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Some Basic Power Series Expansions

o0 1 i 00 _1 n-1 )
eX:Z—Ix for all X Inx:z( ) (x-1)" for 0<x<?2
n=0 N: n=1 n
] o0 . n o0 _1n
smx:z =D x>" for all X cosx:z( ) X" forall X
~(2n+1)! o (2n)!

The Binomial Series

(1+X)p :1+Z p(p_l)fp—n-Fl) Xn for —1< X<1
n=1 n:

P is any constant (not necessarily an integer)



p(P-D) o P(P-D(P-2) s
21 3!
Example

(1+Xx)P =1+ px+ +-- for —1<x<1

Vi+x=(1+ x)l/2

p=1/2



p(P-D) o P(P-D(P-2) s
21 3!
Example

(1+Xx)P =1+ px+ +-- for —1<x<1

X" + X> 4
2 6

1(1 1(1 1
W i PO s U
V1+x=(1+ x)l/2 :1+EX+ ’ ’

p=1/2



p(P-D) o P(P-D(P-2) s
21 3!
Example

(1+Xx)P =1+ px+ +-- for —1<x<1

X" + X> 4
2 6

1(1 1(1 1
W i PO s U
V1+x=(1+ x)l/2 :1+EX+ ’ ’

1 1 1
I+ X =1+ =Xx—=x>+—x3+--- for —=1<x<1
2 8 16
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Substitution
(composite functions)
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10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

n

1
Recall: 1—:l+x+x2+x3+---+x +..o for \x\<1
—X

1
1+ X

=7
5 !



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

n

1
Recall: 1—:l+x+x2+x3+---+x +..o for \x\<1
—X

1
1+ X

=7

2

Substitute — x* for X.



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

n

1
Recall: 1—:l+x+x2+x3+---+x +.oo for \x\<1
—X

1
1+ x°

=14 (=X) + (=X°)7 + (=X*)° oo (=XP)" o for |-x?| <1

Substitute — x* for X.



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

Recall: %:l+x+x2+x3+---+x”+--- for \x\<1

= =14 (=X7) + (=X0) 2+ (=X0) b eek (=X for [P <1
1+ X

1

=1-X"+ X =X+ + (D)X 4 for | <1
1+ x°



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

Recall: %:l+x+x2+x3+---+x”+--- for |x| <1
1
=14 (=X7) + (=X0) 2+ (=X0) b eek (=X for [P <1
1+ X
1 n 2n
=1-X+ X" =X+ + (-1)"x . for |x| <1
1+ X°

\

equivalent



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1
Recall: 1—:l+x+x2+x3+---+x”+--- for \x\<1
—X
i 1 1
sinX=X——x>+—x>—--- forall X
31" 5l
1 . .

=7 Find the 3@ degree Taylor polynomial

1-sinx



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1
Recall —— =1+X+X2+X>+---+X"+--- for \x\<1
1-x
i 1 1
sinX=X——x>+—x>—--- forall X
3! 51

1
1-sin X

:1+§nx+(ﬂnxf+(ﬂnxf4~~'mrﬁknd<l



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1

Recall: 1—:l+x+x2+x3+---+x”+--- for \x\<1
— X
i 1 1
sinX=X——Xx>+—Xx>—--- forall X
3! 51
2
1 1 1 1 1
=l XXX e [ XXX -
1-sIn X 3! 51 3! 51

3

1 1

+(x——x3+—x5—---j e
3! 51



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1
Recall —— =14+X+X2+X +---+X"+--- for \x\<1
1-x
i 1 1
sinX=X——x>+—x>—--- forall X
3! 51

3" degree or less



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1
Recall: 1—:l+x+x2+x3+---+x”+--- for \x\<1
— X
i 1 1
sinX=X——x>+—x>—--- forall X
3! 51
2
1 1 1 1
— ~14+ X—=X +H X==X+ =X~
1-sin X 3! 3! 51

3

1 1

+(x——x3+—x5—---j e
3! 51



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1
Recall: 1—:l+x+x2+x3+---+x”+--- for |x| <1
—X
] 1 1
SinX=X——X"+—Xx>—--- forall X
3! 51
r n
1 1 1 1
— ~14+ X—=X #] X—=xX>+=%x"—---
1-sin X 3! 3! 51
; \_ _J
1 1
+(x——x3+—x5—---j e
3! 51

Only term 3" degree or less is X?



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1
Recall: 1—:l+x+x2+x3+---+x”+--- for \x\<1
— X
i 1 1
sinX=X——X>+—Xx>—--- forall X
3! 51
1 1
— ~1+ x——X° + X°
1-sinx 3!
3
1 1
+(x——x3+—x5—---j e
3! 51

Only term 3" degree or less is X?



