matrices corresponding to the ONBs of H
Yo = (b7)*(b3)* ... (b7,)*"2, o € {0,1}",

are quasi-free with respect to the Fermionic system B. Here €2 is the vacuum vector

of the operators b;.

COROLLARY 3.2. The density matrices po, = |Va) (V| are quasi-free with respect

to the Fermionic system B.

PROOF. Let Q. and 1% = () ... (c)* Q. be the vacuum and eigenstates

associated with C. By Lemma 3.6(b) it is enough to prove that p'¢ := [{?) (| is
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)

quasi-free with respect to C for all a. This can be done by finding pgf explicitly and

find that they are diagonal density matrices. From the definition (3.34) of the ¢; we
)"

see that ¢; (e;)”" = 0 for all j. This gives that, up to a phase, Q. = (q)@m is the

vacuum for C, and therefore

C O *
p6) = 120 (] = 034 0 =] (3.85)
Since for 1 < k < n we have

n n n
r (H qc}*) Cr = ( H qc}*) CRCKCRCR = ( H cjc;) CrCh,s (3.86)
j=1 J=1, j#k

J=1, j#k

it is easy to see that

o = Tl 100l [ = 1] g II ¢ 687
j=1 j=1 j=1, a;=0 j=1, a;=1
=t \ 0 da,0

where ¢ is the Kronecker delta function. Thus, as a product of diagonal states, pgf ) is

quasi-free with respect to C by Proposition 3.2. O

3.2.2. Reduced states of quasi-free states. The goal of this subsection is to

prove Theorem 3.3. We consider the Hilbert space H = @), C? where A = [1,n] :=
{1,2,...,n}. We distinguish a subinterval Ag = [r,7 + ¢ — 1] C A and decompose the

Hilbert space as H = H; ® Hs, where
Hi=@Q)C% and Hy= (X) C. (3.88)
jeAO jGA\Ao
Let p be a quasi-free state with respect to C. We will show that the reduced state

pt = Try, p is quasi-free with respect to the local Jordan-Wigner Fermionic system Cj,

see Section 3.1.1 for the definition. First, we consider the Jordan-Wigner operators
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defined on Ay as in (3.36), then define their extension to H as follows
g = 19070 @ Y @ 18Nt (3.89)

In what follows we list the relations between these extended states, the local Jordan-
Wigner operators, and the Jordan-Wigner operators defined over the whole chain A.
For f: Ay — C, we use the following notations,

=35 G =>Fe o)=Y T (3.90)

JEAo JEAo j€Ao

Similarly we define ¢ (g), &(g), and ¢*(g) for g : Ag — C. We also use the following

»r

notations: for f,g: Ay — C

CO(f,9) = V() + D), Colfg9) =&(f) +é(9), Crlf,g) = () + ¢ (g)-
(3.91)
Note that C.(f;,9;) = C(f;, ;) for some f;,§; : A — C that are extensions by zeros
of f; and g;; respectively. We include some relations between these operators in the

following Lemma

LEMMA 3.8. For j € Ay, and f, 9, f1, 91, f2,92 : Ag = C we have

(a) Co(fi,95) = (0505 .. 02_1) Col £, 95)-

(b) éfék# = cfck#.

(c) (Pt (g) = ()t (), and hence
ér(fl, gl)ér(an 92) = Cr(fla gl)CT(f27 92)
PRrOOF. (a) follows from

c; = (O'Z)®(T_1) ® Cg»l) @ 18N —t=r+1) (3.92)

= (ofo5...07) (]1®(’“—1) ® c§1) ® ]l®(N—£—r+1)>



Then multiplying both side by (Ufag e affl) will give that
¢; = (0fo5...00_1) ¢ (3.93)
Then

Colfing) = DTG+ > 9%

J€Ao J€Ao

— (0705...07) Culf1r05).
(b) Note the following

éfék# _ (]1@(7“71) 2 c;l)# 2 ]1®(Nf€f7“+1)) <]l®(r71) 2 Cl(cl)# 2 ]1®(Nf€fr+1)>

r—1 D ()F N—{—r
— 19 )®c§-)c,(€) & 18 +1)

_ HH
= ¢

(c) We will do one case and the others are identical,

&(f)E(g) = (Z ﬁ-@) (Z g@) = > fiodc (3.94)

jEAO jGAo j,k‘EAo
J.k€Ao JENo JjE€No
= ¢ (f)c(g).

The second statement in (c) is a generalization of the first:

Co(f1.01)Cr(forg2) = (& (f1) + (1)) (6(f2) + E:(g2))
= & (f1)G(f2) + & (f1)6(g2) + G (91)E-(f2) + E(91)¢7(g2)
= c(fi)er(f2) + en(fi)er(g2) + e (gr)er(f2) + ¢ (g1)cr(g2)

= Co(f1,91)C(f2, 92)-
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THEOREM 3.3. If p is quasi-free then the reduced state p' := Try, p is quasi-free

with respect to the local Jordan- Wigner system Cy (Associated with H, ).

ProoF. This is equivalent to proving that p is quasi-free with respect to the
¢; for j € Ay, because of the following: For any positive integer m and functions
fi» g5 : Ao = C for j € Ay we have,

m

<HC(1)(ijgj)> = Tr |[JCM(f5.9) Tem, p

p! L=l

= Tr|[[ G55, gj)/)]

Lj=1

= <H Co(f;, 9j)> :

P
Now, if m is even then using Lemma 3.8, we get that

m

Hé (f3>95) Hor(fjvgj>- (3.95)

J=1

<HC f]?QJ > <HC fng > = pf [Cr(p,m)L (3.96)

where C*™ is the m x m anti-symmetric matrix with entries

[CO™] = (Colfisg)ColFn gy Xl Sj<k<m. (397)

Since

(Co(frr 1) Cr(fi95))p = <5r(fk>gk)5r(fj7gj)>p

= (CD(f, gr)O )(fjaga>> 1= [C(l)(plm)}

ik
Thus, Wick’s rule is satisfied if m is even:

<ﬁ C(l)(fj, gj)> = pf [C(l)(pl,m)} ‘
j=1

ol
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If m is odd then using (3.95), Lemma 3.8, and partial trace property in Lemma 2.3(c)

we get,

<H C(l)(fjjgj)>

P

Now note the following

o105 ...

Z 7 z
Thus, of05...0;

m—1
= <(Uf0§.. o, 1 Cr(fm, Gm) HCT (fi:95) >
j=1

p

(050507 ) [T G (1, gj>> :

p
r—1 r—1
H 0; = H (a;aj — ajaj») (3.98)
j=1 j=1
r—1 r—1
H (chej —¢ics) = H(Cj +¢§)(cj — ).
j=1 j=1

_, is an even product of C( fj, Gj)’s with suitable choice of f] and gj,

and since p is quasi-free with respect to C then if m is odd we have

<ﬁ C(”(fj,gj)> ~o (59

O

3.2.3. Tensor product of quasi-free states. In this subsection we consider a

partition of A into {A*

),k =1,2,...,m}, associated with the Hilbert spaces {H*}.

By C® we denote the local Jordan-Wigner Fermionic system corresponding to A®).

Let {pr € B(H®), k=1,2,...

,m} be an arbitrary set of density matrices.

LEMMA 3.9. If py is quasi-free with respect to Cy, fork =1,2,...,m. Then @}, p

s quasi-free.
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PROOF. It is enough to prove this for m = 2 then Lemma 3.9 will follow by an

iterative process. It is easy to see that

1) A 1
| if j € AW
;=14 "’ / (3.100)

()P @ c?, i j e A®)
A direct calculation gives

E*(M* o1, if j.k e A
2)

1® () (c?)*, it ke A

e =4 1ol 1) ! (3.101)
(D) (07 B @ (@)%, if j € AD, k € A®)

Ca (1))# ® (0(2)) ifheAD, jeAD.

J

\
Our goal is to prove that for any positive integer m and functions f;, g; : A — C for

7=1,2,...,m, we have

<ﬁ C(f, 9j)> = pf [Clrerm)] (3.102)

j=1

P12
where
C(f59:) =Y Fwcr+ Y ginchs (3.103)
keA keA

and C(P1®r2m) ig the m x m anti-symmetric matrix whose elements are
[C(p1®p2’m)]j,k = <C<fkugk)0(fjagj)>m®ﬂ2v for 1 < j <ksm (3104)

and extended appropriately by antisymmetry. First, we need to introduce the following:

For functions fi, g, : A — C and f5, go : A® — C, define

Coy(frg) == D Fd”+ > qule”) (3.105)
jeAd) keA)

Coy(fange) = > i+ Y () (3.106)
JEA?) keA2)
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Using (3.100), for f,g: A — C, we get

Cfg) = | D Fewt D awci | +| D Freawt D> anci (3.107)
keA™) keA®) keA?) keA®2)
= | 2 A+ Y aa) | e
keAD) keA)

z M ra *
(@) | N Tl + > gl

keA?) keA2)

> 1)
= C(l)(f(l),g(l)) @1+ (U )®|A | ® C(g)(f@),g@))

where f) := fl,a), f® := f|r@. For simplicity, we will make the following definitions:

A = Coy(fY ¢ @1 (3.108)
B — (Uz)®|A<1>\ ® C(2)(f(2),g(2)). (3.109>

Note that
{A,B} =0, (3.110)

this follows directly from {(c§1))#, (o)AMY = 0. We are now ready to prove Wick’s

rule: For any positive integer m and functions f;,g; : A = C, for j =1,2,...,m,
<H0(fj,gj)> = <H(Aj+Bj)> (3.111)
J=1 j=1

P1RpP2 P12

J=1

- > ([I(wn)

ae{0,1 P1®p2

Now, let’s try to write

<H (A?ﬂ' Bj.”‘f)> (3.112)

J=1 P12

in an explicit form. Let J := {j, a; = 1}, then

(a) If |J| is odd, i.e. the A;’s appear an odd number of times, then (3.112) vanishes
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because the following two facts

<HC £, g > =0 (3.113)

jeJ o1

<ﬁ< . ’gj ))>°‘j <(0z>®|A<1>>1%> _ o (3.114)

j=1 P1

The first equality holds because p; is quasi-free with respect to C). In the second

equality, 0F = (c§1)+(c§-1))*)(0§1)—(c(l))*) for j € AW, thus we still have a multiplication

of an odd number of C'(l)(f]m, gj(l)) s, for some functions fj, gi: A= C.
(b) If |J¢] is odd, i.e. the B;’s appear an odd number of times, then (3.112) vanishes

because

<HC (£, 4\?) > = 0. (3.115)

JeIe p2
Thus, the only case where (3.112) does not vanish is when m and |J| are even. For

this case we will prove that

ﬁ ( aJBl 0‘]) — (—1)21'6.]]""% HA] H B;. (3116)

7=1 jeJ keJe

The products in the right hand side of (3.116) should be understood as follows:

HA Aj oy Ajg -+ - Ay Ajy, where J = {, k=1,2,...,|J|},

jeJ

and j; < ja < ... < jjj. The product in the left hand side of (3.116) has the following

general form

LA

Jl)

CA;

ooy - A Ay
with possible B’s in between the A’s and on the two ends. We will pull the A’s to

the right, one after the other starting from Aj; until the last one A;  , each step will

MR
create a negative. Note that A; will need to move j; — 1 steps, A;, will need to
move jo — 2 steps, and in general A;, will move j, — k steps until we order them as in

the right hand side of (3.116) (actually the opposite way but note that the two big
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products commute). Thus the total number of steps is

‘ (I + 1)
Z(]k_k):Z]_—
k=1 jeJ 2
but (|J]| + 1) is odd, thus
(_1)2j€]j_w — (_1)23'er ((_1)(|J|+1))_% — (_1)2jejj_% — (_1)2j€]j+%‘

Then we proceed as follows:

<ﬁ (A?jB;_aj>> (3.117)

j=1 P12

— (- 1>EJEJJ+<HC (O, g > <H0<2>< ,£2>,g,53>>>

jeJ keJe

= (- 1>Z]eﬂ+‘2 pf [C’ ] pf [C((S)ZJC)}

where C(f)l is an anti-symmetric |J| x |J| matrix, whose jk-th element (for j, k € J
and j < k) is
J a
O ik = (Coy(1. 9 (5. (3.118)

and extended appropriately by antisymmetry. Similarly, C((pr’JC) is an anti-symmetric

|J¢| x |J¢| matrix, whose jk-th element (for j, k € J¢ and j < k) is

[CE i = (Coy(£2, 9 C (£, 85 o (3.119)

and extended appropriately by antisymmetry. Note that C((lp)l"]) is a restriction of
C((f)l’m) to span{e;, j € J}. Similarly, C’((S;’JC) is a restriction of C’((gf’m) to span{e;, j €
J¢}, where pf[)] := 1. Thus,

3 <ﬁ (A?"B;_O‘f>> (3.120)

ac{01}m \j=1 P1&P2
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1] 9,J¢
- ¥ (ngﬁzmﬁj ]ﬁk% q
Jc{y2,..., m}

|[J]: even
ZPﬂdQW+Cgmq
where we used in the last step the following identity about pfaffians:
pA+Bl= > (=) pf[A,] pf[B] (3.121)

Jc{1,2,..., n}

|J|: even

for n x n anti-symmetric matrices A and B, A; means the restriction of A to
span{e;,j € J}, see for example Lemma 4.2 in [Ste90] or [MMG60]. In the fol-

lowing, we will prove that

C((f)l’m) 1 C((Qp)z,m) — C(p1&@p2,m) (3.122)

Using (3.107), we get
(U ) 0 = (A (A + By

= <AkAj>p1®p2 <AkB >p1®p2 <BkAj>p1®p2 <BkB >p1®p27
and note that

Y]
(AB)per = (Cof" o) @) o Cop(£7.9))
P1®p2

:<@mﬁiﬁwfpwwm< UQ%)>

= 0.

