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ABSTRACT

We consider the finite two-dimensional Ising model on a lattice with periodic boundary
conditions. Kaufman determined the spectrum of the transfer matrix on the finite,
periodic lattice, and her derivation was a simplification of Onsager’s famous result on
solving the two-dimensional Ising model. We derive and rework Kaufman’s results
by applying representation theory, which give us a more direct approach to compute
the spectrum of the transfer matrix. We determine formulas for the spin correlation
function that depend on the matrix elements of the induced rotation associated with
the spin operator. The representation of the spin matrix elements is obtained by
considering the spin operator as an intertwining map. We wrap the lattice around
the cylinder taking the semi-infinite volume limit. We control the scaling limit of the
multi-spin Ising correlations on the cylinder as the temperature approaches the critical
temperature from below in terms of a Bugrij-Lisovyy conjecture for the spin matrix
elements on the finite, periodic lattice. Finally, we compute the matrix representation
of the spin operator for temperatures below the critical temperature in the infinite-

volume limit in the pure state defined by plus boundary conditions.
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1. INTRODUCTION

1.1. Introduction to the Two-Dimensional Ising Model

The Ising model is one of the most studied models in modern physics. Since its intro-
duction in 1925 by the Germans E. Ising and W. Lenz, more than a thousand research
papers have been published on the subject. The model has had great success in shed-
ding light on the existence of phase transitions at a finite temperature T (critical
temperature). The simplicity of the model made it possible to obtain exact mathe-
matical results in the thermodynamic limit of statistical mechanics. The Ising model
was originally proposed as a model for ferromagnetism and experimentally we have the
following situation (see [Th72]): A magnet is placed in a magnetic field H at suffi-
ciently low temperatures 7' (T' < T¢) such that the magnet develops a magnetization
M (H,T). If the magnetic field is turned off, a spontaneous magnetization still remains

for T' < Ty and is defined as

My(T) := lim M(H,T).

H—0+

For T' > T¢, the spontaneous magnetization is zero vanishing abruptly at the Curie

point T' = T. This situation is shown in the figure below.

My

T

Te

FiGURE 1.1. The figure shows the spontaneous magnetization M, as a function of
temperature T
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Consider a finite subset A of the two-dimensional lattice
7* ={(m,n) :m,n € Z}

and a configuration of spins {o} located at the vertices of A. The spins take the value
of +1 or —1 which corresponds to spin up or spin down. The spins interact with their
nearest neighbors and the total interaction energy is given by
Ex(o) = — Z J;j0i05 — HZai.
(1) EA Ji—jl=1 ieA
In the first term, the sum is over all nearest-neighbors (7, j) in A and the second term
corresponds to the interaction of the spins with the magnetic field H > 0. Here J;; is
a real number and is the interaction constant for a pair of sites (4,7). When J;; > 0
we say that the interaction is ferromagnetic. In this thesis, we are interested in the
case H = 0, and most of the work that is done on the Ising model is carried out in the
absence of an external magnetic field. The partition function is defined as
Zpn = Z GXP(—EICAT(;))
PN
where kg is the Boltzmann constant and €2, is the set of all possible configurations on

A. For sites i1, ..., 4, in A, the correlation function is given by

1 — o
<0-7:1 ..O'Zn>A:Z— Z o-il ...-gineXp< kE;\’;))

We shall have more to say about this in Section 2.1.

1.2.  Brief History and Background Information

There are several review articles and books covering the early history of the Ising
model, including the well-known book The Two-Dimensional Ising model [MW73] by
McCoy and Wu and the papers History of the Lenz-Ising Model 1920-1950 [N105] by
M. Niss and On the Theory of the Ising Model of Ferromagnetism [NM53] by G. F.

Newell and E. W. Montroll. Lenz who was Ising’s thesis advisor proposed the model as
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a model for ferromagnetism. He assigned Ising the task performing the mathematical
calculations of his model. The result was given in Ising’s doctorate thesis of 1924 and
published in 1925. Ising proved that the Ising model does not display ferromagnetism
in one dimension. He incorrectly extended this result to also be true for two and three
dimensions. Ising’s contemporaries more or less neglected the model in the 30’s and
early 40’s. There are a variety of suggested reasons for that (see [NI05]). One reason
was Ising’s negative conclusion about ferromagnetism in two and three dimensions.
Some physicists also argued that the model was in conflict with the Heisenberg model,
which was considered the leading model of ferromagnetism during that time. Others
concluded that the Ising model was in conflict with the new area of quantum mechanics.
In 1936 (see [NIO5]) Peierls proved that the two and three- dimensional Ising models
display spontaneous magnetization at sufficiently low temperatures. However, he dis-
missed the model as a realistic model of ferromagnetism. In the 30’s and 40’s, the
development in the field of binary alloys and adsorption showed a mathematical anal-
ogy to the ferromagnetism in the Ising model. For example, Peirles proved that the
mathematical equations involved in describing a transition point are equivalent in the
Ising model and in the theory of adsorption. Even though, the Ising model did not
get much attention as a model for ferromagnetism, its mathematical equivalents were
frequently used in the theory of binary alloys in the 30’s and 40’s. G. F. Newell and E.
W. Montroll [NM53] reviewed the equivalence of the Ising model of a ferromagnet to
that of a binary alloy and to a simplified model of a gas and liquid. In the early 40’s,
the development of the Ising model was characterized by emphasis of the mathematics
behind a transition point rather than the physical aspect of the model.

Montroll, Kramer, Wannier and Onsager made important contributions to the Ising
model and laid the foundation for further study of the model. Peirles proof of the
occurrence of spontaneous magnetization in the two-dimensional Ising model suggested
the existence of a transition point in it. H. A. Kramer and G. H. Wannier [KW41-1]
and [KW41-2] studied the Ising model in the absence of an external magnetic field,

since the mathematics involved simplifies in this case. However, following this strategy
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made it impossible to directly compute the magnetization, so they focused instead of
computing the energy and the specific heat. They were unable to prove the existence
of a Curie point, but they showed that if the transition point T exists, it satisfies

the relation sinh? ( k;ég) = 1, where J is the interaction strength between neighboring

spins and kg is the Boltzmann constant.

In 1942, the Norwegian-born L. Onsager determined the exact value of the specific heat
as a function of temperature in the thermodynamic limit of the two-dimensional Ising
model in the absence of an external magnetic field. He published his result in 1944
in the paper, Crystal Statistics. I. A Two-Dimensional Model with an Order-Disorder
Transition [Ons44], which is one of the most important papers in modern physics. The
transition point is a singularity either in the specific heat or in the first derivative
of the specific heat. Omnsager proved that the specific heat is logarithmic divergent
as T approaches the critical temperature 7. He used the transfer matrix approach
introduced by Kramers, Wannier, and Montroll to determine an exact expression for
the partition function. He showed that the partition function can be approximated by
the largest eigenvalue of the transfer matrix on the lattice. The mathematics involved
in Onsager’s calculations is extremely complicated. In 1949, Onsager’s student, B.
Kaufman, simplified Onsager’s calculations considerably by using Lie group theory
and spinor analysis. She published her result in the paper, Crystal Statistics. II.
Partition Function Evaluated by Spinor Analysis [Kaud9]. Kaufman [Kau49] showed
that by realizing the 2 dimensional transfer matrix as a spin representation of a
2M dimensional rotation, the eigenvalues of the transfer matrix can be found from
the angles of rotation of the rotation matrix. She found the spectrum of the transfer

matrix on a lattice, with N rows and M sites per row, to be given by the two sets,

exp(3 (70 £ 72 £ ... £Y2m-2)], (1.1)

exp3(Em 93 £ . Fyam1); (1.2)

where v, := v(%) and where the function v(g) is the positive root of

coshy(q) = cosh(2K3) cosh(2K;) — sinh(2K3 ) sinh(2K7) cos(q). (1.3)
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Here IC; and K are the vertical and horizontal couplings constant respectively and the

dual K3 of ICy is defined as,
sinh(2/Cy) sinh(2KC3) =

In (1.1), there is an even number of minus signs for 7' < T and an odd number for
T > T¢ while in (1.2) there is an even number of minus signs in both cases. The largest

eigenvalue in each of the spectra is then

exp(3[v1 + 3 + - + Y2n-1])
and
exp(3[70 + 72 + .. + Y2m-2)).

For large M, the following approximations take place, 7o, = V9,1 for 1 <r < M — 1

while

for T > T¢.
Kaufman [Kau49] and Onsager [Ons44| then determined that for large N and M, the

{ v for T < Tg;
Yo =
g

partition function Z on the rectangular lattice is given by
, _NM N
(2sinh(2K3))" 2 Z = 2exp(5 (71 + 73+ ... +72m—1]) for T <Tg,

NM
(2sinh(2K5))” 2 Z mexp(§ [y +793+ ... +7om—1]) for T >Te.

By using the full spectrum of eigenvalues, Kaufman [Kau49] found that the exact value
of the partition function Z can be written as

1 M M

Z = (2smh(2/C2))NM(H(2cosh( Zvok—1)) + || (2sinh(5 k1)) +

2

k=1 k=1
M M
H 2 cosh(& Vzk +H 2sinh (% 3 V2k ))
Pl k=1

In a third paper [KO49], Kaufman and Onsager determined the two-point correlation
for the five shortest distances and correlations for sites lying within the same row for

large N and M. Onsager never compared his results with experiments. His focus was
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on the mathematics behind transitions point and not on the physical interpretations
of the Ising model. This was a development that became mainly the norm in the area
after Onsager’s solution of the two-dimensional Ising model. Onsager also determined
an exact expression for the spontaneous magnetization. Since the definition of the
spontaneous magnetization requires the magnetic field to be nonzero, Onsager calcu-
lated the value of it by using an alternative definition at zero external field. However,
he never published his result. The result was first published in 1952 by C. N. Yang
[Ya52]. Yang based his method on the matrix problem solved by Onsager [Ons44]| and
Kaufman [Kau49] and reduced the calculation to an eigenvalue problem. He used an
elliptic transformation analogous to the one used by Onsager [Ons44] in order to deter-
mine these eigenvalues. The Onsager-Yang formula for the spontaneous magnetization
for T' < T is
() = (1 - )3,

1
sinh(2/C1) sinh(2K2) *

simple expression of the result. In [MPWG65], Montroll, Potts and Ward derived the

where k =

Yang’s method is very complicated despite the relative

Onsager-Kaufman formulas for the correlations by writing it in terms of Pfaffians. They
also derived the Onsager-Yang formula for the spontaneous magnetization by writing
it in terms of the Potts-Ward formula for the two-point function, which subsequently
can be written in terms of a Toeplitz determinant. The limit of this determinant was
evaluated by using a version of Szegd’s limit theorem.

Since we are interested in the correlation functions on the finite, periodic lattice, we
focus next on some of the work that have been done in this field. Bugrij [Bug01] consid-
ered the two-point spin correlation function for the two dimensional Ising model on the
finite, periodic lattice wrapped on a cylinder. He expressed the two-point function as
a Toeplitz determinant and found a form factor representation of it for temperatures
both below and above the critical temperature. The expression he obtained for the

isotropic Ising model was the following [Bug01]:

(00,00s) = E€r6 R Y ga(r),
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where

Fn - %7
<q) H Sinh(%';’h)

i<j

¢ is a constant, and where the sum is over ¢ = “Ml for integer [. The spins in the formula
are located within the same row with a distance r from each other. The functions &7,
A and 7; depend on the temperature and on M, where M is the number of spins on the
cylinder circumference. For temperatures below T, Bugrij calculated the determinant
of the Toeplitz operator by using Wiener-Hopf sum technique. (See [MW73] for a
description of the Wiener-Hopf sum technique). He factored the kernel of the Toeplitz
matrix into two functions; one analytic inside the unit circle, the other one analytic
outside the unit circle. By expressing these functions in terms of projection operators,
Bugrij determined the inverse of the Toeplitz matrix by reducing the problem to a
system of Wiener-Hopf sum equations. The determinant calculation could then be
reduced to a problem of calculating the trace, which involves the inverse of the Toeplitz
matrix. However, the factorization he found for the inverse of the Toeplitz matrix is
complicated and lacks proof for one of the steps involved (see A30, p29, [Bug01]). The
pointwise scaling limit of the two-point correlation function on the cylinder is also
given in [Bug01]. The multi-point correlation function on the cylinder and the torus
can be evaluated in terms of spin matrix elements in the orthonormal basis of transfer
matrix eigenstates. Bugrij and Lisovyy [BL03| proposed a formula for the spin matrix
elements on the finite, periodic two-dimensional Ising model for the isotropic case and
later [BLO4] for the anisotropic case. We will take a closer look at this formula in Section
3.2. The proposed formula for the anisotropic case only involved redefining the function
v(q) such that the function depends on the coupling constants in both the vertical and
the horizontal direction as given in 1.3. The expression for the spin matrix elements is
then analogous to the isotropic case and only involves an extra factor that depends on
the two coupling constants. In the papers [GIPSTO07] and [GIPSTOT7II], G. von Gehleny,
N. Torgovz, S. Pakuliak, V. Shaduraz and Yu Tykhyyz provide proof for the Bugrij-
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Lisovyy proposed formula. The calculations involved are extremely complicated. J.
Palmer in his book Planar Ising Correlations [Pal06] determined the thermodynamic
limit of the multi-spin correlation functions for the two-dimensional Ising model in the
pure state defined by plus boundary conditions. He also controlled the scaling limit of
the multi-point Ising correlation functions in the infinite-volume limit. We will adapt

several of his techniques in our calculation of the correlation functions.

1.3.  Summary of Thesis

There is a 2 x 2 complex matrix 7%,(V) whose entries are rational functions of z € C
which completely determines the transfer matrix V' on the finite periodic lattice. The
matrix 75,(V) is called the induced rotation associated with the transfer matrix. The
set of pairs (A, z) such that det(A—7,(V')) = 0 is an elliptic curve M which is important
for the spectral analysis of the transfer matrix. We will introduce this curve in Section
C.1. In particular, the map M > ()\,2) — 2z € P! is a two fold covering, and there
are two cycles M4 on M which cover the circle S' = {z : |z| = 1}. On the cycle M
we have A < 1, and on the cycle M_, we have A > 1. Just which points z; € S' are
relevant for the spectral analysis depend on the boundary conditions for the model.
For spin periodic boundary conditions on the lattice, the (2M + 1) roots of unity,
2?MF1 = 1 are relevant as are the (2M + 1) roots of —1, 22M+1 = —1. We will refer
to these two finite sets as the periodic spectrum ¥p and the anti-periodic spectrum
¥ 4. In the infinite-volume limit all the points z € S! are relevant.

In Chapter 2, we derive Kaufman’s [Kau49] results given in the paper, Crystal Statis-
tics. II. Partition Function Fvaluated by Spinor Analysis, which was a simplification of
the derivation of Onsager’s [Ons44] result as described in the previous chapter, using
representation theory. This includes an alternative derivation of the induced rotation
associated with the transfer matrix as well as a more direct approach of computing the
spectrum of the transfer matrix.

As described in Section 1.1, Kaufman [Kau49] analyzed the transfer matrix as an
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element in a spin representation of the orthogonal group on the finite, periodic lattice.
She showed that the space in which the transfer matrix acts, can be divided into two
invariant subspaces, which we will denote by (U = 1) and (U = —1). Here U is the
product of the basis elements of the finite sequence space W := I?(—M, ..., M,C?)
we are working in, which are certain representations of the Clifford relations. The
notation (U = =+1) is the short-hand notation for the + eigenspaces of U. We will
use representation theory to show that the +1 eigenspace of U is isomorphic to the
subspace of even elements of the alternating tensor algebra of a subspace of W in
the anti-periodic Fourier representation, and to the subspace of odd elements in the
periodic Fourier representation. We show that the —1 eigenspace of U is isomorphic to
the subspace of odd elements of the alternating tensor algebra of a subspace of W in
the anti-periodic representation, and to the subspace of even elements in the periodic
representation. These results are summarized in Theorem 2.3.

