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the Fundamental Theorem of Calculus
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Chapter 7:  Integration

Sections 1 – 6                                              
Two main themes:

Calculation of anti-derivatives (integrals) 
One goal is to evaluate integrals using 
the Fundamental Theorem of Calculus

Numerical approximation of integrals

An anti-derivative is not available.

A formula for the integrand is not available.
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The accumulated amount of a chemical (drug) over time           
is important in toxicity studies.

Cumulative effect (dose) of a drug  =  amount  x length of time present.
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5. Numerical approximation of integrals

The accumulated amount of a chemical (drug) over time           
is important in toxicity studies.

Cumulative effect (dose) of a drug  =  amount  x length of time present.

Otherwise we integrate amount of drug A(t) over total time of interest. 

Estimate the cumulative dose from the data below from hour a to b. 
Cumulative dose ( )b A t dta= ∫
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Amount A
( mg/ml )
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Estimate the cumulative dose from the data below from hour a to b. 
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5. Numerical approximation of integrals

In this figure, we see that the left rectangles over estimate

because  f (t)  is decreasing.
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In this figure, we see that the right rectangles under estimate

because  f (t)  is decreasing.
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If ( ) is  then:    RIGHT( ) ( ) LEFT( )bf t decreasing n f t dt na≤ ≤∫
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If ( ) is  then:    LEFT( ) ( ) RIGHT( )bf t increasing n f t dt na≤ ≤∫
Error Bounds 

If ( ) is  then:    RIGHT( ) ( ) LEFT( )bf t decreasing n f t dt na≤ ≤∫
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was constant at 0.36 from hour 5 to 6.
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was constant at 0.28 from hour 5 to 6.

Almost assuredly neither assumption is true.               
Most likely the dose continuously decreased 

from 0.36 to 0.28 from hour 5 to 6.
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Estimate the cumulative dose during the last 5 hours.

Perhaps we can obtain an improved approximation by 
using the average of the sample doses ?

Mathematically, we would then be using a rectangle approximation 
whose height = the average of the endpoint heights

… i.e., the heights used in LEFT(5) and RIGHT(5).

0.36 0.28For example, assume a dose of  0.32  from hour 5 to 6.
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If ( ) is concave up then:    ( ) TRAP( )bf t f t dt na ≤∫



Trapezoid Rule
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One-sided error bounds only

If ( ) is concave down then:    TRAP( ) ( )bf t n f t dta≤ ∫

If ( ) is concave up then:    ( ) TRAP( )bf t f t dt na ≤∫



Trapezoid Rule

We can get two-sided error bounds by using another approximation method

…one that uses averages on the horizontal axis (instead of the vertical axis).
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If ( ) is  then:    TRAP( ) ( ) MID( )
b

f t concave down n f t dt n
a

≤ ≤∫
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f t concave up n f t dt n
a
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Error Bounds
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5
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Estimate the cumulative dose during the last 5 hours.

We can use the Trapezoid Rule (it uses only endpoint data),     
but we can’t use the Midpoint Rule (no data at midpoints).
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Recall that assuming A is decreasing :
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( mg/ml )

0.05 0.46 0.87 0.54 0.43 0.36 0.28 0.21 0.16 0.12 0.09
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( ) ?A t dt ≈∫
Estimate the cumulative dose during the last 5 hours.

Recall :

10RIGHT(5) ( ) LEFT(5)5 A t dt≤ ≤∫
100.86 ( ) 1.135 A t dt≤ ≤∫
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0.86 1.13TRAP(5) 0.995
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100.86 ( ) 0.9955 A t dt≤ ≤∫
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( ) ?A t dt ≈∫
We can use rectangle & trapezoid rules, 

but the error bounds don’t apply
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Because the data lacks monotonicity and/or concavity uniformly across the interval, 
the theoretical error bounds do not apply. 

We can’t relate any of these approximations to the exact value of the integral.
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