PROJECT #2
Math 250b (Spring 2008) - Professor J. M. Cushing
Due date: May 6

One of the most basic enzymatic reactions, first proposed by Michaelis and Menten', involves
a substrate S reacting with an enzyme E to form a complex SFE which in turn is converted into a
product P and the enzyme. This is represented schematically by

k
StyE=SEXpiE. (1)
k_1

Here ki1, k_1, and ks are rates of reaction about which we say more below. The double arrow symbol
= indicates that the reaction is reversible and the single arrow — indicates the reaction can go
only one way. The overall result is a conversion of the substrate S, via the enzyme catalyst E, into
a product P. In detail this says that one molecule of S combines with one molecule of E to form
one of SE, which then produces one molecule of P and one molecule of E. The Law of Mass Action
says that a rate at which a reaction occurs is proportional to the product of the concentrations of
the reactants. Denote the concentrations of the reactants by

s=1[S], e=][E], c¢=][SE], p=IP]

[[] traditionally denotes concentration, in say moles/liter (or molars). The Law of Mass Action and
the basic rate balance law allows us to derive differential equations for these four concentrations.

For example, the Law of Mass Action says that substrate concentration decreases (due to reaction
with the enzyme) at a rate proportional to the produce se, i.e., at a rate —kjse. The notational
scheme above indicates that the constant of proportionality for this reaction is k1. The schematic
(1) indicates that the intermediate complex SE concentration decreases in two ways: at a rate —kac
due to the production of P and F and at a rate —k_;c due to the reverse reaction that produces .S
and E. Accounting in this way for all the reactions indicated in (1), the rate balance law gives us
the following four differential equations :

s’ —kise+k_qc

e = —kies+(k_1+ks)c
d = kes—(k_1+ka)c
o = koc

for the four state variables s, e, ¢, and p.

Notice that (in order to have units the same on both sides of all equations) k_; and ko have
units of 1/time while k; has units of 1/(time)(molar). Also notice that p does not appear in the
three differential equations for s,e,c. Thus, we can consider just the first three equations for the
three unknowns s, e, ¢ (and calculate p by integrating koc). In this project we will assume there is
not a reversible reaction, i.e., we take k_; = 0. This leaves us with the following system of three
equations for the three state variables s, e, and ¢ :

s = —kyse
e = —kies+ kac
¢ = kies—koc.
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We assign initial conditions
s(0) = sg, €(0)=ey, ¢(0)=0

under the assumption that the intermediate compound SF is initially absent.
Problems

(1) Show that (e +c)" = 0. This tells us that e(t) + c(t) is constant in time and therefore, in
fact, e(t) +c(t) = eq for all time t. Give an interpretation of this fact in terms of the concentrations
of reactants.

(2) Use the fact that e(t) + c(t) = eg for all time to show that s and ¢ satisfy the following first
order system

/

s = —kiegs + kysc (2)
d = kiegs — (k1s+k2)c.

(Hint: Use e(t) = ep — ¢(t).) Notice that mathematically we have reduced the system of
differential equation we need to analyze from three to two.

(3) Show that s = ¢ =0 is the only equilibrium of this nonlinear system (2).
(4) Calculate the Jacobian of system and evaluate it at the equilibrium s = ¢ = 0.

(5) Identify the type of the phase portrait of the linearization at s = ¢ = 0. (Recall that both
rates k; > 0 are positive and assume that the initial amount of substrate eq > 0 is not zero.)

(6) Assume eq is small. Specifically, assume that the dimension-less ratio kieg/ke is less than
1. Sketch the phase portrait of the linearization at s = ¢ = 0 that you obtain from your answer in

(4)-

(7) What does the linearization (for small eg) imply about the phase portrait of the nonlinear
system (2) for the substrate-enzyme reaction (i.e., about the nonlinear system (2))? Interpret your
answer in terms of the concentrations of each chemical reactant s,c, and e. (Recall that ¢(0) =0.)
In particular, what happens to the concentrations of substrate S and enzyme E as t — +o00?

(8) Calculate the limits of the eigenvalues and eigenvectors of the Jacobian in (4) as ey ap-
proaches 0. Use your answer to explain why it is reasonable to conclude, when the initial enzyme
concentration eq is small, that ¢'(t) is close to 0 after a short period of time has elapsed.

(9) Motivated by the conclusion in (8), when ey is very small we set ¢'(t) = 0 in the system
(2). (This is called the “pseudo-state state assumption”.) Show then that s satisfies a differential
equation of the form

I Vinax$
K, +s’

Give formulas for Viyax and K, in terms of ki, ko and eg.

Problems (1)-(9) show that when the initial enzyme concentration eg is small, then (after a
short transient period of time) the reaction rate s’ for the substrate concentration is related to the
concentration s of the substrate according to the Michaelis-Menten Law —‘—é‘:’*ﬁ. In other words,
we have derived the famous Michaelis-Menten Law from the Law of Mass Action.