P2

A similar argument gives that

<BkA >P1®P2 =0

(Adpen = (Coli". o000 4")
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(BiB)por, = (Colf?.d))Cali.6) .

Thus, for 1 < j < k < m, we get

[C(m@pmm)]jk = <C(fk gk’) (fjvgf)>p1®pz
— C((1 fk 7gk C()(fjgl);gj('l))>p1_'_<O(2)(f]£2)791(92))0(2)(f3‘(2)’g](‘2))>p2

= 1O ™ ln + 1O L

which prove (3.122). Finally, by combining equations (3.122), (3.120), and (3.111) we

get
<H C(fjagj)> = pf [CP1@r2m)] (3.123)
j=1 P12
Thus, p1 ® py is quasi-free with respect to C. U

3.3. Correlation matrices

In this section we define correlation matrices and present their properties. We
discuss the correlation matrices of reduced states and of the tensor product of states.
Let D = (dy,d;,dy,ds, ... d,,d")" be a general Fermionic system of H. The

correlation matrix of the state p with respect to D is defined to be the 2n x 2n matrix
I'? .= (DD*),, (3.124)

with the row D* = (d},d; ...,d},d,) and (DD*), to be understood in the sense of

taking expectations of each of the operator-valued entries of the 2n x 2n-matrix DD*.

The Following Lemma describes the general form of correlation matrices.

LEMMA 3.10. Correlation matrices are generally of the form I' = (ij)1<j p<n With
2 X 2-matriz-valued matriz elements

1 Xp Y
Dji = 5 | 0jale + ’ ’ : (3.125)

—Yi, —Xjk
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Here X and Y are n X n-matrices such that X* = X and Y* = =Y.

It is useful to think of correlation matrices in the block form, where a simple

change of basis yields:

1
PTP' == [ 1y, + : (3.126)
2 Y -X

where P is the permutation matrix which maps the canonical basis vectors eq, ..., es,
of C?™ t0 €1, €pi1,€2,E€ni2; - - -, 6En,€an. In particular, correlation matrices, as defined

here, are self-adjoint.

PROOF. It is enough to prove statement (3.126). Consider the following block

decomposition

prp— [P (3.127)
C D

Here
A= ({djdp)p) 1., B = ({djdi)p) > C = (<djdz>p)jk’ and D = (<d;dk>p)jk' (3.128)

A is Hermitian because

Aji = (djdy), = Tr[d;dgp] = Trldpdip] = (dpd}), = Ag;. (3.129)
B is anti-symmetric, we have

(djdj), = O

(djdy), = Tr[d;dkp) = —Tr[dpd,p) = —(did;), for j# k.

Then, we have C' = —B because for all 1 < j, k < n, we have

(d:dp), = Tr{didip] = Telddyp) = ~Txldydup] = —(dyi),. (3.130)
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Finally, we have D = 1 — A because

(didy), = Tr[dpd;p] = —Tr[ddp] = —(d;dy),, for j #k

(i, = {1 dyd}), =1~ (dd3),
Thus, PF?Pt is symmetric and it can be written in the form

. A B 1 X Vv
pPropi= | =+ ] (3.131)
B 1,-4] 2 Y -X
where

X:=24-1, Y =2B (3.132)

The following Lemma list some elementary properties of correlation matrices:

LEMMA 3.11. Let D be a Fermionic system, and p € B(H) be self-adjoint with
Trlp] = 1, then T)'P = WITW* that is (WDD*W*) = W(DD*),W*, for any

Bogoliubov matriz W € C**2n,

PROOF. The Lemma follows from the following argument

P> Wik(DD*)u(W*),; (3.133)
k,l

Tr p(WDD*W*)ij] - Tr

= Y Wi Tr [p(DD*)u(W*),]

= D Wal(DD")u), (W)

k.l

O

Next we give the explicit form of the correlation matrix of the density matrices

Po = |Va)(Val, where {1, } are the ONBs associated with D through (3.12).
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LEMMA 3.12. Let D be a Fermionic system and p, = |1a) (W], and 1, are the

eigenfunctions associated with D by equation (3.12), then

" (6o 0
e =@ , (3.134)

k=1 0 Japn

where 0, ;j are the Kronecker delta functions.

As an important special case of Lemma 3.12 case, the correlation matrix of the

vacuum state of the d; operators:
iy ) = : (3.135)

PROOF. First note that, using the definition (3.12) and the anti-commutation

properties of the d;, one has

dj¢a = (3.136)
i¢a+€j if Q= O,
as well as
0 if a; =0,
djthe = (3.137)

., ifa;=1.

For the elements (d;d}),., we get

Tr[djdipa] = (Yo, djdiha) = (djta; ditba) (3.138)
0 ifoj =1ora,=1,

<:|:’l7boc+€j7 iwa+€k> — 5]k lf Oéj — Ofk- - 0,

Similarly, we find
Tr[djdrpa] = (Yo, djdrtha) = {djtba, drtha) (3.139)

0 ifa;=1oroag =0,

H(Vare;, Ya—e,) =0 if oy =0and o = 1,
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The general structure of correlation matrices, see Lemma 3.10 determines the remaining

entries of Ffa and completes the proof of (5.48). O

Next we list some more important properties of correlation matrices.

LEMMA 3.13. Let p and p are self-adjoint on B(H) with Tr[p] = Tr[p] = 1, and D

and D are Fermionic systems. If F? = F? then:
(a) There exists a unitary U such that I’V = T'G. 5, where czj =Ud;U*, for all j.
(b) (d*(£)d*(9)), = (d* (£)d*(9))u-pv = (d# (F)d*(9)) -

(c) (D;Dy), = (D;jDy)u~su = (DjDy) 5, where D; and D; are short for D(f;,g;)

and D(fj . g;); respectively.

PROOF. (a) By Lemma 3.2, there exists a unitary U, such that Jj = Ud;U*. Thus,
for 1 < j,k <n we have,
@iy, = (@i, = Wt 5.10)
= Te[Udtdtup| =T [dtdfuriu]

(dF Y pu.

(b) We will prove (d(f)d*(g)), = (d(f)d*(g))u~pu, the other choices of # are identical.

{d(f)d*(9))p = <<Z?jdj) (ngd2)> (3.141)

p

= > Fioldidy), Zf 9 (dsdi)v-pu

ak

= (d(N)d"(9))v+su-

And since d(f) = Ud(f)U*, then the second statement is fully proved.

(c¢) The third statement follows from the following argument

(DiDi), = ((d(f;)+d"(g5)) (d(fe) +d"(gx))),
= (d(f;)d(fx))p + (d(f;)d"(gr))p + {d*(g;)d(fx)), + {d"(g;)d" (g1)),
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= (d(fy)d(f) + d(f3)d"(ge) + d"(9;)d(fr) + d"(9;)d"(9k)) - 50

= <DjDk>U*ﬁU'

It is clear that f)j = UD;U~, and this will finish the proof of the Lemma. 0

3.3.1. Correlation matrix of a reduced state. The goal of this subsection is
to prove the following Lemma showing the relation between the correlation matrix of

a reduced state and the correlation matrix of the corresponding (full) state.

(1)

LEMMA 3.14. Let Cy corresponds to the c;’’s. The correlation matriz Fii of the

reduced state p' is the restriction of Fg to span{egj_1, ez, € Ao}, then

PRrROOF. The Lemma follows directly from the following

n# ()# [ (# ()#
<c§») c,(c) )po = Tr cg) c,(c) pl}

= Tr_gl) (¥ TrHQp]

= Tr|Try,c #ck#p}

= Tr c#c,fft p}

= ()

where we used in the third and the fourth steps the trace class properties in Lemma

2.3. U

3.3.2. Correlation matrix of tensor product of states. In this subsection
we show that the correlation matrix of the tensor product of states is the direct sum of
the correlation matrices of these states. Lemma 3.15 below states this more precisely,
where we consider the set of density matrices {p, € B(H®),k =1,2,...,m} as in

Lemma 3.9.

LEMMA 3.15. The correlation matriz of Q- pr with respect to C is given by

(k)
o = @I (3.142
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Proor. We will prove that

<<0f6f>®;n_1pk);:1 = diag { (<(c§’“))#(c§k>)#>pk> k=1,2,... m} . (3.143)

jreA®’

This follows directly using the general form of correlation matrices and the following

argument: For j,r € A®):

_ k m— k
(Vg o = 1PE D @ () F(NF @ 15y gm = () # ().

(3.144)
For j € A®) and r € A®2) for ky < ko: one can see that
¢ = ()M g () g g (M) @ 1B g g 1IN
# = ()N .. (07N g g (kN @ 19N g @ 1@
Then
(Fhorm = (18 @ (07) 2 t g () o 1)
- ®2-n:1 Pk
_ (k1)\# (- 2\®AFD)] 2\QAM)| (ko) \#
- <(Cj ) (O‘ ) >p(k1) (k ];[k <(U ) >p(h)> <(CT 2 ) >ﬂ(k2>
1<h<kg
= 0 (3.145)
because
<(C(’€1))#(UZ)®\A('“1)\> _ <(C(k2))#> -0 (3.146)
J pk1) VT plk2) = '
O

3.4. Entropy of quasi-free states

The goal of this section is to prove Theorem 3.8. It is mainly saying that the

entropy of quasi-free states can be found through their correlation matrices.

3.4.1. Diagonalizing correlation matrices. In this subsection we prove that

correlation matrices are diagonalizable by Bogoliubov matrices. We also prove that
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correlation matrices of generic states are positive-semidefinite and has a symmetric

spectrum about %

LEMMA 3.16. Let D be a Fermionic system and p is self-adjoint on B(H), then the
correlation matriz FE 15 diagonalizable by a Bogoliubov matriz and has a symmetric

spectrum around % i.e.

n 14X 0

FD — W @ 2 W*
P e 0 =N

for some \; € R and Bogoliubov matriz W .

