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Basics of Matrix Algebra

e \What are matrices ?
« How does one work with them (i.e., what’s their algebra) ?

e For what are they used ?

We’ll motivate & develop matrix algebra in the context
of recursively defined sequences
(discrete dynamical systems).



I'X

n+1 n

\
Population numbers
at start of n" year



I'X

n+1 n

Population numbers
at start of (n+1)3 year



n+1 n

l
Fraction surviving
one year

0<r<l1



I'X

n+1 n

Questions:
 Given an initial number X, > 0 calculate X, for n=0,1,2,...

« What is the long term fate of the population ?

lim x =7

n— +0oo






X, = IX,
_ 2
X, =X, =X,
_ 3
X, =X, =X,
n
X, =r"X,

Observe pattern



n+1 n
X, =X,
. 2
X, =X =T"X,
. 3
X, =X, =I7X,
n
X, =T"X,

0 if0<r«i
lim x. =4 %X, if r=1

N— +00

o if r>1

.



n+1 n
X, =X,
X
X

N
X, =T"X,

Often in applications
one wants to track
more than one quantity
(state variable).



n+1 — an
X, =X,
X
X

N
X, =T"X,

X

Often in applications
one wants to track
more than one quantity
(state variable).

Such problems lead to
two or more recursion formulas,
one for each state variable.

n+1

yn+1 o



n+1:rxn
X, =X,
. 2
X, =X =T"X,
. 3
X, =X, =I7X,
n
X, =T"X,

X —

n+1

yn+1 —

Often in applications
one wants to track
more than one quantity
(state variable).

Such problems lead to
two or more recursion formulas,
one for each state variable.

For example, suppose we follow
two classes of individuals through time :

say, large (adults) & small (juveniles)



X,

X

n

rx.
= I'X,

=X, = r’x,
=X, = I’X,

n

r"x,

X —

n+1

yn+1 —

X, = small (juvenile), do not reproduce

Yy, = large (adults), reproduce, offspring are small



n+1 — an
X, =X,
X
X

N
X, =T"X,

Xni1 = (1_ g)xn
yn+1 — gxn

X, = small (juvenile), do not reproduce

Yy, = large (adults), reproduce, offspring are small

All small individuals survive the year and
a fraction g grows into the larger class.



n+1 — an
X, =X,
X
X

n
X, =T"X,

X1 = (1_ g)xn T byn
yn+1 = gxn

X, = small (juvenile), do not reproduce

Yy, = large (adults), reproduce, offspring are small

All small individuals survive the year and
a fraction g grows into the larger class.

Average number of small offspring b per adult.



n+1 — an
X, =X,
X
X

n
X, =T"X,

X1 = (1_ g)xn T byn
Yo = Q¥ + Ty,

X, = small (juvenile), do not reproduce

Yy, = large (adults), reproduce, offspring are small

All small individuals survive the year and
a fraction g grows into the larger class.

Average number of small offspring b per adult.

A fraction f of the larger class survives to reproduce
the next year.



n+1 — an
X, =X,
X
X

N
X, =T"X,

Xp1 = (1= g)X, + Dy,
Yo = 9%, + TV,
Example:
g=08, b=15 f=04



n+1 — an
X, =X,
X
X

N
X, =T"X,

X, =0.2X +15Y.
Y., =0.8% +0.4y.

AN

Xp1 = (1= g)X, + Dy,
Yo = 9%, + TV,
Example:
g=0.8, b=15 f=04



n+1 — an
X, =X,
X
X

n
X, =T"X,

X, =0.2X +15Y.
Y., =0.8% +0.4y.

Problems

 Find formulas for x,, y,, in terms of x,, y, > 0.
e Determine the long term fate of the population :

lim x =7 imy =7
n— +oo n— +oo
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X, =0.2X +15Y.
Y., =0.8% +0.4y.

Problems

 Find formulas for x,, y,, in terms of x,, y, > 0.
e Determine the long term fate of the population :
lim x =7 imy =7

n
n— +0o0 N— +oo

Try same procedure:

Iterate and look for a pattern.



