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Homogeneous Linear Systems
[X]’ ) (a(t) b(t)j(x]
y c(t) d() /)y
The general solution has the form
(xj X, (t) X, (t)
=C, +C,
y y, (1) y,(t)

X, (1) X, (1) _ o
where and are two independent solution pairs
y, (1) Y, (1) T

means
“are not multiples of each other”




A Useful Test for Independence
Two solution pairs

(xl(t)\ [xz(t)j
y1(t)/ | yz(t)

are independent if and only if

.
det d(t) = det %) Xz(t)j;tOfor all t

\ Y1 (t) Y, (t)

d
RECALL: det[

b
j:ad—bc
c d
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Examples

8 = A()S A:(‘Z : j

2 -5

—t —6t —t —6t
General -~ 2e e 2ce  +c.e
Solution X(t) - Cl _t T C2 _6t = 1—t ’ _6t
e —2¢€ ce —2Ce

4 General Solution: )
R(t) = D(t)C
Fundamental 2e" g o ~ [C
Solution | D@(t) = ( Lt 6t j, C= ( 1)
e -2e C,

Matrix \




Examples
X' = A(t)X A

0 1
-1 O
n (costj n (sint]
X1 = ] X2 =

—sint cost

cost sint ol .
det =cos“t+sin“t=1=0

—sint cost /

cost sint _
o, are independent
—sint cost



Examples

. A 0 1
X"'= A(t)X =(_1 Oj
4 General Solution: A
X(t) = d(t)C
CD(t):( cost sintj’ 6:(01)
—sint cost c,
\_ /

0 cost sint (¢ c cost+c,sint
X(1) = =
—sint cost /\c, —C,sint +c¢, cost



Linear Homogeneous Systems

N . ) bt
' = A(D)X A(t):[iét; dit;]

GENERAL SOLUTION:  X(t) = ®(t)C

CD(t):(Xl(t) Xz(t)j’ 6:((31)
y, (1) Y, (1) Co

Fundamental solution matrix Vector of
( columns are independent solutions ) arbitrary constants

PROBLEM: How does one find two independent solutions ?



Chapter 5.  Homogeneous Linear Systems

GOAL: To find formulas for two independent solutions
of an autonomous systems

!

X = AX

‘o
A= = constant
c d

A

X =0

0
(Oj IS called the trivial solution

It cannot be used In a fundamental solution matrix.



Some Facts about Linear Algebraic Systems of Equations
ax +by =h,

cXx+dy=nh,

® There is either no solution, one solution, or infinitely many solutions
( Think intersecting straight lines )



Some Facts about Linear Algebraic Systems of Equations
ax +by =h,

cXx+dy=nh,

® There is either no solution, one solution, or infinitely many solutions
( Think intersecting straight lines )

ax+hby=20
cX+dy=20
e XxX=0, y=0 isasolution (the "trivial" solution)

e X =0, y=0 isthe only solution if and only if
a b
det =ad —bc=0
c d

\
( equations are dependent )



Method is based on a search for exponential solutions.

Example
A N -2 2 r— _
Q= A(t)x’ A:( j X'=-2X+2Yy
2 -5 y'= 2x-5y
x(t) = v,e*!

Find v,,Vv, and A so that is a solution pair.

y(t) = v,e*t



X'=-2X+2y vt = —2vet 4 2 et
yr — 2X — 5y lvzeﬂf[ _ 2vle/1t _ 5vze/“
lvl — _2V1 + 2V2

ﬂzvz — 2V1_5V2
i )
V;,V, and A must solve (_2_/1)\/1 +2v, =0
2V1 +(—5—1)V2 -0

.

Don't want v, =0, v, =0.
Must choose A so equations are dependent:
(—2—1)(—5—1)— 2:2=0

A +71+6=0
A =-1 -6 <€—— Twochoices



)

-V, +2v, =0

A choice is
v, =2, v, =1

e

—> X1 =

(-2—2)v;+2v, =0
2V, +(-5-4)v, =0

x(t) = v,e*t

y(t) = v,e*t

=

4v, +2v, =0

A choice Is
v,=1 v,=-2



Re-write these calculations using matrix notation and algebra :
y 2 —3)\Y y vV,
ﬂ/ivlje/’tt :[—2 ij(vlje}tt
Y2 IRZASCY AN At
cancel e
_22\/1:1\/1, vlio
2 —5)\V, v, v, 0

-2 2 Vv
A is an eigenvalue of and | is an eigenvector
2 -5 V,



Compact Matrix Notation

Method works in general

X = AX, A = constant
Find a vector V = 0 and a number A so that

x(t) = ve™ is a solution.

Substitute X(t) = Ve”' and cancel e* :
Aver = Ave”
Av=Av, V=0
A must be an eigenvalue, and V is an eigenvector, of A

X(t) = ve™ is then an eigen-solution.