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1
Recall: 1—:l+x+x2+x3+---+x”+--- for \x\<1
— X
i 1 1
sinX=X——X>+—Xx>—--- forall X
3! 51
1 1
— ~1+ x——X° + X°
1-sinx 3!
g 3
1 1
+(x——x3+—x5—---j e
3! 51
\_ )

Only term 3" degree or less is X3



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1
Recall: 1—:l+x+x2+x3+---+x”+--- for \x\<1
—X
i 1 1
sinX=X——X>+—Xx>—--- forall X
3! 51
1 1
_ ~1+ x——X° + x°
1-sin X 3!
+ X +oo

Only term 3" degree or less is X3



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1

Recall: 1—:l+x+x2+x3+---+x”+--- for \x\<1
—X
i 1 1
sinX=X——X>+—Xx>—--- forall X
3! 51
1 1
— ~1+ x——X° + X°
1-sinx 3!
+ X +oo
\

No terms 3" degree or less



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1

Recall: 1—:l+x+x2+x3+---+x”+--- for \x\<1
—X
i 1 1
sinX=X——X>+—Xx>—--- forall X
3! 51
1 1
_ ~1+ x——X° + x°
1-sin X 3!

+ X



10.3 Other Ways of Calculating Taylor Polynomials

Substitution
(composite functions)

1
Recall —— =14+X+X2+X +---+X"+--- for \x\<1
1-x
i 1 1
sinX=X——x>+—x>—--- forall X
3! 51

1 5
~1+ X+ X2 +2x3 = p.(X
1—sin X 6 P (X)
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Calculus of Power Series

Power series can be integrated and differentiated term-wise
on their intervals of convergence
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Calculus of Power Series

Power series can be integrated and differentiated term-wise
on their intervals of convergence

1
1+ X°

Recall:

=1-X"+ X =X+ + (D) X"+ for |X] <1



10.3 Other Ways of Calculating Taylor Polynomials

Calculus of Power Series

Power series can be integrated and differentiated term-wise
on their intervals of convergence

1 n2n

Recall: =1-X+ X" =X+ + (D)X for |x| <1
1+x
1 1 1 -1)"
Thus: j dX=X—=X"+=X"—=X"+- +( ) X
1+ X° 3 5 14 2n+1



10.3 Other Ways of Calculating Taylor Polynomials

Calculus of Power Series

Power series can be integrated and differentiated term-wise
on their intervals of convergence

1
Recall: n = =1-X"+ X' = X* 4+ (-D)"X" 4o for x| <1
+ X
1 1 1 1 -1)"
Thus: I 2dX=X——X3+—x5——x7+---+( ) G TP
1+ X 3 5 14 2n+1
00 _1n
arctan x = (=) xm for || <1

n:0 2n +1



10.3 Other Ways of Calculating Taylor Polynomials

Calculus of Power Series

Power series can be integrated and differentiated term-wise
on their intervals of convergence

1 =1-X"+ X =X+ 4+ (-D)" X" +
1+ x°

Thus: d 1 —=—2X+4X° —6X +---+2n(=1)" X"+
dx 1+ X

Recall:

for |x| <1




10.3 Other Ways of Calculating Taylor Polynomials

Calculus of Power Series

Power series can be integrated and differentiated term-wise
on their intervals of convergence

1 n2n

Recall: =1-X+ X =X+ (-1)"X for |x| <1
1+ X
d 1 n 2n1
Thus: > = 2X+4X° —6X° +---+2n(=1)"x
dx 1+ X
- _ZZn( )"x*" for |x|<1
(1+x )

_Zn( D™ for [x|<1
(1+x )



Question: How good an approximation is p,(x) ?
F(x) ~ f(a)+ f(l)(a)(x—a)+---+il £ (2)(x—a)"
n!

For example, how accurate are these approximations ?

InXx = x—-1= p,(X) sinX = x = p,(x)



Question: How good an approximation is p,(x) ?

f(x)= f(a)+ f (1)(a)(x—a)+---+il f™(@)(x—-a)"

For example, how accurate are thesena{pproximations ?
InXx = x—-1= p,(X) sinX = x = p,(x)

In X ~ x—1—%(x—1)2 =P, (x) Sin X ~ x—%x3 = P,(X)



Question: How good an approximation is p,(x) ?
F(x) ~ f(a)+ f<1>(a)(x—a)+-.-+il £ (2)(x—a)"
n!

