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Example

Deposit P(0) in a bank account at r% interest (compounded annually).
How many years does it take for the deposit to double ?

Solve for t:
(1+ r)t —2

This requires the inverse of the exponential function,
that is, requires the logarithm function
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range corresponds to only one element in the domain.
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We denote the inverse function of a one-one function y =1 (x) by
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NOTE: By definition
f(f1(x))=x
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F-1(f(x)) = X
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to get the graph of
the inverse reflect

through the line
y==xX
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DEFINITIONS

(a) A function is one-one (invertible) if each element in the
range corresponds to only one element in the domain.

(b) For a one-one function, the inverse function maps each
range element back to its domain element

Graphically, a one-one (invertible) function has a
monotone graph : either increasing or decreasing

Vo y=fi(x)
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DEFINITION

The inverse of P(t)=a', O<a=1
IS the logarithmic function (with base a) and is denoted by

P~ (t) = log, (t)

NOTE:

P(P_l(x)) — X means a'®%* =x



P(t)=a', a>0
IS one-one (invertible) provided a =1

DEFINITION

The inverse of P(t)=a', O<a=1
IS the logarithmic function (with base a) and is denoted by

P~ (t) = log, (t)
NOTE:
P(P*(x))=x means al%%aX — x

P (P(x))=x means Ioga(ax):x



Review of Basic Algebraic Properties of Logarithmic Functions

log(ts) = logt + logs
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Review of Basic Algebraic Properties of Logarithmic Functions

log(ts) = logt+logs Iog[i] = logt —logs
S

log(t®) = slogt
g(t>) g logl—0

common mistakes :

log(ts) = (logt)(logs)
log(t +s) = logt +logs
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Example

Deposit P(0) in a bank account at r% interest (compounded annually).
How many years does it take for the deposit to double ?

Answer: t=log,2, a=1+r
For example, if r =0.05, then
t=10g,:2 ~ ??
For example, if r=0.07, then
t=1log,,,2 =~ ??
Not convenient to use a different base for each problem !

Most commonly used bases are a =10 and €. ,
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Solve for t, but using logs of base 10 :

a'=2 where a=1+r
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2 where a=1+4r

If we want to work 1n base 10,
we re-write this exponential
function to base 10.
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Solve for t, but using logs of base 10 :

2 where a=1+4r

a=10"

RecaN, by definition of logs
_ 10Iog10a



Solve for t:

101902 — 2 \where a=1+r



Solve for t:

101902 — 2 \where a=1+r

Take log,, of both sides :

Ioglo <10<|Oglo a)t) _ |Oglo 2



Solve for t:

1010 — 2 \where a=1+r
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10"%" — 2 where a=14r
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Solve for t:

1010 — 2 \where a=1+r

Take log,, of both sides :

log,, (10 %%02) ) = log,, 2
(IOglo )t — O9102

t — Oglo 2

0g,,a
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Example

Deposit P(0) in a bank account at r% interest (compounded annually).
How many years does it take for the deposit to double ?

t=1log,2, a=1+4r
or in terms of base 10
‘ log,, 2

log,, a
Similarly, one calculates answer using base €

log 2
t = Je

log, a

logt =log,,t  common log

Notation convention:
Int = log, t natural log



Example

Deposit P(0) in a bank account at r% interest (compounded annually).
How many years does it take for the deposit to double ?

For example, for r =0.05
In2
t =
In1.05

~14.21 (years)



Next goal ....

The geometry (graphs) of exponential and log functions
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Derivative of f(x) at x=a

df _ Iimf(a+h)—f(a)
dx

h—O0
X=a

df
(1) O

instantaneous rate of change of f (X)
| with respectx toat X = a

(2) Geometrically: ar

dx

| slopeof tangent toy = f(X)
| atpoint (x,y) = (a, f(a))

X=a
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dx

h—O0
X=a

raphofy = f(x) atx=a
@ & >0:/{9.p =1
dx|,_, Is increasing at X = a

df

dx

graphofy = f(x) atx =a
IS decreasing at X = a

X=a

Second derivative of f(x)
s o
dxldx)  dx?
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A Quick Review of Derivatives
Some Fundamental Derivatives

dc
— =0 for any constant C
dx
ax” _ mx™ "  (power rule)
dx
de” ;
=e
dx
dinx 1
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Some Fundamental Rules
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dQ Product Rule
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A Quick Review of Derivatives
Some Fundamental Rules

d dP dQ
dx (P Q> dx dx
dQ aP Product Rule
dx (PQ) dx Q
dP dQ
= p=x
i[i] _ 0 dx dx Quotient Rule
dx | Q Q°’
iP(Q) _ 4PQ) dQ Chain Rule
dx dQ dx
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f(x)=e"", r=constant
A composite function:
f (x) =P(Q(x))
P(Q)=e? Q(x)=rx
Use Chain Rule :

dP(Q(x)) dP dQ
dx  dQ dx

—e®r
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EXAMPLE

f(x)=a"
f (X) — e(Ina)x

Use previous example with
r=1Ina

da’
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f(x)=a"
f (X) — e(Ina)x

Use previous example with

r=Ilna
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