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Homogeneous Linear Systems
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A Useful Test for Independence

1 2

1 2

1 2

1 2

Two solution pairs

( ) ( )
 ,

( ) ( )

are independent 

det ( ) det for all 
( ) ( )

0 
( ) ( )

x t x t
y t y t

if  and only if

t =
x t x t

t
y t y t

Φ

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞
≠⎜ ⎟

⎝ ⎠

RECALL:   det
a b

ad bc
c d
⎛ ⎞

= −⎜ ⎟
⎝ ⎠



2 2
2 5

A
−⎛ ⎞

= ⎜ ⎟−⎝ ⎠
ˆ ˆ( )x A t x′ =

� �
6

1 2 6

2
2

t t

t t

e e
x x

e e

− −

− −

⎛ ⎞ ⎛ ⎞
= =⎜ ⎟ ⎜ ⎟

−⎝ ⎠ ⎝ ⎠

6
7 7 7

6
det

2
4 5 0

2

t t
t t t

t t

e e
e e e

e e

− −
− − −

− −

⎛ ⎞
= − − = − ≠⎜ ⎟

−⎝ ⎠

6

6

2
, are independent

2

t t

t t

e e
e e

− −

− −

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟

−⎝ ⎠ ⎝ ⎠

Examples



Examples

66
1 2

66
1 2

1 2
22

22
ˆ( )

t tt t

t tt t

c e c ee e
c

c e c ee e
x t c

− −− −

− −− −

+
=

−−

⎛ ⎞⎛ ⎞ ⎛ ⎞
+ = ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠

2 2
2 5

A
−⎛ ⎞

= ⎜ ⎟−⎝ ⎠
ˆ ˆ( )x A t x′ =

General 
Solution



Examples

6
1

6
2

2
2

ˆ( )
t t

t t

c

c

e e
e e

x t
− −

− −
=

−

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠

66
1 2

66
1 2

1 2
22

22
ˆ( )

t tt t

t tt t

c e c ee e
c

c e c ee e
x t c

− −− −

− −− −

+
=

−−

⎛ ⎞⎛ ⎞ ⎛ ⎞
+ = ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠

2 2
2 5

A
−⎛ ⎞

= ⎜ ⎟−⎝ ⎠
ˆ ˆ( )x A t x′ =

General 
Solution



Examples

6
1

6
2

2
2

ˆ( )
t t

t t

c

c

e e
e e

x t
− −

− −
=

−

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠

6
1

6
2

2
2

General Solution:
ˆ ˆ( ) ( )

ˆ( ) ,
t t

t t

c

c

e e
e e

x t t c

t c
− −

− −
=

−

= Φ

⎛ ⎞ ⎛ ⎞Φ = ⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

66
1 2

66
1 2

1 2
22

22
ˆ( )

t tt t

t tt t

c e c ee e
c

c e c ee e
x t c

− −− −

− −− −

+
=

−−

⎛ ⎞⎛ ⎞ ⎛ ⎞
+ = ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠

2 2
2 5

A
−⎛ ⎞

= ⎜ ⎟−⎝ ⎠
ˆ ˆ( )x A t x′ =

General 
Solution

Fundamental 
Solution 

Matrix



� �
1 2

cos sin
sin cos

t t
x x

t t
⎛ ⎞ ⎛ ⎞

= =⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

2 2det
cos sin

cos sin 1 0
sin cos

t t
t t

t t
⎛ ⎞

= + = ≠⎜ ⎟−⎝ ⎠

cos sin
, are independent

sin cos
t t
t t

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

Examples

ˆ ˆ( )x A t x′ = 0 1
1 0

A ⎛ ⎞
= ⎜ ⎟−⎝ ⎠



1 2

1 2

1

2

cos sincos sin
sin cossin cos

ˆ( )
c

c

c t c tt t
c t c tt t

x t
+

=
− +−

⎛ ⎞ ⎛ ⎞⎛ ⎞ =⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

1

2

cos sin
sin cos

General Solution:
ˆ ˆ( ) ( )

ˆ( ) ,
c

c

t t
t t

x t t c

t c =
−

= Φ

⎛ ⎞ ⎛ ⎞Φ = ⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

Examples

ˆ ˆ( )x A t x′ = 0 1
1 0

A ⎛ ⎞
= ⎜ ⎟−⎝ ⎠



Linear Homogeneous Systems
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PROBLEM:   How does one find two independent solutions ?



