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First Deqgree Polynomial Approximation

Approximate Y = f (X) at X = a by a first degree polynomial.

Geometrically, approximate graph of f(x) by that of its tangent at x = a.

y

tangent line:

p(x)=f(a)+ f'(a)(x—a
(a, f(a)) x=2)

p(x) passes through same point as f (x).

3 and has same slope as f (X) .



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

First degree Taylor polynomial of f (x) at x = a.



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x)=e* at a=0



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x)=e* at a=0

f(0)=1



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x):ex at a=0
f(0)=1
f'(x)=e* = f'(0)=1



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x):ex at a=0
f(0)=1
f'(x)=e* = f'(0)=1

P (X)=1+X



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x):ex at a=0
f(0)=1
f'(x)=e* = f'(0)=1

p(X)=1+x~e* for x~0



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x)=sinx at a=0

f(0)=0



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x)=sinx at a=0

f(0)=0
f'(x)=cosx = f'(0)=1



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x)=sinx at a=0

f(0)=0
f'(x)=cosx = f'(0)=1

p,(X)=x=sinx for x=0



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x)=Inx at a=1

f()=0



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x)=Inx at a=1

f()=0
f'(x)=1/x = f'1)=1



First Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(@)(x—a) = f(x) for x~a

Examples

f(x)=Inx at a=1

f()=0
f'(x)=1/x = f'1)=1

p,(X)=x-1=Inx for x=1



If the graph of f (x) is significantly curved at x = a,
the tangent will be a poor approximation.

A better approximation would try to approximate some of f ’s curvature.



If the graph of f (x) is significantly curved at x = a,
the tangent will be a poor approximation.

A better approximation would try to approximate some of f ’s curvature.

Graphs of second degree polynomials are parabolas.

IDEA: match f , f'and the second derivative f"
with a quadratic polynomial.



Second Deqgree Polynomial Approximation

Goal: find a quadratic polynomial p(x) such that

p(a), p'(a), p'(a)
equal respectively

fa), f'(a), f"@)



Second Deqgree Polynomial Approximation

Goal: find a quadratic polynomial p(x) such that

p(a), p'(a), p'(a)
equal respectively

fa), f'(a), f"@)

p(x) =, +C,(X-a) +C2(X_a)2



Second Deqgree Polynomial Approximation

Goal: find a quadratic polynomial p(x) such that

p(a), p'(a), p'(a)
equal respectively
f(a), f'(a), f"(a)
p(X) =C, +C(x—a)+c, (X_a)2
p'(X)=c, +2c,(x—a)
p"(x) = 2c,



Second Deqgree Polynomial Approximation

Goal: find a quadratic polynomial p(x) such that
p(a), p'(a), p'(a)
equal respectively
f(a), f'(a), f"(a)
p(x) =¢, +C,(x—a) +C2(X_a)2
p(a) =¢,
p’(a) =G
p"(a) =2c,



Second Deqgree Polynomial Approximation

Goal: find a quadratic polynomial p(x) such that
p(a), p'(a), p'(a)
equal respectively
f(a), f'(a), f"(a)
p(x) =¢, +C,(x—a) +C2(X_a)2
p(a) = Co Co = f(a)
p'@=c —= c¢="1a)
p’(a) =2c, c,="f"(a)/2



Second Deqgree Polynomial Approximation

pl(x) = f(a)+ f’(a)(x—a)
p,(x) = f(a)+ f'(a) (x—a)+§ £"(a) (x - a)?

Second degree Taylor polynomial of f (x) at x = a.



Second Deqgree Polynomial Approximation

p,(¥) = f(a)+ f'(a)(x—a)
p,(x) = f (a)+ f'(a)(x—a)+§f"(a)(x—a)2 < f(x) for x~a

Second degree Taylor polynomial of f (x) at x = a.



Second Deqgree Polynomial Approximation

4 )
p,(x) 4 f(a)+ f'(a)(x—a)

p,(\) 4 f(@)+ (@) (x—a)l = f"(a) (x—a)’ ~ f(x) for x~a
\_ ) 2

Second degree Taylor polynomial of f (x) at x = a.

