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First Degree Polynomial Approximation 

Approximate at by a first degree polynomial( )    .y f x x a= =

x

y

a

Geometrically, approximate graph of  f(x)  by that of its tangent at x = a. 

( , ( ))a f a
( )

tangent line: 
( ) ( ) ( )p x f a f a x a′= + −

p(x)  passes through same point as f (x).

and has same slope as f (x) .
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First degree Taylor polynomial of f (x) at x = a.
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the tangent will be a poor approximation.

A better approximation would try to approximate some of f ’s curvature.



If the graph of f (x) is significantly curved at x = a,                        
the tangent will be a poor approximation.

A better approximation would try to approximate some of f ’s curvature.

Graphs of second degree polynomials are parabolas. 

IDEA:  match f ,  f ' and the second derivative  f ″
 with a quadratic polynomial.
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Note: first degree approximation is contained 
in second degree approximations
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22 2

3 3
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( ) ( )2
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d p x d f xc
dx dx
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This formula tells us how to 
calculate the coefficients cn of 
the approximating polynomial
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2 2

22 2

3 3

33 3

( ) ( )

( ) ( )2

( ) ( )3 2

( ) ( )!
n n

n n

x a x a

x a x a

x a x a

n
x a x a

dp x df xc
dx dx

d p x d f xc
dx dx

d p x d f xc
dx dx

d p x d f x
dx dx

n c

= =

= =

= =

= =

= =

= =

= ⋅ =

==
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The sequence of Taylor polynomials of a function f(x)

( )( )

0

1
!

( ) ( )i
n

n i

i
f

i
p x a x a

=
= −∑

is the sequence of partial sums of the Taylor series

( )( )

0

1
!

( ) .i i

i
f

i
a x a

∞

=
−∑



10.3 Taylor Series
The sequence of Taylor polynomials of a function f(x)

( )( )

0

1
!

( ) ( )i
n

n i

i
f

i
p x a x a

=
= −∑

is the sequence of partial sums of the Taylor series

( )( )

0

1
!

( ) .i i

i
f

i
a x a

∞

=
−∑

If R is the radius of convergence of this Taylor series, then

( )( )

0

1
!

on the interval

( ) ( )  

 .

i i

i
f

i
a x a f x

x a R

∞

=
− =

− <

∑



Examples

We saw in two previous examples that

0

1
 has radius of convergence   

!
  .n

n n
x R

=

∞

= +∞∑



Examples

We saw in two previous examples that

0

1
 is the power series of  at  

!
  ( )  .0n

n n
xx f x e a

=

∞

= =∑
0

1
 has radius of convergence   

!
  .n

n n
x R

=

∞

= +∞∑



Examples

We saw in two previous examples that

We conclude that

0

1
for all  

!
. n

n n
xx e x

=

∞

=∑

0

1
 is the power series of  at  

!
  ( )  .0n

n n
xx f x e a

=

∞

= =∑
0

1
 has radius of convergence   

!
  .n

n n
x R

=

∞

= +∞∑



Examples

2 1

0

( 1)
 has radius of convergence   

(2 1)!
 .

n
n

n n
x R+

=

∞ −

+
= +∞∑

We saw in two previous examples that



Examples

2 1

0

( 1)
 has radius of convergence   

(2 1)!
 .

n
n

n n
x R+

=

∞ −

+
= +∞∑

We saw in two previous examples that

2 1

0

( 1)
 is the power series of  at  

(2 1)!
 ( ) sin  .0

n
n

n n
x f x x a+

=

∞ −

+
= =∑



Examples

2 1

0

( 1)
 has radius of convergence   

(2 1)!
 .

n
n

n n
x R+

=

∞ −

+
= +∞∑

We saw in two previous examples that

We conclude that

2 1

0

( 1)
for all  

(2 1)!
sin  . 

n
n

n n
x x x+

=

∞ −

+
=∑

2 1

0

( 1)
 is the power series of  at  

(2 1)!
 ( ) sin  .0

n
n

n n
x f x x a+

=

∞ −

+
= =∑



Examples

We saw in two previous examples that
1

1

( 1)
 has radius of convergence   ( 1)   1.

n
n

n n
x R

−

=

∞ −
− =∑



Examples

We saw in two previous examples that

1

1

( 1)
 is the power series of  at  ( 1)   ( ) ln  .1

n
n

n n
x f x x a

−

=

∞ −
− = =∑

1

1

( 1)
 has radius of convergence   ( 1)   1.

n
n

n n
x R

−

=

∞ −
− =∑



Examples

We saw in two previous examples that

We conclude that
1

1

( 1)
on the interval  ( 1) ln  0 2. 

n
n

n n
x x x

−

=

∞ −
− = < <∑

1

1

( 1)
 is the power series of  at  ( 1)   ( ) ln  .1

n
n

n n
x f x x a

−

=

∞ −
− = =∑

1

1

( 1)
 has radius of convergence   ( 1)   1.

