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Chapter 7: Integration

Sections 1 -4

» Calculation of anti-derivatives (integrals)

v~ 1. Learn some fundamental properties of integrals

v/ 2. Use known differentiation formulas “backwards

3. Use differentiation rules “backwards”
v  chainrule <—> substitution
product rule €<—> integration by parts

4. Use algebraic manipulations
e.g., partial fraction decomposition

5. Use tables of integrals



3. Use known differentiation formulas “backwards”

We saw how the chain rule (used in reverse) motivates
the substitution method
(or change of variable method)
for calculating integrals.

Another substitution that is often useful involves trig functions.
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X=3sinw or w=arcsin(x/3), —z/2<w<x/2
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dw



Trigonometric Substitutions

Example

L dx
_X2

I 5=

/

X=3sinw or w=arcsin(x/3), —z/2<w<rx/2

%=3COSW —> dx=3coswdw
dw



Trigonometric Substitutions

Example

1 1
dx = 3coswdw
j\/9—x2 j\/9—9sinzw

X=3sinw or w=arcsin(x/3), —z/2<w<x/2

%=3COSW —> dx=3coswdw
dw



Trigonometric Substitutions

Example

1 1
dx = 3coswdw
j\/9—x2 J-C%\/l—sinzw

X=3sinw or w=arcsin(x/3), —z/2<w<x/2

%=3COSW —> dx=3coswdw
dw



Trigonometric Substitutions

Example

cos wdw

NEENG \COS* W
X=3sinw or w=arcsin(x/3), —z/2<w<x/2

%=3COSW —> dx=3coswdw
dw



Trigonometric Substitutions

Example
1 1
Vo ™™

X=3sinw or w=arcsin(x/3), —z/2<w<x/2

%:30 sw = dx=3coswdw

dw

An aside: \/X* is not identical to X, at least for all X.

More correctly, /x* =X



Trigonometric Substitutions

Example

cos wdw

[t e
09— x° COS* W

X =3sinw or w:arcsin(x/3),[—7z/2§ws7z/2:>coswzo ]

%=3COSW —=> dx=3coswdw
dw



Trigonometric Substitutions

Example

cos wdw

R
09— x° COS* W

X =3sinw or w:arcsin(x/3),[—7z/2§ws7z/2:>coswzo ]

dx —> +/COS* W = COS W
d—:SCosw —> dx=3coswdw
W



Trigonometric Substitutions

Example

coswdw=j1dw

VI—X° \COS* W
X=3sinw or w=arcsin(x/3), —z/2<w<x/2

%=3COSW —=> dx=3coswdw
dw



Trigonometric Substitutions

Example

coswdw=j1dw=w+c

VI—X° \COS* W
X=3sinw or w=arcsin(x/3), —z/2<w<x/2

%=3COSW —=> dx=3coswdw
dw



Trigonometric Substitutions

Example

coswdw=j1dw=w+c

VI—X° \COS* W
X=3sinw or w=arcsin(x/3), —z/2<w<x/2

%=3COSW —=> dx=3coswdw
dw



Trigonometric Substitutions

Example

1
dx = arcsm( xj +C

I

Substitutions utilizing trig functions are suggested for
Integrals involving quadratic polynomials in their denominators.

(usually best to “complete the square” first, however)



Trigonometric Substitutions

Example

X

1
j\/1—4x—x2 ;