In Section 2.6, we compute the matrix elements of the induced rotation associated with
the spin operator by restricting the spin operator to be a map from the Fourier space
with periodic boundary conditions to the Fourier space with anti-periodic boundary
conditions. This result is given in Proposition 2.6. Let us denote the matrix of the

induced rotation of the spin operator by

(A B
*“\c b )

where A, B, C, D are matrix elements for s in a polarization of W. In order to under-
stand the semi-infinite volume limit of the two point correlation for the spin operator,
we want to know what happens to the eigenvector associated with the largest eigen-
value for the transfer matrix V' under the action of the spin operator. To compute this
we need to find a formula for D!,

The spin matrix elements on the finite, periodic lattice can be written in terms of the
D=7, BD~', D'C matrix elements of the induced rotation associated with the spin
operator. This result is given in Proposition 3.2 and Theorem 3.3. In Section 3.2, we

introduce the proposed Bugrij-Lisovyy formula [BLO03] for the spin matrix elements on
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the finite, periodic lattice in the orthonormal basis of transfer matrix eigenstates. The
Bugrij-Lisovyy formula provides a conjecture for the inverse D1,

In Sections 3.5 and 3.6 we control the scaling limit of the multi-spin correlation func-
tions on the cylinder as the temperature approaches the critical temperature from
below and this leads to Lemmas 3.6 and 3.7. The scaling limit is calculated in terms
of the Bugrij-Lisovyy conjecture for the spin matrix elements on the finite, periodic
lattice. We provide Pfaffian formulas for the spin correlations and the result is given
in Theorem 3.10. In Chapter 5, we provide formulas for the Green function for the
Dirac operator on the cylinder with one branch point as given in [Lis05]. We show the
connection between these formulas and the scaling limit calculations. In Section 4.7
we exhibit the ‘new’ elements V, and V_ in the Bugrij-Lisovyy formula as part of a
holomorphic factorization of the periodic and anti-periodic summability kernels on the
spectral curve. This result is given in Proposition 4.3.

In Appendix B, we represent the matrix elements for the Fock representation of an
element ¢ in the Clifford group as Pfaffians of a skew symmetric matrix whose entries
are given in terms of the matrix elements of the induced rotation associated with g.
This result is given in Lemma B.1 and Theorem B.2.

In Section C.2, we derive the spin matrix elements in the infinite-volume limit in the
pure state defined by plus boundary conditions for temperatures below the critical
temperature. The result is given in Theorem C.2. The spin matrix elements are well-
known in the physics literature, but we are not aware of any mathematical proofs of
those formulas. Some features of this calculation give insight into what happens on

the finite periodic lattice.
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2. CALCULATION OF THE TWO-POINT SPIN CORRELATION FUNCTION BY

REPRESENTATION THEORETIC METHODS

2.1.  The Two-Dimensional Ising Model

Let Z? denote the two-dimensional integer lattice. We are interested in a finite subset

of Z2, so for positive integers M and N introduce
A={(j1,j2) € Z*: || < M, |jo| < N}.

Each vertex is assigned a spin value of +1 (spin up) or —1 (spin down). A configuration
o is a particular assignments of spin values to the vertices, i.e a spin configuration is a
map

o:N—{+1,—1}.

Each spin interacts with its nearest neighbors; in a configuration ¢ the interaction
energy in the absence of an external magnetic field is defined by
Ex(o) = — Z Jijoi0;.
(i.) €A Ji—jl=1
The sum is over all nearest-neighbors (i, j) in A, i.e, the sites i and j are one lattice
unit apart either in the horizontal or vertical direction. Here, J;; is the interaction
constant which is a real valued function of the pairs (7, 7). In our calculations, we are
interested in the particular choice J;; = J; > 0 if the sites are horizontally separated,
and J;; = Jo > 0 if the sites are vertically separated. The probability for a given

configuration is proportional to the Boltzmann weight

Ep(o
w(o) := exp (— —k’;(T)),
where T' is the temperature and kg is the Boltzmann constant. The total weight is

given in terms of the partition function

Iy = Z exp (— EkAB(;)),

IS YN
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where €2, is the set of all possible configurations on A. The correlation function is the

expected value of a product of spin variables at sites i1, ...,7, in A. It is defined by

1 N
(o3 -+ 03 )a = Zn Z Tiy =+ i CXP <_k;\i(F_))'

The mathematical formulation of a phase transition is a nonanalytic point of the canon-
ical free energy or the grand-canonical potential as a function of, for example, temper-
ature in the infinite-volume limit A — Z? [Th72]. The partition function Z, and the
spin correlation function (04,04, -+ - 0;, Yo are both analytic functions of the temperature
for T' # 0, so in order to determine a phase transition point, one has to consider the
thermodynamic limit A — Z2. In 1944, Onsager showed that the infinite-volume limit
of the free energy per site is a nonanalytic function of the temperature. The tempera-
ture at which a phase transition occurs is called the critical temperature T>. The Ising
model can be analyzed in more detail than any other local model in a neighborhood
around the critical temperature and has therefore become one of the most studied
models in modern physics.

We say that interactions with J;; > 0 are ferromagnetic. In a ferromagnetic Ising
model, each nonzero term —J;;0;0; is negative when the spins o; and o; are aligned
and positive when o; and o; are unaligned. According to the Boltzmann distribution,
there is a higher probability for configurations in which there are many nearest neigh-
bors that are aligned (ordered configurations) compared to configurations in which
there are many nearest neighbors that are unaligned (disordered configurations). The
temperature in the Boltzmann distribution has the effect of giving more weights to
ordered configurations compared to disordered ones at low temperature. As the tem-
perature increases, the difference between ordered and disordered configurations gets
smaller, and in the limit 7" — oo the configurations are given equal weight. In the
infinite-volume limit, ordered configurations are favored for temperatures below T
and disordered configurations are favored for temperatures above Tix. Palmer [Pal06]
considered the infinite-volume limit of correlation functions for which the sum over

configurations only included spins that take values of +1 on the boundary of A. This
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type of boundary is referred to as + boundary conditions. He showed that the infinite-
volume limit for the one-point function (o;), is strictly positive for " < T and zero for
T > Te. For boundary values of —1, i.e. the spins take value of —1 on the boundary of
A, the infinite-volume limit of (0;), is strictly negative at 7' < T [Pal06]. In this work
we are interested in the Ising model with periodic boundary conditions. In this case,
the infinite-volume limit of the one-point function is zero for all temperatures [Pal06].
It is shown in [LML72] that for T' > T the infinite-volume limit of correlations does

not depend on the boundary conditions.

2.2. The Transfer Matrix

In this section we follow the analysis in Kaufman [Kau49] to show that the transfer
matrix for the periodic Ising model on a finite lattice can be expressed as an element
in a spin representation of the orthogonal group.

Let Q5 (row) denote the space of configurations of a row. In other words, a " row

configuration is a map

o' {=M,..,M} — {—1,1}.

Since each site takes the value of +1 or —1, there are 22M+! possible configurations for
each row. For i = —N, ..., N, we denote a collection of configurations o* € Qx(row)
as cr; := 0;;. Thus, the spin variable o;; is located at the site j in the i"" row. The
configuration of the lattice is then given by the set {o™,...,o"}. We denote the
interaction energy between spins within a row by Ex(o?) and the interaction energy
between two adjacent rows by Ej(o?, o). Then the energy of a configuration o is

given by
N N
Ex(o) = Z Ex(0") + Z En(c",0™h).
i=—N =N

Since we assume periodic boundary conditions on the lattice, the (N +1)"" row interacts

with the —N* row, and the (M + 1) column interacts with the —M® column. For
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0,7 € Qp(row), we define the 22! dimensional matrices,

M
Vi(o) - = exp( Z Kiojoj11),

j=—M
Vo(o,7) : = exp( Z Kao;;),
j=—M
where K; = k & for [ = 1,2. We assume opr41 = o_p. Here, Vi(c") represents

the Boltzmann weight associated with the horizontal interaction between the spins in
the i row for the configuration o and Vi(o?, 0*!) represents the Boltzmann weight
associated with the vertical interaction between the spins in the i and (i + 1) row.
The partition function can be written as a sum of matrix products [Kau49]:

Zp = Z Voo™, 0N N1 (67N) x o x Vi(eM)Va(aY, 07N)

a'€Qp (row)
i=—N,...N

= tr(Vi Vo)V (2.1)

where we used the notation

IR IDIEDS

ateQn (row) N g—N+1
i=—N,....N

and where each sum on the right is over all possible configurations in {2, (row). Intro-

duce the tensor product

M
R C=Cyo.0C

where C? = C? for each j. This vector space has a basis that is indexed by Q,(row),

i.e. we have the map

M 140,
Qpr(row) 50 — e, == ® < 12, )
j=M N 2

(see [Pal06]). The dimension of the space ®J]Vi_ v €2 is 2°M*1 since there are 22!

elements in Qy(row). Introduce the matrices

(o h) e=(a) (oY)
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and define the 22M+1 x 22M+1 matrices

0, =1®.I00cRI®..Q1 (2.2)
————
M+j
C;=1®.0IC0RI1I®..QI1, (2.3)
M+j
j

where o and C are located in the j™ position. The matrices o; and C; act on the
tensor product space ®]]Vi_ M C?, and for o € Q,(row), the action of the spin operator

o; is given by (2.2) (see [Pal06]). It is convenient to write the matrices given in (2.2)

and (2.3) as
1 0 01
0j = ( 0 —1 )j7 Cj = ( 1 0 )j (24)

in the tensor product space. It is shown in [Ons44] and [Kau49] that the transfer

matrices can be written as

Vi =exp (Z]j\i—M lClO;jO-j-H)? (2 5)
Vy = (2sinh(2K5))M*2 exp (ij\i_MlCSCj), '
where o; and Cj; are given in (2.4). The dual interaction constants K; are defined by
the relation

sinh(2/C7) sinh(2K;) =1 for j=1,2.
We now redefine V5 as
M
Va=exp( Y KiCy) (2.6)
j=—M

such that the partition function in (2.1) can be written
Zx = (2sinh(2/C;) M2 tr(V4 V)2V

For —M < k < M, define

e =C®.9CRRI®...1,
————

M+k
G =08.90@—-i0C®I®..1.
~—

M+k
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The operators py and g satisfy the commutator relations,

PrPL+ PPk = 20k, Qe@ + Qe = 20k,  Prqi + @k = 0, (2.7)

so they are representations of the Clifford relations. Introduce the vector space W of
complex linear combinations of g and pg. An orthonormal basis of W is given by the
set {Z5, f’/—%}ﬁi_ 1 such that for an element w € W, we have

M

w=> " wp(w) L + y(w) L. (2.8)

We define the distinguished nondegenerate complex bilinear form (-,-) on W by

M

(wv) = Y wn(w)ze(v) + yu(w)ys(v).

k=—M
As noted in Appendix A, we have the following definitions which can also be found in

[Pal06].

Definition 2.1. The Clifford algebra Cliff(W') over the orthogonal space W is the

associative algebra with multiplicative unit e that satisfies the relations
wv +vu = (u,v)e  for all u,v €W,
where (-, ) is a distinguished nondegenerate complex bilinear form.

The matrices p; and ¢ generate an irreducible representation of the Clifford algebra

CLff (W) on ®;._,, C? (see [BW35]).

Definition 2.2. A linear transformation V on ®jj\i_M(C? 1s an element of the Clifford

group if there exists a linear transformation
TWV): W —=W,
such that for all w € W C Cliff (W), we have
VwV =TV )w.

The operator T (V') is called the induced rotation associated with V.
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The induced rotation 7'(V') is complex orthogonal with respect to the bilinear form
(+,-) and it determines V' up to a scalar multiple [Pal06]. The exponent in the transfer
matrix is a quadratic element of the Clifford algebra. We write the maps C; and o; in
terms of the vectors p, and ¢. Using the definitions of p; and g, we obtain
Cj =ip;q;,
0j=C_yC_p1 - - Ciapy,
0j0j11 = iq;pj41 = —ipjr1q; for — M <j< M —1,
O_MOM = ip_MqMC'_MC'_M+1 cee CM = zp_MqMU
In the last line, we used

M
U=C_py---Cy= H 1Pk k-

k=—M
We will see below that the ‘volume element’ U play a central role in the analysis of the
transfer matrix. Using the relations in (2.9), the transfer matrices V; in (2.5) and V5

in (2.6) can be written

Vi o= (Héiih exp (—iK1pj114;)) exp (iKip—aranU),

- 2.10
Va = Hj:—M exp (iK3p;q;), (2.10)

where (see [Th72])

‘ 1 ‘ 1 ,
exp (1K1p_mquU) = 5(1 + U) exp (iK1p—nqar) + 5(1' —U) exp (—iK1p_nmaqnr).
(2.11)
It is easy to check that U? = 1 and that U commutes with even elements in the
Clifford algebra. From this it follows immediately that V; and V5 leave invariant the

+1 eigenspaces for U. Notice that U satisfies the relations

(52" = (59), (59 = (59). (B9 -0,

SO (%) are the orthogonal projections onto the +1 eigenspaces of U. Let (U = +1)

denote the £1 eigenspaces of U. Define

V=WV,
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M M-1
1 . . |
VA= +U)< 11 explngquj)< 11 eXp(—@/Clpj+1Qj)) exp (iK1p_nqur),

j=—M

(2.12)
V= -0 ﬁM exp (K5py0) ) ﬁM exp (=Kt ) 213

Then we have (see [Kau49])
V=viaV?®

where

VA=V|pery and VP =V|p__y.

The exponential factors in V4 and V' are elements in a spin representation of the
orthogonal group [Kau49]. Notice that the exponent in the last factor in V4 differ from
the other ones by a minus sign. In the calculation of the induced rotation associated
with the transfer matrix, we align this factor with the other, by extending the sequences
x and y in (2.8) to be (2M + 1) anti-periodic on the invariant subspace for V; where
(U = 1). On the invariant subspace for V; where (U = —1), the sequences z and y
are extended to be (2M + 1) periodic. The letters P and A refer to periodic and anti-
periodic. The distinction between periodic and anti-periodic boundary conditions will
play an important role in the calculation of the spin operator. We will see in Section
2.6 that it is natural to let the spin operator be a map from a space with periodic
boundary conditions to a space with anti-periodic boundary conditions (or the other

way around).

2.3. The Induced Rotation associated with the Transfer Matrix

In this section we adapt the technique introduced in [Pal06] to calculate the induced

rotation associated with the transfer matrix. We compute the induced rotation for
1 1

the symmetrical operator V' := V;Vﬂ/; in order to obtain a real, symmetric matrix.
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According to Definition (2.2), we must find 7'(V;) and T'(V3) such that

ViwVi ' =T(V)w and VawVy ' =T(Vo)w forall we W C CLff(W).