We will prove later that in the case where p is a state, we have —1 < \; <1, see

Theorem 3.4

ProOF. It is enough to show that
.__ oD
T:=2I, -1 (3.147)

is diagonalizable by a Bogoliubov matrix. Let us define the unitary matrix  :=

®n
1 1
\/Li . We will check that —iQTQ)* =: T" is real anti-symmetric matrix, i.e.
—i 1
I' = —I'*. This follows from proving that PT'P? is anti-symmetric. Using the bock

form of correlation matrices in Lemma 3.10, we get

Y
prpi=|"
-Y -X
where X = X* and Y = =Y. Thus
— ngX I % _ <X—5X _ YJQFY)




We have

X* =X = (ReX +ilmX)" = ReX +ilmX
= (ReX)' —i(ImX)" = ReX +iIlmX

= (ReX)'= ReX, (ImX)' = —ImX. (3.148)
Similarly,

~Y'=Y = —(ReY +ilmY) = ReY +ilmY
= —(ReY)' —i(ImY)" = ReY +iIlmY
= (ReY)' = —ReY, (ImY)"' = —ImY. (3.149)

A direct inspection using (3.148) and (3.149) implies

Im(X+Y)) = —(Im(X+Y))

(Re(X —Y)) = Re(X+Y)

(Im(X -Y)) = —(Im(X -Y))
—(Re(X +Y)) = —Re(X —Y),
which implies that I" is anti-symmetric i.e., I' = —I'*. From the spectral theory of

anti-symmetric matrices, there exists an orthogonal matrix O such that

0 A
—A

r=od o, (3.150)
j=1 i 0
where \; > 0 for j =1,2,...,n. By diagonalizing we get

bn PDn
i —i " (x 0 —i 1

QTQ" = il = 20 B
22\t 1) = \o =) i1

o' (3.151)
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Thus
®n

" (A O 1 )
T = W@ ’ W* where W = —QO . (3.152)
=\o0 -\ V2 11

J

Then note that W is unitary because it is a multiplication of three unitary matrices

and that WJW?*' = J using the following argument

®n Dn dn
1 ) 01 11 _
WIW' = S0 01 (3.153)
1 1 10 — 1

1 * tO

= —-Q"00 Q)
2

bn ®n

1 (1 1 1 1
2 1 — )

This proves that W is a Bogoliubov matrix. Lastly, (3.147) and (3.152) clearly show

that the spectrum of the correlation matrix is symmetric about % U

Real valued correlation matrices are of great importance as we will see in the
applications, and they are diagonalizable via a special explicit (orthogonal) Bogoliubov

matrix:

LEMMA 3.17. Let D be a Fermionic system in H and let p € B(H) be self-adjoint
with Tr[p] = 1 such that FE 15 real valued, then FE is diagonalizable by an (orthogonal)

Bogoliubov matrix.

PROOF. It is enough to prove the Lemma for PI‘?Pt := T, which is given by the

block form
. A B
I'= ;
-B —A
where A = A* and B = —B?. Since
0 1 - 01 -
i — 1, - T, (3.154)
1 0 1 0



i.e. I' is unitarily equivalent to <]1 — f‘) and, in particular, o(I') = 1 — o(I"). To
diagonalize I we follow the following steps: Let S := A+ B and 0 < 5\1 < 5\2 <...< 5\n
be the singular values of S, i.e. the eigenvalues of (S*S)'/2, counted with multiplicity.
Let A := diag{jq, e ,S\n} The singular value decomposition of S gives orthogonal

matrices U and V such that
USV!=U(A+ B)V' =A. (3.155)
This implies
A=A =VS'U'=V(A - B)U". (3.156)

Let
1({ V+U V-U

V-U V+U

W= (3.157)

Then W is an orthogonal 2n x 2n-matrix. This can be checked by directly verifying

that WW?*' = 1, or, alternatively, by noting that

V 0
SWS = , (3.158)
0 U
with the orthogonal matrix
s— L1 (3.159)
=7 1 . :

A calculation shows that W diagonalizes Ff via

A
o 5
WI'W?* = o, (3.160)
0 1=A
2
and it in not hard to check that
0 1,
W'JW = J, where J = : (3.161)
1, O
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Thus, W is a Bogoliubov matrix. 0

The following Theorem proves the positive semi-definiteness of the correlation

matrix of states.

THEOREM 3.4. For any Fermionic system D, if p is any state then
0<TI? < 1y, (3.162)

PrROOF. By Lemma 3.16, there exists a Bogoliubov matrix W such that WFpDWt =
diag{n1, 1 — n1,m2, 1 — N2, ., Nn, 1 — N} := D,. Then by defining D := WD with
Fermionic operators Jj’s, we get F? = D,,, see Lemma 3.11. Since the spectrum of
the correlation matrix is symmetric around %, see Lemma 3.16, then without loss of

generality, we may assume that n; > %, for 1 < j <n. Thus, for 1 < 7 <n we have
(d;ds), = n; = Tr[d;d;p] = n; (3.163)

and since 0 < cijci;‘ < 1 (orthogonal projections), then n; = Tr[chsz] < Trlp] =1,
where we used Lemma B.2. And using the symmetry of the spectrum of I’?, we get

the statement of the theorem. O

3.4.2. Correlation matrices of quasi-free states. In this subsection we show
how correlation matrices of quasi-free states determine completely the state. To

understand what that means, we start by diagonal states

n

‘ 1—n, 0
pldiag) — ® Mj , n, €R forallj=1,2... n (3.164)

j=1 0 n

Note that the 2" eigenvalues of p(%?9) are
Hn}”(l —n)'7Y, a=(a,ay,...,a,) € {0,1}™.
j=1

64



Theorem 3.2 gives that p(%®) are quasi-free states. A simple calculation, see below,

shows that
n 7]j 0
I = P . (3.165)
=t \0 T—mn
Thus all the 2" eigenvalues of p{¥®9) can be found explicitly from the 2n eigenvalues

of its correlation matrix Fi(dmg). This also gives a formula for the entropy of p(®@9):

4 ) . " ; 0
—Tr [p(dzag) log p(dzag)} _ S(p(dzag)) _ Z g 15

i=1 0 1—mn;

n

= = mjlogn; — Y (1 —n;)log(1 — 1)
j=1

=1

= —1tr [Fi(diag) log Fi(diag)] )

where we used Lemma 2.2 for the entropy of product states. So far, we are able to find
the correlation matrices of given states. A natural question is whether it is possible to
find the state explicitly if the correlation matrix of that state is given. For example
if the correlation matrix of a certain unknown state p with respect to a Fermionic
system D is found to be diagonal
p_m|(m 0 c
Fp = @ = Fp(diag)' (3166)
=t \0 1 —mn,

Can we draw any relation between p and p(%29)? Theorem 3.5 below gives a definite
answer: they are equal up to a unitary if p is quasi-free with respect to D. In the
following, we will show formula (3.165). We check the diagonal elements first, where
we drop the upper-script (diag) for simplicity.
)p = Trlajaip] = Tr = ;. (3.167)

(cjc;

We have also
(cicide = 1= (cicj)p = 1 = ;. (3.168)
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For the off-diagonal elements, since the correlation matrix is Hermitian then we may

assume that 7 < k in the following argument

(c;#c;bp = +Tr [afgaj-ﬂ o qalp
1—mn;, 0 1—mn; 0
= =£Tr a}éE K ® Can ...
0 7 0 —(nj+1)
1-— Nk 0
..® ak#
0 Nk
and this is equal to zero because
1—n; 0 1— 0
Tr af K ="Tr & ak# =0.
0 1j 0 Tk

THEOREM 3.5. Let p and p be states in 2"-dimensional Hilbert spaces H and H,
respectively, which are quasi-free with respect to the Fermionic systems D and 15,
respectively. If

r’=r?

P

(3.169)

then p and p are unitary equivalent.

PrOOF. Using notations as in Lemma 3.13 (for both D and D), equality of the

correlation matrices gives the equality of the correlations
(D;Dy), = (D;jDy); forall 1<j<k<n. (3.170)
Thus for any positive integer m,
Dlm) — plom), (3.171)

As p and p are quasi-free with respect to D and D, this implies

<ﬁ Dj> = pf[D"™] =pt [D@’m)} = <ﬁ [)j> = <ﬁ U*DjU>(3.172)

P p J=1

p

66



(i),
j=1 UpU*

where we used Lemma 3.2 which provides a unitary U such that dj = U*d;U for all
1 < j <n. Using Lemma 3.4, this implies (A), = (A)yu+ for any A € B(H) and thus

p=UpU". (3.173)
O

COROLLARY 3.3. Under the same assumptions of Theorem 3.5, if W is a Bogoliubov

matriz and

WIPW* =17,

p

then p and p are unitary equivalent.

ProOF. By Lemma 3.11, we have
Dyyx _ WD WD _ 1D
WL ws=I,"=1I/"=1I;.
Then, by Theorem 3.5, p and p are unitary equivalent. 0

THEOREM 3.6. Let p be quasi-free with respect to D on B(H), if FE has eigenvalues

diag)

{n;,1—m;,5=1,2,...,n} then p and p' given in (3.164) are unitary equivalent.

That is, the eigenvalues of p can be found directly from the eigenvalues of the
correlation matrix.

ProOF. Using Lemma 3.17, FE is diagonalizable using a Bogoliubov matrix W,
WITW* =Ty (3.174)

where p{#?9) is given by (3.164) and since p and p{#?9) are quasi-free with respect to D

diag)

and C; respectively. Then by Corollary 3.3 , p and p' are unitary equivalent. [

Next we list more ties between quasi-free states and their correlation matrices.
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THEOREM 3.7. Let p be a quasi-free state with respect to the Fermionic system D

on B(H), then
(a) 0 < p <1 ifand only ifO<FE < 1y,.
(b) p is a pure state if and only if there exists a Bogoliubov matriz W such that

on

r’=w W*, (and thus T} -TD =T7). (3.175)

PROOF. (a) To prove the first statement note that p is a state, then using Theorem

3.4,0< Ff < 1, and it is diagonalizable via a Bogoliubov matrix W, that is,

. n 1-— 7]]' 0
W Pw = P = ptdian)
j=1 0
where
. - j 0
plie9) = (X) g . (3.176)
i=t \0 1—mn;

Now, since p and p{#?9) are quasi-free with respect D and C; respectively. Then p and
p(499) are unitary equivalent.

(b) For the second statement, if p be a pure state then p(®99) is a pure state as well

and thus
dn
> 10
WI,w* = . (3.177)
0 0
To prove the converse, we have
®n
D 10 D c
Fp =W"* W = er W* = Fp(pu’rc) (3178)
0 0

where p(P¥¢) is a pure state, and using the same argument used above, p and pPure)

are unitary equivalent and thus p is a pure state. 0

We are now able to give a formula for the entropy of a quasi-free state p in terms

of its correlation matrix.
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LEMMA 3.18. Let D be a Fermionic system in H, p is any self-adjoint operator in

B(H) with Trp] = 1. If p is quasi-free with respect to D then
S(p) = —Trlplogp] = —tr [T log'Y] . (3.179)
PROOF. FpD is diagonalizable via a Bogoliubov matrix W such that
WIPW* =T iag) (3.180)

where p(%29) has the form (3.164), and since p and p{#9) are quasi-free with respect

to D and C; respectively. Then there exists a unitary U such that
p=Up by, (3.181)
Thus,

Tr[plogp] = Tr [Up(dwg)U* log U p'4ia9) U*] =Tr [p(dmg) log p(diag)}
— tr [Fi(dmg) log rg(M — tr [IWT2W" log WTPT']

= ftr [FE log Fﬂ :

Now we can find the entanglement entropy of a quasi free state from its correlation

matrix.
THEOREM 3.8. Let p be a quasi-free state on B(H). The entanglement entropy of
p with respect to the decomposition Hy @ Ha in (3.88) is given by the formula:
E(p)=—Tr [pl log pl] = —tr [Fi} log Fi}] (3.182)

where Cy is the local Jordan-Wigner system on Ny. Moreover, the correlation matrix

Fii of p* is the restriction of Fg to span{eg;j_1, ez, € Ao}.
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PROOF. The proof follows directly from Lemmas 3.18 and 3.14, recalling that p! is
quasi-free with respect to the local Jordan-Wigner Fermionic system C;, see Theorem

3.3. U
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CHAPTER 4

Particle Number Transport in the Isotropic XY Chain

4.1. The model and main assumptions

For any n > 1, we consider an isotropic XY spin chain, also called the XX or the
symmetric XY chain, in transversal magnetic field on A = [1,n] := {1,...,n}, given
by the self-adjoint Hamiltonian

n—1 n
Hyo = — Z pilojos +ojol ] — Z v;o; (4.1)
j=1 j=1
acting on the Hilbert space H = ®?:1 C?. The parameters u; and v; describe the

interaction strength and field strength, respectively. By o7, 05.’,

and o7 we denote
the standard Pauli matrices, see (3.25), acting on the j-th component of the tensor
product H. Our main interest is in the behavior of random systems, and so we often
think of the parameters, indicated above, as the first n components of sequences of real-
valued random variables indexed by j € N. Assumptions on the random parameters
will be implicit, as we will state our results under the condition of eigencorrelator
localization of the effective one-particle Hamiltonian A associated with Hig,, given by
(4.10) below. This will be understood as the existence of a non-increasing function
F :]0,00) — (0,00), of which we will require that it vanishes sufficiently fast as the
argument tends to co, and such that

E <Sup \<6j79(z4)6k>|> < F(lj = kD), (4.2)

lg|<1

uniformly in n € N and 1 < j,k < n. Here, the supremum is taken over arbitrary
Borel functions ¢g : R — C with modulus pointwise bounded by 1 and g(A) is defined

via the functional calculus of hermitian matrices.
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Typical examples of the function F' in the right hand side of (4.2) are
F(r)y=Ce™ and F(r)=C/(1+7)", (4.3)

where 7, f and C are positive constants. In particular, if y; = p € R\ {0} and v,
are i.i.d. random variables from absolutely continuous distribution p with bounded
compactly supported density, then A is the Anderson model on the finite interval A,

and it is known that for some C' < oo and 7, (4.2) is satisfied with F(r) = Ce™"".

