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Chapter 8: Using the Definite Integral

We’ll look at selected applications from this chapter.

General theme:

Break problem into approximating pieces of simpler, tractable form.
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approximating rectangles or trapezoid in the case of areas.



Chapter 8: Using the Definite Integral

We’ll look at selected applications from this chapter.

General theme:
Break problem into approximating pieces of simpler, tractable form.

Sum up approximating pieces.



Chapter 8: Using the Definite Integral

We’ll look at selected applications from this chapter.

General theme:
Break problem into approximating pieces of simpler, tractable form.
Sum up approximating pieces.

Pass to a limit (number of pieces goes to infinity).



Chapter 8: Using the Definite Integral

We’ll look at selected applications from this chapter.

General theme:

Break problem into approximating pieces of simpler, tractable form.
Sum up approximating pieces.

Pass to a limit (number of pieces goes to infinity).

Approximating sum will approach a definite integral.



Chapter 8: Using the Definite Integral

We’ll look at selected applications from this chapter.

General theme:
Break problem into approximating pieces of simpler, tractable form.
Sum up approximating pieces.
Pass to a limit (number of pieces goes to infinity).
Approximating sum will approach a definite integral.

Calculate the definite integral to get exact answer.
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I = radius
h = height

base X height

X thickness
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What’s the volume of a cylinder ?

—r 0 T a typical slice is at position
( % X between —r and r

Magnify
Porof ol & square off edges

to get an approximating box

S What is it’s volume ?
I = radius i‘.’:i.
AX

h = height
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What’s the volume of a cylinder ?

—r 0 r a typical slice is at position
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What’s the volume of a cylinder ?

—r 0 r a typical slice is at position

< % X between —r and r

h P Base is
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I = radius z
h = height AX

Equation for circle: y = /1% — X




Volumes of Solids

What’s the volume of a cylinder ?

—r 0 r a typical slice is at position

< % X between —r and r

- -

oA Volume of approximating box:

© P
Pl AV =20 — X% xhx Ax
I = radius e

h = height AX



Volumes of Solids

What’s the volume of a cylinder ?

—r 0 r a typical slice is at position

( % X between —r and r

- -

P Volume of approximating box:
; ; = == E AVZZ\/rZ_XZXhXAX
< > Poob Sum of approximating boxes:

P ~ [v2 2
r = radius S Vx) 24r’ —x*hAx

h = height AX



Volumes of Solids

What’s the volume of a cylinder ?

—r 0 r a typical slice is at position

( % X between —r and r
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< > Poob Sum of approximating boxes:
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Volumes of Solids

What’s the volume of a cylinder ?

a typical slice is at position
X between —r and r

; : Volume of approximating box:
R AV = 24/r* — x* xh x AX
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What’s the volume of a cylinder ?
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Volumes of Solids

What’s the volume of a cylinder ?

< Er V =2h \/r — x* dx
1
X\ — X2 42 dx]
f\/rz_xz
X\ 12 — X2 +r2arcsin[§]]

r = radius /

h = height Table VI, #28




Volumes of Solids

What’s the volume of a cylinder ?

-
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I = radius
h = height

V =2h \/r — x% dx
V:ZhE[x r-—Xx°+r arcsm—]
r

Fundamental Theorem

X=r

X=—T
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What’s the volume of a cylinder ?
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Volumes of Solids

What’s the volume of a cylinder ?

< Sr V = 2h _r\/rz—xzdx

1 X X=r
V = ZhE[X r’—x%4r? arcsin—]
r

X=—r
l 2 - 1 2 -
< > V :2h[5r arcsml—zr arcsm(—l)]
I = radius V :h[rzz_rZ[_z]]
h = height 2 2
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What’s the volume of a cylinder ?

< Sr V = 2h _r\/rz—xzdx

1 i
V = ZhE[X r’—x° +r2arcsmi]
r

X=r

X=—F
< > _Zh[ r2 arcsinl— = r? arcsin (— 1)]
2 2
r = radius _ h[r T _ 2 [_E]] = 7r°h
h = height 2 2



Volumes of Solids

What’s the volume of a cylinder ?

< Sr V = 2h _r\/rz—xzdx

1 i
V = ZhE[X r’—x° +r2arcsmi]
r

X=r

X=—F
< > _Zh[ r2 arcsinl— = r? arcsin (— 1)]
2 2
r = radius _ h[r T _ 2 [_E]] = 7r°h
h = height 2 2

)

area of base X height



Volumes of Solids

We can now use cylinders as approximating solids.

This is done, for example, with solids of revolution.
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What’s the volume V ?
Slicing Method

Create approximating cylinders by
slicing perpendicular to the axis of

X rotation

A general rule of thumb
for solids of revolution



9 Volumes of Solids

What’s the volume V ?
Slicing Method

Create approximating cylinders by
slicing perpendicular to the axis of

rotation

slice at a level y between O and 1
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What’s the volume V ?
Slicing Method

Create approximating cylinders by
slicing perpendicular to the axis of

X rotation

.=~ =~ 7 =~ _ Orapproximately a
S o -~ disk of thickness Ay
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Slicing Method

Create approximating cylinders by
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X rotation

27— AV = ar’Ay
-
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What’s the volume V ?
1 Slicing Method
- —y_{ BEREN Create approximating cylinders by
k) slicing perpendicular to the axis of
i X rotation
1

{7 e AV marPAy

=7
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9 Volumes of Solids

What’s the volume V ?
Slicing Method

Create approximating cylinders by
slicing perpendicular to the axis of

X rotation

2
7T — 4 AV ~aiPAY



9 Volumes of Solids

What’s the volume V ?
Slicing Method

sum up all slices

-
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9 Volumes of Solids

What’s the volume V ?
Slicing Method

Pass to the limit:

e number of slices tends to infinity

e thicknesses tend to 0

-
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Volumes of Solids

Drill out a cone.
What’s the remaining volume V ?

Slicing Method

Slice perpendicular to the axis of rotation.

Creates a punctured disk or washer shape.

AV = outside volume - inside volume

2
~TT rout

Ay — LAy

Ay = thickness



Volumes of Solids

Drill out a cone.
What’s the remaining volume V ?

Slicing Method

Slice perpendicular to the axis of rotation.

Creates a punctured disk or washer shape.

AV = outside volume - inside volume

2 2
= 7l AY — 7l Ay

<r(J7) a2 oy

Ay = thickness



Volumes of Solids

Drill out a cone.
What’s the remaining volume V ?

=X" V=) AV

Ay = thickness



Volumes of Solids

Drill out a cone.

What’s the remaining volume V ?

Ve YAV
y=1

~ [ﬂ(ﬁ ) Ay—ﬂgjz ij
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Ay = thickness



Volumes of Solids

Drill out a cone.
What’s the remaining volume V ?

=X V=x) AV
C B A

Pass to the limit:

e number of slices tends to infinity

Ay = thickness e thicknesses tend to 0
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Drill out a cone.
What’s the remaining volume V ?
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Volumes of Solids

Drill out a cone.
What’s the remaining volume V ?

1 1
\ =ﬂjo(y—zy2jdy
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Volumes of Solids

Drill out a cone.

What’s the remaining volume V ?

1 1 )
V= ﬂjo(y—zy jdy
1
1 -, 1 3
=7 — —_——
(2 SR jo
(1 1 j 5
= ——— | =—7
2 12 ) 12
Note: If we recall the formula for the volume of a cone then,

having calculated the volume of the parabolic bowl in the
previous example, we could get this answer by subtraction.

Still ... it was good practice to calculate the answer as a solid of
revolution!
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