Trigonometric Substitutions

Example

dx

1 ) 1
'[\/1—4x—x2 dX_J\/S—(Zqu)2



Trigonometric Substitutions

Example

dx

1 ) 1
'[\/1—4x—x2 dX_J\/S—(Zqu)2

2+x=\/§sinw, —rl2<w<rx/2



Trigonometric Substitutions

Example

dx

1 ) 1
'[\/1—4x—x2 dX_J\/S—(Zqu)2

2+x=\/§sinw, —rl2<w<rx/2

%:\Ecosw —  dx =+/5cosw dw

dw



Trigonometric Substitutions

Example

J5 coswdw

1 ) 1 _ 1
j\/l—4x—x2 dx_j\/5—(2+x)2 & j\/5—53in2w

2+x=\/§sinw, —rl2<w<rx/2

%:\Ecosw —  dx =+/5cosw dw

dw



Trigonometric Substitutions

Example

J5 coswdw

1 1 1
dx = dx =
j\/1—4x—x2 " ‘[\/5—(2+x)2 " j\/5\/1—sinzw

2+x=\/§sinw, —rl2<w<rx/2

%:\Ecosw —  dx =+/5cosw dw

dw



Trigonometric Substitutions

Example

cos wdw

1 ) 1 1
j\/l—4x—x2 dx_‘[\/B—(Zer)2 & ‘[\/coszw

2+x=\/§sinw, —rl2<w<rx/2

%:\Ecosw —  dx =+/5cosw dw

dw



Trigonometric Substitutions

Example

dx=_[1dw=w+c

1 ) 1
j\/1—4x—x2 dx_‘[\/S—(2+x)2

2+x=\/§sinw, —rl2<w<rx/2

%:\Ecosw —  dx =+/5cosw dw

dw



Trigonometric Substitutions

Example

dx=_[1dw=w+c

\ B

1 ) 1
j\/1—4x—x2 dx_‘[\/S—(2+x)2

J5

2+x=+5sinw, —7/2<wW<7/2 = w=arcsin

%:\Ecosw —  dx =+/5cosw dw

dw



Trigonometric Substitutions

Example

j L dx = arcsin [ﬂ] +C
J1—4x—x? J5
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The integration by parts method (Section 7.2)
IS based on using the product rule backwards
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3. Use known differentiation formulas “backwards”

The integration by parts method (Section 7.2)
IS based on using the product rule backwards

(uv)' =uv'+u'v

uv'=(uv)'=u'v



3. Use known differentiation formulas “backwards”

The integration by parts method (Section 7.2)
IS based on using the product rule backwards

(uv)' =uv'+u'v
uv'=(uv)'=u'v

same as ... juv'dx: uv—ju'vdx



3. Use known differentiation formulas “backwards”

The integration by parts method (Section 7.2)
IS based on using the product rule backwards

Integration by Parts formula

juv'dx:uv—ju'vdx




3. Use known differentiation formulas “backwards”

The integration by parts method (Section 7.2)
IS based on using the product rule backwards

Integration by Parts formula

juv'dx:uv—ju'vdx

M

We can calculate an integral recognizable as in being this form,




3. Use known differentiation formulas “backwards”

The integration by parts method (Section 7.2)
IS based on using the product rule backwards

Integration by Parts formula

juv'dx:uv—ju'vdx

We can calculate an integral regognizable as in being this form,
by calculating this associated integral .



3. Use known differentiation formulas “backwards”
Iuva:uv—IuWMk

Example

jxmxdx



3. Use known differentiation formulas “backwards”
Iuva:uv—IuWMk

Example

jxmxdx

Integrand is a product !



3. Use known differentiation formulas “backwards”
Iuva:uv—IuWMk

Example

jxmxdx

Which factor should play
the role of u ?



3. Use known differentiation formulas “backwards”
Iuvﬁx:uv—quMk

Example

jxmxdx

Which factor should play ~ We will need u, u’and v
the role of u ? to calculate right hand side.



3. Use known differentiation formulas “backwards”
Iuva:uv—IuWMk

Example

jxmxdx

Which factor should play
the role of u ?

If we choose U = X,



3. Use known differentiation formulas “backwards”
Iuva:uv—IuWMk

Example

jxmxdx

Which factor should play
the role of u ?
If we choose U = X, then u'=1 and
v'=1Inx
and we must integrate Inx to find v.



3. Use known differentiation formulas “backwards”
Iuv'dx = uv—ju'vdx

Example

j'(ln X) x dx

Which factor should play
the role of u ?

If we choose U =1Inx, then u'=1/x and



3. Use known differentiation formulas “backwards”
Iuv'dx = uv—ju'vdx

Example

I(In X) x dx

Which factor should play
the role of u ?
If we choose U =1Inx, then u'=1/x and
V' =X
and we must integrate X to find v.



3. Use known differentiation formulas “backwards”
Iuva:uv—IuWMk

Example

j(h1x)xdx

Which factor should play
the role of u ?

If we choose u=1Inx, then u'=1/x and
V'=X
and we must integrate X to find v.

1
V=2x°
2



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

I(In x)xdx = (In x)%x2 -

If we choose U =1InXx, then ¥ =1/x and
V' =X



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
1 1)1
| dx = (| X% - (—j— °d
j(nx)x X (nx)2x j ; 2x X

Which factor should play
the role of u ?
If we choose U=1InX, then u'=1/x
V' =X
and we must integrate X



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
1 1)1
| dx = (| “xe— || = |=xd
j(nx)x X (nx)zx j(szx X
1

1
:—lenx——jxdx
2 2



3. Use known differentiation formulas “backwards”

Iuva:uv—IuWMk

Example
1 1)1
| dx = (| “xe— || = |=xd
j(nx)x>< (nx)zx j(%}zx X
1

1
:—x”nx——jxdx
2 2

1 1
= —xInx==x°+c¢
2 4



3. Use known differentiation formulas “backwards”
Iuva:uv—IuWMk

Example

I(h1x)xdx

u=Inx, v'=xX



3. Use known differentiation formulas “backwards”

Iuva:uv—IuWMk

Example

I(h1x)xdx

u=Inx, v'=xX

Summary: 1 1
u'==, v==>=x°

X 2



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Exa&ple

\’

j(ln x)xdx = (In x)%x2

lu=lnx,| v'=x

Summary: 1 1
u'= V==Xx*

X ]




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example \

j(ln x)xdx = (In x)lx2 —j(ljlxzdx

2 X )2

u=Inx, v'=xX




3. Use known differentiation formulas “backwards”

Iuva:uv—IuWMk

Example
1 1)1
I dx =(Inx)=x*—|| = |=x°d
j(nx)x>< (nx)zx j(%}zx X
u=Inx, v'=xX
W:}q V:Eﬁ
X 2

What was key in making this choice for u work ?