4.2. Reduction to the single particle Hamiltonian

The importance of the isotropic XY chain as a model in the theory of quantum
spin systems goes back to the work of Lieb, Schultz and Mattis [LSM61], where
it was shown that the XY chain with constant coefficients (and initially without
magnetic field) is an exactly solvable model. Their argument proceeds by using the
Jordan-Wigner transform to reduce the XY chain to a free Fermion system. For the
last half century this has turned the XY chain into a canonical toy model for quantum
spin systems, frequently used as a first example to illustrate new concepts.

It was understood that the methods of Lieb, Schultz and Mattis can be extended
to include magnetic fields.

Below we present this reduction. Pauli matrices can be written in terms of raising

and lowering operators,

o' =a;+a;, o'=i(a;—aj), o°=2aja;—1 (4.4)

Using these identities one verifies easily
0joi +ojol =2(ajajn +ajya;), j=1,...,n—1 (4.5)

Similarly,
T T vy o * *
ojoiy —ojol = 2(aja501 + aj,,a]). (4.6)
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We can express Hig, in terms of the operators a; as

n—1 n
Hi, = —2 Z pilajaly + aja;] — Z v;j(2a5a; — 1). (4.7)
j=1 j=1

With ¢; as in (3.34) and using
Ajaj1 = CjCit1, Q105 = Cjy Cyy Q5 Q5 = —Cjy1Cj, Qa5 = C;Cj, (4.8)

one finds that the Hamiltonian His, can be rewritten in terms of the c; operators as

n—1 n n
Hio = 2 i(cieim +chae) =2 vicie;+ Y vl
=1 j=1 j=1
= 2c"Ac+ Epl. (4.9)
Here c:= (c1,...,cn)', ¢ = (cf,..., ), Eo:=>_;v; and A is the symmetric Jacobi
matrix
—V
) PR
A= (Ajk)j,kzl = ‘ ' . (4.10)
. . ,un—l
Hn—1 —Vn
There is an orthogonal matrix U such that
UAU' = A = diag{)\;, j=1,2,...,n}, (4.11)

where {S\j}j, are the eigenvalues of A. Define b = ((31, b))t by
b=Uc. (4.12)

We give two arguments to show that the {Bj}j satisfy the CAR. In the first argument,

we refer to the machinery in Chapter 3, where (4.12) can be written as

b U 0 c
b* 0 U*) \¢*
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and one can see that this is a Bogoliubov transformation, see (3.43). Without referring
to Chapter 3, it is also easy to see that the {l;j}j satisfy the CAR using the linearity
of {,-} and orthogonality of U, as follows. First, the orthogonal transformation (4.12)

gives
n n
T 2 : Ix _ 2 : *
bj = Ungg, bj = Ujrcr-
(=1 r=1

Then, the bi-linearity of {, -} gives

{Bja Bk} = Z UjéUkr{cbcr} =0

lr=1

Finally, the orthogonality of U gives

{b],bZ} = Z U]gUkT{Cg,CT} = Z U]gUkT(SgTIl = ZU]gUMﬂ = 5j,kﬂ~

lr=1 Lr=1

Then by substituting (4.12) in (4.9),

Hy, = 2c¢'U'AUc+ Eyll = 2b*Ab+ Epl

= QZA “b; + Epll. (4.13)

Thus His, has been written in the form of a free Fermion system.

4.3. Particle number operator

In this section we present the particle number operator, and show how the particle
number is a conserved quantity by the isotropic XY chain (4.1).

The particle number operator is defined as follows

” 0 1 0 0
N = Z aja;, where a*= and a= (4.14)
j=1 00 10

are the basic raising and lowering operators. First, note that

a*aler) = |er){er| ley) = [er). (4.15)
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And if we denote the up-down-spin product basis states by
Co =€y ®...Q¢€,, «a€c{T,{}", (4.16)
then one can see that A counts the number of up-spins in e,:
Ney = N, e, where N, = |{j : a; =1} (4.17)

Thus, N counts the number of up-spins (particles) and for this, A" got its name.

One of the most important characteristics of the isotropic XY Hamiltonian Hig, is
that it commutes with the particle number operator, i.e. [His, N'] = 0, this follows
from the following argument:

n

[ 1soa Z Z /4Lj O-Jm‘_|_1 + O-;Joél_;'_l, akak Z VJ a’,;ak]. (418)

]1]{31 7=1 k=

A direct calculation gives that
(05, arar] = 0, for all j and k.

In the first double sum, one can see that it simplifies to
- Z/L] ([U§Uf+1’a;aj] + [O-;Jo-]-i—lu ]+1aj+1]> - (419)

Zuﬂ J ]+1’ ]+1a3+1:| + [UJUJH’CLJ%D

A calculation shows that each term in the previous two big sums is zero, and this
proves that [His, N| = 0.

The fact that Hi,, commutes with the number operators implies that

[e—ltHiso’ =0.
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Then for the dynamics (e, ); = e~ Hiwoe,,, see Section 2.2,
N(en): = Ne e, = 7o Nl = N, (e,), - (4.20)
Also we have, in sense of (2.3) and (2.4):
Ny = A, (1.21)

for any state p and all times ¢, meaning that the number of up-spins (particles) is

conserved in time. This is called the conservation of particle number.

4.4. Weak particle number transport

The goal of this section is to present and prove our main result about the particle
number transport, Theorem 4.1.

For a subset S C A we also define the local number operator, counting the number
of up-spins in S, as

Ns = Za;aj. (4.22)

jes
As initial states p we will consider a product states given by arbitrary density

profiles (diagonal states),

: n 0 .
p:®pj, p; = , 0<n; <1, j=1,...,n (4.23)
j=1 0 1-—mn;
For these initial states p we are interested in how the expectation of the observable
Ns changes under the Heisenberg evolution of Hi,. The latter is given by 7(A) =
¢tttiso Ae~Hiso for any A € B(H), the bounded linear operators over H, while the

it Higo it

Schrodinger evolution of the state p is p; = e~ petttliso Recall that we are denoting

the expectation of an observable A in the state p by (A), := Tr[Ap], we thus have to

analyze the quantity

(Ns)p = TrNgp] =Tr [Nge_itHisopeitHiSO} (4.24)
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— Tr [ Nge™ ) = T [ry(Ns)o

= ((Ns))p-

E(-) denoting the disorder average, we will prove the following bound on the number

of up-spins (particles) in S. (Part (ag) and (4.25) below are adapted from [SW16a].)

THEOREM 4.1. Consider H;, and assume eigencorrelator localization (4.2) for
the effective Hamiltonian A. Then

(@) E <sup e, ) SO (- k).

JES k=1

(ay) E <sup</\/5)pt> < (Nk), + E F(|j — kl|), for arbitrary pairs of subsets
¢ :
JES, kEK<©

SCKCA.

Moreover,

B (sup s}~ Wl ) <2 35 Ui kD, (1.25)

JES, keS¢

If, for simplicity, we think of all 7; to be zeros or ones, where p becomes a pure
state associated with an up-down spin configuration, then parts (a;) and (az2) from the
theorem give an upper bound of the number of up-spins created in .S in time. With
the same proof, we can similarly bound the number of down-spins (holes) in (a): If

N = aja; = |81 - N5,
j€s
then

e (s, ) < 3030 - il - 4D (4.26)

jeS k=1

Statement (4.25) gives a bound for the maximum number of the newly created up-spins

in S. In particular, if F' is decaying exponentially or polynomially as in (4.3) then

E (sgp N — <Ns>py) <c (4.27)
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where C' < oo is independent of the sizes of S and chain A. This can be seen from the

fact that

> Fli—k)<2) jF()

jJES, keSse

This means that the total number of the newly created particles in S is bounded,

regardless of the situation outside S. Meaning that if the initial state p is void only in
S, i.e.
p=¥)(¥l, where v = (e))%" ® (et) ", (4.28)
then a weak particle transport can be concluded.
An interesting special case of Theorem 4.1 arises when starting with all up-spins

in a subinterval Ay C A and all downs-pins in A \ A, i.e. for the pure state
p=le)el, with @ = (e)®" @ (e))*M\, (4.29)

meaning 7, = 1 for k € Ay and 7, = 0 otherwise in (4.23). If S C A\ Ay, then parts
(a1) and (ag) with K = A\ Ag in the latter implies
E (sup (), ) IPILCELIELIP T
j€S keho d(S,A

where d(A, B) = min{|a — b| : a € A,b € B} denotes the distance between two sets.

- d(A, S)

e

FIGURE 4.1. Subregions Ay and S over the initial state ¢, here Ag

occupies the left end of the chain.

This is a bound on the expectation of the number of up-spins which penetrate
from Ag into S. If F' has sufficiently rapid decay, then the right hand side of (4.30) is
not only finite, uniformly in the sizes of A and Ay, but decaying for growing distance

d(S, Ag). More precisely, the following Corollary lists two cases:
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COROLLARY 4.1. Assume the eigencorrelator localization (4.2) for the effective

Hamiltonian A and the initial state p given in (4.29). Then
(a) If F(r) = Ce™ for some C and n < oo then
E <s1t1p</\/5>pt) < Cle24(5A0) (4.31)
for some C' < .

(b) If F(r) = C/(1+7)? for some C' < oo and 3 > 2 then

E (sgp(/\/5>pt) < W, (4.32)

for some Cg < oo.

Here C' and Cjs are independent of the sizes of S, Ao, and A.

4.5. Proof of main results

The goal of this section is to prove Theorem 4.1 and Corollary 4.1.

PROOF OF THEOREM 4.1. Using that aja; = cjc;, for all 1 < j < n, the operator

Ng can be written as

Ng = Z aja; = Z ;c5. (4.33)

jes =

Thus, the quantity of interest here is

Ns)p = Z<C;Cj>l7t = Z<Tt(c;cj)>p = Z<Tt(C;)Tt(Cj)>p (4.34)
jes jes jes
where we used in the last step that the Heisenberg evolution of a product of two

observables A and B is the product of their Heisenberg evolutions, i.e.

Ti(AB) = efise ABe ™ "is0 = ¢itHiso po~itHiso pitHiso Ro~ithiso — (A7 (B).  (4.35)
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Next we will find an explicit formulas for 7;(c}) and 7;(c;). First, for any 1 <k <n,

observe that

[Hiso, bi] = 2 Nj[B3b5,bi] = =2\ (4.36)
j=1
Next, we will show that
7o(bi) = 72y (4.37)
First, define the functions
hk (t) = eitHisoi)ke_itHiso. (438)
It is easy to see that
Ry (t) = iehiso [ Higy byJe™ o = —2i )\ hy (1), (4.39)
and so
hi(t) = e 2% By (0) = e 2]y (4.40)

In vector form, this can be expressed as 7;(b) = e~2*Ah, where A is given in (4.11).