Using the Taylor series expansion (for A € C) (see page 12 of [Pal06]),

exp(AX)vexp(—AX) = E )\—‘ad”(X)v,
n!
n=0

where ad’(X) is the identity, ad(X) is the commutator,
ad(X)v = [X,v] = Xv —vX,

and

ad"(X)v =[X,...,[X,v],...],

we can compute 7'(V;) and T'(V;). We start by computing T'(V3)
relations (2.7), we have for

k=—M,.. M,
i M
[51@ > ququ} = K5k,
j=—M

Y
(. -k
|:§IC2 > ijIj,pk} = — i3

j M

e
From (2.14), (2.15), and (2.16) it follows that

1
sz Vs
VP prVy

= cosh(K%)qx + i sinh(IC3)pg
= —isinh(/C5) gy + cosh(KC5)py

(SIS I

(2.14)

. Using the Clifford

(2.15)

(2.16)

(2.17)

1
and hence the rotation matrix T'(V,?) with respect to the ordered orthogonal basis

{qn, pr}2L_,, is given by

cosh(K%) —isinh(LC3)
isinh(K3)  cosh(KC)

(2.18)

cosh(K3)  —isinh(KC5)
isinh(K3)  cosh(K3)



29

(Here we have dropped the factor \/Li’ which makes the basis an orthonormal basis,

since the norm does not play a role in this section.) Define

M
ViPi= 1] exp(—iKipjng), (2.19)
j=—M
M-1
Vle L= H exXp (—ilClijqj) exXp (Z’Clp,MqM) (220)
j=—M

We compute the rotation matrices T'(V,F) and T(V{*). Again using the Clifford rela-
tions, we have for k = —M, ..., M,

M
[—iiCl > pj—&-lq]'»Qk} = —2iK1prsa, (2.21)
=M
M
[—Ucl Z pj+1Qj7pk+1:| = 2iK1qx. (2.22)
j=—M

Now consider the exponent of the last factor of V*. We have the relations

[y (p-arqar)s qur] = 2iKip_ur, (2.23)

(iK1 (- nrqnr), p-na] = —2iKC1gnr (2.24)

It follows from (2.14), (2.21), (2.22), (2.23), and (2.24) that

le%(vlp)_l = COSh(Q’Cl)Qk - iSinh(zKl)pkH
‘/1Ppk+1(‘/1P)—1 = iSinh(Z’Cl)Qk —+ COSh(QK:l)pk_H,
VlAqM(VIA)*1 = cosh(2KCy)qnr + i sinh(2/Cy)p_yy,
VAP (VA ™ = —isinh(2KC1)qas + cosh(2K)p_ar.

(2.25)

For 7 = 1,2, introduce the notation
¢; = cosh(2KC;) and s, :=sinh(2K;),
for the hyperbolic parametrization of the Boltzmann weights. For 7 = 1,2, we write

; 1
c; = cosh(2K7) = g—j and s} := sinh(2K7}) = g

for the dual interactions. Then using (2.25) we have the following rotation matrices

with respect to the ordered orthogonal basis {qx, px }2L
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(We show here the case M = 2)

C1 ’iSl
C1 1'81
C1 iSl
—’iSl C1
A C1 iSl
(V) = .
(Vi) s "
C1 iSl
—isl C1
—iSl C1
—iSl C1
C1 2'81
C1 —iSl
C1 ’iSl
—iSl C1
P C1 7:81
TWVy) = ,
Vi) st "
C1 ’iSl
—7:5‘1 C1
iSl C1
—iSl C1

Now we compute the action of the induced rotation in the Fourier transform and find a
common representation for T'(V,F') and T(V/A) which we continue to denote by T'(V}).

Let w ="

i=—n Tq; + y;p; be an element in W. Using (2.25), one finds
Vifw(ViF) ™!

=y M oy [ 6~ isipia
Z]:—M(xjayj> ( Clpj“—iSl(Jj—l ) (226)

M . .
= Zj:,M C1T5q; — 1TjS1Pj41 + YjC1P5 + 1Y551G5-1-
If we extend the series w to be (2M + 1) periodic, i.e. zjion+1 = z; and Yjronm41 = Y5,
the last equation in (2.26) can be written

M

> ey —izas)p; + (w500 + iypas1)g;. (2.27)
j=—M
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We compute Viw(V4) ! in a similar way and obtain that this expression is again given
by (2.27) if we extend the series w to be (2M+1) anti-periodic, i.e. xjiopy1 = —x;

and yjion41 = —y;. For k = —M, ..., M, introduce the notation

p_  2mik Azzm'(k+§)
oM +10 Tk oM +1

and

2p = 2p(k) = €%, 24 = z4(k) = et |

We refer to the set of (2M + 1) roots of unity, 22+ = 1, as the periodic spectrum,
Yp. The set of (2M + 1)™ roots of —1, 22M™ = —1, we refer to as the anti-periodic

spectrum, ¥ 4. By specializing the finite Fourier series

M
1 ;

2(2) = ——— x;2’

() THA,}_M j

to z € ¥p on the subspace (U = —1) or to z € ¥4 on the subspace (U = 1), we obtain

a common representation for T'(V;). The inverse transform is given by
T = L Zx(z)z‘k
TOVAM T4 ’
where z € ¥4 or z € ¥p as appropriate. Define
T = ey + sy,

r_ .
yj =Y — 8151

in the expression for (2.27). Now using

M M

a 1 —1
g vz = E YA (2.28)
=M j=—M

M M
STy = Y gl (2.29)
j=—M j=—M

(2.26) and (2.27) we obtain

)-8, -
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where z € ¥4 or z € ¥p. From (2.18) and (2.30) it follows that the action on Fourier

transform coordinates is given by
T(‘/%) z(z) \ [ cosh(Kj) —isinh(K3) z(z)
2 y(z) ) \isinh(K3)  cosh(K3) (2) )’

o (2) - (e ) (G

with z € ¥4 or z € Xp as appropriate. We define

<

T(V) = T(V)T(V)T(ViF)

which is real and symmetric, and hence, also diagonalizable as we will see below. One

finds

_( cz) b(2)
V)= ( b) col2) ) : (2.31)
where
o(2) : = cher — sy (25),
b(2) 1 = —icish +ichs (B2 + 51 (22). (2.32)

A simple calculation gives that

=[PP =1,

and it follows that there exists a real-valued function v(z) > 0 and a S'-valued function

w(z) such that

z+z_1)
)

c(z) = coshv(z) = ce; — shsi (2

b(z) = w(z)sinhvy(z) = —icys5 + ic’gsl(z+§71) + 81(2_22[1).

Thus, for T' < T¢ the induced rotation T'(V') associated with V' is given by multiplica-

tion with

SIS

( coshy(z)  w(z)sinhy(z) ) — exp b(

W(z)sinhy(z)  coshr(z) o ) } , (2.33)
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where z € ¥4 or z € ¥.p as appropriate. Define as in [Pal06]
ay = (] — s7)(co + 89) = 227K
g = (¢ 4 87) (e + 59) = 2 H2HED),

When T' < T¢, we have that 1 < oy < ap (see [Pal06]). It follows from (2.32) that
b b
oy M) b
b(z) bz}
We can factor b(z) in the following way:
(5-1)
2

b(z) =is; 2Nz — ) (z — ay).

This implies that

w?(z) = —z72 (a1 = 2)(as = 2) : (2.34)

Define

Ai(z) == /a; —z for j=1,2

where the square root is chosen to have positive real part, i.e. 4;(1) > 0.

Since 1 < a1 < s for T < T¢, we observe that z — (.Aj(z))jE is analytic for z in
a neighborhood of the unit disc (|z| < «;) while z — (A;(z7!))* is analytic in a
neighborhood of the exterior of the unit disc (|z| > O(j_l). Since b(z) is a positive
multiple of i for z = 1 and T < T¢, it follows that w(1) = ¢. Thus, the appropriate
square root in (2.34) is

w(ew) = ie_weﬁ(e),

where
26(6) = log _fzie)(” . ei_a.) . (2.35)
(o — e M) (a — o)
Hence,
w(z) =iz lAj;E?;szz)—l) (2.36)
for |z| = 1. One can achieve a simple form of the factorization in (2.36) in the uni-

formization parameter of the spectral curve associated with the induced rotation T'(V)

for the transfer matrix as we will see in Section 4.7.



34

2.4. Fock Representations

In this section we recall the definitions of the Fock representations of the Clifford
algebra, which are explained in more details in Appendix A and in [Pal06].

Assume W is an even-dimensional complex vector space with a distinguished nonde-
generate complex bilinear form (-, -). We say that a subspace V' of W is isotropic if the
bilinear form (-, -) vanishes identically for all elements in V. A direct sum decomposi-
tion

W:W+@W_

where both W, and W_ are isotropic subspaces of W is called an isotropic splitting of

W. An isotropic splitting is also referred to as a polarization. Introduce the map

Qu=uv; —v_,

where the components of v are given by v = v, + v_ relative to the isotropic splitting
W = W, @& W_. The operator @) is also referred to as a polarization and gives a

parametrization of the splitting W = W, & W_. Introduce the Fermion Fock space,
Alb(W,) = @ Al (W),
k=0

where Alt(W, ) is the alternating tensor algebra, Alt"(W, ) is the space of alternating
k tensors over W, and n = dim(W,). We define Alt°(W,) = C and we have that
Alt"(Wy) = W,. Recall that dim Alt*(W,) = (7). The Fock representation Fg of the
Clifford algebra associated with the polarization @) acting on Alt(W,) is defined by

Folw) = c(w) + a(w-),

where w = wy +w_ € W, @ W_. Here W_ is identified with the dual W} via
the nondegenerate complex bilinear form W, 5 wy — (wy,w_) for w_ € W_. The
creation operator c(wy) associated with w, € W, acts on Alt*(W,) in the following

way,

AltF (W) 3 v = clwy)v = wy Av e AFTHIV,L). (2.37)
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The annihilation operator a(w_) associated with w_ € W_ acts on a vector

v=0v; AUy A ...\ in Altk(W+) in the following way:
a(w_)v = Z(—l)j_l(w_,vj)vl Avy Ao AUt AVjer A oo A . (2.38)
j=1

Here for w € W_, we have a(w) = ¢ (w), where 7 denotes the transpose of c(w) with

respect to the complex bilinear form (-,-). It can be checked that a and c satisfy the

anticommutation relations,

c(x)e(y) + c(y)e(x) =0 for z,ye W,
a(z)a(y) + a(y)a(z) =0 for x,ye W_, (2.39)
a(z)c(y) + c(y)a(x) = (z,y)e for x€W_ and ye W,.

Thus, it follows that Fi, satisfies the generator relations for the Clifford algebra of W,

Fo(2)Fo(y) + Fo(y) Fo(x) = (z,y)]
for all z,y € W. If W, and W_ are orthogonal with respect to the Hermitian inner
product given by
(r,y) = (2,9),
where x — T is a conjugation on W, we refer to the isotropic splitting W, & W_ of

W as a Hermitian polarization. With this splitting, we define the Fock representation

Fo(w) of Cliff (W) associated with the polarization @) to be
Fa(w) = a*(wy) + a(i_),

where wy € W, and w_ € W_. Here we have w_ € W, and a(w) = (a*(w))* for
w € W, such that (a*(w))* is the adjoint of a*(w) with respect to the Hermitian inner
product on Alt(W,). It can be checked that by using the Clifford relations and the

isotropic splitting W = W, & W_, we have
Fo(x)Fo(y) + Fo(y)Fo(x) = (z,y)] forall z,ye W.

The last Fock representation will play a role in the calculation of the spin matrix
elements in the infinite-volume limit under the pure state defined by + boundary

conditions for temperatures below Tx. The vacuum vector

0=100d....®0
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is the unique vector in Alt(WW,) that satisfies
a(w)0 =0

for all w € W_ (see [Pal06] and [GJ81]).

2.5.  The Spectrum of the Induced Rotation and the Transfer Matrix

In this section we determine the eigenvalues and eigenvectors of T'(V). We also de-
termine the spectra of the transfer matrices V4 and VF. Kaufman [Kau49] showed
that the eigenvalues of the transfer matrix can be found from the angles of rotation of
the rotation matrix by realizing the 22#+! dimensional transfer matrix as a spin repre-
sentation of the (2M + 1) dimensional rotation matrix. In this section we will rework
some of Kaufman’s [Kau49] results in terms of representation theory. Using represen-
tation theory, we will also have a simpler method of determining the eigenvalues of the
transfer matrix.

Recall that T is the complex vector space [2[—M, ..., M,C?] with the distinguished

nondegenerate complex bilinear form (-, -) given by

M

(wv) = Y w(wzi(v) +ye(wy(v)

k=—M

for
M

Wsu= kZ_:Ma:k(u)% + yk(u)p—k

and with the Hermitian inner product given by (u,v) = (@,v). Here u +— u denotes
(2
(

the conjugation of u. Recall that the Fourier series of p

~— —

} is given by

y(2) ] N \/ﬁkﬁ% { Z: } 2, (2.40)

where z is in the periodic spectrum Xp or in the anti-periodic spectrum 4. After

Fourier transform, the Hermitian innerproduct becomes

M

> ()2 (2) + 52k)y (2)

k=—M
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and the complex bilinear form becomes

M

> wla)d () +yla)y (), (2.41)

k=—M

where the conjugation is given by z(z) — z(271). Let T* denote the induced rotation
associated with V4, and T* the induced rotation associated with V', where V4 and

VT are given in (2.12) and (2.13). We are interested in the isotropic splittings
W=wlew? and W=W-eW?’,

where Wf and Wf are the span of all eigenvectors of T4 and T respectively associated
with the eigenvalues less than one, and W# and W7 are the span of all eigenvectors of
T4 and TT respectively associated with the eigenvalues greater than one. From (2.33)
we see that W are the £1 eigenspaces of the polarization given by the multiplication
operators in the anti-periodic Fourier representation,

_ 0 w(za)

Q(z4) = < B(z) 0 (2.42)
and W1 are the 41 eigenspaces of the polarization given by the multiplication operators
in the periodic Fourier representation,

_ 0 w(zp)

Q(zp) = ( @(zp) 0 : (2.43)
Let Q4 denote multiplication by Q(z4) and let QF denote multiplication by Q(zp).
Define

QY :=1(I+Q") and QF:=1(I+Q").

Then
W =Qiw and WL =0Qiw

so Q4 and QF are orthogonal projections on W and W respectively. Define

a(z) == \/ (2)A:(2) (2.44)

./41(2_1)./42(2_1) ’
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such that we have

and where we recall that A; = \/a; —z for z = ¥4 or z € ¥p as appropriate. The

appropriate square root in (2.44) is

where 3(0) is defined in (2.35). It can be checked that the eigenvalues of T4 are given

by e 7a(k) and e7*4(®) with corresponding eigenvectors

] G AR LE (2.45)

V2 \iza(z)™!
and
1 alz
)= o5 (i) )b (2.46)
respectively for 2 € ¥4 and k = —M, ..., M. The eigenvalues of T¥ are given by

e~ 7P(R) and e7(>P(*) with corresponding eigenvectors

iza(z)

ef ((2) = 1 ( “(z)_l ) 8apiiy(2) (2.47)

and
1 a(z)
P — —
respectively for z € ¥p and k = —M, ...., M. The sets of eigenvectors {eik} and {e’ik}
are normalized with respect to the inner product (-,-), and dual with respect to the
bilinear form (-, -). The same applies for the sets {ef ;}. Recall that ~(e”) is given by
the positive root of

cosh(y(e?)) = c1¢s — 5155 cos(h)

which implies that 6 — cosh(y(e??)) is a strictly increasing function for § € (0,7).
Hence 0 — ~(e%) is a strictly increasing function for § € (0,7). We also observe

) ol
that v(e?) is an even function of §. It follows that the eigenvalues ejm(6 £) with



39

i A
k=1,..,M for T?, and the eigenvalues eﬂ(e ek) with k = 0,..,M — 1 for T4, occur
with multiplicity two, while the eigenvalues e for TF and e*=Y for T4 have
multiplicity one.

