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the Fundamental Theorem of Calculus
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Chapter 7: Integration

Sections 1 -6
Two main themes:

v/ » Calculation of anti-derivatives (integrals)

One goal is to evaluate integrals using
the Fundamental Theorem of Calculus

» Numerical approximation of integrals

An anti-derivative is not available.

A formula for the integrand is not available.



5. Numerical approximation of integrals

The accumulated amount of a chemical (drug) over time
IS Important in toxicity studies.

Cumulative effect (dose) of a drug = amount X length of time present.
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Cumulative effect (dose) of a drug = amount X length of time present.

OK if the amount remains constant
over the time interval



5. Numerical approximation of integrals

The accumulated amount of a chemical (drug) over time
IS Important in toxicity studies.

Cumulative effect (dose) of a drug = amount X length of time present.

Otherwise we integrate amount of drug A(t) over total time of interest.

Cumulative dose = j: A(t) dt



5. Numerical approximation of integrals

Estimate the cumulative dose from the data below from hour a to b.

b

At)dt =?

4 A®
Tmet o L v | 21 3| 4|5 |6 ]| 7|8/l 9] 10
( hour)
Amount A

0.05 [0.46|0.87|054(0.43|0.36|0.28|0.21|0.16|0.12 | 0.09
( mg/ml)
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5. Numerical approximation of intearals
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5. Numerical approximation of intearals
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Definition of the definite integral (text, page 252)
jb f(t)dt= lim > f(c)At
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5. Numerical approximation of integrals

Definition of the definite integral (text, page 252)
jb f(t)dt= lim > f(c)At
=1

a N— +o0 2

a=t, <t <---<t =b, At=t-t_,, t_ <c <t




5. Numerical approximation of integrals

jb f(t)dt = lim (Right-hand sum) = lim Zn:f(ti)At

a N— +o0 N—> +oo 4=

dark blue rectangles




5. Numerical approximation of integrals

[~ f(t)dt = lim (Right-hand sum) = lim Z f(t)At
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5. Numerical approximation of integrals

f(t)dt~Zf(t )At = Right-hand sum = RIGHT(n)

[ f(t)dt ~ Z f (t)At = Left-hand sum = LEFT(n)




5. Numerical approximation of integrals

In this figure, we see that the left rectangles over estimate

because f/t) is decreasing.




5. Numerical approximation of integrals

In this figure, we see that the right rectangles under estimate

because f () is decreasing.




5. Numerical approximation of integrals

If f (t) is decreasing then: RIGHT(n) SI: f (t)dt <LEFT(n)




5. Numerical approximation of integrals

If f (t) Is decreasing then: RIGHT(n) < j: f(t)dt <LEFT(n)
If f (t) Is Iincreasing then: LEFT(n) s_[: f(t)dt <RIGHT(n)

Error Bounds




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt = ?
5
Tmet 1 v | 1 | 21 3|45 |6 7|8/l 9| 10
( hour)
Amount A
y 0.05 | 046|087 |054|043|036|028|0.21]0.16/0.12|0.09
( mg/ml)




Estimate the cumulative dose during the last 5 hours.
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j A(t) dt = ?
5
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( hour)
Amount A
0.05 | 0.46 | 0.87 | 054 | 0.43|0.36|0.28 | 0.21 | 0.16 | 0.12 | 0.09
( mg/ml)

The data provides the values of A(t) at endpoints of unit length subintervals.

... S0 we can calculate LEFT(5) and RIGHT(5) with At = 1.




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt = ?
5
Tmet o L v | 21 3| 4|5 |6 ]| 7|8/l 9] 10
( hour)
Amount A
0.05 | 0.46 | 0.87 | 054 | 0.43|0.36|0.28 | 0.21 | 0.16 | 0.12 | 0.09
( mg/ml)

The data provides the values of A(t) at endpoints of unit length subintervals.

... S0 we can calculate LEFT(5) and RIGHT(5) with At = 1.

Note data A taken at hours 5, 6, 7, 8, 9, 10 decreases.