This implies

7(c) = 1 (U'D) = U'ry(b) = Ule 2" = Ule 2 [c = ¢ %t4¢ (4.41)

where we used (4.11) and the change of variables (4.12). This means that

n n

7i(es) = > (€ ner,  T(e)) =D (672 uci. (4.42)
k=1 =1
Thus we get
nle)y = 3 @FA), (¢ 54) | (i),
k=1
= (G—QitA)jk (G—QitA)jk T]k; (443)
k=1
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where we used in the second step, with the specific initial density matrix p = ) i Pj
given in (4.23), that
{cecr)p = Otk M- (4.44)
By substituting (4.43) in (4.34), we find
NoYor =33 o [ (4.45)
JES k=1

Thus we can use eigencorrelator localization (4.2) to find that

(o), ) < 03w (sl (1.46)

jES k=1

< Yy nE (sup e
jes k=1

< >N mF(j— k),
JES k=1

where we used that |(e2*4);.]2 < |(€*'4);;| because €*'4 is a unitary matrix, and this
proves statement (ay).

To prove (az), we start by noticing that

Ko = > mj = tr[xxn] (4.47)

jeK
where yx is the restriction operator to the set K, and n := diag{n;,j = 1,2,...,n}.

Moreover, (Ng),, in (4.45) can be written as
(Ns)p = tr [xsUnUi] (4.48)
where U, := e?*4. Thus

Ns)p = trixsUnUy]
= tr [xsU xxnU + tr [xsU! xxenUi]

< tr[UfxenU] + tr [xsU X kenUi]
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<t xen] + |IxsU xke || 1lnUtd|

< Wit D 10D,

jES, keKe
In the third-to-fourth step, we used that for any trace class operators A and B, we
have | tr[AB]| < ||A]|1]|B||, see Lemma B.3 for a proof. In the fourth-to-last step, we
used that ||nU;|| < 1, and the fact that the 1-norm can be bounded by the sum of the
absolute value of the matrix elements, see Lemma B.4 for a proof. Finally, by taking
the sup over t then averaging we get statement (ay).

To prove (4.25), we proceed as follows

‘(NS>Pt - <NS>,0‘

tr [xsU; U] — tr [xsn|
= tr [xsU (xs + xse)nUs] — tr [(xs + xs¢) U xsnUi]|
= |tr [xsU; xsenUs] — tr [xs U xsnU|

< xsUrxselldllnUell + [Ixse U x|l [nUel|

< Z [(U]) x| + Z |(UF) x|

j€S, kese jese, kes

Applying the sup over ¢ and averaging yield (4.25). O
Next we prove Corollary 4.1, where we use the bound in (4.30) as a starting point.

PROOF OF COROLLARY 4.1. (a) For the case of power decay F(r) = C/(1+r)?,

using bound (4.30) we get

E(Sl;p(/\/b)pt) < 20 Z

;<20 Z

Jj=d(S,Ao) j=d(S,Ao)
< 20/ (1+ )77 da
d(S,Ao)—1
Cs
= —£f 2
a5 77

where Cs = 2C(8 — 2)~'. In the third step we used the integral bound for the series.
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(b) Exponential decay of F' leads to exponential decay of E (sup,(Ns),,) in d(S, Ag),

as follows.

B (s, ) < O3 e

JES k€Ag

= N e HiH g

JES k€eo

Ce4SM) 5§ o~ 4liH

JES k€eAo

Cembls:h0) 3§ o3k

JEA\Ag kEAQ

2(e 2USN0) Z je’gj

j=1

S ée_gd(S7A0).

IN

IN

IN

Here C' = 2C Z]Oil je~ 27 and the convergent series can be estimated using the

corresponding integral bound. U

Note here that the proof of Theorem 4.1 does not extend to the case of the
anisotropic XY chain, as can be expected physically: In the anisotropic case we do not
have particle number conservation. Thus up-spins can be created by local properties
of the dynamics, for example by simply flipping a down-spin into an up-spin. This
can not be prevented by being in the regime of many-body localization, which is the

main physical mechanism exploited in our proof.
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CHAPTER 5

Entanglement Dynamics of Disordered XY Chains

5.1. The model and main assumptions

We consider an anisotropic XY spin chain in transversal magnetic field given by
the self-adjoint Hamiltonian

n

n—1
H=Hyum==> il(l+)0505, + (1 —y)olol] = vo; (5.1)
j=1

j=1
in’H = ®?:1 C?, where [1,n] := {1,...,n} for an arbitrary positive integer n. As
in Chapter 4, o, aé.’, and o; denote the standard Pauli matrices acting on the j-
th component of the tensor product. The parameters ji;, v;, and v; describe the
interaction strength, anisotropy and field strength, respectively, and we will think of
them as the first n components of sequences of real-valued random variables indexed by
7 € N. To be more precise, our standing assumptions will be that all three sequences
{1;}ien, {7j}jen, and {v;};en are i.i.d., also independent from one another, and that
they have distributions of bounded support.

Stronger assumptions on the random parameters will be given later, as we will
assume that the eigencorrelator localization of the effective one-particle Hamiltonian

M, given by (5.5) below, is satisfied. This in analogue of (4.2) reads

lgl<1

E <sup Hg(M>ij) < F(|j - k), (5.2)

uniformly in n € N and 1 < j,k < n. But here, we view g(M) as an n X n-matrix
with 2 x 2-matrix-valued entries and thus || - || on the left of (5.2) is a norm on the

2 x 2-matrices, which, for definiteness, we choose to be the Euclidean matrix norm.
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And as in Chapter 4, F' : [0,00) — (0,00) vanishes sufficiently fast with typical

examples as in (4.3).

5.2. Reduction to the single particle Hamiltonian

The Jordan-Wigner transform used in Chapter 4 can be extended to the anisotropic
case with variable coefficients p;, v;, and v;, see [HSS12]. And the diagonalization of
H can be reduced to the diagonalization of the effective Hamiltonian M.

Below we present this reduction. Tracing the first steps from the isotropic case

(Section 4.2), statement (4.7) reads

n—1 n
H=-2 Z pila;asi,y + ajaa + vi(ajaz + aj,,aj)] — Z vi(2aza; — 1), (5.3)
j=1 j=1

Using the identities (4.8), the XY Hamiltonian in its general anisotropic form (5.1)

can be written in terms of the ¢; operators as

n—1 n
H = =2) pylejciy + e +7i(cicim + ) = Y vi(2¢ie; — 1)
j=1 j=1

n—1

B — . . * j— * . . * j— * .

= =Y 1[G = e+ ¢nc) = et
j=1

n

* * E * *

Vi(¢icjr1 — ¢jracy + GG — Cjcj+1)} - vi(cje — ¢cj)
J=1

— C'MC, (5.4)

where C is the Jordan-Wigner Fermionic system (see Section 3.1.1)

* * *\t * * * *
C=(c1,c],09,C5, ... CnyCh)y CF=(c],c1,C5,CopennyCriCn),

n ) n)
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and M is the effective one-particle Hamiltonian which can be written in form of the

symmetric scalar 2n X 2n-matrix M given by

—1no® uS(n)
mS(m)t —eo®

M = , (5.5)
Hn—18<’7n—1)
Nn—ls(’}/n—l)t _Vngz
where
Iy
S(v) = - (5.6)

Next, we diagonalize the Hamiltonian H. It is more comfortable to deal with the block

form of M given in (5.7) below. This is done using the permutation matrix P which

maps the canonical basis vectors ey, ..., es, of C* to ey, €n41,€2,€nis- -, En,s Con,
- A B
PMP!"=: M = , (5.7)
—-B —A
where
—V1 0 7m
Hn—1 Yn—1Mn—1
Hn—1 —Vn —Yn—1Mn—1 0
(5.8)

We have A* = A' = A and B* = B' = —B, and thus

- A —-DB* A B -
M.
B* —A* —-B —-A

M = —M, (5.10)



we see that M is unitarily equivalent to —M, and thus, o(M) = —o(M), i.e. M has
spectrum symmetric about zero.

Let S:= A+ Band 0 < A\ < Ay < ... <)\, be the singular values of S, i.e. the
eigenvalues of (5*S)'/2, counted with multiplicity. Let A := diag{\1,...,\,}. The

singular value decomposition of S gives orthogonal matrices U and V such that
USV!=U(A+ B)V' = A. (5.11)

This implies
A=A =VSU" =V(A- B)U" (5.12)

Let

R 1({ V+U V-U
W=~ : (5.13)

2\ v-U v+U
Then W is an orthogonal 2n x 2n-matrix. This can be checked by directly verifying
that WW?! = 1, or, alternatively, by noting that W is unitarily equivalent to an

orthogonal matrix,

R V 0 1 1 1
SWS™! = , with the orthogonal matrix S := —
0 U V2 g1

Calculations show that

G _ (A BV VA= BU 2U(A+ BV 2V(A - B)U'
4 \2V(A - B)Ut —2U(A+ B)Vt —2U(A+ B)V' —2V(A — B)U*
A O
0 —A

where (5.11) and (5.12) are used in the last step.

This means

Y & U B "N 0
M=W! W, wMw'=g |’ : (5.14)
0 —A =1 \ 0 =\
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where W = P'W P is Bogoliubov. Let
B .= WC. (5.15)
By Lemma 3.1 this is a Fermionic system and

H = C*MC=BWMW'B
D VI

— B*@

j=1 0 =\
= > (b — bjby)
j=1
using the CAR, we get
H =2 \bib; — Egll, where By = » _\;. (5.16)
j=1 j=1

Thus H has been written in the form of a free Fermion system. Let €2 be the vacuum

vector of the b; and
Yo = (07)* ... (01)* ", a=(ag,q,...,q,) € {0,1}" (5.17)

the orthonormal basis of ‘H associated with B. Using (3.13), the 1, form a complete

set of eigenvectors for H with corresponding eigenvalues 25 Aj — Ejy, so that

Jiaj=1

the spectrum of H is

o(H) =< Ea:=2 Y A —Egac{0,1}" ). (5.18)
Jiaj=1
Note that
o(H) is simple = o(M) is simple. (5.19)
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This can be seen by proving that the contrapositive is true: Suppose that there exists

an ¢ € {1,2,...,n — 1} such that Ay = A\gyq, then let

a=(ag,...,001,1,0,p11,...,0), B=(aq,...,00.1,0,1,041,...,03)

and note that a # 3 but E, = Ej.

5.3. Problem setup and results

The set-up is as before, where we consider the general anisotropic XY chain
Hamiltonian H = Hpy,,), as in (5.1), on volume A = [1,n]. We will need to assume

that, for every n € N,
Hpy ) almost surely has simple spectrum. (5.20)

Let Ag = [a,b] be an arbitrary subinterval of A and consider the bi-partite

decomposition

H=H10H, with H=@)C* and Hy= ) C. (5.21)

J€Ao JEA\Ao

By p' = Try, p we denote the partial trace of a state p in H found by tracing out
the variables in A\ Ag, see Section 2.5, and &£(p) = S(p') the entanglement entropy of
p with respect to the decomposition of A into Ag and A\ A, see Section 2.6.

We will consider the Schrodinger time evolution p, = e~ peiH of suitable ini-
tial states p and study how their bipartite entanglement £(p;) with respect to this
decomposition grows in time. Towards this goal we can handle initial states which are
products of any finite number of eigenstates of restrictions of the XY Hamiltonian
(5.1) to subsystems.

More precisely, let 1 =rqg < ry < --- <1, = n be integers and, for each 1 < k < m,

set Ay, = [rr_1, 7 —1], while A,;, = [r,_1, 7). Thus A is a disjoint union of the intervals

Ay withk=1,--- ,m.
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For 1 < k < m, consider the restrictions Hy, of the XY Hamiltonian H = H, to

Ay, defined similar to (5.1),
Hyo=— Y wl(l+)0507, + (1= )olol] = > vo; (5.22)
jGAij-i-lEAk ]GAk
which are self-adjoint operators on Ha, = @) s, c

For each k let 1, be a normalized eigenstate of Hy, and let py, = |[¢x)(Yi]. We

choose the initial state
o=@ e (5.23)
k=1

We can now state our second main result, an area law for the entanglement

dynamics of product states of the form (5.23):

THEOREM b5.1. Assume that the anisotropic random XY chain (5.1) has almost
sure simple spectrum (5.20) and that M satisfies eigencorrelator localization (5.2) with
F(r)=C/(1+71) for some B > 6. Consider an initial state p as given by (5.23) and
its Schrédinger evolution p, = e~ pett yunder the full XY chain Hamiltonian H.