I'X

n+1 n

X, =X,

X, =0.2X +15Y.
Y., =0.8% +0.4y.

X, = 0.2X, +1.5y,
y, = 0.8%, +0.4Y,



X, =0.2X +15Y.
Y., =0.8% +0.4y.

X, = 0.2X, +1.5y,
y, = 0.8%, +0.4Y,

X, =0.2X, +1.5Y,
y, =0.8X, + 0.4y,



X, =0.2X +15Y.
Y., =0.8% +04y.

X, = 0.2%, +1.5Y,
y, 20.8X%, +0.4Y,

X, =0.2X, + 1.5y,
y, =0.8X, + 0.4y,



X ., =02X +15Yy
V.., =08X +0.4y,

X, = 0.2X, +1.5Y,
y, = 0.8X, +0.4Y,

X, =0.2[0.2X, +1.5Y,]

y, =0.8[0.2X, +1.5Y,]

+1.5
+0.4

0.8X, +0.4Y, ]

0.8X, +0.4Y,]

Next: gather X, and Y, terms together



X, =0.2X +1.5Y,
V... =0.8x +04y,

X, = 0.2%, +1.5Y,
y, = 0.8%, +0.4Y,

X, =[0.2x0.2+15x0.8]X, + [0.2x2+15x0.4]Y,
Y, =[0.8x0.2+0.4x0.8]X,+[0.8x2+0.4x04]Y,



X ., =02X +15Yy
V.., =08X +0.4y,

X, = 0.2X, +1.5Y,
y, = 0.8X, +0.4Y,

X, =1.24X, +0.9y,
y, =0.48%, +1.36Y,

Repeat procedure for 3" year.



X ., =02X +15y
V.., =08X +0.4y,

X, = 0.2X, +1.5Y,
y, = 0.8X, +0.4Y,

X, =1.24X,+0.9Y,
y, =0.48%, +1.36Y,

X, = 0.968X, + 2.22,
y, =1.184X, +1.264Y,

... 1t turns out



X., =02X +15Yy
Y., =0.8Xx +04y,

X, = 0.2%, +1.5Y,
y, = 0.8X, +0.4Y,

X, =1.24X, +0.9Y,
y, =0.48Xx, +1.36Y,

X, = 0.968X, + 2.22,
y, =1.184X, +1.264Y,

X =7
Yo ="

See a pattern ?
( Probably not 1)



X, =02X +15Yy
V.., =08X +0.4y,

X, = 0.2%, +1.5Y,
y, =0.8X, +0.4Y,

X, =1.24X,+0.9Y,
y, =0.48%, +1.36Y,

X, = 0.968X, + 2.22Y,
y, =1.184X, +1.264Y,

At least Is seems
we can say this:

Yo =[?]% +|?]Y \ in year n the terms
have this form.

x =[?]x, +[?]y,

n




X, =02X +15Yy

V.., =08X +0.4y,

X, = 0.2X, + 1.5y,

y, =0.8%, +0.4Y,

X, =0.2
y, =0.8

0.2%, +1.5Y, |

0.2X, +1.5Y, |

+1.5
+0.4

0.8X, +0.4Y,]

0.8X, +0.4Y,]



X, =02X +15Yy
V.., =08X +0.4y,

X, = 0.2X, +1.5Y,
y, = 0.8X, +0.4Y,

X, =0.2[0.2X, +1.5Y,]

y, =0.8[0.2X, +1.5Y,]

+1.5
+0.4

0.8X, +0.4Y,]

0.8X, +0.4Y,]

gather X, and Yy, terms together

X, =[02x0.2+15x0.8]X, + [0.2x15+15x0.4]Y,
Y, =[0.8x0.2+0.4x08]X,+[0.8x1.5+04x0.4]Y,