Note: first degree approximation is contained
In second degree approximations



Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=e* at a=0




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples
f(x)=e* at a=0

1oy — X "(0) =
Fog=e” f”(O) Lo pz(x):1+x+£x2
f"(x)=e" f"(0)=1 2




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples
f(x)=e* at a=0
'(x) = X f'(0)=1
Fx)=e® ”( ) = pz(x):1+x+£x2
f"(x)=e" f"(0)=1 2
We expect this to be a
better approximation

to e* than p,(x)




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples
f(x)=e* at a=0
'(x) = eX f'(0)=1
f'()=e" _ ”( )
f"(x) =e" f"(0)=1




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples
f(x)=e* at a=0

Sequence of Taylor Polynomials

Py (X) =1
p,(X) =1+X

pz(x):1+x+%x2



Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=e” at a=0
Sequence of Taylor Polynomials

po(x) =1
p,(X) =1+X

pz(x):1+x+%x2




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=e” at a=0
Sequence of Taylor Polynomials

po(x) =1
p,(X) =1+X

pz(x):1+x+%x2




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples
f(x)=e* at a=0
y=¢ Sequence of Taylor Polynomials
| Po (X) =1
e 04 p,(X) =1+ X

— (0 =1+x

pz(x):1+x+%x2




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=e” at a=0
Sequence of Taylor Polynomials

po(x) =1
p,(X) =1+X

— () = e
— (X) =1
—py(X) =1 +X

Py(x) =1+x+ /2

pz(x):1+x+%x2




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=sinx at a=0

f'(x) =cos x :> f'(0)=1
f"(x) =—sinx f"(0)=0



Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=sinx at a=0

f'(x) =cos x f'(0)=1

X)=X
r0——sinx = froy=0 P

In this case, p,(X) isthe sameas p,(x)!



Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=Inx at a=1

f'(x) =1/ f(1) =1
—
F7(x) = -1/ X? £7(1) = -1



Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=Inx at a=1

f'(x) =1/ f(1) =1

1 2
f"(x)=-1/x° ~ f(1) =-1 P, (x) = (x—1) —E(X—l)



Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=Inx at a=1

Sequence of Taylor Polynomials

— py(x) =0
pl(x) — (X _1)

,(x) =<x—1>—§(x—1)2




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=Inx at a=1

y =Inx Sequence of Taylor Polynomials

[ = Po(X) =0

— pO(X) =0

pl(x) — (X _1)

,(x) =<x—1>—§(x—1)2




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=Inx at a=1

y =Inx Sequence of Taylor Polynomials

Po (X) =0
pl(x) — (X_l)

p2<x)=<x—1>—§<x—1>2

T e f(x)=Inx
— pO(X) =0
w1 (X) = (x-1)




Second Deqgree Polynomial Approximation

p,(x) = f(a)+ f'(a)(x—a)+§ £"(a) (x-a)’

Examples

f(x)=Inx at a=1

y=Inx Sequence of Taylor Polynomials
T = Po(x)=0
— 1(X) = (x-1)
zz(x):(x-l)-(x-l)zfz pl(x) — (X —1)

p2<x)=<x—1>—§<x—1>2




Higher Degree Polynomial Approximation

IDEA: Find a polynomial p(x) that
matches f (x) and its first n derivatives at x = a.



Higher Degree Polynomial Approximation

IDEA: Find a polynomial p(x) that
matches f (x) and its first n derivatives at x = a.

Having n + 1 things to match means we need a
polynomial with n + 1 coefficients



Higher Degree Polynomial Approximation

IDEA: Find a polynomial p(x) that
matches f (x) and its first n derivatives at x = a.

Having n + 1 things to match means we need a
polynomial with n + 1 coefficients

l.e., a polynomial of degree n:

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"



Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"



Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"

dp(x)

dx :C1+2C2(X_a)+3C3(X—a)2+_|_nCn(X_a)n—1



Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"

dp(x)
dx

2
d dpgx) = 2C, +3-2¢,(x—a)+---+n(n-1)c, (x—a)"
X

=, +2¢,(x—a)+3c,(x—a) +--+nc, (x—a)"



Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"

dp()j(x) =, +2¢,(x—a)+3c,(x—a) +--+nc, (x—a)"
X
2
d dpgx) = 2C, +3-2¢,(x—a)+---+n(n-1)c, (x—a)"
X

3
d dng) =3-2C, +---+n(n—-1)(n—-2)c, (x - a)”_3
X



Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"

dr()j(x) =, +2¢,(x—a)+3c,(x—a) +--+nc, (x—a)"
X
2
d dpgx) = 2C, +3-2¢,(x—a)+---+n(n-1)c, (x—a)"
X

3
d dng) =3-2C, +---+n(n—-1)(n—-2)c, (x - a)”_3
X

d" p(x) =n(n-1)(n-2)---2c,

dx"



Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"

dr;(x) =, +2¢,(x—a)+3c,(x—a) +--+nc, (x—a)"
X
2
d dpgx) = 2C, +3-2¢,(x—a)+---+n(n-1)c, (x—a)"
X

3
d dng) =3-2¢, +---+n(n-1)(n—2)c, (x - a)”_?’
X

nl

)




Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"

dr()jix) =, +2¢,(x—a)+3c,(x—a) +--+nc, (x—a)"
2
d dE)(EX) = 2C, +3-2¢,(x—a)+---+n(n-1)c, (x—a)"

3
d dng) =3-2C, +---+n(n—-1)(n—-2)c, (x - a)”_3
X

: Matching with f (x) at x = a
d"p(x) requires setting x = a

" nlc, and equating the results
to the derivatives of f (x)



Higher Degree Polynomial Approximation

p(a) = Co
dp(x)
— Cl
dX -a
d*p(x)
2 = 2C,
dx® | _,
PO _ 5.9
3 o 3
X" g . Matching with f (X) at x = a
: requires setting x = a
d" p(x) and equating the results

dx" " to the derivatives of f (x)



Higher Degree Polynomial Approximation

p(@)=c, =T1(a)
dp(x)| _ _ df(x)
X |yea dX |y-a
d’p)|  _,,  _ ()
ax* |, ax® | .
°p)|  _ g, 47T
dx® |, Poodd |,
d"p)|  _ e 4" F0
dx” X=a o dx” X=a

Matching with f (x) at x = a
requires setting X = a
and equating the results
to the derivatives of f (x)



Higher Degree Polynomial Approximation

p(@)=c, =1(a)

dp(x)| _ o df (x)
X |ea X y-a
d’p(x) oc ~d?f(x)
x> |, 0 dx
X X=a X X=a
d’p(x)|] Cd¥f(x)
dx® =980 =T
X=a X=a This formula tells us how to
- N calculate the coefficients c, of
d'p(x)| _ e — d" f (x) the approximating polynomial
dx" | _, " dx" | _,




Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"

1d"f(x)
nl dx"

c,=1(), C for n=12,---,n

n
X=a



Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"

_1d"f(x)

for n=12,---,n
n!  dx"

c, = f(a), C

n

X=a

A shorthand notation :

[ f(a) for n=0
f(n) _ n
(8) = d () for n=12,---,n
L an X=a




Higher Degree Polynomial Approximation

p(X)=c, +C, (x—a)+C,(x—a) +---+¢,(x—a)"

C, :%f(”)(a) for n=0,12,---,n



Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

The Taylor polynomial of degree nof f(x) atx=a.



Higher Degree Polynomial Approximation

p,(x) = f(a) + f(l)(a)(x—a)Jr% f®(a)(x-a) +...+% £ (a)(x-a)’
Examples |

f(x):ex at a=0

FO(x)=eX = FO0)=1 = p,(X) =1+X
f@0)=e* = fP0)=1= p,(X) =1+ x+(1/2)X’



Higher Degree Polynomial Approximation

p,(x) = f(a) + f(l)(a)(x—a)Jr% f®(a)(x-a) +...+% £ (a)(x-a)’
Examples |

f(x):ex at a=0

FO(x)=eX = FO0)=1 = p,(X) =1+X
f@0)=¢* = fP0)=1= p,(X) =1+ x+(1/2)X’

FO(x)=e* = f9(0)=1



Higher Degree Polynomial Approximation

p,(x) = f(a) + f(l)(a)(x—a)Jr% f®(a)(x-a) +...+% £ (a)(x-a)’
Examples |

f(x):ex at a=0

FO(x)=eX = FO0)=1 = p,(X) =1+X
f@0)=¢* = fP0)=1= p,(X) =1+ x+(1/2)X’

FOx)=e* = FQ0)=1 = p,(x) =1+x+ 1/ 2)x2 +(1/3)x°



Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x):ex at a=0

fO(x)=eX = 17(0)=1 = p(X) =1+
FQ(x)=e*= FP(0)=1 = p,(x) =1+ x+(1/2)X’

FOX) =" = FP0)=1 = p,(x)=1+x+(1/2)x*+ 1/ 3%

fVx) == fM0)=1= pn(x)=1+x+%x2+---+i'xn
n!