Then there exists C' < oo such that

E < sup 5(,09) <C (5.24)

t{Yr}e=1,2,...m

for allm, m, a and b with 1 < a < b <n, 1 < m < n and all decompositions
A, .o Ay of A = [1,n]. In (5.28) the supremum is taken over all t € R and all

normalized eigenfunctions ¥y of Hy,, k=1,...,m.

In general, we do not require the decomposition Ay, ..., A,, to be compatible with
the decomposition into Ay and A\ Ag. However, if Aq is chosen to be a union of
adjacent Ay, say of A,,..., A, see Figure 5.1 as an example, then the initial state is a

product state (not entangled) with respect to H; ® Ha:

E(pr=o) = E(p) = S(py, ® ... @ py,) =0, (5.25)
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as Py, @ ... QR py, is a pure state. For ¢t > 0, p; is generally not a product state and
thus (p;)! not a pure state, so that £(p;) will be strictly positive, with upper bound

given by the “volume law” logdim H; = |Ao|log 2, see Lemma 2.1(b).

CIC N ) CIC )

A, A,

FIGURE 5.1. An example with m = 4, the subinterval Aq is chosen to

be AQ U A3.

The “area law” (5.28), giving an upper bound for the entanglement dynamics
proportional to the surface area of the subsystem Ay (with surface given by its two
endpoints), is uniform not only in time ¢t € R, the size of the system A, and the
subsystem Ay, but also applies uniformly to all possible products of eigenstates of Hy,
for k =1,2,...,m, irrespective of their energy. As a special case one could choose a
product of ground states of the H,,, but our result goes far beyond this and reflects
the fact that the random XY chain is a model of a fully many-body localized quantum
system.

We comment on the two extreme cases m =n and m = 1:

(i) In the extreme case when m = n we have Ay = {k} and H,, = —v0}, so
that all interaction terms in the XY chain have been removed. For each k£ we have
o(Ha,) = {vk, —vi}, which is almost surely simple if the distribution of the vy does not
have an atom at 0. The eigenvectors are |e4) and |e;), so that the corresponding initial
states for Theorem 5.1 become p = |e,) (e, | with arbitrary up-down-spin configurations
eo given by (4.16).

Then Theorem 5.1 gives that eigencorrelator localization of the effective Hamilton-
ian M implies an area law for the Schrodinger evolution e e, ) (e, |e®™" of arbitrary
up-down-spin configurations. In fact, in this case the proof allows to slightly weaken

the required decaying rate of the eigencorrelators:
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COROLLARY b5.1. Assume that H is almost surely simple and that M has localized
eigencorrelators with F(r) = C/(1+1)? for some 3 > 4.
Then there exists C' < oo such that

E (Sup 5(6—“H|ea><ea|e“ﬂ)> <C (5.26)

t,a

foralln, a and b with 1 < a < b <n.

(ii) In the other extreme case when m = 1. In this case (5.23) simply means that
p = py for a normalized eigenstate 1) of H. As these states are stationary under
the time-evolution, p; = p, Theorem 5.1, respectively its proof, yields the following

Corollary:

COROLLARY 5.2 ([ARS15]). Assume that H is almost surely simple and that M
has localized eigencorrelators with F(r) = C/(1+1)? for some 8 > 2. There exists

C < oo such that
E (sipsuwwa) <c (5.27)

where the supremum is taken over all eigenvectors ¢ of H.

Again, we will prove this corollary at the end of Section 5.6.

5.4. Higher moments

Theorem 5.1 and Corollaries 5.1, 5.2 are showing that the entanglement entropy
of a large class of states in the XY chain is bounded after disorder average. A natural
question to ask is whether we can extend the results and prove an almost sure bound.
One way to tackle this is by finding (if possible) a uniform bound for the p-moments of
entanglement entropy of these states, in this case we conclude that the entanglement

entropy is essentially bounded.

THEOREM 5.2. Assume that the anisotropic random XY chain (5.1) has almost

sure simple spectrum (5.20) and that M satisfies eigencorrelator localization (5.2) with
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F(r)=C/(1+71)? for some 3> 6p and p is a positive integer. Consider an initial
state p as given by (5.23) and its Schrodinger evolution p; = e~ peft ynder the full
XY chain Hamiltonian H.
Then there exists C' < oo such that
E (Xp)]% <C,, where X = sup E(pt) (5.28)
t{vnte=1,2,...,m

for allm, m, a and b with 1 < a < b <n, 1 <m < n and all decompositions

Ay, oo Ay of A=[1,n].

In the isotropic case with constant p; = p, the eigencorrelator localization (5.2)
holds with an exponential decaying function F. i.e. F(r) = Ce " see Section 5.5

below. In this case, an explicit bound can be found.

COROLLARY 5.3. In the isotropic case, assume that the effective single particle

Hamiltonian M satisfies eigencorrelator localization (5.2) with F(r) = Ce™"". Consider

an initial state p as given by (5.23) and its Schridinger evolution p; = e *HtpeiH?
under the full XY chain.
Let p be a positive integer, then there exists C' < oo such that
, 1 2
[E (XP)]7 < 4log2-(C-D)/r. (?) (5.29)

for allm, m, a and b with 1 < a < b <n, 1 <m < n and all decompositions

Ay, .. Ay of A=[1,n]. In (5.29),

v (g (ze)

One can see from (5.29) that (E(X?))'/? diverges as O(p?) for p — oo. Thus no

almost sure bounds can be concluded with the method used here.
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5.5. Applications

Here we discuss some concrete examples, i.e. assumptions on the random variables
i, v; and v; which guarantee (5.20) and, most importantly, one-particle localization
of M in the form (5.2).

We will focus on the case of random magnetic field, where the corresponding
one-particle localization properties are best understood, i.e. we choose u; = p €
R\ {0} and 7; = v € R to be constant, while the v; are i.i.d. random variables
with compactly supported distribution p. Assuming, moreover, that p is absolutely
continuous dp(v) = h(v)dv, it follows from Proposition A.1 in [ARS15] that (5.20) is
satisfied as well.

The localization property (5.2) is known for the following cases.

(i) Let v = 0, so that

H=—pu Z(Uj-”afﬂ +ojol ) — Z vjo; (5.30)
J

J
is the isotropic XY chain in random field. Then all 2 x 2-matrix-entries of M are

diagonal and thus M decomposes into A @ (—A), where

-

U (5.31)
S

H —VUn

is the Anderson model on the finite interval A. If the density h is bounded and

compactly supported, then it is known that, for some C' < co and n > 0,

E (sup rg<A>jkr> < CehiH, (5.32)

see e.g. [Stol1]. This readily implies (5.2) with exponential decay in |7 — k.
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(ii) For the anisotropic case v # 0, which does not reduce to the Anderson model,
localization properties of one-particle Hamiltonians given by block Jacobi matrices of
the form (5.5) have been studied more recently.

A result by Elgart, Shamis and Sodin [ESS14]| covers the large disorder case: If

the i.i.d. random variables VJ(O)

, 7 € N, have bounded compactly supported density,
and if v; = Ay](.o) for A > 0 sufficiently large, then (5.2) holds with exponential decay
in [j — k|. This is done in [ESS14] through an adaptation of the fractional moments
method to a class of random block operators which includes our model (5.5).
If the magnetic field is strong enough to create a spectral gap for M around energy
E =0 (uniform in the volume n and the disorder), then we can apply a result from
[CS15]: Suppose that for some C' > |u| it holds that either v; > C for all j € N or
v; < —C for all j € N, resulting in the spectral gap (—(C —|u|), C' —|p|) for M. Then
for every £ < 1 there is C' = C(&) and n = n(£) > 0 such that
- (Sup Hg<M>ij> < e, (5.33)

lgI<1

This is essentially what is shown in the proof of Theorem 7.2 of [CS15], while the
results there are only stated in terms of dynamical localization for M, i.e. for the
—itx

functions ¢;(z) = e="** (but the argument covers general |g| < 1).

5.6. Proofs of results

In this section we prove our results about the entanglement dynamics, Theorem 5.1
and Corollaries and 5.1 and 5.2. Our goal is to analyze the dynamical entanglement
entropy £(p:) of the state with initial density matrix p = @), py,. We start by

proving that p, given by (recall)
P = o~ 2itH ®p¢k€2itH (5.34)
k=1

is quasi-free. This will be done in three steps: First, we will show that {py, }}*, are

quasi-free with respect to the corresponding local Jordan-Wigner Fermionic system.
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Then using Lemma 3.9, the tensor product of (local) quasi-free states is quasi-free.
Finally, using Lemma 5.2 below, we get that the time evolution under the full XY
chain of an arbitrary quasi-free state is quasi-free.

The importance of this lies in the fact that quasi-free states p are completely
characterised by their correlation matrices Fg defined in Section 3.3. Moreover, the
von Neumann entropy of a reduced state p' is determined by a restriction of the
correlation matrix. Here we restate Theorem 3.8 for the reader’s convenience, as a

Lemma.

LEMMA 5.1. Let p be a quasi-free state on B(H). The entanglement entropy of p

with respect to the decomposition Hi @ Hs in (5.21) is given by the formula:
£(p) = ~Tx [plog p'] = —tr [T log 4] (5.35)

where Cy s the local Jordan-Wigner system on Ag. Moreover, the correlation matrix

Fg} of p is the restriction of Fg to span{esg;_1, €25, J € Ao}

We note that, for the case of the ground state of the XY chain in constant magnetic
field, the identity (5.35) was first given in [VLRKO3]. There, together with an exact
expression for the correlation matrix in the thermodynamic limit A — Z, (5.35) was
used to numerically predict the dependence of the ground state entanglement on
the size of the subsystem. These predictions, again for constant field and in the
thermodynamic limit, were later rigorously proven, see [IJK05, IMMO8] for most
general results and additional references.

We proceed with proving that every eigenstates py, of the XY chain H,, defined
on B(Hy,) for all k =1,2,...,m is quasi-free state with respect to the local Jordan-

Wigner Fermionic system

t
k k) % k k) \*
e = (e, (), b () )
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As recalling from the end of Section 5.2 that
Yo = (b7)* (63)% ... (b;,)"" 2, a €{0,1}"

are the eigenfunctions of the Hamiltonian H. Lemma 3.2 states that p, = [ta) (V4]
are quasi-free with respect to the Fermionic system B. The Bogoliubov transformation
between B and C implies that {p,}. are quasi-free with respect to the Jordan-Wigner
Fermionic system C.

The same argument applies to restrictions of the XY chain to the subinterval Ay
of A. H,, reduces to

Hy, = ck) MkC(k)

where M}, is the 2|Ag| x 2|Ay| effective single particle Hamiltonian of Hy,, it is the
restriction of the block-Jacobi matrix (5.5) to Ag. Let {A§k), AW =1, AR

Vi Y
be the eigenvalues of M; where /\Sk

) > 0 for all j. Following the same steps as in
Section 5.2, a Bogoliubov transformation B*) of the local Jordan-Wigner system C*)

will allow to write H,, in the form of a free Fermion system

[Ak] [Ax|

_2ZA’“ By ZW . (5.36)

Thus, the eigenfunctions of H,, are

W= () ()T e,

where Q®) is the vacuum vector of the bg-k) Fermionic operators. As in the full XY chain,
the eigenstates |¢,m)) (¥ x| are quasi-free with respect to the local Jordan-Wigner
Fermionic system C*). We know that H has almost surely simple spectrum. Since
v, kj, and v; are i.i.d. then by translation invariance the restriction to Ay, Hj, has
simple spectrum almost surely. This means that any given eigenfunction 1, of Hjy,

corresponds, up to a phase, to one of the Fermion eigenfunctions ¥, k). i.e. there
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exists an a®) € {0, 1}/*+! such that

Py = Patk) = Vo ) (Yo |-

And thus, any local eigenstate py, is quasi-free with respect to the corresponding local

Jordan-Wigner Fermionic system.

LEMMA 5.2. If p is an arbitrary quasi-free state then its Schrodinger evolution pg

under the XY chain H s quasi-free for all t € R.

