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Chapter 3.2: Separable Equations

Goal : find formulas for solutions

Methods are sometimes available for special types of equations

Example: Method of Separation of Variables is available for

Separable Equations
( autonomous equations are separable equations )



Autonomous Equations

x' = f(X)
dx
= f (X
s (X)
Ignore
equilibria\)m dx = dt
.. until the
end —dx—fdt
1
——dx=t+k
(o

plus equilibria

(separate variables)

(anti-differentiate)

General Solution

( Implicit Form)



x'=(1—x)x
%:(l—x)x
(1—1x)x dx = dt
f(l—lx)x = fdt
In ﬁ|:t+k

plus equilibriax = 0,1

k = arbitrary constant

(separate variables)

(anti-differentiate)

General Solution

Implicit Form



X' =(1— X)X
dx
1 -
(1 X)x dx = dt (separate variables)
f <1_ X)X ax = f dt (anti-differentiate)
X — 1 0 C — :I:ek
1—ce

plus equilibriax = 0,1

\ arbitrary

nonzero constant



X

T 1_ce
plus equilibrium x =0

Cc = arbitrary constant

(separate variables)

(anti-differentiate)

General Solution

Explicit Form



Non-autonomous Separable Equations

X" = g(t)h(x)

ax
= g(t)h(x
praadIOLG)
idx = g(t)dt (separate variables)
h(x)

[ (—dx— [ 9®dt+k  General solutior

Implicit Form
plus equilibria P



Example

x'=e'x’
o
dt
1 » :
— dx = e 'dt (separate variables)
X
fizdx: fe‘tdt+k
X
1 t
B —& +K General Solution
plus equilibrium x=0 Implicit Form

k = arbitrary constant



Example: Logistic

X
K

X' = rx

1

I

dx = dt +k
1—x/K)X fr i

plus equlibria 0 and K



Example
Logistic with periodic growth rate r

x’::r(14—cost)x[1—~zi]
K

1
jqxar_xlK>dx:1[}(l+coswdt+4<

In|—2= =r(t+sint)+k
1-x/K
X Cer<t+8int>, c— 1ot
1-x/K
Kcer(1+sint)

X= K _I_Cer(l-l—sint)

plus equlibria 0 and K




Initial VValue Problems for Separable Equations

X' =g, x(t,) =%,
If h(x,) =0, then the solution is an equilibrium.

If h(x,) = 0, then we separate variables:

1
mdx — g(t)dt

fgﬁdx:ﬁ:g(t)dt

Use definite integrals and the Fundamental Theorem of Calculus



x'=e'x*, x(0)=2
1 _i .
— dx = e 'dt (separate variables)
X
X t
[[rax= et
2 X 0
1 X — _pt ‘t
X | 0
il e
X
X : on <t<In2
= — 00
2e "t -1
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