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Construction of Phase Line Portraits for X'= f (X)
1. Draw a graph of f (x)

v’ find the roots of f(x) (the equilibria)

v’ determine the sign of f(x) between consecutive roots

f (x)

Graph above the axis:
arrows to the right

Graph below the axis:
arrows to the left

> X




Construction of Phase Line Portraits for X'= f (X)
1. Draw a graph of f (x)

v’ find the roots of f(x) (the equilibria)

v’ determine the sign of f(x) between consecutive roots

Oriented line segments Equilibrium points
are called are called
orbits point orbits
Y
<—o > 0 £ ® & o—> X

Phase line portrait



Example

X'=1-x"= f(x)=1-x°
Tf(x)




Example

X'=x*(1-x)= f(x)=x*(1-x)
f(x)

N




Recall Population Dynamic Application

Constant per capita birth rate b

Per capita death rate proportional to population size x

Does the second assumption prevent unbounded population growth ?

X' = bx — cx°
b,c>0
<€ ® > o € X
0 b/c A

Answer: Yes



Construction of Phase Line Portraits for X'= f (X)

1. Draw a graph of f (x)
2. Test points

v" find the roots of f(x) (the equilibria)

v’ evaluate f (x) at convenient test points between
consecutive roots

f(b) >0 f(a) <0

€—0 —0—> 0 & 0 &—O0—o0—> X
b a



Example

X3 +2x°
X' = y
1+ X
3 2
f(x)= X+ 2X has roots x=—2 and 0
1+ x*
f(—l)—£>0
f(—3):g—§<0 2 f(l):g>0
< o > o >
—2 0



Classification of Equilibria

Sink or attractor
> e
(stable equilibrium) <
Source or repellor < °
(unstable equilibrium)
Shunt < ® <

(semi-stable equilibrium)

> e




Summary of Examples

repeller

attractor

X'=1-X° < o
-1

shunt

> 0 €—
1

attractor

X"'=x*(1-x) > o

repeller
X' =bx—cx® < o

&

attractor

0

repeller

>0 <—
b/c

shunt

o
1+ x* —2

>0 —>
0



Classification of Equilibria and Geometry of f (x)

( Theorem 3 in text )

Attractor (stable equilibrium) > 0 &

This occurs when the graph of f (x) to decreases through the root

Repeller (unstable equilibrium) <€ ® >

This occurs when the graph of f (x) to increases through the root

< ® <
> >

This occurs when graph of f (x) has a max or min at the root

Shunt (semi-stable equilibrium)
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