ProoFr. For f,g: A — C, define B(f,g) as in (3.20), then using (4.37) we get

¢MB(f.g)e M = M (ijbj+§jgkbz> ettt (5.37)
j=1 k=1

n

k=1

J=1

= B(e%tAfa 62itAg) = B(ftagt)a

where A = diag{)\;,j =1,...,n}. Now for f;,g; : A — C, and any positive integer m,

<H B(f;, 9j)> - <H e B(f;, gj)e“H> (5.38)

j=1 Pt J=1 P

= <HB(fj,tagj,t)>

= pf |BP™]

5

where we used the cyclicity of the trace and (5.37), and Bt(ﬁ ™) is an anti-symmetric

m X m matrix, whose jk-th element (for 1 < j <k <m)is

(B it = (B(firs 91 B(fi 950005 = (B(fis 90) BUF5, 97 =t [B*™ ] (5.39)
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and extended appropriately by antisymmetry. Thus,
<H B(fj,gj)> = pf [BP™]. (5.40)
j=1 5

Thus p; is quasi-free with respect to B and thus with respect to C. O

This completes the last step in showing that p; is quasi-free.
In order to apply Lemma 5.1 to p;, we see that we must investigate the correlation
matrix th. To see how this correlation matrix evolves in time, we use the following

lemma.

LEMMA 5.3. If p be a density matriz on B(H) and p; = e~ pet s its Schrodinger

evolution under the XY chain. Then the correlation matriz of p; is given by
C _ —2itMpC 2itM
[, =e [Ge™ ™. (5.41)

PROOF. From the free Fermion form (in terms of the b-operators) of the Hamilton-
ian generating the dynamics, see (5.16), and following the same argument in finding

the dynamics of I~)j under Hi,, in (4.37), one finds that
Ti(b;) = e *Nb; and 7 (b)) = €*"Nb3. (5.42)

In vector form this can be expressed as
n —Qit)\j O
=(B) =P |8 (5.43)
=1 0 62“)\'7
which implies
Tt(C) = Tt(W*B) = W*Tt([)’)
n G_QitAj O

j=1 0 e2itA;
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n —2it; O

e
= W wce
@ O eQit)\j
— B—QitMC
As a result,
Ie, = (rn(CCY)), = (e 2"Mecre™™), (5.44)
and then (5.41) follows using that (-), is linear. O

Thus, using Lemma 3.15 giving that the correlation matrix of a tensor product of
states is the direct sum of the correlation matrices corresponding to each of the states,

we get that
Py (k)

6 = e 2t Qe e2th, (5.45)
k=1

Next we find the correlation matrices ng(k) in terms of the effective one particle
P

Hamiltonian.

LEMMA 5.4. Assume that M has simple spectrum. Then, for each o € {0,1}" and
the corresponding eigenfunctions 1., given in (5.17), of H. The correlation matriz
with respect to the Jordan- Wigner Fermionic system C of the eigenstates po, = |ta) (W4
s given by

F,fa = xa, (M), (5.46)

i.e. the spectral projection for the effective one particle Hamiltonian M onto the set
Ay ={N:a; =0}U{=)\;:a; =1}. (5.47)

Here {\;,—X\;:j=1,2,...,n} are the eigenvalues of M.

Note that, in particular, py = |Q2)(€2| is the ground state projection for H and

T = X} (M) = X(0,00) (M).
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The difference between Fgo and Fga is that ); is replaced by —A; for each site j in

which a “particle is created” by b} in (5.17).

PROOF. Note that using (5.19) the non-degeneracy of the spectrum of M follows
from the non-degeneracy of the spectrum of H. The first step in the proof is to recall

that, see Lemma 3.12

" (5.0 0
g =@ , (5.48)

k=1 0 50%’1

where B is the Fermionic system (5.15). As C = W'B, by Lemma 3.1,

" (a0 O
e —wrEw=w| " Ww. (5.49)
k=1 0 60%71

Now, since the eigenvalues of M are simple, i.e. =\, < ... < =A; <0< A\ <

.. < Ay, then

n

D

k=1 0 50%71

dap0 O

is the spectral projection for

A I VR
=1 \ 0 =X
onto A,. Therefore (5.46) follows from (5.14). O

Now, by noting that the simplicity assumption (5.20) requires that, almost surely,
Hyy ) is simple for all n € N. Since we have also assumed that the random parameters
entering H are i.i.d., this yields by translation invariance that all Hy,, k=1,...,m,
are simple, again almost surely. Lemma 5.4 when applied to the restrictions Hy, of

the XY chain H, this gives

®)
Tp o = Xaw (M), k=1,....m. (5.50)

Here Mj, is the effective Hamiltonian for Hj,, i.e. the restriction of the block-Jacobi

matrix (5.5) to A, A, w is a suitable subset of the spectrum of M, (defined in terms
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of the eigenvalues of M}, in analogy to (5.47)), and the right hand side of (5.50) denotes
the spectral projection for M onto A ).

In summary, using (5.45) and (5.50), the correlation matrix of p; is given by

m

k=1

We now prove our main result.

PROOF OF THEOREM 5.1. An important first step is to recall that the eigenvec-
tors 1y, of the restricted XY chains H,, as eigenvectors of equivalent free Fermion
systems (5.36). And each of the eigenvectors v of Hy, in the definition (5.23) of
p must, up to a phase, be equal to one of the Fermion eigenvectors ¢, and the

corresponding eigenprojector equal to pym = |[ym ) (Yom|. This shows that

P = Pa ‘= ‘wa><wa|> (5'52>

where 1, == 1,0 @ ... ® Yym), a = (oM, ... a™) € {0,1}". Thus the claim (5.28)
is equivalent to

B (supe(pa)) ) <€ < o0 (5.53)

uniformly in n, a and b.

In the following we fix ¢t and « and abbreviate

(pa)t

[:=T¢ | =e2My 2™ where x, 1= @XACM) (My). (5.54)
k=1

Also, let T'y be the restriction of I" to span{es;_1, €9, : j € Ag}. As explained at the
beginning of the section, p; is quasi-free. Thus, by Lemma 5.1, 'y is the 2|Ag| X 2|Ay|

correlation matrix of the reduced state (p,); and
E((pa)t) = —tr [y logl]. (5.55)

Let the eigenvalues of I'y be &5, 1 —&;, 7 =1,...,|A¢|, with 0 <¢; < 1/2.
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The following is a calculation essentially taken from [PS14], extended to the more

general type of correlation matrices needed here.

We have

E((pa):) = —tr[l1logTy] (5.56)

[Ao]

= — Z (&log&; + (1 — &) log(l —¢&;))

[Aol

< 2log2) /(1
=1

= log2tr [(Ty(1—T4))"?],
where we have used the elementary inequality

—zlogzr — (1 —xz)log(l —z) < 2log2y/x(1 —xz), for 0 <z < 1. (5.57)

The Peierls-Bogoliubov inequality, Appendix B.1 and [Sim], says that

> f(4y) (5.58)

for any convex function f and m x m hermitian matrix A. Using this with f(z) = —y/z
as well as the elementary inequality v/x + \/y < V2\/x Ty, we may further bound
(5.56) by

E((pa)) < V2log2 > (tr[(Ty(1—T1)u)", (5.59)

J€ENo

where matrix elements should be understood as 2 x 2-matrices.
Now, since I' is an orthogonal projection, we use I'> = I'" with block matrix

multiplication to get,

=I5+ > Talky+ Y. il (5.60)
ke, j#£k keA\Ao
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Thus

[;(L=Ty;) = Z Ljil'e; + Z Ll (5.61)
kelo, j#k KEA\Ao

Then, for j € A,

(MM =T1),; =Ty =T5) = > Tuly= Y Tulky= > Tu(ly)"
k€Ao, k#j kEA\Ag k€A\Ao
(5.62)

Inserting this into (5.59) and using tr [[jx(T;)*] < 2||Tk||?, we get

1
2

E((pa)) < V2l0g2) [ > tr[Ti(Tn)"] (5.63)
Jje€Ao \keA\Ao
< 2log2) [ > TP

je€Ao \ kEA\Ao

And using /= +y < /x + /y, we find

E((pa)) < 210823 3 [Toel (5.64)

¢eNo #/EA\Ag
for all @ and .
Thus we are led to having to bound the expectations of ||['yx||. Using (5.54), it is

clear that

FE,Z’ = Z (6_2itM)€,z(Xa)z,z’(€2itM)z’,€" (565)

z,2' €A
Let us denote by “sup” the supremum over all & € {0,1}" and ¢t € R. The Hoélder

inequality implies

. 1 1
E (sup||[Teel) < Y E (sup [z )*) " E (sup | (xa )z 7)) ¥

z,2' €A

. 1
x B (sup [[(e*). 0 [°)° (5.66)

Since all the operators on the right above have norm bounded by 1, we may estimate

|- 1]*> < || - || and then apply our decay assumption (5.2) on eigencorrelator localization.
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Note that by assuming the validity of (5.2) for all n and by the translation invariance of
the distribution of random parameters, (5.2) also applies to the effective Hamiltonians

M. of the subsystems. Note that, if z € Ay, and 2z’ € Ay, such that k; # ky then

(Xa)z,z’ = 0.

For any z, 2" € Ay, let Z and Z’ be their shift to the set {1,2,...,|Ax|} then

E(sup [ (Xa)oll) < E (sup (x4, (Me)z2)

lgl<1

< E (sup H[Q(M)]z,,z'H)

C C

< .
- I+ E=Z)F Q4 |z—2])8

We also have

+2it M ¢
E (sup [[(e=);ll) <E (Elllgpl H[Q(M)]j,kH) < (e (5.67)

This leads to bounds for all the matrix elements appearing in (5.66).

1 1 1
Esup [Teel) < C ) L+ 16— 2DBR (1 + [z — 2[)BR (1 + [/ — ¢])3

z,2' €N
1 1
< C-D
- ZE; (141 —2])83 (14 |z —€])8/3
1
< C-D?. (5.68)

1+ 10— PR

Note that we used the following fact. For any g > 1, there is a positive number

D < oo for which

1 1 1
<D for all z,y € Z. (5.69)
) e e 1 (P e

For example, one may take D = 29715~ (1 + |z|)77, see Lemma B.5.

105



Inserting the result into (5.64) gives

E(upE((pe))) < 21082-C-D*Y 3

Lehg I'eA\Ag

< 4log2-C - D? Z
This completes the proof of (5.53). O
We finally prove Corollaries 5.1 and 5.2

PROOF OF COROLLARY 5.1. In the case of initial condition p = |e,)(eq| given by

up-down spins, I' in (5.54) will be given as
= 6_2itMNa€2itM, (570)

where N, is a form of the number operator,
N, =diag{N,;:j=1,...,n}, N, = . (5.71)

Then (5.65) will read

Tir = (e7"™); No (€™ ). (5.72)

T

As || Ny || = 1 for all r, this leads to an analogue of (5.66),

B (swplal) < STE (sl el ) (573
< % (B e ) (s 1)
< 3 (et ) (Bew i)

T

1 1
< 2
= ¢ Z (L4 15 = )P (1 4 [r — K[)P/?