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
1 1)1
| dx = (| “x2— || = |=x°d
j(nx)x X (nx)zx j(szx X

u=Inx, v'=xX

N
We can calculate
1 1,
u'andvV—— U’ ;



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
1 111
I(Inx)xdx:(lnx)—xz—j — | = x%dx
2 X )2
u=Inx, v'=xX
We can calculate
. 1 1,
u'andv Uu —=—, V=—X
X 2
Uu' and v

are "simpler” than u and v'



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Hints on How to Choose u and V' :
( page 322 of text)

« Whatever you let v’ be, you need to be able to find v.

e It helps if u’ is simpler (or at least no more complicated) than u.

o It helps if v is simpler (or at least no more complicated) than v'.



3. Use known differentiation formulas “backwards”
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Hints on How to Choose u and V' :
( page 322 of text)

« Whatever you let v’ be, you need to be able to find v.

e It helps if u’ is simpler (or at least no more complicated) than u.
o It helps if v is simpler (or at least no more complicated) than v'.

Example

f xe” dx




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Hints on How to Choose u and V' :
( page 322 of text)

« Whatever you let v’ be, you need to be able to find v.

e It helps if u’ is simpler (or at least no more complicated) than u.
o It helps if v is simpler (or at least no more complicated) than v'.

Example

f xe” dx




3. Use known differentiation formulas “backwards”

Iuva:uv—IuWMk

Hints on How to Choose u and V' :
( page 322 of text)

v. Whatever you let v' be, you need to be able to find v.

e It helps if u’ is simpler (or at least no more complicated) than u.
o It helps if v is simpler (or at least no more complicated) than v'.

Example

xe”dx
1 X 1 2 f




3. Use known differentiation formulas “backwards”

Iuvﬁx:uv—quMk

Hints on How to Choose u and V' :
( page 322 of text)

v. Whatever you let v' be, you need to be able to find v.

v oelt helps if u’ is simpler (or at least no more complicated) than u.

o It helps if v is simpler (or at least no more complicated) than v'.

) Example

xe”dx
1 X 1 2 f




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Hints on How to Choose u and V' :
( page 322 of text)

v. Whatever you let v' be, you need to be able to find v.

v oelt helps if u’ is simpler (or at least no more complicated) than u.

X ot helps if v is simpler (or at least no more complicated) than v'.

4 h Example
u=-e", |V =X

xe”dx
1 X 1 2 f




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Hints on How to Choose u and V' :
( page 322 of text)

« Whatever you let v’ be, you need to be able to find v.

e It helps if u’ is simpler (or at least no more complicated) than u.
o It helps if v is simpler (or at least no more complicated) than v'.

Example

—° f xe” dx




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Hints on How to Choose u and V' :
( page 322 of text)

v. Whatever you let v' be, you need to be able to find v.

e It helps if u’ is simpler (or at least no more complicated) than u.
o It helps if v is simpler (or at least no more complicated) than v'.

Example

Uu=x, V'=¢e )
fxe dx




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Hints on How to Choose u and V' :
( page 322 of text)

v. Whatever you let v' be, you need to be able to find v.

v et helps if u’ is simpler (or at least no more complicated) than u.

o It helps if v is simpler (or at least no more complicated) than v'.

4 A Example

u=x,| v'=e" ,
y fxedx
lv=e

U I
. J




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Hints on How to Choose u and V' :
( page 322 of text)

v. Whatever you let v' be, you need to be able to find v.

v et helps if u’ is simpler (or at least no more complicated) than u.

v et helps if v is simpler (or at least no more complicated) than v'.

4 ) Example

u=2x,|v' =e )
fxe dx




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Hints on How to Choose u and V' :
( page 322 of text)

v. Whatever you let v' be, you need to be able to find v.

v et helps if u’ is simpler (or at least no more complicated) than u.
v et helps if v is simpler (or at least no more complicated) than v'.

Example

f xe*dx = xe”*




3. Use known differentiation formulas “backwards”

Iuvﬁx:uv—quMk

Hints on How to Choose u and V' :
( page 322 of text)

v. Whatever you let v' be, you need to be able to find v.

v et helps if u’ is simpler (or at least no more complicated) than u.
v et helps if v is simpler (or at least no more complicated) than v'.