Recall that V = V4 @® VP where V4 = Vjy_y) and V¥ = Vjpy—_1), and where
M

U= H 1prqr- Define

k=—M

Alteyen (W) = € AI*(W,) and  Alteaa(W.)= @ AW*(W,),

0<2k<n 0<2k+1<n
where n = dim(W,).
In the next proposition we will use representation theory to show that the +1 eigenspace
of U is isomorphic to the subspace of even elements of the alternating tensor algebra in
the anti-periodic representation, and to the subspace of odd elements in the periodic
representation. We show that —1 eigenspace of U is isomorphic to the subspace of odd
elements of the alternating tensor algebra in the anti-periodic representation, and to

the subspace of even elements in the periodic representation. We prove the following.

Theorem 2.3. Consider the isotropic splittings W = Wf o WA and
W = WL @ W, associated with the polarizations defined in (2.42) and (2.43). Let
M

(U = £1) denote the £1 eigenspaces of U, where U = H ipeqr. Then
k=—M

Alt@VGD(Wf) = (U = 1)7 Alteven<Wf) = (U = _1)7
AltOdd(Wf) = (U = _1)7 Altodd(Wf) ~ (U = 1)

Proof. We start by making a change of basis {\q/—%, \”/—%}ﬁi u to a basis

{\%q(z(k)), \%p(z(k))}iiiM, where ¢(z(k)) and p(z(k)) are real with respect to the

conjugation v(z) — v(z7!), and where z is an element in Xp or in 4. The basis

elements ¢(z(k)) and p(z(k)) will be defined below. We denote the linear transformation

that sends \q/—% to \/Liq(zjs(k)) and % to \%p(z;:(k)) by RP, and the linear transformation
(

that sends % to \/iﬁq(zA k)) and I to \/Lﬁp(zA(k)) by R4, where R and R* are
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elements in the orthogonal group. Define the ‘volume elements’

M M

U= [ ipza(k)aza(k)) and U”:= ] ip(ze(k))a(zp(k))

k=—M k=—M

in the Clifford algebra. The transformations R4 and RY induce an automorphism of

the Clifford algebra such that
U =det(RHYU* and U = det(R"UT. (2.49)
We show below that
det R = —1 and det R* = 1. (2.50)

Let NP and N4 denote the number operators in Alt(WF) and Alt(W) respectively,

which are defined as
NFIAFWE) =k and N4 AF(W2) = F.

Let F'¥ and F4 denote the Fock representations associated with the Clifford relations

acting on Alt(WTL) and Alt(W#). Then
(DN FP(0)(=1)V" = —FP(v) for v e Alt(WP).
Similarly, we have
(DM PAW) (=1 = —FA(v) for v e Alt(WH).
It can later be checked that (UF)? = 1 and
U p(zp(k))(UT) ™" = —p(ap(k)) and  UTq(zp(k))(U") ™" = —q(zp(K)),

so UP is an element of the Clifford group with induced rotation —1 on W¥. Similarly,
U4 is an element of the Clifford group with induced rotation —1 on W4. It follows

that FP(UP) and (—1)V", and FA(U#) and (=1)¥" have the same induced rotation
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in the Fock representation. Since we also have (—1)2V" = (=1)2V" = 1, it follows that
FPUP) = 1(-=1)V" and FA(UA) = I(=1)V" for | = £1. We show that [ = 1, i.e. that
uf = (-1)V", (2.51)

Ut = (—1)N*, (2.52)
Then it follows from (2.49), (2.50), (2.51) and (2.52) that

U=—(—1"" on Al(WF)

and
U=(=D"" on Al(W2H).

Since (—=1)M =1 on Alteyen(WT), we have
Alteyen(WE) =~ (U = —1).
A similar argument shows that
Albeyen(W2) ~ (U = 1).
It follows that
Altoaa(WH) = (U= —1) and Alteaa(WT) ~ (U =1).

Define

ap = 5(px +igr) and  ag = 3(pr —iqr)
such that W = W, @ W_, where W, = span{a;} and W_ = span{a,}. It can be
checked that a* and a satisfy the anticommutative relations

* %k *
apa; +aja; =0,

ara; + aiap = 0, (253)
CLkCLZK + CL;CLk = 5kl,

where we used the Clifford relations (2.7). Let N denote the number operator in

Alt(W,). In the Fock representation associated with the polarization above, the num-

ber operator N is given by N = S0 aiay. Using the fact that (ajax)? = ajax, we
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obtain

M M M

(DM = I em™ = J] 0 -20a) = [] imeax =U. (2.54)

h=—M h=—M k=—M
We now define the basis elements ¢(zp(k)) and p(zp(k)).

In the polarization W = WX @ W define the creation operators as

ap* = C(ei,k)

and the annihilation operators as
P._ (P
ay, = a(e ),

where ¢ and a are defined in (2.37) and (2.38), and {ef ,} and {e” ,} are the eigenvec-
tors for the induced rotation T'(V') as defined in (2.47) and (2.48). Since a(z) = a(z7!)
n (2.44), we find that e ,(z) is the conjugate of ¥ ;(2), i.e. e} ,(2) — e} (z7") =

ef . (2). Tt follows that (c(ef ;))* = a(e” ;). In the zp coordinates we define,
plzp(k)) = (" +ai) and q(zp(k)) = i(ay —a;”).

We have that p(z7') = p(z) and q(z7') = ¢q(z) so p(z(k)) and q(z(k)) are real with
respect to conjugation. By using the anticommutative relations given in (2.39), it can
be checked that p(zp) and ¢(zp) satisfy the Clifford relations,

p(zp(k)p(zp(1) + p(zp(1)p(zp(K)) = 204,

k))p(
q(zp(K))q(zp(1) + q(2p(1))q(2p(K)) = 20u, (2.55)
p(zp(k))a(zp(1)) + q(zp(1))p(2p(K)) = 0.

and that (p,p) = (¢,q) = 2. Now, we can do exactly the same calculations as the one
given in (2.54), and we obtain

M

()" = T ip(zp(k))a(zp(k)).

k=—M
Next we compute the determinant of RY. It’s linear transformation consists of a

compositions of transformations,

17:P ®Fp RY RY /22

RP - 2@M+)T=E 202M+1) s 202M+1) 25 202M+1) TS r2(2M +1) |
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where Fp is the finite inverse Fourier transform in the periodic representation, RY is the
transformation from the Fourier series representation to the basis {ef’k, el ’_k}ﬁi_ Mo
while RS is the transformation from {al* a” }L . to {q(zp(k)),p(zp(k))}2L_,,.
Since {q(zp(k)),p(zp(k))} is not the normalized basis for W, but

\/Liq(Zp(k)), \%p(zP(k‘))} is, the transformation z +— /22 takes the first basis to the
second. Let us denote the matrix of this transformation by Rs. (Note that the factor
of v/2 is incorporated in our definitions of the Clifford relations: xy + yx = (x,y)e for
x,y € W, where the more standard definition is zy + yz = 2(x,y)e.) The coordinate
basis of {q(zp(k))} in R2@M+1) is given by {e,} and the coordinate basis of {p(zp(k))}

in R?ZM+1) is given by {ej,1}, where {e;} is the standard basis. We have

V2 0
0 V2

where
det(Rs) = 22M+1, (2.56)
The inverse Fourier transform
Fp: QM+, 2M+

in the zp representation has the following matrix,

—-M -M

Zpin o - 2P
1
Fpim—— | - 2.57
r M + 1 . : (2.57)
Zp—M Zp.M
2mikl
where 2, = 2p(k) = e2M+1 for k,l = —M, ..., M. Including the normalization factor

#ﬂ makes the linear transformation unitary. The determinant of Fp is the product

of its eigenvalues, where the eigenvalues are given by +1 and +¢. The multiplicities

of the eigenvalues A\ are given in [MP72]: For the discrete inverse Fourier transform
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with transform size N, where N is odd, the multiplicities of its eigenvalues A are the

following;:
Size N| A=1|A==-1| A=i|A=—1
dm+1 | m+1 m m m |, (2.58)
dm+3 | m+1| m+1 | m+1 m
where m is an integer. Using (2.58) it follows that
det(Fp) = (—i)M. (2.59)
T_Mm
Y-m
Let Fp & Fp act on the vector - . Then
Typm
Ym
z;f\_/[ M 0 z;f\f M1 0o ... z;% 0
0 z;yj\_/[ M 0 2137]\_4 M1 e 0 z;f]\(/[
1
Fp®Fp=
POIr = o
z%_M 0 z%_MH o ... Z%M
0 z%_M 0 z%_MH 0 Z%M

It can be checked that by interchanging rows and columns an even number of times in
the matrix above, we have

det(Fp ® Fp) = det ( fOP ]BP ) = (=)™ = (=)™, (2.60)

where Fp is given in (2.57).

Now let us calculate the matrix of the transformation R{ where e¥  (z) and e” _,(z)
are located in the k™ slot corresponding to the k' Fourier coefficient. Notice here
that we have ordered the eigenvector basis in the order ef ;e” _,. The reason for this
ordering is that the determinant becomes much easier to calculate compared for the
one with the ‘standard ordering’ eik, e? - Define

1 a(zp(k)) a(zp(k))
Bie = V2 ( izp(k)a(zp(k))™" —izp(k)a(zp(k))™ >
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The matrix of RY is given by

where
M -1
det R = <(—i)2MH 11 zp(k;)) = 2ML (2.61)
k=—M

The matrix of R that goes from {a}, a1}, to {q(zp(k), p(zp(k)}2L _,, is given by

-1

— 1 0 0 0 0
0 0 7 1
—7 1
|
— 1
R§: 1 1
—7 1
.. 71 ..
0 0 — 1
7 1 .. .. 0 0

By interchanging the rows, we obtain,
-1

1
det RY = (—1) det - = (=M ———=#M*H (2.62)

It follows from (2.56), (2.60), (2.61) and (2.62) that
det R” = det(R3) det(Fp @ Fp)det RY det RY = —1.

Now, in the polarization W = Wf @ WA, we define

ap* :=c(el,) and ap :=a(el)),

where e/, and e” ; are given in (2.45) and (2.46). In the z4 coordinates we define

p(za(k)) = (" +ai) and  q(za(k)) = iai — ai").
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Again, a similar calculation to the one given in (2.54) gives

M

(M = T ipzatk))a(za(k)).

k=—M
The calculation of det R* is similar. The linear transformation R* is a composition of

transformations

RA . CQ(2M+1’§A%> C2(2M+1) A C2(2M+1) R (C2(2M+1)xi§>$((:2(2M+1) 7

where F, is the finite inverse Fourier transform in the anti-periodic representation, R
is the transformation from the Fourier series representation to the basis
{ed e 3Ly, while Rg'is the transformation from {aj*,a?, ML _,, to

{q(za(k)), p(za(k)) L ;. The matrix of F, : C?M+1 — C?M+! i5 given by

z;f\fM v z;%
1
Fpi= —— h - , 2.63
4 oM 1 1 . . (2.63)
RA M Z%M
2mi (k+3 )1
where 2!y, = 2l(k) = e 2M+1 for k,l = —M, ..., M. We recognize this matrix as

the Vandermonde matrix. The determinant of the Vandermonde matrix is well-known

and can be found for example in [Si96] on page 238. Using this, we obtain

1 2 2M
L o2a_y Za-m - Zdem
_ 1 —-M —M \2M+1
det]—"A = W(ZA,fM“"ZA,M)
1 2 2M
U zam  Zam - Zam
1 1 e
= (- s 11 @2 —w''2), (2.64)
+1

where wk = e7+1. The right hand side of the equation in (2.64) can be written
(DY e (-)" I[[ @—w), (2.65)
—M<j<k<M

where we used that

H w% _ (_1>(2MQ+1) _ (_1)M'

—M<j<k<M



Since Fp clearly also is a Vandermonde matrix, we have

det Fp = (w* — w?).

1
2M+12]VI+1 H
—M<j<k<M

It follows from (2.64), (2.65) and (2.66) that

det :FA = det :FP = (—Z)M

Let
Fu Fy: C2OM+) _, c20M+1)

XM

Y-m
act on the vector © |. We obtain

-

Ym

det(Fa @ Fa) = det ( Ta ﬁA ) — (—D)M
Define

a L a(za(k)) a(za(k))
= NG ( iza(k)a(za(k

Then the matrix of R{ is given by

where
M

det R = ((-@)2M+1 1T

k=—M

Furthermore, we have

1
det Ry} = det RY = (_1)M22M+1i2M+1'

Combining (2.56), (2.68), (2.69) and (2.70) we obtain

det R* = det(R3) det(Fa @ Fa)det R det Ry = 1

and the proposition is proved.

mm)l = (i,

47

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)
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We want to choose a representation of the transfer matrix V4 in the Fock representation
Alt(W) such that the vacuum vector 04 in the isotropic splitting of W = W& ¢ W4
is an eigenvector for V4 associated with its largest eigenvalue. Similarly we want to
choose a representation of the transfer matrix V* in the Fock representation Alt(W)
such that the vacuum vector Op in the isotropic splitting of W = Wf @ Wr is an
eigenvector for V¥ corresponding to its largest eigenvalue. By Theorem (2.3), we can

write V' as the map,
VASVT: Alteven(W{) © Alteven (W) — Alteven (W) © Alteven (W),
where
VA~ Vg wp and VP~ V| Alteven(w?)-

Let Tf denote the restriction of T4 to Wf, and let Tf denote the restriction of T
to WPF. Define as in [Pal06] the linear transformations I'(7) and I'(TT) acting on

Alt(W) and Alt(WY) respectively as

NTH=1eTie(TfeTHe o (Tle - 0T} (2.71)

2M+-1

and

NI =1eT eI eT)® e (Iy® - aTy) (2.72)

J/

~
2M+1

For example, we have
(Tf ® T—f)(ef-,k A eil) — G_W(ZA(k))e_’Y(ZA(l))(eﬁ’k A eﬁ,z)-
It can be checked that
T(D(TY) =T* and T(D(TF)) =T".

It follows that there exists two real numbers \J' and A\F’ such that the representations of
VA and V¥ in the Fock representations Alt(W:) and Alt(WZF) respectively are given
by

VA = )‘OAF(Tf”Alteven(Wf) and V' = /\OPF(Tf)|Alteven(Wf)' (2.73)
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The spectra of the induced rotations 74 and TF do not contain 1 so both Tf and
T f are strict contractions. Then it follows from (2.71) that the largest eigenvalue of
[(T%) is 1 with the unique eigenvector given by the vacuum vector 04 in Alt(W2).
Hence, \{ is the largest eigenvalue of V4 with corresponding eigenvector 04. A similar
argument shows that A}’ is the largest eigenvalue of V¥ with corresponding eigenvector
0p. We now determine the eigenvalues for the transfer matrices V4 and V. We start

by proving the following lemma.
Lemma 2.4. We have

det(T(TF)) = (det TPV and  det(D(T)) = (det T for M >0, (2.74)
where T'(T4) and T(TYL) are defined in (2.71) and (2.72).