1
< C*>.D .
B (L+ 17— k[)p2

106



This will give an area law requiring 5 > 4:

1
E o)) < 2log2-C*-D
(sup&((pa)i)) < 2log | 2 (1+ |5 — k|)?/?
§€Ao, kEA\Ag

< 4log2-C?- DZ

1+ J)B/ >
Finally, we prove Corollary 5.2.
PrROOF OF COROLLARY 5.2. We simply get
I'= XAQ(M)'
This gives that
(maxg(pa)> <2log2z Z E( [Xa. (M)] )

JEMA kEA\Ap

Now, by assumption (5.2),

E (mgx H [Xa. (M)

) <E <|81|1<pl lg(M)] ),

< ¢
— (L —RD?

for some 3 > 2. We have

l
1
Y3 o S X X G-

JE€MAo kEA\Ag J=1 keZ\{1,...£}

A
[\]
]
]
~
[N])e)
-

IA
I\
<
I 8
g
+ =
.

e
~
A
8

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)



In the second to third step we used the following inequality: for j € {1,...,¢} and

k> 041,
1 B 1 1
A+k=0)" A+ (k=) 1+ (k—j)t
1 1
<

B
2

A
1+ (=7))2 1+ (k=1))
This gives the uniform boundedness of (5.76) in n, r and ¢, and thus completes the

proof. O

Next we include a proof of Theorem 5.2 which is a variation of the proof of Theorem

5.1. Again, we include only these variations.

PROOF OF THEOREM 5.2. As recalling from (5.64), and raising both sides to

power p,

(supE((pa)))” < | 210g2 5 > sup||Tyl (5.79)

JEAo kEA\Ag

p
= (2log2)” Z Z H sup Hrjz,ke I

J1,925-Jp€AN0 k1,...,kp EA\Ag £=1

As before, we used “sup” to denote the supremum over a € {0,1}" and ¢ € R. Then

by averaging, we find

E((sup€((pa)))) < (2log2)? ) > E(HSUPHFje,keH)

J1:J255dp€AN0 k1. kp €A\ Ao

p
1
< oy Y Y [IE(uw T
J15J25s jpEAo k1,..., kaA\AO =1
P
= (2log2p [ > > [E((sup|Tixl)")]”
j€A0 kEA\Ag
P

< log2y [ S 3 [EGupliryln)e (5.80)

JEAo KEA\Ag
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where we used Holder in the second step, in the last step we used that sup ||T'; x| < 1.

Recall from (5.68) that

C-D?
E (sup [[Tx]l) < 7
3

(L+1[7— k)
Thus,

1

[E ((sup E((pa))e)")]? < 2log2 - (C - D)P Y

. (581)
jeho kemao (1417 — K[)3»

Following the same steps as before, the right hand side of (5.81) is finite if 8 > 6p as
claimed. 0

Finally, we include the proof of Corollary 5.3.

PROOF OF COROLLARY 5.3. First we find

E(sup [Tell) < C Z e~ 8li—2lgm3la=# g5 1=kl (5.82)

z,2' €N

O[Tt ) S0 e Hisle ek
z

Z€Z

IA

< O[S e ) ST e tislem gl
z€Z z

< C. o= 3lel (Z€ZIZ) LR
2€EZL 2EL

= (. De 1N

where we used the following inequality: for any ¢ > 0 and z,y € Z,

§etemtletenl < om8laul § p=Sle—sl o=l (5.83)

2€Z 2EZ

1 1
2 2
o5l (Z eCIZ) (Z €C|zy>
z z

_ (Z e—cv) oS-yl
2EZ
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Inserting this in (5.80), we find

P
E(supE((pa))’) < (2log2)?-C-D' | S >~ emmlH) (5.84)
j€A0 kEA\Ag
Then by taking the p-th root
E(sup((pa)e))]? < 2log2-(C-D) Y 37 e vl
JEAo kEA\ Ao
< 4log2-(C-D 1/1?2 Z e~ (=)
j=0 k=t+1
)4 00
= 410g2.(O.D’>1/PZ Z e~ 2ty (k=0 o= 35 ((=7)
j=0 k=t+1
) L
< dlog2-(C-D)P Ny~ emmm*0N e (D)
k=(+1 =0
- 2
< 4log2-(C-D)Yr (Z ezZpJ)
=0
1 2
= 4log2-(C-D")Y? (—> :
1—e 2
And this completes the proof. O
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CHAPTER 6

A Brief Discussion of Current and Future Work

We proved area laws for dynamical entanglement for a class of initial product
pure states. In particular, these pure states are the eigenstates of restrictions of the
disordered XY chain to a block of spins. A key tool was the theory of Fermionic
operators with quasi-free states.

A natural question to ask: What if the initial state is a tensor product of generic
pure states, or for what other initial pure states one can prove a bounded dynamical
entanglement? One may also wonder if more general initial pure states could provide
examples where the dynamical entanglement is not uniformly bounded in time, for
example in the form of logarithmic growth, as the physicists believe to happen in
some models. But it’s not clear if this happens in XY or if one has to consider more
complicated models. Our methods cannot be applied for states that are not quasi-free
states where the crucial formula in Theorem 3.8 breaks down.

However, thermal states are quasi-free states. Thus one hopes to go beyond
initial pure states and ask about the dynamical entanglement of an initial product
of thermal states. But this leads us to the conflict that the entanglement entropy
is not a good tool to quantify entanglements of mixed states. The best available
tool is the so-called logarithmic negativity defined as the logarithm of the trace norm
of the partial transpose of the state with respect to one of the two subsystems, see
for example [Ple05]. The problem here is that finding the logarithmic negativity
for free Fermion systems is an open problem, recent advances [EZ15, CW16| did
not resolve the problem completely but can serve as a good starting point. Thus,
we have troubles with a more elementary situation, where proving area law for the

entanglement of thermal states of the whole system is still not accessible. This is an
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existing interesting open conjecture since [SW16b| proved the exponential decay of
correlations of thermal states of free Fermion systems.

So far, our results and recent results left very few questions to ask about XY
chains from the MBL perspective. We need to find other many-body models where
rigorous results can be proven. Currently, those are the systems that reduce to
an effective single particle Hamiltonian, otherwise the results are on the level of
computations and physical heuristics. We are working on the disordered Harmonic
oscillator systems, where area laws have been proven for the ground and the thermal
states, see [NSS12, NSS13|. Our goal is to say something about the entanglement
of the excited states that correspond to an interval at the bottom of the spectrum.
More ambitious plans include the challenging problem of developing the mathematical
machinery needed to prove any of the MBL manifestations for the physically interesting

XXZ model.
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APPENDIX A

Basics of Pfaffians

In this appendix, we present without proofs some basic facts about Pfaffians of
anti-symmetric matrices, more about Pfaffians can be found for example in [MIM60,

Ste90, Mat05]. Let A = (a;;) be an complex n x n anti-symmetric matrix, i.e.

Al = —A and ) )
0 a19 a13 ... QAp
—Qa12 0 923 ... Qop
A=|—a;3 —as 0 .. Q3p (A1)
—Aa1p —Q29p —A3p ... 0

The Pfaffian of A, denoted by pf[A] is defined as follows:
If n > 1is odd, pf[A4] = 0.
If n = 2m for some m > 1, then
1 m
pf[A] = 2m—7’n| Z sgn(a) Hag(gjfl)jg(gj) (AQ)
" 0€Sam j=1

where Sy, is the symmetric group of permutations and sgn(o) is the sign of the
permutation o € Sy,,. Also, the Pfaffian of the 0 x 0 matrix is defined to be 1. For

example, for any o € C and

Then using (A.2), it is clear that

1
pf[A] = §(a12 — agl) = Q.
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For 4 x 4 matrices, the calculations become cumbersome. But we have a useful fact,
in analogue to determinants, Pfaffians also satisfy a Laplace expansion, as follows: Let
m > 1 and let A be 2m x 2m anti-symmetric. Then

2m

pf[A] =) (=1)far,pf[A; ] (A.3)

=2
where Aj; ; is the matrix obtained from A by simultaneously removing the two rows
and the two columns corresponding the 1 and ¢. This expansion allows for more

efficient calculations. For example, let us consider any 4 x 4 anti-symmetric A

0O a b c
—a 0 d e
A:
—-b —-d 0 f
—c —e —f 0
Then
0 f 0 e 0 d
pf[A] = a-pf —b-pf +c-pf
—f 0 —e 0 —d 0

= af —be+cd.
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APPENDIX B

Some Inequalities

In this appendix we prove some inequalities used in the thesis.

B.1. Peierls-Bogoliubov inequality

We start with the Peierls-Bogoliubov Inequality used in the proof of the dynamical
entanglement results. This inequality is proven in Section 8.3 from [Sim], and we

provide here a different proof.

LEMMA B.1. Let A be an n x n Hermitian matrix and f is a convex function then
tf(A)] =D f(Ay). (B.1)
j=1

PROOF. Since A is Hermitian then there exist a complete set of eigenvectors, i.e.
there is an ONB {¢, : j = 1,2,...,n} such that Ap; = \;¢;, where \; € R. Let
{e;: 7=1,2,...,n} be the canonical basis of C", then

n n

(e, Aej) = ) (e, du)(dn, Aes) = > (e, du)(Ady, €;) (B.2)

k=1 k=1

3 |l

= Z )\k‘<€j7 ¢k>’27
k=1

where we expanded e; in terms of the ¢;’s in the first step. and since >, |{e;, dx)|* =

|#]]> = 1 and f is convex, we get

n

Zf ({5, Aes)) < D) ey o> =D F (M) = tz[f(A))]. (B.3)

j=1 k=1 k=1

U
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B.2. Other inequalities

The following inequality is used in the proof of Theorem 3.4.
LEMMA B.2. Let A>0, B> 0, if A <cl where ¢ € R then tr[AB] < ctr[B].

ProoF. We have
A<cl=(cl—A)>0= (z,(c1 —A)x) >0, for all . (B.4)
Thus

(B2z,(cl— A)B2z) >0 = (x,B2(cl— A)B2z) >0 (B.5)
= (z,cBx) > (v, BAB=z)
= B3AB: < B
= tr [B%AB%} = tr[AB] < ctr[B].
U

The inequalities in Lemmas B.3 and B.4 below are used in the proof of Theorem

4.1, see Section 4.5.

LEMMA B.3. Let A and B be two n X n matrices, then
| tr[AB]| < [|A]L||B]

The proof of Lemma B.3 below extends for general trace class operator A and

bounded operator B.

PROOF. Let 51 > s9 > ... > s, > 0 be the singular values of A. Then by the

SVD of A, there exist ONB {g,} and {h;} of C", such that
A=Y s5lg5)(hyl.
j=1
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Thus,

n

w[AB] = > (g, ABgy)

k=1
= D> siloe i) (hy, Baw)
k=1 j=1
= Y s;(hy, Bg)
j=1
This yields,
|tr[AB]| < ) s;l|BIl = [|AlL ] B (B.6)
j=1
O
LEMMA B.4. Let A be any n X n matriz, then
AL < ) Al (B.7)

k=1
The proof of Lemma B.4 below extends for general trace class operators A, and in

the case where the matrix elements are considered with respect to any basis.

PROOF. Let A = USV* be he SVD decomposition of A, where U and V are
orthogonal matrices and S is the diagonal matrix of singular values. Thus S = U*AV,

then using the ONB {U*¢;}_, where {e;} are the canonical basis of C”

Ay = t2[S] = ) (Ure;, UTAVU*¢;) = > (ej, AVU*e;) (B.8)

j=1 j=1

> e, AVU™e;)|

J=1

IN

IN

Do lew VU ) ey, Aey)]

j=1 k=1

D les, Aer)l.

j=1 k=1

IA
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In the second-to-third step, we expanded VU%e; in terms of the canonical bases

{ex}- O

The following inequality is used in Section 5.6.

LEMMA B.5. For any z, y in Z, and B > 1 the following inequality is satisfied

1 1 1
<D forallz,y € Z B.9
) e e A S P ek s e (B9)

where D = 2°F1 5" (1 + |2])77

PRrROOF. First, note that proving the inequality is equivalent to prove that for any

nonnegative integer x and 5 > 1 we have

28+1

1 1
;(1+|z|)5(1+|z—x|) 1-{—.%‘/62 1—|—||

(B.10)

We will split the left hand sum as follows

2Tt > D (B.11)

2€7Z 95 2<—35  z2€[-3,5 z€(%, 755

Of course, the intervals in (B.11) mean their intersection with the set of integers.

For z > 22 we have |z| > x, thus

> CEFTEF < Z P arE
S AR Atz =) A a) (L | —a)f

E) El
1 1
= B.12
5o 2 (512
)

For z < —2, we have |z — 2| > z, then a similar argument leads to

1 1 1 1
< —. B.13
; e A e D cen r

2<—% 2<—3
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For z € [~5, 5], we have |z — 2| > £, thus

1 1 26 1
A+ P A+ z—a)f 2 (I+2)f (1 + [2])P

z€[-3,2] sel-%,2]
26 1
= — —— . (B.14)
P 2o TP
Similarly, for z € (£, 3], |z > £ and we get
> o L < 2oy o e
2 GTEPOF—alp < rep 2y, Ur R '
zel9 % #el—32:3

Finally, the substitution of (B.12), (B.13), (B.14), and (B.15) in (B.11) gives our
inequality (B.10). O
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