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diverges if |r|>1 ~nP | divergesifp <1

The Comparison Test (Theorem 9.4, text)

Suppose[O <a, < bn]for all n.

> b, converges = a, converges
D a, diverges = > b, diverges

Limit Comparison Test (Theorem 9.5, text)

Suppose[an,bn > O]for alln and lim3 = ¢ > 0.
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Then Y a, and ) b, both converge or both diverge.
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An example of an “alternating” series
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> a, is called absolutely convergent



What if not all terms in a series are positive ?
111 1 _i 1

Theorem 9.6, text

> |a.| converges = > a, converges

( Absolute convergence implies convergence. )



What if not all terms in a series are positive ?
111 1 _i 1

Theorem 9.6, text

> |a.| converges = > a, converges

( Absolute convergence implies convergence. )

n? 4 9 16 25

© & a1l 101 1 1
Example: lean=zll(—1) P P S S

An alternating p-series



What if not all terms in a series are positive ?
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Theorem 9.6, text

> |a.| converges = > a, converges

( Absolute convergence implies convergence. )
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Z|a| > F_1+Z+§+E+£_m

a convergent p-series
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Theorem 9.6, text

> |a.| converges = > a, converges

( Absolute convergence implies convergence. )
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absolute convergent —> convergence



Converse is not in general true.

Convergence does not necessarily imply absolute convergence.
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Converse is not in general true.
Convergence does not necessarily imply absolute convergence.

Example

Alternating Series Test (Theorem 9.8, Text)

An alternating series Z(—l)n_1 b =b,—b,+b,—b, +b, —b, +--- converges

n=1
If its terms b, decrease to 0,

that is, if they satisfy O<b_, <b., limb =0

n+1 b— 4+



Converse is not in general true.
Convergence does not necessarily imply absolute convergence.

Example

Y a,= Z(—l)n_%:l—%r%—%w%—--- converges

i|a :i£:1+1+%+%+1+... diverges
n=1




Converse is not in general true.

Convergence does not necessarily imply absolute convergence.

Example
Zan=Z(—l)”_1%=1—%+%—%+%—--- converges
n=1 n=1

< =1 1 111 :
A N e s e M T T diverges
nZ_l:|an| nzlln rotgt et g

This example shows that
although “absolute convergence implies convergence” is true,

the converse “convergence implies absolute convergences” is not true
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S =n" partial sum = |S —5n| <b,,



Alternating Series Test (Theorem 9.8, Text)
<b,, limb,=0 = >'(-1)""b,=S converges
n=1

b— +o

O<b

n+1

Error Bound (Theorem 9.9, Text)

h i
S, =n" partialsum = |S-S |<b,

> (_1)n_l b, =b, Db, + b3
1 —

S,

accurate to within b,

n



Alternating Series Test (Theorem 9.8, Text)
<b,, limb,=0 = >'(-1)""b,=S converges
n=1

b— +o

O<b

n+1

Error Bound (Theorem 9.9, Text)

h i
S, =n" partialsum = |S-S |<b,

o0

(-2)" b, =b,~b, +b, b,
=1 SYB

accurate to within b,

n



Alternating Series Test (Theorem 9.8, Text)
<b,, limb,=0 = >'(-1)""b,=S converges
n=1

b— +o

O<b

n+1

Error Bound (Theorem 9.9, Text)

h i
S, =n" partialsum = |S-S |<b,

o0

(-1)""b, = b, ~b, +b, b, +b,
=1 Sv4

accurate to within b,

n



Alternating Series Test (Theorem 9.8, Text)
<b,, limb,=0 = >'(-1)""b,=S converges
n=1

b— +o

O<b

n+1

Error Bound (Theorem 9.9, Text)

h i
S, =n" partialsum = |S-S |<b,

o0

(—1)“—1 bn = l?l —b2 +b3 —b4 +b51_b6 4.
=1 §5

accurate to within b,

n



Alternating Series Test (Theorem 9.8, Text)
<b,, limb,=0 = >'(-1)""b,=S converges
n=1

b— +o

O<b

n+1

Error Bound (Theorem 9.9, Text)

h i
S, =n" partialsum = |S-S |<b,

N (_1)n—11:1_1+ _£+E_1+...
) n 2 4 5 6

n

accurate to within 1/6



Alternating Series Test (Theorem 9.8, Text)

0<b,, <b, limb =0 = Z(—l)n_1 b =S converges
— +00 =
Error Bound (Theorem 9.9, Text)
S, =n" partialsum = |S-S |<b,
(_1)n—11:1_1+l_£+i_1+.“
r) n 2 4 5 6

Vv

- a1l 47 1
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Z( ) n 60 6
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Alternating Series Test (Theorem 9.8, Text)

0<b,, <b, limb =0 = Z(—l)n_1 b =S converges
—> +00 N1
Error Bound (Theorem 9.9, Text)
S, =n" partialsum = |S-S |<b,
- n- 1 1 1 1
> (-1) 1t it
— n 4




Alternating Series Test (Theorem 9.8, Text)

0<b,, <b, limb =0 = Z(—l)n_1 b =S converges
— 40 =
Error Bound (Theorem 9.9, Text)
S, =n" partialsum = |S-S |<b,
- n- 1 1 1 1
> (-1) 1t it
— n 4

06167 <3 (~1)" - <0.9500
n=1
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What if not all terms in a series are positive ?
If the series is alternating, we have a simple convergence test.

Here is another important test for convergence ...

The Ratio Test (Theorem 9.7, text)

Suppose the sequence of ratios \a

|/|a,| converges or approaches oo

n+1

n+1

lim ‘ =L <o,

N— +oo ‘a ‘

L<l = ) a, converges
l<L<oo = > a, diverges

L=1 = no conclusion (series might converge or diverge)
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What if not all terms in a series are positive ?
If the series is alternating, we have a simple convergence test.

Here is another important test for convergence ...

The Ratio Test (Theorem 9.7, text)

Suppose the sequence of ratios \a

|/|a,| converges or approaches oo:

n+1

n+1

\a

lim = <oo.

N— +o0 ‘a ‘
L<l = ) a, converges

n+1

Why ?  Because |a,,,| behaves like L|a,| for n large.

> _|a,| is like a geometric series with ratio L <1



Example

Recall: nl= product of integers from 1 to n.
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Recall: nl= product of integers from 1 to n.
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Example

Not a geometric series, not a p-series, nor an alternating series.
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Example

n=1 -
1
\anﬂ (n+1)! n!
a,| 1 (n+1)!
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Limit exists



Example

1
B (n+n!  nt o 1.23...n 1
a] 1 (n+)! 1.2.3-..n-(n+) n+l
n!
im 2l i 2L o<1
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Ratio Test implies convergence






In both cases

1
‘an+1‘ — lim n+1 — lim N
no>+0 1 n>+onN4+1
o 1

N

lIm

N— +o0 ‘a




D N et
n—1n n=1 n
In both cases
1
. n . 1
N+l jim —— = lim 1
1 n—+o N 4 n—)+001_|_ n-




jim 12l _ iy 01
nN— 400 ‘an‘ N— 400 l n—>+oon_|_1 n—>+oo]__|_n




N4 i M im ——1o

1 n>+onN4+]1 no+o]+ n_l

Ratio Test does not apply.
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