Chapter 5:    Homogeneous Linear Systems

GOAL:  To find formulas for two independent solutions  
of an autonomous systems

�

constant

x̂ Ax
a b

A
c d

′ =

⎛ ⎞
= =⎜ ⎟
⎝ ⎠

�   is called the 

It cannot be used in a fundamental solution matrix.

0
0

0
trivial solutionx

⎛ ⎞
= = ⎜ ⎟

⎝ ⎠
�



Some Facts about Linear Algebraic Systems of Equations
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• There is either no solution, one solution, or infinitely many solutions

( Think intersecting straight lines )



Some Facts about Linear Algebraic Systems of Equations
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Method is based on a search for exponential solutions.
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Re-write these calculations using matrix notation and algebra :
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Method works in general
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Review of How to Calculate Eigenvalues & Vectors

a b
A

c d
⎛ ⎞⎟⎜ ⎟=⎜ ⎟⎜ ⎟⎝ ⎠

Eigenvalues are the roots of the characteristic polynomial

( )2 ( )a d ad bcλ λ− + + −

Eigenvector components v1 , v2 are solutions 

of the (dependent) equations

( )
( )

1 2

1 2

0

0

a v bv

cv d v

λ

λ

− + =

+ − =



Example

4 2
7 5

x x
y y

′ −⎛ ⎞ ⎛ ⎞⎛ ⎞
=⎜ ⎟ ⎜ ⎟⎜ ⎟−⎝ ⎠ ⎝ ⎠⎝ ⎠

1

2

tvx
e

vy
λ⎛ ⎞⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

The characteristic polynomial of the coefficient matrix is
2 6λ λ+ −

The roots (eigenvalues) are λ = 2, −3

1 2

1 2

1 2

A choice is

2
2 2 0
7 7 0

1, 1

v v
v v

v v

λ =
− =
− =

= =

1 2

1 2

1 2

A choice is

3
7 2 0
7 2 0

2, 7

v v
v v

v v

λ = −
− =
− =

= =
� 2

1
1
1

tx e⎛ ⎞⇒ = ⎜ ⎟
⎝ ⎠

� 3
2

2
7

tx e−⎛ ⎞⇒ = ⎜ ⎟
⎝ ⎠



Example

4 2
7 5

x x
y y

′ −⎛ ⎞ ⎛ ⎞⎛ ⎞
=⎜ ⎟ ⎜ ⎟⎜ ⎟−⎝ ⎠ ⎝ ⎠⎝ ⎠

1

2

tvx
e

vy
λ⎛ ⎞⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

2 3

2 3

2
7

( )
t t

t t

e e
e e

t
−

−
=
⎛ ⎞

Φ ⎜ ⎟
⎝ ⎠

2 3
1

2 3
1

2
7

( )
( )

t t

t t

e e
e e

cx t
cy t

−

−
=
⎛ ⎞⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠⎝ ⎠

Fundamental 
solution matrix

General solution

2 3
1 2

2 3
1 2

2
7

t t

t t

c e c e
c e c e

−

−
=
⎛ ⎞+
⎜ ⎟+⎝ ⎠



The slides below slides from 250a, fall semester.

You can use them to review eigenvalues & eigenvectors.

You can find all slides from 250a, fall semester at

http://math.arizona.edu/~cushing/250apresentations.html

http://math.arizona.edu/~cushing/250apresentations.html
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Motivated by the solution formula  xn = rnx0 for one recursion equation, 
let’s look for exponential solutions.
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Two equations, two unknowns c1 , c2 .                              
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Equations have only the solution c1 = 0, c2 = 0 ,                  
unless the determinant equals 0 :
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Pick r as a root of this equation   --- then solve for c1 , c2

Equations have only the solution c1 = 0, c2 = 0 ,                  
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and c1 , c2 satisfy the equations
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A quadratic equation (the characteristic equation)
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