Review of How to Calculate Eigenvalues & Vectors

a b
c d

Eigenvalues are the roots of the characteristic polynomial

A’ —(a+d)\+(ad —bc)

Eigenvector components v,, v, are solutions

of the (dependent) equations

(@a—A)v,+bv, =0
cv, +(d—A)v, =0



Example

= p— e
y 7 =)\y y) YV
The characteristic polynomial of the coefficient matrix is

AN +A—6

The roots (eigenvalues) are A =2, -3

| 1=2 | (2=-3]

2v, —2v, =0 v, —2v,=0
v, —7v, =0 v, —2v, =0

A choice Is ~ 1) o, A choice Is 9 (2] 3t
= X1 = g —> X2 = e
v,=1 v, =1 v,=2, V,=1




Example

BEHH

2 _
Fundamental o (t) e” 2e7
solution matrix = -
e?t 77

X(t)) (e 2e7)\(c
General solution = o _3t
y(t) € /e C

ce” +2c,e”™
ce’ +7c,e”™



The slides below slides from 250a, fall semester.
You can use them to review eigenvalues & eigenvectors.
You can find all slides from 250a, fall semester at

http://math.arizona.edu/~cushing/250apresentations.htmi
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Eigenvalue / Eigenvector Method

(Xnﬂj:(aﬂ alZJKXn]
Ynu a8y J\ Y,

Motivated by the solution formula X, = "X, for one recursion equation,
let’s look for exponential solutions.

Question: Can we find constants r and c;, ¢, so that

X, cr') . .
= ) Is a solution ?
A C,I

Crn+l Cr_n
1.€., SO that ( : n+1)=(a11 alzj( 1 n] forall n=0,12,3,---
C,I 81 Ay J\ Gl




randc,, c,
must satisfy

Eigenvalue / Eigenvector Method

|

( Xn+1
yn+1
n+1

C,r

n+1
C,I

H
M

CN

dyy

&1

dyy

aithxn]

Ao J\ Y
c,r

alzji ' n] foralln .

a, )\ c,r



Eigenvalue / Eigenvector Method

(Xnﬂj:(aﬂ aletxn]
Ynu a8y J\ Y,

1
randc,, C, (Clrn+ j _ [ a,c " +a,c,I" j

- for all n.
n+1 n n
must satisfy C,I a,,C,I' +a,,C,I

n+1 n n
Gr ~=a,Gr +a,Cr

n+1 n n
c,I " =a,C,r +a,.C,r



Eigenvalue / Eigenvector Method

(Xnﬂj:(aﬂ aletxn]
Ynu a8y J\ Y,

1 n
rand c,, ¢, Clrn+ _ a11C1rn +a,6,1 for all n
must satisfy c,r" ) \ayc,r"+a,cr" |

Cancel " C,r=a;C +a;g,
C2I' = 821C2 -+ a22C2



Eigenvalue / Eigenvector Method

bp )

randcy, ¢, ( j [aﬂcr T bl j foralln .

must satisfy a,,C,I" +a,,C,I"
Cancel 1" c’:l11 — I‘ c,+a,c, =0
and gather terms a,,C, + (a22 — I‘)C2 =0

Two equations, two unknowns c,, C, .



Eigenvalue / Eigenvector Method

bp )

r and Cyy C ( j [anclrn +a12C2rnj foralln |

n
must satisfy a,,C,I" +a,,C,I

(a,—r)c,+a,c, =0
a,,C, +(a, —r)c, =0

Equations have only the solutionc, =0,¢c, =0,
unless the determinant equals O :

(a11 - r)(azz - r)_a21a12 =0



Eigenvalue / Eigenvector Method

bp )

r and Cyy C ( j [anclrn +a,C,I" j foralln |

n
must satisfy a,,C,I" +a,,C,I

(a,—r)c,+a,c, =0
a,,C, +(a, —r)c, =0

Equations have only the solutionc, =0,¢c, =0,
unless the determinant equals O :

(a11 - r)(azz - r)_a21a12 =0

Pick r as a root of this equation --- then solve for c,, c,



Eigenvalue / Eigenvector Method

(Xnﬂj:(aﬂ aletxn]

Yo Ay 8y J\ Y,

X, cr') . _ - . .

= | 1sasolutionif r satisfies the quadratic equation
C,I

(a11 - r)(azz - r)_a21a12 =0

and c,, c, satisfy the equations

(aﬂ_r)cl+312c2 =0, a21C2+(a22_r)Cz =0



Eigenvalue / Eigenvector Method

(Xnﬂj:(aﬂ alZJKXn]

Yo Ay 8y J\ Y,

X, cr') . _ - . .

= | 1sasolutionif r satisfies the quadratic equation
C,I

r’ _(an + azz)r +a;,8,, —a,a,, = 0

and c,, c, satisfy the equations

(all_r)cl+312c2 =0, a21c2+(a22—r)02 =0

A quadratic equation (the characteristic equation)



Eigenvalue / Eigenvector Method

(Xnﬂj:(aﬂ alZJKXn]

Yo Ay 8y J\ Y,

X, cr') . _ - . .

