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Pass the number of line segments to infinity



Lengths of Curves

x

2y x=

1

What’s the length of the curve ?

2where  ( )f x x=

( )
1

0

21 ( )L f x dx′= +∫



Lengths of Curves

x

2y x=

1

What’s the length of the curve ?

2where  ( )f x x=

( )
1

0

21 ( )L f x dx′= +∫

( )2

In general, the length of a curve 
between points  ( , ( ))  and  ( , ( ))  is

( ) 

1 ( )
b

a

a f a b f b
y f x

L f x dx

=

′= +∫



Lengths of Curves

x

2y x=

1

What’s the length of the curve ?

2where  ( )f x x=

1

0

21 4L x dx= +∫



Lengths of Curves

x

2y x=

1

What’s the length of the curve ?

1 1

0 0

2 21

4
1 4 2L x dx x dx= + = +∫ ∫



Lengths of Curves

x

2y x=

1

What’s the length of the curve ?

1 1

0 0

2 21

4
1 4 2L x dx x dx= + = +∫ ∫

Table VI, #30 and #29.

2 2 21 1 1

4 4 4

1 1
2 8

lnx dx x x x x
⎛ ⎞

+ = + + + +⎜ ⎟⎜ ⎟
⎝ ⎠

∫



Lengths of Curves

x

2y x=

1

What’s the length of the curve ?

1 1

0 0

2 21

4
1 4 2L x dx x dx= + = +∫ ∫

2 2 21 1 1

4 4 4

1 1
2 8

lnx dx x x x x
⎛ ⎞

+ = + + + +⎜ ⎟⎜ ⎟
⎝ ⎠

∫

Table VI, #30 and #29.

2 2
1

0

1 1

4 4

1 1
2 8

lnL x x x x
⎛ ⎞

= + + + +⎜ ⎟⎜ ⎟
⎝ ⎠



Lengths of Curves

x

2y x=

1

What’s the length of the curve ?

1 1

0 0

2 21

4
1 4 2L x dx x dx= + = +∫ ∫

2 2 21 1 1

4 4 4

1 1
2 8

lnx dx x x x x
⎛ ⎞

+ = + + + +⎜ ⎟⎜ ⎟
⎝ ⎠

∫

Table VI, #30 and #29.

2 2
1

0

1 1

4 4

1 1
2 8

lnL x x x x
⎛ ⎞

= + + + +⎜ ⎟⎜ ⎟
⎝ ⎠

1 1 1 5ln 2 5 ln 1 0.7395
8 4 8 2

⎛ ⎞
= + + + ≈⎜ ⎟⎜ ⎟

⎝ ⎠



Lengths of Curves

x

2y x=

1

What’s the length of the curve ?

1 1

0 0

2 21

4
1 4 2L x dx x dx= + = +∫ ∫

2 2 21 1 1

4 4 4

1 1
2 8

lnx dx x x x x
⎛ ⎞

+ = + + + +⎜ ⎟⎜ ⎟
⎝ ⎠

∫

Table VI, #30 and #29.

2 2
1

0

1 1

4 4

1 1
2 8

lnL x x x x
⎛ ⎞

= + + + +⎜ ⎟⎜ ⎟
⎝ ⎠

1 1 1 5ln 2 5 ln 1 0.7395
8 4 8 2

⎛ ⎞
= + + + ≈⎜ ⎟⎜ ⎟

⎝ ⎠



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

( , )x y
Location of a point (not at the origin) is determined 

by its rectangular coordinates

… or, equally as well, by its polar coordinates
•



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•

Location of a point (not at the origin) is determined 
by its rectangular coordinates

… or, equally as well, by its polar coordinates
θ
r



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•

Relationship is from basic trigonometry : 

r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

These permit a change to polar coordinates 
in mathematical expressions expressed             

in rectangular coordinates. 

Relationship is from basic trigonometry : 



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

Relationship is from basic trigonometry : 

Examples

( ) ( )

2 2

2 2

A circle in rectangular coordinates: 

in polar coordinates is:  

or simply:  

4

cos sin 4
2

x y

r r
r

θ θ

+ =

+ =

=



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

Relationship is from basic trigonometry : 

Examples

( ) ( )

2 2

2 2

A circle in rectangular coordinates: 

in polar coordinates is:  

or simply:  

4

cos sin 4
2

x y

r r
r

θ θ

+ =

+ =

=



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

Relationship is from basic trigonometry : 

Examples

( ) ( )

2 2

2 2

A circle in rectangular coordinates: 

in polar coordinates is:  

or simply:  

4

cos sin 4
2

x y

r r
r

θ θ

+ =

+ =

=



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

Relationship is from basic trigonometry : 

Examples

( ) ( )

2 2

2 2

A circle in rectangular coordinates: 

in polar coordinates is:  

or simply:  

4

cos sin 4
2

x y

r r
r

θ θ

+ =

+ =

=

Polar coordinates give “simpler” description.



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

Relationship is from basic trigonometry : 

Examples

( )

2

2

2

The parabola in rectangular coordinates: 

in polar coordinates is:  

or and

 

sin cos
sin  0    

cos

y x

r r

r r

θ θ
θ
θ

=

=

= =



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

Relationship is from basic trigonometry : 

Examples

( )

2

2

2

The parabola in rectangular coordinates: 

in polar coordinates is:  

or and

 

sin cos
sin  0    

cos

y x

r r

r r

θ θ
θ
θ

=

=

= =



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

Relationship is from basic trigonometry : 

Examples

( )

2

2

2

The parabola in rectangular coordinates: 

in polar coordinates is:  

or and

 

sin cos
sin  0    

cos

y x

r r

r r

θ θ
θ
θ

=

=

= =



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

Relationship is from basic trigonometry : 

Examples

( )

2

2

2

The parabola in rectangular coordinates: 

in polar coordinates is:  

or and

 

sin cos
sin  0    

cos

y x

r r

r r

θ θ
θ
θ

=

=

= =

Rectangular coordinates give “simpler” description.



Lengths & Areas in Polar Coordinates

Some curves and areas are better described in polar coordinates r and θ   
rather than rectangular coordinates x and y. 

•
r y

x
θ

cos , sinx r y rθ θ
π θ π

= =
− < ≤

Relationship is from basic trigonometry : 

Convert rectangular to polar coordinates.

2 2 , arctan yr x y
x

θ= + =

Convert polar to rectangular coordinates.
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are examples of curves described in polar coordinates 
by equations of the form
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The rectangular coordinates are then
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