Proof. We prove the first equation since the proof of the second one is exactly the
same. Let us consider the tensor product (T7)®* which acts on Alt*(WF). We have
that dim(Alt"(W?L)) = (2Mk+1) for k =1,...,2M + 1. The number of eigenvalues for 77
is 2M +1. We want to determine the multiplicity of e~ in the product of eigenvalues
for (T7)®* acting on Alt*(WF). Thus, we want to figure out the number of ways we
can combine e~ with the remaining factors e™?® for [ = —M, ..., M and n # [ in
the product e=7)=72)-=v() where —M <l <ly < ... <l < M. Since we already
have ‘used up’ e~ this is equivalent to the number of ways we can pick out (k — 1)
elements of e=7® from 2M elements. This number is (1241) We obtain,

(21\4)
k—1 2M
k—1

det(TP @ - ® TF) = (e—vaM)e—vaMm e 05 = (det(T7)) (™).

~~

(2.75)
It follows from (2.75) that

det(D(TF)) = (det TH) () (det T2 (1) - (det TP () - (det 71 G30)

2M

= [det(T)}=r=0 (5.
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It is well-known that

2M
<2M> _ ot
—\ ]

J

which can be proved by induction and using the fact that for n, 7 € N and n > 7,
n+1 n n
( j ) B (y) * (j— 1)' (276)

Hence, the lemma is proved. [l
Recall that ¥ 4 and Y p denote the anti-periodic and periodic spectrum respectively.
Proposition 2.5. The eigenvalues of the transfer matrices VA and VT are given by

exp [L(£y(za(— M) £ .o £ y(za(M)))] (2.77)
and

exp [A (£ (2 (= M) £ oo £y (z0(M)))], (2.78)

respectively, where 7y is the positive root of

coshy(z) = c1¢5 — 513’2‘”571 for ze€ ¥y and z€ Xp.

There is an even number of minus signs in both spectra for T < To. The largest
eigenvalues of the transfer matrices VA and V' are given by
7(24)

H e 2 and H ev(zp)

ZAEX A zpEXp

respectively.

Proof. Recall that the transfer matrices V4 and V¥ given in (2.12) and (2.13) have

factors of the form []eP?. Recall the well-known formula,
det(e?) = "™,
for a complex n x n matrix A, where tr(A) is the trace of A. It follows that

det e=P — o2 tr(pa)
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Using the Clifford relations and properties of trace, we have

tr(pq) = tr(gp) = — tr(pq)

which implies that tr(pqg) = 0. Hence det eX?4 = 1 which implies that
det VA = det VP = 1. From (2.73) we have the identities

det VA = det[\) T(T2)] and det V" = det[\) T(T)). (2.79)

Since Alt(W:!) and Alt(W?F) each has dimension 2*#*1 and I'(T) and I'(T'Y) act on
Alt(W#) and Alt(WF) respectively, it follows from (2.79) that

221%4—1

1= (007 det(T(TL)) and 1= (A))

22]%—0—1
d

et(T(TF)). (2.80)

From Lemma 2.4, we have

22M
)

det D(TH) = (det TH*"  and  det T(T7) = (det TT)
and it follows from (2.80) that

1 1
M =—n— and N =

det(T1) V/det(TF)

Since the eigenvalues of T and TT are given by the sets {e7¢4)} and {e 7P}

respectively, we obtain

7(24) v(zp)
/\OA:HeQ and)\éD:He2.

ZAEX A ZpEXp

The eigenvectors of I'(T2) restricted to Alteyen (W) are given by

{Oa}, {0@0@mel, Net, ®0@® - B0} _rrck <ky<trs

{0®---®0® eﬁ’kl A\ eikszl A 6ﬁ,k2M}*M§k1<-m<k2M—1<k2M§M7 and it follows from
(2.73) that the eigenvalues of V4 are given by (2.77). A similar argument shows that
the eigenvalues of V7 are given by (2.78).
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2.6. Induced Rotation associated with the Spin Operator

In this section we compute the induced rotation associated with the spin operator.
We determine the matrix corresponding to this rotation and the orthonormal basis of

eigenvectors of T'(V). Recall that

M
U= H 1Pk G-
k=—M
The spin operators o; = < (1) _01 ) anti-commute with U, so we have
J
o381~ U) = §(1 + U)o,

Thus, o; map the —1 eigenspace for U into the +1 eigenspace for U. We therefore
restrict the spin operator as a map from the zp representation to the z4 representation
(or the other way around). Then it follows from Theorem 2.3, that the spin operators

o; are given by the maps
oj: Alteven(Wf) — Alteven(Wf).

We now compute the induced rotation associated with the spin operator. Using the

Clifford relations, we have for —M < k,j < M,

oipro; ' = —sgn(k — j — D)pi,

1

ojqro; = —sgn(k — j)qx

where

sgn(z) = { +l %f r20;

-1 ifz <O0.
We are interested in locating the spin operator at the center in a row. We therefore
formulate the matrix representation of the induced rotation associated with og. Let sq
denote multiplication by — sgn(k) and s; denote multiplication by —sgn(k — 1). Then

the induced rotation s for the spin operator oy is given by

s::T(ag):(SOO 31)
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In the Fourier representation we have the following matrix representation for s:

1 2
0f(0) = 53777 Z ) (2.81)

The matrix representation for s; is given by

1 QZA
) = g 2 Lo ) (2.82)

We include the calculation for (2.81). We have

sof(za) o (—sgn(k))2h
k=—M ZPEZP
~1
=1 2 Jen) 2@ QMHZfZPZ
zp€Xp =—M ZpEXp k=0
(ZA)O_(i_A) M (zA)M+1+(ZA>0
“ g7 & S < Eoy T oEon )
ZpEXp Zp zZp
2ZP
2M+1ZPEZEPf Za—zp
where we used that —z)/ ™' = 2™ 2M* = 22M and the convention sgn(0) = 1. We

define the matrix of the operator s to be given by

(A B
*~\c p )

where A, B, C' and D are given by the maps

ol Wk bW 259
We compute the matrices corresponding to A, B, C' and D and the orthonormal bases
{e2,} and {el,}, where ef  (z) and ef ,(z) are given in (2.45), (2.46), (2.47) and
(2.48), and where (e, e? ) = 0x and (e, e} ) = 6. We show how to compute the

D matrix elements. The computation of the other elements are similar. We have for

W 2 ep(2) —€+k( z) +e” (%),

M
Q1sQler = Qsel; = Z Dige?.
=M
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Then

Dy, = (ef,b 561—3,1@)

= Saza)so(ZA0), 7)o~ (=p (k) +
+ 507 )z ), T R) 2 (Balp(h)

1 ZA(Z) _1 1
@M 1) 2p(k) — 2a00) [a(za(D))a™" (zp(k)) + a= (2a(1))a(zp(k))]-

Similarly, we have

Ay, = (eé,l? Sei,k)
— %a_l(ZA(l))SO(ZA(l)7 zp(k))a(zp(k))+

+ %Q<ZA<Z>)ZA1(Z)51(ZA<Z)7 zp(k))zp(k)a™ (zp(k))

— 1 ZP(k) -1 —1
= BT ) e CADa(p(R) +alzall)a G ()],

B = (e}, 5€"})
= S Ga®)solzalD), TR0 e )+
— Sa(eal)z3! s (), Z5 )25 (Ralzr(K)
1 1 —1 1
- ST e Tl a0 (k) — alaD)aCr (b))

Ci = (e 5€4 )

= Salza)so(ZAWD), 2p(R))a(zp () +
— 507 a0 FAD), 20 (0)zp(R)a™ (o (8))

1 za(l)zp(k) 1 .
(2M + 1) 1— ZP(IC)ZA(Z) [CL(ZA(l))a(zP(k)) —a (ZAU))CL (Zp(k))],

where a(z) is defined in (2.44). Thus, we have proved the following:

Proposition 2.6. The matriz of the induced rotation s associated with the spin opera-
tor oo computed in terms of the orthonormal bases {e4 .} and {ef ;} defined in (2.45),

(2.46), (2.47) and (2.48) is given by

(A B
*=\c b )
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where A, B,C and D are given by the maps in (2.83) and have the following matrix
elements for k,l = —M,.....M:

1 Zp(k’)

Au = (2M + 1) za(1) — zp(k)

™" (za(1))alzp(k)) + a(za(l))a™ (zp(k))],  (2.84)

1 1

Bu. = (2M + 1) za(k)zp(k) — 1

[a™ (za(1)a™ (zp (k) — alza(l))a(zp(k))],  (2.85)

1 za(l)zp(k)

Clk: = (2M + 1) 1— Zp(k)ZA(l)

la(za(D)a(zp(k)) — ™ (za(l))a”™ (zp(K))],  (2.86)

1 ZA(Z)

Di = G 7Ty i) = o AN o) a7 a)alen(R)], (287

where

- Ay (2)Ax(2) an = S — 2 =
“<Z)_\/A1<z—1>A2<z—1> tATveTE e

forze€ ¥, orz € Xp.

In order to make the matrix elements of D and A real and the matrix elements of B
and C' pure imaginary, we multiply e ,(z) and e} ,(z) by a factor of \/g, and e | (2)
and e” (%) by a factor of Vzi for z € ¥4 and z € Yp respectively. Here the square
root is taken in the right half plane with positive real part. It follows then that the

matrix elements of s are given by:

B 1 ivzp(k)\/za(l) . 4 1
A”“_(zMJrl) ) —on(h) [a™ (za(l))a(zp(k)) + a(za(l))a™ (zp(k))],  (2.88)

B = i e ) () = aleaD)aCer(D)]. (259

B 1 in/zp(k)\/za(l) 1 1
O = G T e alea®)aep(k) = o D) (o)) (290

P = (2M1+ ) i (,{f)"/’j ;;T’E}()” a(za)a (e (k) +a (za)a(zp (k)] (291)
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Thus, we notice that A;, = —Dy, and By, = Cy.
Let F¥ and F4 denote the Fock representations associated with the Clifford relations

acting on Alt(WYL) and Alt(W=) respectively. We have
FP(z) = c(zy) +alz), (2.92)

where z; € WF and x_ € WX, Here W is identified with the dual WI* through
the bilinear form Wf > xp — (xy,2_) for x_ € WF. The representation py, g
acting on ®jj‘if M(C? is an irreducible * representation of the Clifford algebra Cliff (V)
on ®L_,,C% [Pal06]. Consider the isotropic splitting

W = span{py. + iqx} ® span{py — iqx}

(1)e(1)e-o(7)

Let F' denote the Fock representation associated with the Clifford relations acting on

C2@M+1) - Since ggzo, ' = sx for x € W, where o, : C2@M+1) . C22M+D it follows

with vacuum vector

that
ooF (z) = F(s(x))op. (2.93)

The Fock representation defined in (2.92) is an irreducible * representation of the
Clifford algebra. Any irreducible * representations of the Clifford algebra over W are
unitarily equivalent [BW35]. Thus, it follows that there exists a unitary map

Up : C2MH)  Aly(WE)
such that
FP(z) = UpF(z)Up* (2.94)

and a unitary map

Uy o C2EMHD 5 Al (W2



57

such that
FA(s(x)) = UaF(s(2))U " (2.95)
We represent these maps in the following diagram:

Al (WA) £2o2 Al (W4

Ua Ua

Fos
—_—

C202M+1) C202M+1)

o0 00

C2(2M+1) _r_ C22M+1)

Up! Up'

AL (WP) 5 Al (WD),
It follows from (2.93), (2.94) and (2.95) that
UpooUp  FP(2) = FA(s(2))UpooUp".
The map
0= UsooUp' : Alt(WE) — Als(W2)

is an intertwining map, and is unique up to a constant by Schur’s lemma. In the Fourier
series representation, s is given by s = so @ s, where sy and s; are given in (2.81) and
(2.82).

Thus, we have the following commutative diagram

Alt(WP) —Z Alt(W)

TFP TFAOS

Aly(WE) —Z= Aly(W),
where o satisfies the intertwining relation
oFP(z) = FA(s(2))o. (2.96)

We will use this relation in Section 3.1 when we find an expression for the spin matrix

elements. We are interested in understanding the N — oo limit of the two point
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correlation for the spin operator. As we will see in the next section, the eigenvector
associated with the largest eigenvalue for the transfer matrix will dominate in this limit
under the action of the spin operator o. In order to compute this limit, we will need

to know the spin matrix elements for o.

2.7. Two-Point Correlation Function

Recall from (2.1) that Z, = tr(VZ2*!). Tt can be checked (see [Kau49] and [Th72])

that for n > m,

tI‘(O’ivn_mO'jV(2N+1)_n+m)
tI-(VQN-i-l)

(2.97)

<Umi0nj>A =

The largest eigenvalue of the transfer matrix is the one in the anti-periodic spectrum.
This is found to be A} := e% bRrEY () (see 2.77).

Recall that in the last section we found a Fock representation of the transfer matrix in
which the vacuum vector 04 in Alt(Wf) is the eigenvector corresponding to the largest
eigenvalue \{' of the transfer matrix. Now we divide by A in the expression for the

two-point correlation function in (2.97) and obtain

tr (Ui(%)an’j(%)(2N+1)—n+m>

)2N+1’

OmiOni)A =
< mi nJ>A 1+ (:\\_é:_)QNH ()%)ZN-H

Aanr
; 2 + o4 (B

0
where we denoted the eigenvalues of T(V) by A, for k = 1,...,4M. Since A\{' is the

largest eigenvalue of the transfer matrix, we have

. Aj\(2N+1)—n+m
v, (3) =0
and
. AP\ @2N+1)—nt+m
Jim (5%) =0.

Thus, in the semi-infinite volume limit, N — oo, only the terms which involve the

vacuum vector 04 survives. Recall that

V=vipVv?,
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where

VA = X1 attevenws

+

) vP= )‘(I;F(T—f”Alteven(Wf)a
and where I'(T'2) and T'(T'L') are defined in (2.71) and (2.72). Using this and the fact
that

F(Tf )04 = 04,

we obtain

hm <Umzanj>A - <0A7 Ul(g)n_mU]OA>

N—oo
—Mrn—m P\ _P P
E 5 0A7 Uz I <T+ )€+,k1 ARERNA 6+7k2K>X
K=1-M<k;<...
...<k2K§M

P P
X <€+,k’1 /\ AR /\ €+,k2KO-j70A>
oA

_ deem s () ()]

M
XZ Z <0A:‘7i6£,k1/\"'/\€£,kw>x

K=1-M<k<...
<kag <M

w}j_
% 6—(n—m) Z?iﬁ V(e J) <ei,k1 A---A ei,kﬂ(o_j’ 0A> (298)

On the torus, where both M and N are fixed, we have the following expression for the

two-point correlation function,

A P P
O-mlo-n] Z Z Z Z 6+ l1 A Ctlorr TiCy by ARERNA €+J€2K> X

L=1 K=1 -M<h<..—-M<ki<..
...<12L§M ‘..<k‘2K§M

X <€i,k1 ARERNA 657k2koj’ e-iA-,h ARRRRA e-iA-,lzL> X
X ( |:6(n—m) [% Z?i—]\/] [’Y (6i6§>>—’7(ei9;‘):|:| 6—(n—m) 551 q/(ew’}:j) %

o

o))

P
J

n |:€(2N+1—n+m) (352 ()= ()] o~ N+1-n4m) $2K, 7(;95}) "

i0A
« e~ (nmm) 35 'v(e %)] > [tr(%)2N+1]—1

0
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Because of the translation invariance, it is enough to calculate
A A p P
<6+,l1 ARERA €1 1.,000€ &, ARRRAN 6+7kK> (299)

for L+ K = even. In other words, by knowing the formula for the spin matrix elements
we will have an expression for the two-point correlation function for the finite periodic
Ising model and for the Ising model where the periodic lattice is wrapped on a cylinder.
We will prove in Section 3.1 that the spin matrix elements can be expressed in terms
of D', D=7, BD~! and D~!C. In Section 3.4, we show that the scaling limit of the
two-point correlation function can be written as the Pfaffian of a matrix involving D~
We are therefore particular interested in knowing the inverse of D in (2.91). Bugrij-
Lisovyy [BLO03] proposed a formula for the spin matrix elements in (2.99) on the finite
periodic lattice in the orthonormal basis of transfer matrix eigenstates. In Section 3.3
we show the connection between the Bugrij-Lisovyy formula and the inverse of D which

will lead us to a conjecture for D71,
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3. SPIN MATRIX ELEMENTS ON THE FINITE, PERIODIC LATTICE

3.1.  Spin Matrix Elements on the Finite, Periodic Lattice

Recall that the matrix of the induced rotation s associated with the spin operator o

relative to the isotropic splitting s : W @& WF — W2 @ W4 is denoted by

(A B
*~\c p )

where A, B, C, D are complex functions. In this section we show that the spin matrix
elements computed in the orthonormal basis of transfer matrix eigenstates can be
written in terms of the matrix elements of D=7, BD~! and D~'C. Here BD~! and
D~1C are skew symmetric matrices provided D is invertible. Since the matrix of the
Fock representation of the spin operator ¢ is an element in the Clifford group G, we
can use Theorem (B.2) to express the kernel of the spin operator as the exponential of
a skew symmetric matrix whose entries are the D=7, BD=!, D=! and D~'C matrix

elements.