Higher Degree Polynomial Approximation

pn(x): f(a)+f(l)(a)(x_a)‘l‘%f(z)(a)(X—a)2+...+%f(n)(a)(x_a)n
Examples |
[ f(x)=e* at a=0 ]

fO(x)=eX= FP(0)=1 = p(x) =1+
FQ(x)=e*= FP(0)=1 = p,(x) =1+ x+(1/2)X’

FO(x) =" = FO0)=1 = p,(x) =1+ x+(L/2)x% + L/ 3)%°
f(x)=e*= f(“)(O)=1:>[pn(x)=1+x+1x2+---+1x”]

2 n!

nt degreeTaylor polynomial at x =0



Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=Inx at a=1
fPx)=1/x =fP9D=1 = pX)=(x-1)
FO) =1/ = O =-1=  p,(X) = (x=1) = (L/ 2)(x ~1)?



Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=Inx at a=1
fPx)=1/x =1fPD=1 = pX)=(x-1)
O =-1/x*=fOD)=-1= p,(X)=(x-1)-(1/2)(x-1)°
FO)=2/x = fO1) =2 =



Higher Degree Polynomial Approximation

p, (x) = f(a)+ f(l)(a)(x—f")Jr%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=Inx at a=1
fO)=1/x =fYD=1 = px)=(x-1)
O =-1/x*=fOD)=-1= p,(X)=(x-1)-(1/2)(x-1)°
FOX) =2/ = fOQ) =2 = p,(x) = (x=1)— (1/ 2)(x=1)% + (1/ 3)(x ~1)}



Higher Degree Polynomial Approximation

p, (x) = f(a)+ f(l)(a)(x—f")Jr%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=Inx at a=1
fOPx)=1/x =1t =1 = pXx)=(x-1)
O =-1/x*=fOD)=-1= p,(X)=(x-1)-(1/2)(x-1)°
fOX)=2/x= Y90 =2 = p,(X)=(x-1)—@1/2)(x-1)° +(1/3)(x-1)°
fWx)==3Ux"= Y1) =-=31=



Higher Degree Polynomial Approximation

pn(x):f(a)+f(l)(a)(x—a)+%f(z’(a)(x—a)2+---+%f(”)(a)(x—a)”
Examples
f(x)=Inx at a=1
FO)=1/x = O =1 = p,(x)=(x=1)
FO) =1/ = O =—1=  p,(X) = (X=1) = (L/ 2)(x-1)°
FO) =2/ = fOL) =2 = p,(X) = (X=1)— 1/ 2)(X=1)* + (1/ 3)(X-1)°
£ (x) = —31 x* = O (1) =31 =
0,(X) = (X=1) = (1/ 2)(X=1)2 + (1/ 3)(X ~1)* — (1/ 4)(x—1)"




Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=Inx at a=1
fOPx)=1/x =1t =1 = pXx)=(x-1)
O =-1/x*=fOD)=-1= p,(X)=(x-1)-(1/2)(x-1)°
fOX)=2/x= Y90 =2 = p,(X)=(x-1)—@1/2)(x-1)° +(1/3)(x-1)°
fWx)==3Ux"= Y1) =-=31=
P, (X) =(x-1)—(1/2)(x-1)* +(1/3)(x-1)° - 1/ 4)(x-1*

alternating signs
reciprocals of integers



Higher Degree Polynomial Approximation

pn(x):f(a)+f(l)(a)(x—a)+%f‘z)(a)(x—a)2+---+%f(”)(a)(x—a)”
Examples |
[f(x):lnx at a=1]

FO)=1/x = O =1 = p(x)=(x-1)
FO) =1/ = O =—1=  p,(X) = (X=1) = (L/ 2)(x-1)°
FO) =2/ = fOL) =2 = p,(X) = (X=1)— 1/ 2)(X=1)* + (1/ 3)(X-1)°
£ (x) = —31 x* = O (1) =31 =

0,(X) = (X=1) = (1/ 2)(X=1)2 + (1/ 3)(X ~1)* — (1/ 4)(x—1)"

[ pn(x)=(x—1)—§(x—1)2+---+Hgn_ (x-1)" ]

nt degreeTaylor polynomial at x =0



Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0

fOX)=cosx = fP0)=1 = p,(x)=x
f@(x)=-sinx= f?0)=0 = p,(x)=x



Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0
fP(x)=cosx = fP0)=1 = p,(X)=X
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Examples
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f@(x)=sinx = f?0)=0 = p,(x)=x-@1/3)x°



Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0
fY(x)=cosx = fP0)=1 = p(x)=x
f@(x)=-sinx= f?0)=0 = p,(x)=x
FO(x) =—cosx= f@(0)=-1= p,(x) = x—(L/3NX°
f@(x)=sinx = f?0)=0 = p,(x)=x-@1/3)x°
fO(x)=cosx = fP0)=1 = p.(x)=x-1/3)x*+(1/5)Xx°



Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0
fY(x)=cosx = fP0)=1 = p(x)=x
f@(x)=-sinx= f?0)=0 = p,(x)=x
FO(x) =—cosx= f@(0)=-1= p,(x) = x—(L/3NX°
f@(x)=sinx = f?0)=0 = p,(x)=x-@1/3)x°
fO(x)=cosx = fP0)=1 = p.(x)=x-1/3)x*+(1/5)Xx°

even powers are missing
odd powers alternate sign



Higher Degree Polynomial Approximation

0 (X) = f(a)+ f(l)(a)(x—a)+%f(z)(a)(x—a)2+---+%f(”)(a)(x—a)”
Examples |
[f(x):sinx at a=o]

fOX)=cosx = fP0)=1 = p,(X)=xX

f@(x)=-sinx= f?(0)=0 = p,(X)=x

FO(x) = —cosx = f@(0)=-1= p,(x) = x—(L/3Nx°

f@(x)=sinx = f?0)=0 = p,(x)=x-1/3)x°

fO(X)=cosx = fP0)=1 = p.(x)=p,(X)=x—-1/3)x>+(@/5)x°

[pn(X)—X—1X3+£X5+.”+ (_1) X2n+1 ]

31" 5 (2n +1)!

nt degreeTaylor polynomial at x =0



Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—f")+%1“2’(<":t)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0

1 1 _1n
pn(x):X__X3+—X5-|—..._|_ ( ) X2n+1

3! 51 (2n+1)!
y = sin X
3 <4

e f(X) = SinX




Higher Degree Polynomial Approximation

p, (x) = f(a)+ f(l)(a)(x—f")Jr%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0

1 1 _1n
pn(x):X__X3+—X5-|—..._|_ ( ) X2n+1

31" 5l (2n +1)!

E— f(X) — SinX y - Sln X

— (X) = X 34




Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—a)+%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0

pn (X) :E(_EXB]-FiXS 4.4 (_1) X2n+1

31" | 51 (2n +1)!

E— f(X) — SinX y - Sln X

— pl(X) =X 3 L
— p3(X) = X_X3/3!




Higher Degree Polynomial Approximation

p, (x) = f(a)+ f(l)(a)(x—f")Jr%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0
pn(x)zx_ix3+ix5+...+ (_1) X2n+1
3! 5! (2n+1)!

E— f(X) — SinX y - Sln X

— (X) = X 34

— py(X) = X-X/3!
X
' 2m

ps(X) = x - X/3! - X°[s!




Higher Degree Polynomial Approximation

p, (x) = f(a)+ f(l)(a)(x—f")Jr%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0

1 1 _1n
pn(x):X__X3+—X5-|—..._|_ ( ) X2n+1

31" 5l (2n +1)!

p7(X) y= sin X
34




Higher Degree Polynomial Approximation

p, (x) = f(a)+ f(l)(a)(x—f")Jr%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0
pn(x)zx_ix3+ix5+...+ (_1) X2n+1
3l 5 (2n+1)!

p7(X) y= sin X p9(X)

3+




Higher Degree Polynomial Approximation

p, (x) = f(a)+ f(l)(a)(x—f")Jr%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples
f(x)=sinx at a=0
1 1 _1 n
pn(x):X__X3+—X5-|—..._|_ ( ) X2n+1
3l 5 (2n+1)!
p]](x) p7(X) y j.S.in X p9(X)

oy




Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—a)+%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples
f(x)=sinx at a=0
1 1 _1 n
pn(x):X__X3+—X5-|—..._|_ ( ) X2n+1
3l 5 (2n+1)!
Pu®) " ! jfin § Py(X) It seems that

lim p,(X) =sin X

N— +00




Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—a)+%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples

f(x)=sinx at a=0

1 1 _1n
pn(x):X__X3+—X5-|—..._|_ ( ) X2n+1
(2n+1)!