For example, how accurate are these approximations ?

InXx = x—-1= p,(X) sinX = x = p,(x)

1 :
Ianx—l—E(x—l)Z: P, (X) S|anx—%x3= P, (X)
y=InXx p,(X) y = sin X Po(X)

P11 (X) 21

T e f(x)=Inx
— (X) = 0
— py(X) = (x-1)
Po(X) = (x-1) - (x-1)*2

/A A




Question: How good an approximation IS p,(X) ?
f(x)~ f(a)+ fP@)(x-a)+-- +— f"M(@)(x—a)"

Clearly the answer depends on both n and X.
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M
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Question: How good an approximation IS p,(X) ?
f(x)~ f(a)+ fP@)(x-a)+-- +— fM(a)(x-a)"
Clearly the answer depends on both n and X.

Lagrange’s Error Bound (Theorem 10.1, text)

n+1

M
[ (X)— p, ()| < (n+1)!\x—a

where M is a number satisfying

‘ f D<M on the interval between a and X




f(x)~ f(a)+ fP@@)(x—a)+-- e f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

<M on the interval between a and X

where M is a number satisfying ‘ f (D)

Example

sinX = X = p,;(X)



f(x)~ f(a)+ fP@@)(x—a)+-- e f(”’(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

< M \on the interval between a and X

where M is a number satisfying ‘ f (D)

Example

. . M
sinx = x = p,(X) |smx—x|s§x



f(x)~ f(a)+ fP@@)(x—a)+-- e f(”’(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

<M on the interval between a and X

where M is a number satisfying ‘ f (D)

Example

sinx = x = p,(X) [sin x — x|<.><




f(x)= f(a)+ fP@)(x—a)+-- + f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

where M is a number satisfying ‘ f ™D <M on the interval between a and X

Example

. . M
sinx = x = p,(X) |smx—x|s§x

f® = _sinx andso‘f(z)‘<l



f(x)= f(a)+ fP@)(x—a)+-- + f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

where M is a number satisfying ‘ f ™D <M on the interval between a and X

Example

. . M
sinx = x = p,(X) |smx—x|s§x

f@ = _sinx andso‘f(z)‘<l M



f(x)= f(a)+ fP@)(x—a)+-- + f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

where M is a number satisfying ‘ f ™D <M on the interval between a and X

Example

: 1
sin X ~ X = p, (X) |smx—x|£Ex2



f(x)= f(a)+ fP@)(x—a)+-- + f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

where M is a number satisfying ‘ f ™D <M on the interval between a and X

Example

: 1
sin X ~ X = p, (X) |smx—x|£Ex2
For example, take x =0.1

sin0.1-0.1]< = (o 1)



f(x)= f(a)+ fP@)(x—a)+-- + f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

where M is a number satisfying ‘ f ™D <M on the interval between a and X

Example

: 1
sin X ~ X = p, (X) |smx—x|£Ex2
For example, take x =0.1

sin0.1-0.1]< = (o 1)" = 0.005
sin 0.1:0.1J_r 0.005



f(x)~ f(a)+ fP@@)(x—a)+-- e f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

<M on the interval between a and X

where M is a number satisfying ‘ f (D)

Example

- 1 3_
3|nx~x—ax = Pp,(X)



f(x)~ f(a)+ fP@@)(x—a)+-- e f(”’(a)(x a)"

n+1

M
[ (X)— p, ()| < (n+1)!\x—a

<M Qn the interval between a and X

where M is a number satisfying ‘ f (D)

Example

. ( 1 3j
sinx—| x—=x> [ <
3!

1
41

- 1 3_
smx~x—ax = Pp,(X)



f(x)~ f(a)+ fP@@)(x—a)+-- e f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

<M on the interval between a and X

where M is a number satisfying ‘ f (D)

Example

. ( 1 3j
sinx—| x—=x> [ <
3!

For example, take x =0.1

Sin O.l—(O.l—%(O.lfj

1
41

- 1 3_
3|nx~x—ax = p,(X)

1 4
S Oll




f(x)= f(a)+ fP@)(x—a)+-- + f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

where M is a number satisfying ‘ f ™D <M on the interval between a and X

Example

. ( 1 3j
sinx—| x—=x> [ <
3!

For example, take X =0.1
sin0.1-0.09983| < 4.167x10°°

1
41

- 1 3_
3|nx~x—ax = p,(X)



f(x)= f(a)+ fP@)(x—a)+-- + f(”)(a)(x a)"

n+1

[ (X)— p, ()| < (n+1)!\x—a

where M is a number satisfying ‘ f ™D <M on the interval between a and X

Example

wlra,
SINX—| X——=X" || <
3!