=X X, =02X +1.5Y,
~ 1, Y., =0.8Xx +04y,
X2 — rxl — rZXO Xl — 02X0 +15y0

y, = 0.8%, +0.4Y,

X, = 0.2[0.2%,|+ 1.5y, ] 41.5[0.8%,|+ 0.4y,

Y, =0.8[02X, +1.5Y,]+0.4[0.8%, + 0.4Y,]
ither Xo y// terms together

X, :ﬁo.z x0.2+1.5x0.8 }<0 +[02x15+15x04]y,

Y, =[0.8x0.2+0.4x0.8]X, +[0.8x15+04x0.4]y,




X, =0.2x +15Y |
Y., =08X +0.4y

X, = 0.2X, +1.5Y,
y, = 0.8X, +0.4Y,

X, =0.2[0.2X, +1.5Y,]

y, =0.8[0.2X, +1.5Y,]

+1.5
+0.4

0.8X, +0.4Y,]

0.8X, +0.4Y,]

gather X, and Yy, terms together

X, =[0.2ko.2 0.8]X, + [02x15+15x0.4]y,

y, =[0.8x0.2+0.4x0.8]X, +[0.8x15+04x0.4]y,



X —

n+1

yn+1 n

X, =0.2
y, =0.8

0.2k +1.5y.
0.8k +0.4y.

X, = 0.2X, +1.5Y,
y, = 0.8X, +0.4Y,

0.2%, +1.5Y, |

0.2X, +1.5Y, |

+1.5
+0.4

0.8X, +0.4Y,]

0.8X, +0.4Y,]

gather X, and Yy, terms together

X, =[0.2{02}+ 1.5x0-8]| x, + [0.2x1.5+1.5x 0.4 ]y,
Y, =[0.8x0.2+0.4x0.8]X, +[0.8x15+04x0.4]y,




0.2k +1.5y}
0.8k +0.4y.

<

n+1

\<
>
+
l—\

X, = 0.2X, +1.5Y,
y, = 0.8, + 0.4y,

X, :[[0.2 0.2 +1.5x 0.8]}<0 +[02x1.5+1.5%x04]Y,
Yy, =[0.8x0.2+0.4x0.8]X,+[0.8x15+04x0.4]y,




=X X1 :[O.2Xn + 1.5}/1
e Yo = 08%, 04,
X2 — rxl — rZXO Xl — 02X0 +15y0

y, = 0.8, + 0.4y,

X, =[0.2x0.2+1.5x0.8] X, +[[0.2 x1.5+1.5x 0.4]])/0
y, =[0.8x0.2+0.4x08]X,+[08x15+0.4x0.4]y,




n+1 — an Xn+1 :|0'21{n +1'5yn
= IX, Y @(” +0.4Y,
X2 — rxl — rZXO Xl — 02X0 +15y0

y, = 0.8, + 0.4y,

>
N

=[02x02+1.5x0.8]X, + [02x15+1.5%0.4]y,
—[0.8x02+0.4x 0.8]]x0 +[0.8x15+0.4x04]Y,

\<
N
I



n+1

x
N

I'X
X,

X, =X,

X, =0.2X + 1.5},/n

Vo1 7 0-8X, 0.4

n

X, = 0.2X, +1.5Y,
y, = 0.8, +0.4y,
X, =[0.2x0.2+15x0.8]X, + [02x15+15x0.4]Y,
Y, =[08x02+04x08]%, {[0.8xL5+0.4x04]y,




X ., =02X +15Yy
Y., =08Xx +0.4y

X, = 0.2X, + 1.5y,
y, =0.8X, +0.4Y,

X, =[0.2x0.2+15x0.8]X, + [02x15+15x0.4]Y,
Y, =[0.8x0.2+0.4%x0.8]X, +[0.8x1.5+0.4%x0.4]Y,

This sugqgests we organize our calculations as follows:




X, =02X +15Yy

Y., =0.8Xx +04y,

|
X, = 0.2X, +1
y, = 0.8X, +0

X, =[0.2x0.241.5x0.8] X, +
y, =[0.8x0.2+0.4x0.8] X, +[0.8

Yo
4Y,
2x15+15%04]y,
5+0.4x04]y,

This sugqgests wg organize our calculations\gs follows:

02 15 place the coefficients
0.8 04

In an array called a

2 X 2 matrix



|
plays the

X ., =02X +15Yy
Y., =08Xx +0.4y

X, = 0.2X, + 1.5y,
y, =0.8X, +0.4Y,

X, =[0.2x0.2+15x0.8]X, + [02x15+15x0.4]Y,
Y, =[0.8x0.2+0.4%x0.8]X, +[0.8x1.5+0.4%x0.4]Y,

This sugqgests we organize our calculations as follows:

role of r

02 15
R —
(0.8 0.4]



X ., =02X +15Yy
Y., =08Xx +0.4y

X, = 0.2X, + 1.5y,
y, =0.8X, +0.4Y,

X, =[0.2x0.2+15x0.8]X, + [02x15+15x0.4]Y,
Y, =[0.8x0.2+0.4%x0.8]X, +[0.8x1.5+0.4%x0.4]Y,

This suggests we organize our ¢calculations as follows:
these coefficients also
make a 2 X 2 matrix

02 15
R =
(0.8 o.4j >

02x0.2+15x08 0.2x15+15x0.4
0.8x0.2+04%x08 08x15+04x%x0.4



X, =02X +15Yy
Y., =0.8Xx +04y,

X, = 0.2X, +1.5Y,
y, = 0.8X, +0.4Y,

X, =[0.2x0.2+15x0.8]X, + [02x15+15x0.4]Y,
y, =[0.8x0.2+04x08]X,+[0.8x15+0.4x0.4]y,

This suggests we organize our calculations as follows:
0.2 15
R =
0.8 04

(QZxQ2+LSxQ8 02x15+15x04j

1
plays the

role of r2

0.8x0.2+04%x08 08x15+04x%x0.4



_QRZI

_ |
= an :
|

= IX, !
|

=rx, =r’x, |
|

|

|

|

|

|

|

|

|

|

|

|

Should be |
R2 1 l

X, =02X +15Yy
Y., =0.8Xx +04y,

X, = 0.2X, +1.5Y,
y, = 0.8X, +0.4Y,

X, =[0.2x0.2+15x0.8]X, + [02x15+15x0.4]Y,
Y, =[0.8x0.2+0.4%x0.8]X, +[0.8x1.5+0.4%x0.4]Y,

This suggests we organize our calculations as follows:
0.2 15
R =
0.8 04

(Q2x02+15x08 02x15+15x04j

0.8x0.2+04x08 08x15+04x%x0.4



This suggests that matrix multiplication should be defined so that

02 15)/02 15) (02x02+15x08 02x15+15x0.4
08 0408 04) |08x02+04%x08 08x15+0.4x0.4



This suggests that matrix multiplication should be defined so that

02 15Y/02 15) (02x02+15x0.8 02x15+15x0.4
08 04108 04) |08x02+04x08 08x15+0.4x0.4

Definition of Matrix Multiplication

(aﬂ alzj
a‘21 a‘22
Subscript notation

First subscript I denotes row.

Second subscript J denotes column.



This suggests that matrix multiplication should be defined so that

02 15Y/02 15) (02x02+15x0.8 02x15+15x0.4
08 04108 04) |08x02+04x08 08x15+0.4x0.4

Definition of Matrix Multiplication

(aﬂ alzj(bn blzj
a‘21 a‘22 b21 b22




This suggests that matrix multiplication should be defined so that

02 15Y/02 15) (02x02+15x0.8 02x15+15x0.4
08 04108 04) |08x02+04x08 08x15+0.4x0.4

Definition of Matrix Multiplication

(Iall alzﬁ b,| by, j _ [allbll + 8,0y ]
ay Ay J{by| by,

first row, first column position uses

first row of a’s, first column of b’s



This suggests that matrix multiplication should be defined so that

(0.2 1.5)(0.2 1.5) (0.2x0.2+1.5x0.8 O.2><1.5+1.5><O.4j

0.8 04)\08 04 0.8x0.24+04x0.8 0.8x1.5+04x04

Definition of Matrix Multiplication

(Iall a5 ﬁ(bll Ej [a11b11 +a,b,  ab, + a12b22]