Recall that the sets {ef ;} and {e} ;} given in (2.45) and (2.47) are orthonormal bases
for Wf and Wf respectively with respect to the Hermitian inner product. Their
corresponding dual bases {e ;} and {e” } for W# and W' are given in (2.46) and
(2.48). The sets {ef ;} and {e” ;} are dual with respect to the complex bilinear form

(,-); that is (@Awef’k) = d;,. We define

.

A A A A
eLgi=ep g Neg g N Ney g

and

P .__P P p
ergi=ex g Neg g N Ney g

for 1 < J; < Jo < ... < Ji < M, where the subsets of integers are indexed in
natural order. The sets {ef ;} and {ef ;} are then orthonormal bases for Alt(W)

and Alt(WZT) respectively. Let P denote the collection of subsets of {1,...., M}. For
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an element J in P, we write
J = {Jl, JQ, e Jk} with Ji < o < ... < Jp.

We write #J = k for the number of elements in J. If R is a 2M x 2M matrix, we
let Ry ; denote the (#1I + #J) x (#1 + #.J) sub matrix of R made from the rows and
columns of R indexed by I and J respectively. We write the elements in Alt(W) as
Gled) =) Grel,
IeP

where

P>1— Gy eC.

Here G(e4) can be thought of as a ‘polynomial’ in the elements eij in the exterior

algebra. Recall from Section 2.6, that the operator o is a map
o Alt(W?E) — Alt(W2),

where

P _ A
€t = § O1.€%
IeP

and the matrix representation in the bases {eZ ;} and {e’ ;} is given by

org = (el o€} ;).

The sum of the number of elements in I and the number of elements in J is even for

the spin matrix elements oy ;. (If the number of elements is odd, o; ; = 0). Define the

BD™' D
= ( —-D"! D¢ )

skew symmetric matrix

We will show that
CTLJ = <0A7 0'0p> Pf(RLJ),

where Ry ; is the (#1 + #J) x (#I + #J) matrix

RU:(BD;XI% Dr; )
’ _D;xl DilCJxJ
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with matrix elements

BDI_II for 1 <a< (< #I;

aslp

(Ry ))us = Df_aTJﬁ for 1 <a<#I and 1< [ <#J;

T/ = —D;;J& for 1 <a<#I and 1<p<#J;
Dilc(]a”]ﬁ for 1l <a< (< #J.

Recall from Section 2.6 that the spin operator o satisfies the intertwining relation
oFP(x) = FA(sx)o, (3.1)

for x € W, where F¥ and F'4 are the Fock representations associated with the Clifford
relations acting on Alt(W?E) and Alt(W£) respectively. Recall that the Fock represen-
tation F4 is given by

FAw) = e(a4) + ala-),

where 7, € W and x_ € WA, Here W4 is identified with the dual (W£)* via the
nondegenerate complex bilinear form W2 3z, +— (zy,2_) for z_ € W4, Now define

the annihilation operator ay as the hermitian adjoint

for x € Wf, where

ag(z) : Al(W) — Alt(W).

Then the relation between this annihilation operator and the one defined as the trans-

pose a(x) = ¢™(z) for x € WA is

for x € Wf. The following lemma characterize the action of the spin operator ¢ on

the vacuum state 0p in Alt(WT).

Lemma 3.1. Let {efﬂ»} denote an orthonormal basis for W{. The spin operator o

acts on the vacuum state Op in Al(WZE) as follows

UOP = <0A7 UOP>6% Z]'Yk(BDil)jkC(eﬁd)c(eﬁvk)OA, (32)
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where 04 is the vacuum state in Alt(W#'), (04,00p) is the one-point function, and

(A B
*“\cobp
is the matrix of the induced rotation s : Wf oWl — Wf ® W4 associated with o.

Proof. Let
M

Xi=5 Y (BD el e(ed ).
k=M

We will show that for a nonzero constant m we have

o0p = mexp(X)04.

aFP(g)op:o

which by the intertwining relation in (3.1) can be written

For x € WF, we have

0= F%s ( 2 ) 00p = (¢(Bx) + a(Dx))o0p. (3.3)

Suppose Dz =y, where D is a map from W’ to W4. Assuming D is invertible, this
implies x = D~'y. Equation (3.3) can then be written

(¢«(BD'y) +a(y))o0p =0 forall ye W4
In the basis {e;} for W*, we have

(¢(BD7 e ) + a(eﬂl))a()p = 0. (3.4)

]

Up to a constant multiplier these relations determine 60p. We show that o0p is given
by (3.2) by demonstrating that this expression satisfies Equation (3.4). Using (2.14)
with A = 1 we start by showing that

eXa(efjl)e_X = c(BD et ) + a(e‘il) : (3.5)

)
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We calculate the commutator [X,a(e?;)]. We have

[c(e?! (el 1) ale? )]

— cfel ) eled Jale ) — ale? Jeled elel )

= c(eﬁj)(e‘il, 6ﬁ,k> - c(eij)a(ef"l)c(eﬁk) - a(eé,l)c(eiﬂc(eﬁ,k)

= c(eﬁj)(e‘il, 6ﬁ,k> - (eé,la eij)c(eik)'
It follows that

M
1 _
(X, a(e? 2 Z Hjic e+J) 5 Z (BD l)lkc(eﬁ’k)

l\DI»—t

M
= > (BD el )
= C(BDileéJ),

where we in the second equation used the fact that BD™! is skew symmetric. It can be
checked that the higher order terms ad"(X)a(e? ) is zero for n > 1, and (3.5) follows.
From (3.4) and (3.5) we then obtain

(¢(BD te? 1)+ a(eA 1))o0p = eXa(eAl)e’XmeXOA = meXa(ef"l)OA = 0. (3.6)

Since X* is the sum of products of annihilation operators, only the first term in the

Taylor series expansion of eX™ survives under the action on 04. It follows that

(04,00p) = (04, mexp(X)04) = m((e¥)*04,04) = m(04,04) =

since (04,04) = 1, and the lemma is proved. We notice that ¢0p also could have
been calculated directly by using the holomorphic representation of the creation and

annihilation operators as given in Appendix B (see B.19). O]
In our calculations of the spin matrix elements, we substitute for c0p the expression
1 _
(04,0 0p)e2 > k(BD 1)jk0(6f,j)c(e‘i,k)0A.

We use the Clifford relations to move the annihilation operators to the right until they

hit the vacuum state 04 and give zero. When the annihilation operator anticommutes
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with the creation operator, there is a possible pairing. The matrix elements of the spin

operator can be written as a sum of all possible pairings. We prove the following.

Proposition 3.2. Let {e ;} and {e} } denote orthonormal bases for WI and W

~(23)

denote the matriz of the induced rotation s : W @ WE — Wf ® WA associated with

respectively. Let

o. For —M <k < j <M, we have

<6£,ka o 65,]‘)

= DT 3.7
<0A;UOP> kj ( )
(efxet 0 0p) 1
54, — (BD™), 3.8
04,0¢et el
< A +,k +7.7> — (D_lc)k;j, (39)

<0Aa UOP>

where Op and 04 are the vacuum states in Alt(WYE) and Alt(W:) respectively.

Proof. We first prove (3.7). We have

<eﬁk7‘7€+g> C(€+k>0AaU€1j]>

{

= (04, an(ef p)oel ;)
=

=

04, a(e k)ac(e+7j)>

04, a(e? )oF¥ (e} ;)0p). (3.10)
We rewrite this expression using the intertwining relation (3.1),
oFP(z) = FA(s(2))o = (c(Az) + a(Cx))o. (3.11)
Inserting (3.11) with = = e’ ; into (3.10) we obtain

(e} 0 el ) =104, a(eik)[c(Aeij) + a(CeY ;)]o0p). (3.12)
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Using the Clifford relations we obtain for the first part of the right hand side of (3.12)
(OA,a(eka)c(Aeij)aOﬂ = (04, (ef‘vk,Aeij)aOp) = Ay;(04,00p), (3.13)

where

(0, (A€ )] = (Oaa(AeT )| = 0.

Now we consider the second part of the right hand side of (3.12) and the action of o
on Op in (3.2). Using the Clifford relations one finds

a(e )a(Cel (el ;)e(ed 1)0a
- —(eik, 6?_7]4)(0654, 6—?—,k’>0A
+ (e‘ik, ef’k,)(Cef,j, ef’j,)OA

= <_(5kj/ck’j + (5kk/0j/j)0A.

Combining the calculation above with (3.2), we obtain for the second part of the right

hand side of (3.12)

M
a(@évk)a(C@lj’j)<0A70’0P>% Z (BD_l)j/k’c(eﬁg’)c(ef—,k’>0A
gl k' =—M
M M
= (OA,UOP>%<— Z (BD™Y)iwCrrj + Z (BD_l)j’ij’j)OA-

K=—M jl=—M

Since BD™! is skew symmetric, the expression above can be written
(04,0 0p)(C"BD™1);1,0.4. (3.14)
Combining (3.13) and (3.14), we obtain

<6ikv Jeij> = <0Av 00P>(AT + OTBD_l)jk

= <0A7 OOP)Dk_‘j’r,
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where we in the last line used (B.5). To prove (3.8), a similar calculation gives
(04, a(eij)a(ei"k)aop)

M
jlvk,:_
M

%(oA,aop><oA, > (BD™ )/k/(Aj,eik,)(eéjk,eij/)OA>

Gl k'=—M
= (04,0 Op)(BDfl)kj

For the Equation (3.9), we have

(04,0 ei,k‘ﬁ,j)

= (040 FT (7 DD )05,
By the identity (3.11), the right hand side of the equation above can be written
(04, [e(Ael ) + a(Ce? D][e(Ae ) + a(Cel;))]o0). (3.15)

One finds

a(Cel_i pa(Cey j)c<ei&4- j’)c(eﬁ k)0
= [—(Cell e ))(Cel j el ) + (Ol e ) (Ol s e 10))]0a
= [—Cj/kC’k/j + Cj/jCk/k]OA. (316)

Combining (3.15) with (3.2) and using the calculation in (3.16), we obtain

M
a(Cel Ja(Ce )5 S (BD ) pweled )eled )0

]/ k' =—M
1 M
= §<0A, UOP> ( - Z (BD_I)j/k/Oj/kalj + Z (BD—1>j’k’Cj’jOk’k) OA
g k' =—M gl k! =—M
1 M M
= §<0A; UOP> ( Z (BD_IC)Zk/Ck/j + (CTBD_I)jk/Ck/k) 04
k'=—M k'=—M

= <0A,0'0p>(OTBD_IO)jk. (317)
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Using the Clifford relations, we obtain
(04, a(CeF )e(Aek )o0p) = (04, (Ce . Act )0
= (A"C);1(04,00p). (3.18)
Combining (3.17) and (3.18), we obtain
(04,0 € el ) =(04,00p)(C"TBD™'C + ATC) jx = (04,00p) (D~ C) i,
where we in the last equation used (B.5). O

We prove the following theorem.

Theorem 3.3. Let {e};} and {e”;} denote orthonormal bases for W and W re-

spectively and define
eil = eih A A eilk for 1<L <..<l;<M

and

ef’J ::ei]l/\.../\el_i(]k for 1< Ji<...<Jp <M.

~(22)

denote the matrix of the induced rotation s : Wf oWt — Wf @ WA associated with

Let

o. Suppose (04,00p) # 0. Then the kernel o(el,ef) of o can be written

o(et, e?) = (04,00p) Z Pf(Ry et nel ),
IJeP

RH:(BDIgI Drt; >
’ —Djyr D7'Crxy

The spin matriz elements oy are given by

where

O'LJ == <0A,O'Op> Pf(R]ﬂ]). (319)
The sum is over all such I and J with #1 + #J even.

Proof. Since o satisfies the intertwining relation (3.1), the proof follows from Theorem

B.2 and Proposition 3.2. O
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3.2.  Bugrij-Lisovyy Formula for the Spin Matrix Elements

Recall that the sets {ef ,}2L_ ), where

efp(z) = % ( iza(z)"! ) 929(2)

and

A (z) = 1 ( a(z) ) O2a(—1)(2)

—iza(z)™!
for z € X4 are orthonormal bases of W{. Here

4 on(k + 3
alhy =t o =203,

a(z) = \/ A(2) A (2) and Aj(z) = /a; — 2

A1<271)A2(271)
with
ay = (¢} — 57)(ca + 59) = 227,

g = (¢ + 87) (e + 59) = 22K,

The orthonormal bases {e} , }L_,, of WY are defined similarly with zp(k) = €% and

oF = 212\/71Ti1' We use the short-hand notation § € Xp for z = € € ¥p, where 22M+! = 1.
Similarly, we use the notation § € ¥4 for z = ¢ € ¥4, where 2?M*! = —1. We now
consider the isotropic case, and define the interaction constant to be K := K} = K.

The function ~(0) is defined as the positive root of the equation
cosh(y(#)) = sinh(2K) + sinh(2K) ™ — cos(6).