= | 1sasolutionif r satisfies the quadratic equation
C,I

r’ _(an + azz)r +a;,8,, —a,a,, = 0

and c,, c, satisfy the equations

(all_r)cl+312c2 =0, a21c2+(a22—r)02 =0

Recall: we need solve only one of these two equations.



Eigenvalue / Eigenvector Method

(Xnﬂj:(aﬂ alZJKXn]

Yo Ay 8y J\ Y,

X, cr') . o - . .

= | isasolutionif r satisfies the quadratic equation
C,I

2
r _(an T azz) r+a,8,, —a,3a, =0
and c,, c, satisfy the equations
(a,—r)c,+a,c, =0,  a,C,+(a,—-r)c,=0

I is called an eigenvalue of the matrix

: C 0
They build . 7{ j is called an eigenvector associated with r
solutions C, 0



Population Dynamic Application
Xn+1 — 0.2Xn +1.5yn X B Cll’n
Y., =08x +04y, Y, c, I

r’ _(311 + azz) r+a,,a,, —a,ad, = 0




Population Dynamic Application

X, =02X +1.5Yy X c,r
Y., =0.8X +0.4y Y, c, I

r’*—06r+1.12=0 roots: r=1.4 and —0.8




Population Dynamic Application

X, =02X +1.5Yy X c,r
Y., =0.8X +0.4y Y, c, I

r’*—06r+1.12=0 roots: r=1.4 and —0.8

Eigenvalue r=1.4

previous example

X, 1.4"
=C
y. 0.8x1.4"

C = any number



Population Dynamic Application

X, =02X +1.5Yy X c,r
Y., =0.8X +0.4y Y, c, I

r’*—06r+1.12=0 roots: r=1.4 and —0.8

Eigenvalue r=1.4 Eigenvalue r =-0.8

previous example (a11 — r)C1 +a,,C, =0

X, 1.4" dyC, + (azz - I‘) c,=0
=C
y. 0.8x1.4"

C = any number




Population Dynamic Application

X, =02X +1.5Yy X c,r
Y., =0.8X +0.4y Y, c, I

r’*—06r+1.12=0 roots: r=1.4 and —0.8

Eigenvalue r=1.4 Eigenvalue r=-0.8
previous example c,+1.5¢c, =0
X 14" 0.8¢c, +1.2¢c, =0
[ynj ) C[0.8x1.4nj

C = any number



Population Dynamic Application

X, =02X +1.5Yy X c,r
Y., =0.8X +0.4y Y, c, I

r’*—06r+1.12=0 roots: r=1.4 and —0.8

Eigenvalue r=14 Eigenvalue r=-0.8
previous example ¢, +1.5¢, =0
NOr 119~ N
Xn 1.4n v.uvz 1 .I.-l—\l2 — v
=C " .
Y, 0.8x1.4 Need solve only one equation.

C = any number



Population Dynamic Application

X, =02X +1.5Yy X, | c,r
Y., =0.8X +0.4y Y, c, I

r’—0.6r+1.12=0 roots: r=14 and —0.8

Eigenvalue r=1.4 Eigenvalue r =-0.8
c,+1.5¢c, =0

previous example

) eloae) N

C = any number C = any real number



Population Dynamic Application

X, =02X +1.5Yy X, | c,r
Y., =0.8X +0.4y Y, c, I

r’°—0.6r+1.12=0 roots: r=1.4 "and 0.8

Eigenvalue r=1.4 Eigenvalue r =-0.8
c,+1.5¢c, =0

previous example

) eloae) N

C = any number C = any real number



Population Dynamic Application

X, =02X +1.5Yy X c,r
Y., =0.8X +04y Y, ) G, r"

r’*—06r+1.12=0 roots: r=1.4 and —0.8

Eigenvalue r=1.4 Eigenvalue r=-0.8
previous example (x ] [—1.5><(0.8)n]
n — C
X 1.4" , —0.8)"
[ nj: C[ j y (~0.8)
Ya 0.8x1.4 C = any number

C = any number



Population Dynamic Application

X, =02X +1.5Yy X c,r
Y., =0.8X +04y Y, ) G, r"

r’*—06r+1.12=0 roots: r=1.4 and —0.8

Eigenvalue r=1.4 Eigenvalue r=-0.8
previous example X _1.5x(~1)" x0.8"
[xnjzc[ 1.4" j (ynj:(:( (-)" x0.8" j

Y. 0.8x1.4" C = any number

C = any number



Population Dynamic Application

X, =02X +1.5Yy X c,r
Y., =0.8X +04y Y, ) G, r"

r’*—06r+1.12=0 roots: r=1.4 and —0.8

Eigenvalue r=1.4 Eigenvalue r=-0.8

previous example X _15%x0.8"
"=(-D"c i

X ) 1.4" Ya 0.8

Y. 0.8x1.4" C = any number

C = any number
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