a21 a22 b21 b22

H

first row, second column position uses

first row of a’s, second column of b’s



This suggests that matrix multiplication should be defined so that

0.2 15)0.2 15 02x0.2+15x0.8 02x15+15x04
08 04)L08 04) |08x02+04x08 08x15+04x0.4
Definition of Matrix Multiplication

gaﬂ alzJ b,| by, j _ [a11b11 +a,0,  a,b, + a12b22]

ay Ay )by by 8,0y, +ayhy,

second row, first column position uses

second row of a’s, first column of b’s



This suggests that matrix multiplication should be defined so that

0.2 15)0.2 15 02x0.2+15x0.8 02x15+15x04
08 04)L08 04) |08x02+04x08 08x15+04x0.4
Definition of Matrix Multiplication

gaﬂ alZJ(bll Ej _ [a11b11 +a,b,  ab, + a12b22]

dy Ay )\ 0y [ Dy a0, +ayby 3y, +a5,b,,

H

second row, second column position uses

second row of a’s, second column of b’s



This suggests that matrix multiplication should be defined so that

0.2 15)0.2 15 02x0.2+15x0.8 02x15+15x04
08 04)L08 04) |08x02+04x08 08x15+04x0.4
Definition of Matrix Multiplication

(all CY j(bll b, j _ [allbll +a,b,  ab, + a12‘322]

Ay Ay )\, Dby a0, +ayby 3y, +a5,b,,

Procedure works for matrices of different sizes ... as long as

# columns of a’s matrix = # rows of b’s matrix



This suggests that matrix multiplication should be defined so that

0.2 15)0.2 15 02x0.2+15x0.8 02x15+15x04
08 04)L08 04) |08x02+04x08 08x15+04x0.4
Definition of Matrix Multiplication

(all CY j(bll b, j _ [a11b11 +a,b,  ab, + a12b22]

Ay Ay )\, Dby a0, +ayby 3y, +a5,b,,

(aﬂ a, j{blj _ (aubl +ab, j
a21 a22 b2 a'21bl + a'22bZ




Examples













Examples




Examples

"




-1 5

M

Examples

o 11
03 0.2




Examples

o 11
03 0.2




Examples

o 11
03 0.2

22 -3
-1.5 3



5

-3

M

Examples

o 11
03 0.2

%% 3)

not the same !



Examples

2 =3 1 2 5 -11
01 0/)l-1 5) |-03 02
1 2\ 2 =3 22 -3
1 5)lo1 o) (-15 3
In general, matrix multiplication does not commute.

all a12 bll b12 does not bll b12 all a12
a,, a, J\b,, Db, ) necessarilyequal \b,, b,, )\a, a,

not the same !




Examples

S S




. J( J 2
\ ./

Same !




Examples
(aﬂ alz)(l Oj:(aﬂ zj
a‘21 a22 O 1 a21 a22

Same !




|
|

Ay,
a21

1
0

e

Examples

N R
b by
\/

Same !

A,
a,



Examples
(aﬂ alz)(l Oj:(aﬂ alzj
a‘21 a‘22 O 1 a21 a22
(1 Oj(aﬂ alzj:(aﬂ alzJ
O l a21 a22 a'21 a'22

1 0
I :( j IS called the 2x 2 identity matrix

0 1

Plays the role that 1 does for numbers.
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I'X

n+1 n

X .., =02X +15Yy
V.., =08X +0.4y,

Note: T

0.2x +15y ) (0.2 15)(x
0.8x +0.4y ) (08 04y,



I'X

n+1 n

X .., =02X +15Yy

V.., =08X +0.4y,
We can write the equations in matrix form
X .4 02 15\ X
oo sl

Then we can iterate using matrix multiplication
as follows ...