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt = ?
5
Tmet 1 v | 1 | 21 3|45 |6 7|8/l 9| 10
( hour)
Amount A
y 0.05 | 046|087 |054|043|036|028|0.21]0.16/0.12|0.09
( mg/ml)

If we assume A(t) decreases during the last five hours, then

RIGHT(5) < j 510 A(t)dt < LEFT(5)
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RIGHT(5) < | 510 At dt < LEFT(5)

0.86< | 510 A(t)dt < LEFT(10)




Estimate the cumulative dose during the last 5 hours.

jéo A(t) dt ~ 2
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RIGHT(5) < | 510 At dt < LEFT(5)

0.86< | ;O A(t)dt < 0.36+0.28+0.21+0.16+0.12




Estimate the cumulative dose during the last 5 hours.
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0.86< | 510 Aty dt <1.13




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt ~ ?
3)
: I I
Time t
( hour) ° ° ! ° ; N
A A
mount 0.36 | 0.28 | 0.21 | 0.16 | 0.12 | 0.09
( mg/ml) | I |

RIGHT(5) < | 510 At dt < LEFT(5)

0.86< | 510 Aty dt <1.13

How might we improve these approximations?
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In using LEFT(5) we effectively assumed the dose
was constant at 0.36 from hour 5 to 6.
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In using LEFT(5) we effectively assumed the dose
was constant at 0.36 from hour 5 to 6.

In using RIGHT(5) we effectively assumed the dose
was constant at 0.28 from hour 5 to 6.

Almost assuredly neither assumption is true.




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt ~ ?
3)
: I I
Time t
( hour) ° ° ! ° ; N
A A
mount 0.36 | 0.28 | 0.21 | 0.16 | 0.12 | 0.09
( mg/ml) | | | |

In using LEFT(5) we effectively assumed the dose
was constant at 0.36 from hour 5 to 6.

In using RIGHT(5) we effectively assumed the dose
was constant at 0.28 from hour 5 to 6.

Almost assuredly neither assumption is true.
Most likely the dose continuously decreased
from 0.36 to 0.28 from hour 5 to 6.




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt ~ ?
3)
: I I
Time t
( hour) ° ° ! ° ; N
A A
mount 0.36 | 0.28 | 0.21 | 0.16 | 0.12 | 0.09
( mg/ml) | | | |

Perhaps we can obtain an improved approximation by
using the average of the sample doses ?




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt ~ ?
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: I I
Time t
( hour) ° ° ! ° ; N
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mount 0.36 | 0.28 | 0.21 | 0.16 | 0.12 | 0.09
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Perhaps we can obtain an improved approximation by
using the average of the sample doses ?

For example, assume a dose of 0'3620'28 =0.32 from hour 5 to 6.




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt = ?
3)
; | |
Time t
(hour ) 5 6 I 8 9 10
Amount A 0.36 | 0.28 | 0.21 [ 0.16 | 0.12 | 0.09
( mg/ml) | | | |
Perhaps we can obtain an improved approximation by
using the average of the sample doses ?
For example, assume a dose of 0'3620'28 =0.32 from hour 5 to 6.

Mathematically, we would then be using a rectangle approximation
whose height = the average of the endpoint heights




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt = ?
3)
; | |
Time t
(hour ) 5 6 I 8 9 10
Amount A 0.36 | 0.28 | 0.21 [ 0.16 | 0.12 | 0.09
( mg/ml) | | | |
Perhaps we can obtain an improved approximation by
using the average of the sample doses ?
For example, assume a dose of 0'3620'28 =0.32 from hour 5 to 6.

Mathematically, we would then be using a rectangle approximation
whose height = the average of the endpoint heights

... 1.e., the heights used in LEFT(5) and RIGHT(5).




LEFT(n) + RIGHT(n)
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Trapezoid Rule
LEFT(n) +RIGHT(n)

Define:  TRAP(n) = >



Trapezoid Rule

LEFT(n)+ RIGHT(n)
2
Why is this called the Trapezoid Rule?

TRAP(n) =



Trapezoid Rule

LEFT(n)+ RIGHT(n)
2
Why is this called the Trapezoid Rule?

TRAP(n) =

area of a trapezoid = base x average height




TRAP(n) =

Trapezoid Rule

LEFT(n) + RIGHT(n)
2

Why is this called the Trapezoid Rule?