A. T. Bugrij and O. Lisovyy [BL03| proposed the following formula for spin matrix

elements on the finite, periodic lattice for the isotropic case in the orthonormal basis
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of transfer matrix eigenstates,

A A A P P P
(e Nefy, Ne Nefy o€y Nel i A Neyy )

1 ioft / 1 [ iof
3o(<) m ev(c™)
= \/ééTH ' x
\/ (2M + 1)sinh(6;!) j=1 \/(2M +1) s1nh’y(9,§j)
. 9;%70;%/ ) e,fj—e}jj/
sin — 7+ sin 3
% H RS 11 HOL L)
1<i<i’<m sinh ———"— 1<j<j’<m’ ginh —2
sinh YO+ (OF)
inh ———2~-
< 11 T (3.20)

1<i<m 1<j<m! sin — !
where
1
= |1 — (sinh(2K))*|4.
The cylindrical parameters &7 and v(e?) are defined as

: 2 0")+~(0
He'ezp HeezA sinh (W)

& = . 0 1~(0 . 0)+~(0'
[oes, [pes, sinh (%v()) [Ipes, [yes, sinh (W)

(3.21)

and

[lyecy, sinh (7(0 ) )
Hel up Sinh G)H 6/))

v(e?) = log B
where 6 = 6 or 6 = 9,1;. Now we rewrite v(e?). We have

(3.22)

/

/ 200)  a9) ) 1
log H sinh (M)e 7(0) = Z log {(e 2 e 2 (67(9) e (9)))6 7(9)_}

1 1) A 1
=3 Z log |:€_ 2 e 2 (1) —6_7(9))—}—1—

'€ 2
—l—% log {e_@eﬂgl)(l e ) _7(0))%]
0'EXa
which implies that
. I1 e%m(l 8 =10))
v(e?) = log =224 =l (3.23)
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or alternatively

/

(9) ,
HO’GZA (67(9) —e 7(9))

v(e?) = log 7(9,) : (3.24)
HG’EEP e (67(9/) — 6_7(9))
Define
_ y(m) . _2(0) e ”
o o(e?) e 2 (A1(e?) = A(—1) [Tpspen, €7 2 (A1) = A(e”))
Vi(e®)=e 2 = O] 4 _20) , o
em 2 (AHe?) = AM) Tpspes, e 2 (A7) = Ae™))
(3.25)
and
_ (0) 2(0") : L
. (i) 672 (A(e?®) = A=1(1)) TTpsoes, € 2 (A(e?) — A71(ei?"))
V_(e ) =€ 2 = 'y(Tr) ) _0) . . ’
e 2 (Ae?) = A (=D) [Tpspen, @ 2 (A(€?) = A1)

(3.26)
where A(e?) = €7, Here the square roots are taken with positive real parts. The
function V (e) is analytic in a neighborhood of the part of the spectral curve where
|A| < 1 while V_(e) is analytic in a neighborhood of the part of the spectral curve
where |A| > 1. Alternatively, the formulas in (3.21) and (3.22) can be written (see
[BLO03])

@M1 T[T do o'+ (6)7 (')
nér =" / / Sinh[(2M + 1)7(0)] sinh[(2M + 1)7(60')]

N sin((0 + 6')/2)
sin((6 — )é2)

(3.27)
where +/(0) denotes the derivative of () with respect to 6, and
1 [T  df sinh~(0)
= v(e” In coth((2M + 1)y(6')/2). 2
o) =) = 5 [ T neoth(2M + )9 (0)/2). (329

We show that the formulas in (3.23), (3.24) and (3.28) are identical. We introduce the
short-hand notation v, := v(p). We have

2(coshy(p) — cos(6)) = (e — 2)(1 — z7te ), (3.29)
where z = ¢?". Using this identity and the identities

H (33‘ _ ei@’) _ (xQMJrl _ 1)

QIEEP
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and
[T (@ —e”) = @ +1),
0’ex 4
we have
22 T (coshry, — cos @) = M (1 — e GMHDw)2 and (3.30)
9exp
22M+1 H (COSh’}/p — COS 0/> — €(2M+1)'Yp(1 + e*(2M+1)’Yp>2. (331)
0’4
Hence

, cosh v, — cos 8’
coth? <<2M il 1)%) _ Uyes,(coshy ) (3.32)

2  Tpes, (coshry, —cos @)’
Using the identity

cosh, — cos ' = coshyy — cosp,

(3.30) and (3.31), the equation in (3.32) can be written

coth? [ GM+ D% _ [lyes, (coshyy —cosp)  [lpes, (€ —e?)(1—e e )
2 [Tyes, (coshye —cosp)  Tlyes, (€7 —e?)(1— o0 b’

From the equation above we have

2M +1 . .
log coth? (g———§—21§> = 2{:[kxﬂe%’—-ép)+log(1——e_vme_wﬂ
=N
— 3" [(log(e™ — ) + log(1 — ¢ we 7))
0'eXp

Here log(e? — z) is analytic for |z| < 1 while log(1 — e™ 7% 271) is analytic for |z| > 1.
Thus, by a residue calculation we obtain

1 ™ sinh Yo dp log(ew _ eip) _ 10g<€79’ _ 6_79).

o _. cosh~yy —cosp
and

1 [T sinh~yydp

il log(1l — e e~ ) = loo(1 — ¢ Yo'~ 0
27 ) . cosh~yy — cosp og(l —e7e ™) = log(1 —eTwe™™),

and the formula is proved. It is convenient to write the formulas &7 and v(e”) in terms

of the integral formulas (3.27) and (3.28) when we calculate the scaling limit. For the
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anisotropic Ising model (K; # Ks), Bugrij and Lisovyy [BL04] proposed the following

formula for the spin matrix elements,

A A A P P P 2
(e, Nely A Nedy oel Ael i, A Aely )

’Lgk'
O IR E
= X
€€TH (2M + 1) sinh~(6;}) H (2M + 1) sinhy(67)
: J
2 01 =07, .2 951_9’;/
sin® —— = sin 5
< 11 2 1O 07 11 L T 0L )
1<i<i’<m sinh® ————=— 1<j<j’<m’ ginh fj
(m—m')? (O7)+(0F )
y {tanh(ng)(l - tanh2(lC1))1 2 H sinh? % (3.33)
tanh(lCl)(l - tanhQ(ng)) 1<i<mA<j<m/ Sil’lz 9{;—9,}% ’
where
M
i A i P
Q=13 > [(e) —~(e”))
k=—M

and where () here is the positive root of the equation,

coshy(0) = c5c1 — s5s1 cos(0).

3.3. Pfaffian Formalism and the Bugrij-Lisovyy Formula

In the previous chapter we gave the Bugrij-Lisovyy formula proposed for the spin
matrix elements on the finite periodic lattice between the transfer matrix eigenstates.
From Proposition 3.2, we have that for —M < k < j < M,

rely) o (a0 Dyt
<0A700P> kg <0A700P> <0A7UOP>

Using (3.20), these calculations lead us to the following conjecture for the isotropic

= (BD 1)y, = (D7'O)yy

Ising model:
Conjecture. The matriz elements of BD™! is given by,

—1
BD;}
A

A_
Vi (2a(i) Vi (za(i)) sin 5%
V (2M + 1) sinh y(82) \/(2M + 1) sinh v(6) ginh vwz“);v(@?) '

(3.34)




5

The matriz elements of D™ is given by,

) ) . O +~v(67)
Vv V. | ARASRANASS 2
-7 Jr(zA(Z)) (ZP(])) S _ 2P ) (335)

D; 7 x .
Y V/(2M + 1) sinhy(67) \/(QM + 1)sinh~(67)  sin @

The matriz elements of D™C' is given by,

L_lcj}j’
) (zp(j")) in 2
V_(zp(j V_(zp(j sin -
Y07 )+7(0%) (3.36)

\/(2M + 1) sinhy(6F) \/(ZM + 1) sinhy(6}/) sinh 5

where < denotes proportional to.

Here we have extended the Bugrij-Lisovyy conjecture to include the elements

(eik, o ef; ;) which are not ‘physical elements’. By applying Wick’s Theorem or Theo-
rem B.2, we can express the spin matrix elements (e, A..Aed, oel | ALLA eikm,)
in terms of Pfaffians of a skew symmetric matrix, whose elements are (e7 ; A eili,a() P)
(04, Jeikj A 657,{1_,} and (ef,li, Jei’k]). By using the proposed Bugrij-Lisovyy formula
for these elements, we show that the Pfaffian of the matrix can be written as a product
of the Jacobian elliptic functions in the uniformization parameter u. We find that up
to a constant, this product is the same as the one given in the Bugrij-Lisovyy formula.
This supports the Bugrij-Lisovyy conjecture. We start by writing the factor

sinh( 7(9)-;7(9’) )

979’)

sin( %5

in (3.35) in terms of the uniformization parameters by performing the elliptic substi-

tutions
e = 2(u,a), € =z(u,a),

where
!

K
%u:%u’:7 and Ru € (0,2K).

Then the Uniformization Theorem (C.1) implies

y+0i

e 2 =Vksn(u—ia), (3.37)

—+0i

e 2 = Vksn(u+ia). (3.38)
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We have
. , Y+ ¥4+ y+0i ' 46" N+0i A 400
Slnh(w) e 2 —e 2 e 2 e 2 —e 2 e 2 330
sin(5L) o bi—oi " o0i _ i : (3.39)
2 e 2 —e 2

Thus the numerator of (3.39) becomes
ik[sn(u — ia) sn(u — ia) — sn(u' + ia) sn(u + ia)].

Using the identity

sn?(u) — sn?(ia)
1 — k2 sn?(u) sn?(ia)

sn(u — ia) sn(u + ia) =

which follows from the addition formulas (C.4) and (C.5), the denominator becomes

k( sn2(u) — sn?(ia) )_k< sn2(u') — sn(ia) >

1 — k2 sn?(u) sn?(ia) 1 — k?sn?(w') sn?(ia)

After some simplifications, the expression in (3.39) becomes

—2i[en(ia) dn(ia) sn(ia)][sn(u) en(u’) dn(u’) + sn(u’) en(u) dn(u)]
(sn?(u) — sn?(w))(1 — k% sn*(ia))

1

sn(u—u')

(3.40)

In the isotropic case we have s;' = v/k. If we substitute v := —u + % and
v'i=—u — % in (3.40), and apply the identity (C.8), we obtain

1
Slm = — kSl’l(?} — ’U,).

Now we will make the following elliptic substitutions
0 ) . .
e i = ksn(uy; —ia)sn(uy; +ia) for 1<j<m,

P
i = ksn(uy, —ia)sn(uy, +ia) for 1< j<m/,

followed by the translations

iK' .
::—ul].—i—T for 1 <7< m,

K
Vg, = —Up, — 22 for 1<j<m.

Ulj

/

J
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Then using Theorem B.2, we obtain for m + m’ = even,

A A A P P P
(e Ney, Ao Nefy L oey o Nel i A Nely )

= (04,00p) Pf(r),

where r is the skew symmetric matrix with matrix elements above the diagonal given

by: For 1 <i <i <m,

(eili eili/ ,00p)
<0A, O’Op>

. V+(ZA(ll)) VJr(ZA(ll/)) (—\/ESD(?JZZ. . ’Uli/))a
\/(QM + 1) sinh y(6;}) \/(ZM + 1) sinh 7(9;‘;/)

Tl =

for1<i<m and 1<j<m/,
<€ili’ 065,@)
<0A7 00P>
Vi (za(li)) V_(zp(k;))

\/(2M + 1) sinh 7 (64) \/(2M + 1) sinhy(6F)

Tl m+k; =

(—\/ESH(Uli - Ukj))

and for 1 < j < j <m/,

(04, Uef,kﬁi,@)
(04,00p)
V_(zp(kj)) V_(zp(kjr))
\/(2M +1) sinh (6] \/<2M +1) sinhy(6,)

Tm-‘rkj ,m+kj/ -

(—Vksn(vy, — vi,)).

The proportionality constants in each of the terms above are the same and therefore

omitted from the calculation. Define F to be the (m+m') x (m+m’) diagonal matrix

et 0
E= ( 0 e
with matrix elements

I
ef,‘l, = Vi (za(li) for 1<i<m,

\/(QM + 1) sinh (67

= V- (zp (k) for 1<j<m.

\/(2M +1) sinh*y(@,]:j)

P
em—i—k] ,m—l—kJ



78

Define s to be the (m +m') x (m 4+ m') skew symmetric matrix with matrix elements

above the diagonal given by

Si, = —Vksn(u, —v,) for 1<i<i <m,
Stumak; = —Vhsn(v, —v,) for 1<i<m, 1<j<m,
Smetkj,mtk; = ksn( — Vg, /) for 1<j<j <m.

Then from Equation (C.21) and Lemma (C.3), we have

Pf(r) = Pf(EsSE™)
= (det E) Pf(s)
_ all) 7 VoCr(ky)
H \/ (2M + 1) sinh (6;}) Jl_[l \/(QM +1) sinhv(@,i) :
X H \/Esn v, —vy,) H —\/Esn(vkj—vkj,)x

1<i<i’<m 1<5<5'<m/

X H —Vksn(v, —vg,),

1<i<m,1<j<m/

which up to a constant is the same product formula as given in [BLO03].

3.4. Numerical Calculations

We have numerically compared the calculation of our BD™!, D=7, and D~'C matrix
elements with the corresponding terms in the Bugrij and Lisovyy formula (3.20). What
we find is, that as we let the temperature approach Tx from below, our results are
close to theirs, but there is a discrepancy. We are uncertain of the reason for this.
We also find that in the scaling regime, i.e., as we let M get bigger while we keep
the temperature close to T¢, the precision improves. We compared the formulas in
MATLAB by creating our (2M + 1) x (2M + 1) matrix D as given in (2.91). Then we
multiplied the transpose of this matrix with the matrix with elements (eﬁ’l, aeij) for
—M < I,57 < M as given in the Bugrij-Lisovyy formula (3.35). If this had returned

the identity matrix, it would have shown numerically that the Bugrij-Lisovyy formula

provides an inverse for our matrix D7.
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3.5.  Scaling Limits

In this section we calculate the scaling limit of the correlation functions as the temper-
ature approaches the critical temperature T from below. We look at the correlation
functions at the scale of the correlation length in a neighborhood of the critical point.
Recall that K, is defined by K; = ié_Jf’ where kg is the Boltzmann constant, 71" is the
temperature, and J; > 0 is the interaction constant. We consider the isotropic case

and define I := K; = K9 and J := J; = J,. Let the temperature T vary such that

0 < T < T¢, where the critical temperature T is defined through the relation

sinh(%)2 = 1.

Recall that the function «(0) is defined as the positive root of
cosh(y(#)) = sinh(2K) + sinh(2K) ™ — cos(6).
The correlation length u;.' is defined as the reciprocal of
pr = 7(0) = 2(K - £7).

For convenience we write p := pup. Notice that p is positive when the temperature T
is below the critical temperature. Since K* = I at T" = T, we have that u — 0 as
T 1 Tc. Thus, the correlation length ;i =! tends to infinity as T approaches the critical
point T from below. Fix the horizontal side length of the lattice to be 2L for L > 0
and define Mt € Z so that

2L~ — (2Mr +1)| < 1. (3.41)

Notice that when 2Lu~! is an even integer, the inequality cannot be strict so in this

case we choose one of the two possible values of M. Define

Ly = w (3.42)

Then
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so Ly — L as T T T¢. Thus, we have that 2L, > L which is an estimate that we will
use in our calculations. We typically use subscript T to index sets that depends on the
temperature. For convenience we summarize the sets we will introduce in this chapter

in the following table:

T-dependent sets T-independent sets

I ={zr € p{-Mr, ..., Mr}} "={zrcR: L<az<L}
U7 ={y € pZ} T% = {y € R}

Ihrr, =1p € ﬁ{—MT, o Mrp}} F}‘; ={peiZ}

Dire, ={p€ ﬁ{—MT‘i‘%,---,MT-I—%}} ={pei(Z+3)}

Chr = {p € 2{—Mr, .., Mr}}
r={peI{-Mr+1i . Mr+1i}}

wr={pe{-Mr+3, ., Mr—1}}

Ihrp =1p € Z,LLL,{ My, ...,Mzp}}

YXpr = {9 € 2M +1{ My, ..., MT}}

Sar=1{0¢€ s s i—Mr+5,..., My + 51}

Xpoo =1{0 € 51 +1Z}

Spur =10 € QM”H L Ll {— ]\/[T,.. Mr}}

Sarr = {0 € g F{-Mr + 5, ... Mr — 3}}

We give here a short description of the sets in the table. The elements of the sets I'},
and 'Y, are the horizontal and vertical coordinates of the lattice points respectively,
which converge to I'* and ['Y in the continuum limit ¢ — 0. We use the hyperbolic
representation for the kernels of D=, D=", BD~! and D~'C in order to control the
scaling limit of these operators. The periodic and anti-periodic spectra are here denoted
by Ypr and X4, where the integer M7 depends on the temperature. To calculate
the scaling limit, we introduce the scaling variables p = p~'6 which are elements of
the sets I'p ;. and I ;. for 6 in the periodic or anti-periodic spectrum. Using the
hyperbolic representations, we introduce a scaled version of the function v which allow
us to focus on the analysis of this function in the scaling limit. We define a bijection
p — [p] of the set I'L ;. onto I's 7, where I'p - consists of the points [p] closest to p
in I'p 71, A similar bijection can be found between I} 7., = and I} 7. We introduce
isometric embeddings of the temperature dependent spaces I*(I'p) and 1*(I' ;) into

the temperature independent spaces [?(I'%) and [*(T'%) respectively in order to analyze
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the scaling behavior. We will later suppose that a function f € [*(T'}) is in the dense
set of compactly supported functions. Then there exists an L’ > 0 such that f has
finite support contained in the set I'n7 ;.. This set along with the sets Xp, 7 and
Y a1,L, Will be involved in the calculation of the strong convergence of D" and D!
in the continuum limit.