e ool

(e

( Xn+1
yn+1

X,

Xn +1
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Xn +1



or ool

0.2 1.5

E Xn+1
yn+1



or ool

0.2 1.5

E Xn+1
yn+1



e ool

0.2 1.5

[ Xn+1
yn+1



e ool

0.2 1.5

[ Xn+1
yn+1

- o X > < >
< >N N
. p—
N N ,
I <t o < X
N 00 N oo N X
N N S ~—
/ \ (4p) (90
— — N N
< = X > X A
N

(@) o

> X

(V] o

L | -

|| ||
[ (@) (q\]
<X X E
|| || || ||
T X



X j
Y,

e ool

0.2 1.5

Xn+1
yn+1

|

< X

(V] o

L | -

|| ||

[ (@) (q\]
<X X r
|| || || ||
T X



e ool

0.2 1.5

[ Xn+1
yn+1

(@) o

<X

(V] o

e | -

|| ||
[ (@) (q\]
<X X g K
I Il || ||
T X



c e X =
< > y
QP2
T/~
0 < 0 <
- O «d o
N ® N ©
S o o o
NN,

| I
T/~

[ Xn+1
yn+1

Xn +1



X ) (02 15)(x,
y .) \os 04/ly
X,) (02 15)'(x
y ) los 04) |y,

Questions:

How do we efficiently calculate powers of matrices ?

How do we use this solution formula to calculate

lim X,

nN— 4+

) X,
lim = 77
N— +o0 yn ||m yn

nN— 4+



0.2"
0.8"

0.4

)0

Note: not the same

1.5"
0.4"



-

Examples:

* (124 0.90
j :(0.48 1.36)
15\’ (097 222
o.4j :(1.18 1.26)
1327 19.65
j :£10.48 15.83}

10 (1.86 «10™  2.80 1014]

149 x10"  2.24 x10"



x ) (02 15)\(x X _(0.2 1.5)“ X,
y.) 08 04)ly y ) \os 04) ly,

Examples:
02 15\ (124 090 Start with 5 (thousand) juveniles and
08 04) 048 136 4 (thousand) adults
X,| (5

02 15) (097 222 =

_ Y, ) \4
0.8 0.4 118 1.26

10
02 15 13.27 19.65
08 04) \1048 15.83
02 15 1°°_ 1.86x10" 2.80 x10™
08 0.4 149 x10"  2.24 x10"



[Xnﬂj
yn+1

|

02 1.5
08 04

2

|

Xn

Y

J

Examples:

02 15
08 04

)

X



Xn) (02 15)(x, Xx,) (02 15)'(x,
y..) 08 04)ly. y. J \08 04) |y,
Examples:

02 15Y(5) (124 090\(5
08 04) 4/ \o4s 136/ 4




x ) (02 15)\(x Xx,) (02 15)'(x,
y.) \os 04/ly y. 08 04) |y,
Examples:
(0.2 1.5}15) (1.24 0.90j(5) (9.80]
= = 2 years
08 04)\4) \o048 136)l4) |7.84




X

n+1

yn+1

|

-2 =)
o IHE b

y

Examples:

090)\(5 9.80
1.36 /\ 4 7.84
2.22\( 5 13.72
1.26 )\ 4 10.98

|

X

|

|

02 15
08 04

)

X, j
Yo

2 years

3 years



x ) (02 15)\(x Xx,) (02 15)'(x,
y.) \os 04/ly y. 08 04) |y,
Examples:
(0.2 1.5}15) (1.24 0.90j(5) (9.80]
= = 2 years
08 04)\4a) \o4s 136)\4) 784
(0.2 1.5)3(5] (0.97 2.22}(5) [13.72]
= = 3 years
08 04)\4) \118 126/)\4) |10098
02 15)°(5 (1327 19.65)(5) (1446 10 years
08 04) \4) 1048 1583)\4) (1157




o o
co N

o o
o N

o O
o N

R R R N R

-

Examples:
15V (5) (124 090\(5) (9.80 ,
= = ears
04) | 4 048 136\ 4 7.84 y
15V (5 (097 222\(5) (13.72
= = 3 years
04) \ 4 118 1.26 )\ 4 10.98
10
15)(5)_(1327 19.65)(5) (1446 10 years
04) \ 4 10.48 15.83 )\ 4 115.7
100 14 14 15
15 5 1.86x10** 2.80x10™ \( 5 2.05x10 100
= = ears
0.4 4 149x10"  2.24x10* )\ 4 1.64x10% y

Appears to grow without bound.



