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Solutions

A solution x(t) of a higher equation on an interval a<t<b

reduces the equation to an identity on the interval

A solution pair x(t), y(t) of asystem on an interval a<t<b

reduces both equations to identities on the interval



Example
(the harmonic oscillator)

X" +x=0

CLAIM: x(t) =sint
IS a solution on the Interval

—oo<t<oo
PROOF

X"(t) + x(t) = (sint)" +sint
— —sin°t +sint

For all t this is identical
to the right side 0 of equation



Example

(the harmonic oscillator)

X" +x=0

CLAIM: x(t) =sint
IS a solution on the Interval

—oo<t<oo
PROOF

X"(t) + x(t) = (sint)" +sint
— —sin°t +sint

For all t this is identical
to the right side 0 of equation

x'=vy
/

y'=—x
CLAIM: Xx(t) =sint, y(t) = cost
IS a solution pair on the interval
—oo <t <o
PROOF

x'(t) = (sin t)’
is identical to y(t) = cost
y' = (cost)/

is identical to — X = —sint



Example
(the pesticide application)

X'=-2X+2y
y'=2x-5y

CLAIM: x(t)=2e™, y(t)=¢e"
Is a solution pair for all t
PROOF

X'(t)=(2e") =-2¢” first
—2x(t) +2y(t) = _Aet 1 2et = et equation

y'(t) = (e_t) =—e" } second
2X(t) — 5y(t) — 4e_t . Se—t _ _e_t equation



Linear Equations

» A higher order equation is linear if the unknown (state variable)
and all of its derivatives appear linearly

» A system is linear if all unknowns (state variables)
and all their derivatives appear linearly

Examples

Harmonic Oscillator

X" +x=0 Linear, second order equation

Pesticide Application

X'=-2X+2y
y'= 2x-5y

Linear, first order system



Linear Equations

» A higher order equation is linear if the unknown (state variable)
and all of its derivatives appear linearly

» A system is linear if all unknowns (state variables)
and all their derivatives appear linearly

Examples

Periodically Forced Harmonic Oscillator

X" + X = COSt Linear, second order equation

Continuous Pesticide Application to the Trees

X'=-2x+2y+10
y'= 2Xx-5y

Linear, first order system



Linear Equations

» A higher order equation is linear if the unknown (state variable)
and all of its derivatives appear linearly

» A system is linear if all unknowns (state variables)
and all their derivatives appear linearly

Examples

van der Pol Equation

X" + a(x2 —1) X/ + X =0 Nonlinear, second order equation

Volterra’s Predator-Prey System

X
X' = rx(l——j — Xy
K Nonlinear, first order system

4

y' =—ry +CXy




Matrix Notation & Algebra

Addition and scalar multiplication are done component-wise :
a, b, a, +b,
Cq
- ca,
(an a12j+£b11 blzj :( a, +by  a, "'blzj
dy Ay Dy by, 8y +D0y 2, + Dby

Cca,, Ca,, )



Matrix Notation & Algebra

Matrix Multiplication :

(all CY j(bll b, j _ [allbll +a,b,  agl, + aizbzzj

a‘21 a‘22 b21 b22

(all CY j(b1j _ (a11b1 + 2,0, ]
ay Ay )\b, ayb +ayb,

a0y, +ayby 3y, +a5b,,



Matrix Notation & Algebra

Matrix & Vectors of Functions :
(x(t)j’ ) (x'(t)j
vy Ly
[ x(t)dt
I(x(t)jdt: ) (t)
y(t) | y(©)dt
Examples
sint '_ cost
cost) | —sint
(—costH:lj (—costj (Clj
dt=| = +
sint+c, sint C,




Writing Systems in Matrix Notation

Example
X'=-2X+2y
y'= 2X-5y

Write unknown pair as a vector :

at
@ i (_22xx—+ 52yyj




Writing Systems in Matrix Notation

Example
X'=-2X+2y
y'= 2X-by

For a linear system like this, we can make more use of matrix notation :

-2 2 . _
A= = the coefficient matrix

2 -5

y

X
X = ( ] = the solution vector

We can write the system as [

|

—2
2

2
-5

I

X
y

jor X'

AX

J




Writing Systems in Matrix Notation

Example

/
4 X:y
X"+x=0 or ,
y =—X



Most general linear system has the form :

X' =a(t)x+b(t)y+h(t)
y'=c(t)x+d(t)y+h,(t)

G- sl
y) ety d@)ly) \h(b)

A:(a(t) b(t)

ct) d(t)

j = the coefficient matrix

_ h, (t
h(t) = [hl((t;] = the nonhomogeneous (forcing) term
2



Most general linear system has the form :

’ I

X'= AX +h (t)

where ...

X
X = ( j = the solution vector
y

A:(a(t) b(t)
c(t) d(®)

j = the coefficient matrix

_ h, (t
h(t) = [hl((t;] = the nonhomogeneous (forcing) term
2
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