For example, take X =0.1
sin0.1-0.09983| < 4.167x10°°

1
41

- 1 3_
3|nx~x—ax = p,(X)

sin0.1=0.099833 + 4.167 x10°°



Application

-l >

A thin disk of radius a
and mass M




Application

A particle of mass m
height h above center

-l >

A thin disk of radius a
and mass M




Application

2gMmh| 1 1
F= 2 h (a2, 2\
a (a +h )

Gravitational force exerted by the disk
on the particle .




Application

2gMmh| 1 1
F= 2 h (a2, 2\
a (a +h )

Problem: approximate F for large h
(in particular, for h > a)



m Application

.

|

: 2gMmh| 1 1

. h F = 2 PN

| a h (a +h )

|

L Problem: approximate F for large h
w2 (in particular, for h > a)

Method: consider F as a function of
X=alh
and calculate low order Taylor polynomials in x
centered at O.



Application

F

_2gMmh| 1
a> | h
x:E = h
h



Application

2gMmh| 1 1
F= 2 P 172
a h a2+h2)
x=2 = h=2
h X
2gMm |—
F = =




Application

2gMmh| 1 1
F= 2 P 172
a h a2+h2)
x=2 = h=2
h X
p
2ngE 1 1
X
F= 52 /2.2 2 \I2
2 [ax"+a
. ( X’ j




Application

2gMmh| 1 1
F= 2 h (a2, 2\
a a“+h )
x=2 = h=2
h X
[
2ngE 1 1
F = A [l
a’ a a x2+1)1/2




Application

F

_2gMmh| 1
a® | h




m Application
O
|
: 2gMmh| 1 1
''h F 2 F_ 5 5 \1/2
! a a“+h )
|
v =8 pod
> T
2gMm 1
F = 2 1- S \1/2
a (1+x )

p(p-1) W 4 p(p-1)(p-2) o
21 3!

+... for —1<x<1

(1+Xx)P =1+ px+




m Application
O
|
: 2gMmh| 1 1
''h F = 2 F_ s o \U2
! a a“+h )
|
M = o
D T
2gMm 1
F = 2 1- S \1/2
a (1+x )

p(p-1) 1 p(p-1)(p-2) N
21 3!

1+ x°)P =1+ px* + +--o for —1<x<1

substitution of x2



m Application
O
|
: 2gMmh| 1 1
1 h F a2 H_ 5 5 1/2
! a“+h )
|
L x—E — h—E
> T
2gMm 1
F 2 1- 5 \1/2
a (1+x )
__(_1_1)
L+x3) V2 =1-=x*+ X+ for —1<x<1



Application

2gMmh| 1 1
h F = 2 o 172
a h a2+h2)
x—E — h—E
a2 h X
2gMm 1
F = 2 1- S \1/2
a (1+x )

(1+x?)7V? :1—%x2 +§x4+--- for —1<x<1



m Application
O
|
: 2gMmh| 1 1
''h F = 2 o 172
| a h (a2 +h2)
|
|
L x—E — h _a
D T
2gMm 1
F = 2 1- S \1/2
a (1+x )

1—(1+x?)7V2 :%x2 _§X4 +--o for —1<x<1



Application

F

_2gMmh| 1 1
B az h a2+h2)1/2

x=2 = h=2

h X




Application

2gMmh| 1 1
F= 2 P 12
a h a2+h2)
x=2 = h=2
h X
F:2gI\/I2m (£x2—§x4+ j
a 2 8
2gMm (1a* 3a°
F 2 5 h2 Qh%
a 2h® 8h



Application

F

aZ

h2

_2gMmh| 1 1

h (a*+ hz)ll2

2
£ _ gMm (1—§a—+---j for 0<%<1



Application

F

F=

_2gMmh| 1 1

a2

h2

F

h (a2+h2)1/2
2
1—§a—2+--- for O<E<1
4 h h
To lowest order :

_gMm

h2

for h large



Application

F

_2gMmh| 1

1

a2 h (a2 +h2)1/2

1———+---j for O<%<1

To lowest order :

Does not £ 9Mm
depend on a ! h?

for h large



m Application

O

|

: = _2gMmh)| 1 1

' h " a2 | h (g24n2)?

| (a°+?)

|

|

: _gMm [, 3a" a
o= F = 2 (1 4h2+ j for O<h<1

To lowest order :

_gMm

h2

F

for h large

To next order :

higher order 2
; F ~ gMm [1—%%) for h large

~N

approximation h2
depends on a
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