n
n

n n
x R

−

=

∞ −
− =∑



Some Basic Power Series Expansions

0

1
for all  

!
  n

n

x

n
e x x

=

∞

=∑

2 1

0

( 1)
for all  

(2 1)!
sin  

n
n

n n
x x x+

=

∞ −

+
=∑

1

1

( 1)
for  2ln ( 1)  0 

n
n

n n
x x x

−

=

∞ −
= − < <∑



Some Basic Power Series Expansions

0

1
for all  

!
  n

n

x

n
e x x

=

∞

=∑

2 1

0

( 1)
for all  

(2 1)!
sin  

n
n

n n
x x x+

=

∞ −

+
=∑

1

1

( 1)
for  2ln ( 1)  0 

n
n

n n
x x x

−

=

∞ −
= − < <∑

2

0

( 1)
for all  

(2 )!
cos   

n
n

n n
x x x

=

∞ −
=∑



Some Basic Power Series Expansions

0

1
for all  

!
  n

n

x

n
e x x

=

∞

=∑

2 1

0

( 1)
for all  

(2 1)!
sin  

n
n

n n
x x x+

=

∞ −

+
=∑

1

1

( 1)
for  2ln ( 1)  0 

n
n

n n
x x x

−

=

∞ −
= − < <∑

2

0

( 1)
for all  

(2 )!
cos   

n
n

n n
x x x

=

∞ −
=∑

The Binomial Series

2 3

1

( 1) ( 1)( 2)
1   for 

2! 3!
is any constant (not necessarily an integer)

( 1) ( 1)
1

!

( ) 1 1

( ) 1

1

  

 n

n

p

p

p p p p p

p p p n
n

x px x x

x x

x

p

=

∞

− − −

− − +

+ = + + + + − <

+ = +

<

∑



Some Basic Power Series Expansions

0

1
for all  

!
  n

n

x

n
e x x

=

∞

=∑

2 1

0

( 1)
for all  

(2 1)!
sin  

n
n

n n
x x x+

=

∞ −

+
=∑

1

1

( 1)
for  2ln ( 1)  0 

n
n

n n
x x x

−

=

∞ −
= − < <∑

2

0

( 1)
for all  

(2 )!
cos   

n
n

n n
x x x

=

∞ −
=∑

The Binomial Series

2 3

1

( 1) ( 1)( 2)
1   for 

2! 3!
is any constant (not necessarily an integer)

( 1) ( 1)
1

!

( ) 1 1

( ) 1

1

  

 n

n

p

p

p p p p p

p p p n
n

x px x x

x x

x

p

=

∞

− − −

− − +

+ = + + + + − <

+ = +

<

∑



Some Basic Power Series Expansions

0

1
for all  

!
  n

n

x

n
e x x

=

∞

=∑

2 1

0

( 1)
for all  

(2 1)!
sin  

n
n

n n
x x x+

=

∞ −

+
=∑

1

1

( 1)
for  2ln ( 1)  0 

n
n

n n
x x x

−

=

∞ −
= − < <∑

2

0

( 1)
for all  

(2 )!
cos   

n
n

n n
x x x

=

∞ −
=∑

The Binomial Series

2 3

1

( 1) ( 1)( 2)
1   for 

2! 3!
is any constant (not necessarily an integer)

( 1) ( 1)
1

!

( ) 1 1

( ) 1

1

  

 n

n

p

p

p p p p p

p p p n
n

x px x x

x x

x

p

=

∞

− − −

− − +

+ = + + + + − <

+ = +

<

∑



Some Basic Power Series Expansions

0

1
for all  

!
  n

n

x

n
e x x

=

∞

=∑

2 1

0

( 1)
for all  

(2 1)!
sin  

n
n

n n
x x x+

=

∞ −

+
=∑

1

1

( 1)
for  2ln ( 1)  0 

n
n

n n
x x x

−

=

∞ −
= − < <∑

2

0

( 1)
for all  

(2 )!
cos   

n
n

n n
x x x

=

∞ −
=∑

The Binomial Series

2 3

1

( 1) ( 1)( 2)
1   for 

2! 3!
is any constant (not necessarily an integer)

( 1) ( 1)
1

!

( ) 1 1

( ) 1

1

  

 n

n

p

p

p p p p p

p p p n
n

x px x x

x x

x

p

=

∞

− − −

− − +

+ = + + + + − <

+ = +

<

∑


	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	Slide Number 38
	Slide Number 39
	Slide Number 40
	Slide Number 41
	Slide Number 42
	Slide Number 43
	Slide Number 44
	Slide Number 45
	Slide Number 46
	Slide Number 47
	Slide Number 48
	Slide Number 49
	Slide Number 50
	Slide Number 51
	Slide Number 52
	Slide Number 53
	Slide Number 54
	Slide Number 55
	Slide Number 56
	Slide Number 57
	Slide Number 58
	Slide Number 59
	Slide Number 60
	Slide Number 61
	Slide Number 62
	Slide Number 63
	Slide Number 64
	Slide Number 65
	Slide Number 66
	Slide Number 67
	Slide Number 68
	Slide Number 69
	Slide Number 70
	Slide Number 71
	Slide Number 72
	Slide Number 73
	Slide Number 74
	Slide Number 75
	Slide Number 76
	Slide Number 77
	Slide Number 78
	Slide Number 79
	Slide Number 80
	Slide Number 81
	Slide Number 82
	Slide Number 83
	Slide Number 84
	Slide Number 85
	Slide Number 86
	Slide Number 87
	Slide Number 88
	Slide Number 89
	Slide Number 90
	Slide Number 91
	Slide Number 92
	Slide Number 93
	Slide Number 94
	Slide Number 95
	Slide Number 96
	Slide Number 97
	Slide Number 98
	Slide Number 99
	Slide Number 100
	Slide Number 101
	Slide Number 102
	Slide Number 103