3! o!

p7(X) y= sin X

Py(X) It seems that
lim p,(x)=sinXx

N— +00

P (X)

Note: p,(x) Is a
sequence of partial
sums

P1(X)




Higher Degree Polynomial Approximation

p, (x) = f(a)+ 1:(1)(61)(X—a)+%1“2)(a)(X—a)2+...+%f<n>(a)(X—a)n

Examples
f(x)=sinx at a=0
1 1 _1 n
pn(x):X__X3+—X5-|—..._|_ ( ) X2n+1
3l 5 (2n+1)!
Pu®) " ! jfin § Py(X) It seems that

lim p,(X) =sin X

N— +00

<\

Note: this Is an
Infinite series
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p, (X) = Z—f")(a) x—a)

=0 |

IS the sequence of partial sums of the Taylor series



10.3 Taylor Series

The sequence of Taylor polynomials of a function f(x)

p, (X) = Z—f")(a) x—a)

=0 |

IS the sequence of partial sums of the Taylor series

If R is the radius of convergence of this Taylor series, then

o0

Z—f(')(a)(x a) = f(x)

o I!
on the interval ‘x— a‘ <R.
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o0
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E -~ X" has radius of convergence R = +oo.
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n=0
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Examples

We saw in two previous examples that

has radius of convergence R = +oo0.

X

is the power seriesof f(x)=e” at a=0.

We conclude that

—Xx"=e” forall X.
n:OnI
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o (2n+1)!

x*"" has radius of convergence R = 4.



Examples

We saw in two previous examples that

o0 _1 n -
Z D x*"" has radius of convergence R = 4.
n=0 (2n + 1)'

1" _ : -
( )1)| x°"** is the power series of f(x)=sinx at a=0.
+)!



Examples

We saw in two previous examples that

00 _1 n -
Z D x*"" has radius of convergence R = 4.
" _ _ _
D yent s the power series of f(x)=sinx at a=0.
(2n+1)!

We conclude that

o0 _1 n -
=) x> —sinx forall X.
— (2n+1)!
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Examples

We saw in two previous examples that

o0 n-1
Z 1) (x—1)" has radius of convergence R =1.

Z( )" (Xx=1)" isthe power seriesof f(x)=Inx at a=1.

n=1




Examples

We saw in two previous examples that

o0 n-1
Z( ) (x—1)" has radius of convergence R =1.

Z( )" (Xx=1)" isthe power seriesof f(x)=Inx at a=1.

n=

We conclude that

> &

n=1

(x D" =Inx ontheinterval 0< X < 2.
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o0 (_1)n
for all X In X =

x*" for all X



Some Basic Power Series Expansions

o0 (_1)n—1 i
forall X Inx=> (x-1" for 0<x<2
n=1 n
x“" for all X Cosx:z (=1 x“" forall X
. n=0 (2]’])'



Some Basic Power Series Expansions

0 1 " 0 _1 n-1
eX:Z—x for all X Inx:z( ) (x—1)" for 0<x<?2
n

n=0 n: n=

x*" for all X COS X x2n for all X

o (2n +1)! n=0 (2n)'

w

S

>

|

M3
i
\'2

MS

The Binomial Series

P is any constant (not necessarily an integer)



Some Basic Power Series Expansions

o0 1 i 00 _1 n-1
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n=0 N: n=1 n
] o0 . n o0 _1n
smx:z =D x>" for all X cosx:z( ) X" forall X
~(2n+1)! o (2n)!

The Binomial Series
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P is any constant (not necessarily an integer)

(1+x)? =1+ px+




Some Basic Power Series Expansions

o0 1 i 00 _1 n-1
eX:Z—'x for all X Inx:z( ) (x—1)" for O0<x<?2
n=0 N: n=1 n
] o0 . n o0 _1n
smx:z =D x>" for all X cosx:z( ) X" forall X
~(2n+1)! o (2n)!

The Binomial Series

p(p-1) .o P(P-1)(P-2) s
2! 3!
P is any constant (not necessarily an integer)

(1+Xx)? =1+ px+ +-- for —1<x<1




Some Basic Power Series Expansions

o0 1 i 00 _1 n-1
eX:Z—'x for all X Inx:z( ) (x—1)" for O0<x<?2
n=0 N: n=1 n
o0 . n o0 _1n
smx:z =D x>" for all X cosx:z( ) X" forall X
~(2n+1)! o (2n)!

The Binomial Series

p(p-1) .o P(P-1)(P-2) s
2! 3!
P is any constant (not necessarily an integer)

o P(p-1)--(p-n+1) ,
(1+x)p=1+; . "y

(1+Xx)? =1+ px+ +-- for —1<x<1
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