N

area of a trapezoid = base x average height

h, +h,
2
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Trapezoid Rule
LEFT(n)+ RIGHT(n)

TRAP(n) = >

f concave down:
Trapezoid underestimates
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Trapezoid Rule
LEFT(n)+ RIGHT(n)
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2
f concave down: f congave up:
Trapezoid underestimates Trapezoid cﬁeresﬂmates

If f (t) is concave up then: j: f (t)dt < TRAP(n)



Trapezoid Rule
LEFT(n)+ RIGHT(n)

TRAP(n) =
2
f concave down: f concave up:
Trapezoid underestimates Trapezoid overestimates
If f (t) Is concave up then: g t) dt < TRAP(n)

If f (t) is concave down then: TRAP(n) < j: f(t)dt



Trapezoid Rule
LEFT(n)+ RIGHT(n)

TRAP(n) =
2
f concave down: f concave up:
Trapezoid underestimates Trapezoid overestimates

If f (t) is concave up then: j: f (t)dt < TRAP(n)

If f (t) is concave down then: TRAP(n) < j: f(t)dt

One-sided error bounds only




Trapezoid Rule

We can get two-sided error bounds by using another approximation method

...one that uses averages on the horizontal axis (instead of the vertical axis).



Midpoint Rule

b = (Gt ).,
jaf(t)dtz;f( 2 jAt—I\/IID(n)
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Midpoint Rule
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Midpoint Rule
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Midpoint Rule
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Midpoint Rule

b < (Gt ).,
jaf(t)dtzizc;f( - jAt—MID(n)

4t



a

Rotate the top
around the midpoint

Midpoint Rule

jb f (1) dt zj f (ti “Hljm — MID(n)

2
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Midpoint Rule

n-1
j: FO)dt~Y f (ti +2ti+1jm — MID(n)

Rotate the top
around the midpoint

Congruent triangles
have equal areas

4t



Midpoint Rule

b = (Gt ).,
Iaf(t)dtz;f( 2 jAt—I\/IID(n)

The created trapezoid has
the same area as the
original rectangle

Rotate the top
around the midpoint

Congruent triangles
have equal areas

o
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Midpoint Rule

b = (Gt ).,
Iaf(t)dtz;f( 2 jAt—I\/IID(n)

The created trapezoid has
the same area as the
original rectangle

Rotate the top
around the midpoint

... ho matter what the

Congruent triangles _ _
rotation angle is !

have equal areas

4t



Midpoint Rule

j f(t)dt ~ j f (t +2t'+1jAt _ MID(n)

Rotate the top so as to
become tangent to the curve

L+t



Midpoint Rule

j f(t)dt ~ j f (t +2t'+1jAt _ MID(n)

Rotate the top so as to
become tangent to the curve

L+t



Midpoint Rule

j f(t)dt ~ j f (t +2t'+1jAt _ MID(n)

e The area of “tangential” trapezoid
BN equals
| the area of the “midpoint” rectangle
I
I
I
I
I
1
t t

4t



Midpoint Rule

b < (Gt ).,
jaf(t)dtzizc;f( - jAt—MID(n)

\
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Midpoint Rule

b = (Gt ).,
Iaf(t)dtz;f( 2 jAt—I\/IID(n)

Midpoint Rule MID(n)

Trapezoid rule

4t



Midpoint Rule

b = (Gt ).,
Iaf(t)dtz;f( 2 jAt—I\/IID(n)

Midpoint Rule MID(n)

“tangent” trapezoid

Trapezoid rule

“secant” trapezoid

4t



Midpoint Rule

If f (t) is concave down then: < _[: f(t)dt < MID(n)

Midpoint Rule MID(n)

“tangent” trapezoid

Trapezoid rule

“secant” trapezoid

4t



Midpoint & Trapezoid Rules

If f (t) is concave down then: TRAP(n) < _[: f (t)dt < MID(n)

If f (t) Is concave up then: MID(n) < _[: f (t)dt <TRAP(n)

Error Bounds



Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt = ?
5
) I I
Timet
(hour ) 5 6 ! 8 9 10
Amount A
0.36 | 0.28 | 0.21 | 0.16 | 0.12 | 0.09
( mg/ml) | | | |

We can use the Trapezoid Rule (it uses only endpoint data),




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt = ?
5
) I I
Timet
(hour ) 5 6 ! 8 9 10
Amount A
0.36 | 0.28 | 0.21 | 0.16 | 0.12 | 0.09
( mg/ml) | | | |

We can use the Trapezoid Rule (it uses only endpoint data),
but we can’t use the Midpoint Rule (no data at midpoints).




Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt = ?
5
) I I
Timet
(hour ) 5 6 ! 8 9 10
Amount A
0.36 | 0.28 | 0.21 | 0.16 | 0.12 | 0.09
( mg/ml) | | | |

Recall that assuming A is decreasing :

RIGHT(5) < éo A(t) dt < LEFT(5)

0.86 < jéo A(t)dt<1.13



Estimate the cumulative dose during the last 5 hours.

10
j A(t) dt ~ ?
5
; | |
Time t
(hour) ° ° ! ° 9 e
Amount A 0.36 | 0.28 [ 0.21 | 0.16 | 0.12 | 0.09
(mg/ml) | | | |
Recall that assuming A is decreasing : TRAP(5) = 0.86+1.13 _ 0.995
, :
RIGHT(5) < ;O A(t)dt < LEFT(5)
average

0.86 < jéo A(t)dt<1.13



Estimate the cumulative dose during the last 5 hours.

jéo A(t) dt ~ 2

Timet
(hour) ° ° ! ° ; N
A
mount A 0.36 [ 0.2810.21|0.16 | 0.12 | 0.09
( mg/ml ) |

Recall : 0.86+1.13

TRAP(5) = —— =~ =0.995

10
RIGHT(5) < 5 A At<LEFTG) ¢ e assume A(t) is concave up, then

10
0.86 < jéo A(t)dt <1.13 j5 A(t) dt < 0.995



Estimate the cumulative dose during the last 5 hours.

jéo A(t) dt ~ 2

Timet
(hour) ° ° ! ° 9 N
A
mount A 0.36 [ 0.2810.21|0.16 | 0.12 | 0.09
( mg/ml ) |

Recall : 0.86+1.13

TRAP(5) = —— =~ =0.995

10
RIGHT(5) < 5 A At<LEFTG) ¢ e assume A(t) is concave up, then

10
0.86 < jéo A(t)dt <1.13 [ At)dt<0.995

5 /
\ 0.86 < Jé'o A(t)dt <0.995
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( mg/ml)
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jéOA(t)dt <7

We can use rectangle & trapezoid rules,

but the error bounds don’t apply

Time
Tmet 1o V1 | 21 3| a5 |6 ] 7|8/l 9]10
( hour)
Amount A
005 [ 0.46|0.87|054(043(0.36|0.28|0.21]|0.16 |0.12 | 0.09
( mg/ml)
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( mg/ml)
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jéo A(t) dt ~ ?

LEFT (10) = 3.48

Time
Time t 0 1 2 3 4 5 6 7 8 9 | 10
( hour)
Amount A
mOUNtA N 6 05 | 0.46 | 0.87 | 0.54 | 0.43 | 036 | 0.28 | 0.21 | 0.16 | 0.12]| 0.09
(mg/ml)
—5=1
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jéo A(t)dt ~ 2

LEFT (10) = 3.48
RIGHT (10) = 3.52

Time
Tmet 1o V1 | 21 3| a5 |6 ] 7|8/l 9]10
( hour)
Amount A
0.05 1046|087 |054[{043(0.36|0.28|0.21|0.16 { 0.12 { 0.09
( mg/ml) |
—t =1
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jéOA(t)dt <7

LEFT (10) = 3.48

o o RIGHT (10) = 3.52
° o TRAP(10) = 3.50
0 1 2 3 4 Tline 6 7 8 9 10
Timet
( hour ) 0 1 2 3 4 5 6 7 8 9 10
Amount A

0.05 | 046|087 054043036 (0.28|0.21|0.16 | 0.12 | 0.09

( mg/ml)




Amount

A=

Data 10
| AMdt~?
° 0
ool LEFT (10) = 3.48
ol © 0 RIGHT (10) = 3.52
° o TRAP(10) = 3.50
0 1 2 3 4Ti?ne6 7 8 9 10

Because the data lacks monotonicity and/or concavity uniformly across the interval,
the theoretical error bounds do not apply.

We can’t relate any of these approximations to the exact value of the integral.
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