Xn) (02 15)(x, X,) (02 1.5)“ X,
y.) 08 04)ly y ) \os 04) ly,

There’s another method

for calculating the solution,

but we need to know some
more about matrices ...



Matrices and Linear Algebraic Equations

We can write the problem of two linear equations in two unknowns

a11)("'blzy — bl
a21x+b22y — bz

INn matrix notation as

e oHe)



The solution of
one eguation
In one unknown

)/



The soluti_on of (aﬂ alzj[xj ) (blj
ax=>b one eguation =

in one unknown dy1 8y b,
a

Suggests we should (Xj B

consider matrix division



The solution of (aﬂ alzj[xj 3 (blj
ax=>b one eguation =

In one unknown b,
d

Suggests we should (Xj

consider matrix division

(aﬂ aizj
dyy Ay
But what sense can

be made out of this ?



The solution of (aﬂ aﬂj[xj 3 (blj
ax=>b one eguation =

in one unknown dy; Ay b,

¥

X =

Suggests we should X\
consider matrix division -

X=a®b

Division defined in
terms of multiplication



The soluti_on of (aﬂ alzj[xj - (blj
ax=>b one eguation =

in one unknown dy; Ay )\ Y b,

i / b,
X = g Suggests we should (Xj _ b,
consider matrix division y (aﬂ aizj
1 dy; Ay
X=a b i
Division defined i B I (Xj_(aﬂ alzj (bl)
ivision defined in analo =
y Iy y dy; Ay b,

terms of multiplication



The solution of (aﬂ a,, )(Xj 3 (blj
ax=>b one eguation =

in one unknown dy; Ay )\ Y b,

b/ N

X = Suggests we should (Xj B
consider matrix division y (aﬂ aﬂj
. dy) Ay
X = a_ b -1
Division defined i By anal (Xj—(a“ a”j (blj
Ivision defined In analo =
y Iy y dyy Ay b,

terms of multiplication

T

But what sense can
be made out of this ?



The solution of (aﬂ a,, )(Xj 3 (blj
ax=>b one eguation =

in one unknown dy; Ay )\ Y b,

i / b,
X =— Suggests we should X\ b,
a consider matrix division | y | (aﬂ alzj
L dy Ay
X=ab -
X)1_ 3 8 b,
How is a* defined ? Byanalogy | v |74 a,) \b,

T

But what sense can
be made out of this ?



The solution of (aﬂ a,, )(Xj 3 (blj
ax=>b one eguation =

in one unknown dy; Ay )\ Y b,

b/ N

X = Suggests we should X\
consider matrix division y N (aﬂ aﬂj
. dy; 8y

X=a b -1
X _ a9y b,
How is a-! defined ? By analogy y a, a,) \b,

a~" is the one and only number T
suchthata ‘a =1

But what sense can
be made out of this ?



a~" is the one and only number
suchthata'a =1

1
(all ) j (311 dy j _ (1 Oj
dyy Ay dyy 8y 0 1



a~" is the one and only number
suchthata'a =1

1
(all ) j (311 dy j _ (1 Oj
dyy Ay dyy 8y 0 1

called the multiplicative inverse



The solution of The solution of
ax=>nb (all aizj[Xj:(Qj
is Ay Axp J\Y b,
IS

1
y dy 8y b,

Does every matrix have an inverse ?

X=a®b

Questions

If a matrix has an inverse, how do we calculate it ?

If not, does this mean the problem have no solution ?
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