Example

Uu=x, V'=¢e ) , ,
f&eW:me—jde




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Hints on How to Choose u and V' :
( page 322 of text)

v. Whatever you let v' be, you need to be able to find v.

v et helps if u’ is simpler (or at least no more complicated) than u.
v et helps if v is simpler (or at least no more complicated) than v'.

Example
Uu=X, V =e¢ ) ) )
fxe dx = xe —fedx

—Xxe*—e*4¢




3. Use known differentiation formulas “backwards”

Iuva:uv—IuWMk

Example

j]nxdx:




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

fln xdx:f(l)(ln x) dx




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

fln xdx:f(l)(ln x) dx

1

u=Inx, Vv



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
fln xdx:f(l)(ln x) dx
u=Inx, v'=1
1
u'=-—, Vv=x



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

flnxdx:f 1)(In x)dx

u=Inx, v'=1

1
flnxdx=(|nx)x—f;xdx



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

flnxdx:f 1)(In x)dx

u=Inx, v'=1

1
flnxdx:(lnx)x—f;xdx:xlnx—fldx



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

flnxdx:f 1)(In x)dx

u=Inx, v'=1

1
flnxdx:(lnx)x—f;xdx:xlnx—fldx

= XlInx—x+c¢



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

f x°e* dx



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

f x°e* dx = x%e*



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

f x’e* dx = x°e* — 2f xe* dx




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

f x°e* dx = x%e* — ZH xe”* dx]
u=x? v'=¢ \
l:2X, X

Previous example

fxexdx —xe* —e" +¢



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

fxzex dx:xzeX—foeX dx:xzex—z(xex—e“rc)

Previous example

fxexdx —xe* —e" +¢



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

f x°e* dx = x%e* — Zf xe* dx = x°e* —2xe* 4+ 2e* —2¢



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

f x°e* dx = x%e* — Zf xe* dx = x°e* —2xe* + 2eX




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

f x‘e* dx = x%e* — 2f xe* dx = x°e* —2xe* + 2eX




3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

fxzex dx = x%e* — 2f xe* dx = x°e* —2xe* +2e* +¢

f x°e* dx



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

fxzex dx = x%e* — 2f xe* dx = x°e* —2xe* +2e* +¢

f x°e* dx



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

fxzex dx = x%e* — 2f xe* dx = x°e* —2xe* +2e* +¢

f x°e* dx



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

fxzex dx = x%e* — 2f xe* dx = x°e* —2xe* +2e* +¢

f x*e* dx = x’e*



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

fxzex dx = x%e* — 2f xe* dx = x°e* —2xe* +2e* +¢

f x’e* dx = x’e* —3f x“e* dx



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

fxzex dx = x%e* — 2f xe* dx = x°e* —2xe* +2e* +¢

f x’e* dx = x’e” —:{fxze dx]

u=x>, v'=¢g*

Previous example
u'=3x*>, v=e



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

f xe¥dx = x%e* —2 | xe*dx = x%e* —2xe* +2e* +¢

f x’e* dx = x’e” —:{fxze dx]/

u=x>, v'=¢g*

Previous example
u'=3x*>, v=e



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example

f x‘e* dx = x%e* — 2f xe* dx = x°e* —2xe* +2e* +¢
f x’e* dx = x’e” —3f x‘e* dx

= xe* —3x%e* +6xe* —6e* +¢C



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
f x°eX dx = x%e* — 2f xe* dx

f x’e* dx = x’e* —3f x“e* dx

See a pattern ?



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
f x°eX dx = x%e* — 2f xe* dx
f x’e* dx = x’e* —3f x°e* dx

f x*e* dx =

See a pattern ?



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
f x’e* dx = x°e* — 2f xe* dx
f x’e* dx = x’e* —3f x“e* dx
f x*e* dx = x"e” —4f x°e* dx

See a pattern ?



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
f x’e* dx = x°e* — 2f xe* dx
f x’e* dx = x’e* —3f x“e* dx
f x*e* dx = x"e” —4f x°e* dx

f x"e* dx =

See a pattern ?



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
f x’e* dx = x°e* — 2f xe* dx
f x’e* dx = x’e* —3f x“e* dx
f x*e* dx = x"e” —4f x°e* dx

f X"e* dx = x"e*

See a pattern ?



3. Use known differentiation formulas “backwards”

Iuv'dx:uv—ju'vdx

Example
f x’e* dx = x°e* — 2f xe* dx
f x’e* dx = x’e* —3f x“e* dx
f x*e* dx = x"e” —4f x°e* dx

f x"e* dx = x"e* — nf X" te* dx

See a pattern ?

for any power n!
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