The horizontal coordinates of the lattice points are elements of the set
Iy ={xepu{—Mp,—Mpr+1,..,Mr}} (3.43)
which converges to the set
I -I":={reR:-L<zx<L} (3.44)

in the continuum limit ;4 — 0. In the vertical direction we take the thermodynamic
limit before the scaling limit, so we define the vertical coordinates of the lattice points

to be elements of the set
'Y= {y e uz}. (3.45)
In the continuum limit ¢ — 0 we have
Iy, —IY:={y € R}. (3.46)
For k=1,...,nand n <2M + 1, let
ay = (zx, yp) € " x I,

with yx < yxsq for all & € {1,...,n}. Let [ax] € T'% x T}, denote the point which is

closest to ay, i.e [ay] — ax as T' | T¢. For T' < T, define

o (oM an]) o (pT an])) aer
7([a]; T) = (00,0007,

9

where [a] = ([a1], [az], ..., [an]), p ar] = (utxp], u ' [yx]) and the spin correlations
are evaluated at temperature T in I = k,BLT with J held fixed. The scaling limit of the

n-point correlation function from below T at a = (ay, as, ..., a,,) is defined by

7 (a) = zllglc 7([a]; T).
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We invoke the notation [—] for the limit taken from below the critical temperature

The points in the periodic spectrum are elements of the set

2T
Ypr = {9 € m{—]\/[% ~--,MT}}

and the points in the anti-periodic spectrum are elements of the set

2
by =<0 ——1 - M L ..M NN
AT { EQMT—l—l{ T+27 ) T+2}}

Introduce the scaling variables,
or .
pp=k=1 [ for =My < k< My
=% ﬂ(HE) for —Mr < k < M.

A _
pk’_ﬂ_ Ly

The dual lattice to I'}. is given by
. ™
Uprp, =qP€ L_{_MTu oy Mp}
T

which converges to
0
Iy = {p € EZ} (3.47)

as T' T T¢. Define
T g = T M+ M+l
ATLy = D€ LT{ T+ %, M+ 1}

which converges to
(3.48)

. s
I = {p S Z(Z+ %)}
as T T T¢. For T' < T, introduce the scaled function

yr(p) :=~(pp) for |up| <.

The scaled function vz plays a central role in the control of the scaling limits for D!,

D7, BD! and D71C. Define

From [Pal06] we have the following lemma which is the key ingredient in controlling

the scaling limit:
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Lemma 3.4. [Pal06] For each € > 0, there ezists an interval [Ty, Te] with 0 < Ty < T

and constants ¢ > 0 and C > 0 independent of p and T such that

cw(p) < pu~tyr(p) < Cwlp) for T e[To,Tc] and |up| <7

and
(2 — e)w(p) < p ' sinh(yr(p)) < Cw(p) for T € [Ty, Tc] and |pp| < .
Furthermore,
Jim Yyr(p) = w(p), (3.49)
lim " sinhoyr(p) = w(p), (3.50)

where the limits are uniform for p in any compact subset of R.

In [BLO3], the scaling limit of the matrix elements of the spin operator is given. Since

the proof is not given in [BL03| we provide it here. Introduce the notation,

/
ng and p' = 9
i

for # and ¢’ in X4 1 or X pr. Recall that the proposed Bugrij-Lisovyy formula [BLO3]

was given by

A A A P P P
(el Nefa, N Nef, soen j Nel s, A Ney ;)

H lv( (1)) ﬁ e —5u(zp (7))
= V&r %
1 V/(2Mp + 1) sinhy(671) 12 \/ (2My: + 1) sinh(67)
0504 070,
S1n D) L sin
X H ik V(O +~(02) H . (07)+(05) %
1<i<i/ <m S11L — 5 1<g<gi<m! sinh —
Y0+ (67)

sin h—
X H . eA eP Y (351)

1<i<m1<j<m/ SN ——5—=

where

1 — (sinh(2K)) 1.
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Let 7/(0) denote the derivative of v with respect to 6. The cylindrical parameters &r

and v(z) are given by

In & (3.52)
(M +1)? /’T /7r dodo'~y'(6)~'(¢) sin((0 + ¢')/2)
B 2 sinh[(2Mr + 1)y(0)] sinh[(2M7 + 1)v(6")]  |sin((6 — ¢")/2)|
1 [T  df sinh~(0)
0) = = — In coth((2M- 1)v(0")/2). 3.53
0) = o) = 3= [ T ncoth((2Mr 4 00(0)/2). (359
Define
9(p) == lim v(py) and Ingr:= lim Ingr.
Lemma 3.5. For T < T¢, the scaling limit T T T¢ of (3.51) becomes
1.
2 (p;’) A A
e2 e 2 J it — D
\/fﬁTH /—H — I1 VIS
2Lw pl 2LW pj ) 1<i<i’<m (p’L ) + w(pzl)
o« H pj - pj’ H w(pi ) + W(pf)
A )
1<5<j'<m/ w<p§3) + w<p§3/) 1<i<m, 1<j<m/ Pi _pf
where
~ 1 [ dp'w(p)
o) = /_ oty leoth(Lo(r) (3.54)
forpel'p orpel™ and
2L° dp dp’ &' (p)w' (') p+p
1 = 1 :
nér = / / sinh(2Lw(p)) sinh(2Lw(p’)) " p—1p| (3:55)
where W' denotes the derivative of w.
Proof. For 6 = pu, we have
1 1
li = 1li 3.56
1T (2M7p + 1) sinh[y(0)] TITy 2Lpp~'sinh [y7(p)] (3:56)
1

~ 2Lw(p)’
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where we in the second equation used (3.50). We use the dominated convergence

theorem to prove (3.54). After substituting = pu and 6’ = p'u into (3.53), we obtain

dp' 1 sinh -
s ' 11 sin ’Y(PM)X[__7_}(p,)
v(pp) = 5= .
21 J_o  cosh~y(pp) — cos(p'n)

denotes the characteristic function of the interval, [—%, 7]. We show

In coth(Lpp 'y (p' 1)), (3.57)

where X[_z E} )
K
that the integrand in (3.57) is bounded uniformly in x by an integrable function. From

[Bug01] we have the relation

4 sinh? @ = 12 + 4sin® g. (3.58)

This implies
12
coshy(p) — cosp’ = (1 — cosp) + (1 — cosp') + Ex (3.59)

Observe that
2
cosf <1-— —292 for |0 <.
m

Using this identity and equation (3.59), we have

1 1

< ’|
_9 h _ / -

- (coshy (py) — cos(p/p)) %(p2+p,2+(%)z>

3

(3.60)

Choose Tj such that 0 < 7j) < Tx. Then by Lemma (3.4), there exists for all 7' €
[T}, Tc], constants, Cy, Cy > 0 independent of p and T such that

p~tsinhyr(p) < Crw(p) (3.61)
and
Cow(p) < ™ yr(p) (3.62)

for |[pu| < 7. Now using (3.62), the facts that 2Ly > L and coth(u 'y7(p')) is a

decreasing function of p’ bounded away from zero for T' < T, we have

coth[Lyp~'yr(p')] < coth [%Lng(p’)] : (3.63)
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Using (3.60), (3.61) and (3.63) we obtain the following bound for the integrand in the
formula for v(pp) in (3.57):

sinh v (p) [ . / }
Incoth |L
N[cosh ~yr(p) — cos(p'1)] feo i yr(p)
= Chw(p) /
=2 j—pQ + (%) In coth [%LC’gw(p )} (3.64)

for p restricted to the interval [—mu~!, 7

p~1]. Again using the fact that 2Ly > L, the

last expression is bounded by an integrable function, independent of the temperature
We have

}}g(lwi {(1 — cos(pp)) + (1 — cos(p'n)) + M—Q}

2
Lp? 4 4+ 1), (3.65)

By the dominated convergence theorem, (3.49), (3.50) and (3.65) we obtain

o(p) = Th#%é v(pp)

| =
®

dp' sinhyr(p) R
Incoth | L
tite 7 Jy Meoshiyr(p) —cosra)] L i)

-~ /OO %ln(coth([/w(p/))).

oo PP AP

(3.66)

To prove (3.55) we again use the dominated convergence theorem. After substituting
0 = pp and 0" = p'p into (3.52), we obtain

In £T

d d/ 2/ / o o
2M 1L / / pdp’ 1y (p)vr (p)X[*;u]()X[*ﬁ;] N
sinh(u

' sm(p“‘H’ )
“12Lryr(p)) sinh(p~ 2Ly ()

sin(2£ zp/“) '

We have

d sin(

\/ 1 + sinh?

(%)

) cos(3) |
DV i’ ()
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Then

, sin(%") cos(%)

lim v7.(p) = lim
=0 "0 coshy(BL) /2 4 sin?(B2)

p
NiEy

=u'(p). (3.67)

We have the following upper bound for 7/.(p):

sin(pu)
H[sinh(vr(p))

for some constants C and Cy. We obtain,

() < C ' < O/ (v)

()7 (p)
1 = li
nér= TlTril% 27r / / dp’dp sinh(2Lppu=tyr(p') sinh(2Lrp=tyr(p))
sin(%* + p—ﬁ
X In

s1n(p” pu)

2L2/ / dp' dpw' (p')w' (p) m‘pﬂf

sinh(2Lw(p')) sinh(2Lw(p))  |[p—7
Using (3.50) and (3.56) the lemma is proved. O
Define
XT,l = D77

which is the map

XT,l . ZQ(ZRT) — l2(2A,T)7

and where D7 is conjectured to be given by (3.35). We conjugate Xr; by functions
04 and OF | i.e.

% L NA *P
XT,1 — XT,1 = OTXT,IOT )

such that we have the following commutative diagram:

A

2(Sar) o 2(I%)

XT,IT TXTJ
P

(Spr) s 12(I%)
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The functions O4 and OF will be defined below. We start by embedding the tempera-
ture dependent space [*(Xpr) into the temperature independent space [*(T%). We do

this in the following way: Introduce the temperature dependent set

T = {p e 7{ - Mr, ...,MT}}.

We notice that |up| < m for p € T'pp. We rewrite a function in I*(Xpr) in terms of
the T" dependent scaling variables and define a bijection from the set I'p 1. ;. onto I'p 7.
Then we introduce an embedding OF of ZQ(F*RT) into the temperature independent

space [?(I'%). Introduce the scaled transformation

f(0) — f(up)

as a unitary map
P(Spr) = P(Thr,)- (3.68)

Define a bijection
Ubrr, 20—l €Thr,

where [p] is the point in Iy, closest to p in Iy, . Now embedd (3.68) into I*(T'})
by the map OF defined by

B(Spr) 3 f(0) = Orf(p) = x7(0)f(1p) € P(Tp), (3.69)

where X% is given by the map,
Xr % — C,
and where

XP( ) _ 1 ifpe i?(r},T,LT)S
g 0 ifp¢ i?(r},T,LT)'

The embedding of the temperature dependent space [*(X47) into the temperature

independent space [?(I'%) goes in a similar fashion. Introduce the transformation

f(0) — f(up)



89

as a unitary map
P(Sar) — P(Th,). (3.70)

Define
m
I = {p € Z{ — My +3,.... My + %}}.

We notice here that |up| < m for T% ;3 p =2 and k = —Mp + %, ..., My — 3. When

k = Mr + %, we do not necessarily have |up| < 7, so Lemma 3.4 can no longer be
applied in this case for proving uniform bound. This is an inconvenience that we will

take into account in some of our calculations. Define the bijection
Uhrr, 2p——pl €Thr,

where [p] is the point in Iy - closest to p in I} 7., . We embedd (3.70) into I*(I') by
the map O4 defined by

P(Sar) 3 f(8) — O7f(p) = x7(p) f(up) € P(I'Y), (3.71)

where x4 is given by the map,
X? I — C,
where

1 if p € i (T )i
N - T\ AT Lt/
xr(p) = { 0 ifp¢ i%(FZ,T,L;)'

Introduce the set

2w
Spei=40e "7\
P {€2MT+1}

We have that O37(f(0)) = O3F(0)f(n105L), where O;7(0) := x%(0). Here xI is

given by the map x¥ : ¥p., — C, where

P | 1 if0€Tpr;
xr(0) = { 0 if0 € Xpo\Spr.

We have
O (u(iz(p))™") = Or(p)~!
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for p € i;(lﬂ}m ). We can now substitute for Xr; its isometric image
X1 = 04 Xra 07" - P(T}) — P(I),

where
Xraf(p) = Y X 0) Xz (pp, 10 )xr (0) f (),
p'el'y
and where
e%v(pu) e—%v(p’u)
V2Lypp " sinhyr(p) \/2Lrp~ ! sinh yr(p')
sinh 3(yr(p) + 77 (%))
sin(5(pp — P'11)
restricted to p' € I'p and p € I 7. For @ > 0 and 3 > 0 define the operator

Xra(pp, ') =

(3.72)

a1 5 3,1
Xl = em o X e
with kernel

a —& -1 _ -1 /
X71 (p,p') = e PPN () X (p, ) xr (p e @,

The smoothing properties of the exponential factors are important for the control of

the convergence of the scaling limit. Introduce the operator,
XP7 () = BT,
where

Xt ) =Y XM, 0) ), (3.73)
p'el'y

and where the kernel X' p (p,p’) is given by

;1 1 o) +wl) Lsw),-pui)
V2Lw(p) V2Lw(p) PV

for p € I',. The pointwise limit,

1.
XOP(p,p') = e 2P (3.74)

1- Xa,ﬂ / — Xa,ﬁ /
TITIYI}C T1 (p7p) 1 (pup)

is proved in Lemma 3.5. We prove the following.
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Lemma 3.6. For o, 3 > 0, the operator X%lﬂ converges strongly to the operator

X0 12(T%) — 12(T%) as T 1 Te.

Proof. Since the integrand in v(p'p) is greater or equal to zero for all p’, we have
22 < 1. We will first show that "% is bounded by a constant uniformly in pu.

Choose Tj such that 0 < Tj < T. We have from the proof of Lemma 3.5 that there

exists for all T' € [T}, T¢], constants, Cy, Cy > 0 independent of p and T such that

1[5 dp= Ciw(p) ,
v(pu) < ;/0 7 +2p2 NEE In coth |3 LCow(p")

T o0 dp’

< —-KCw /
y KCwp) o (P*+p+(3)?)

e v T
2 p*+(3)?) 2
7T2

< ZKCl (3.75)

where we in the evaluation of the integral used the substitution p’ = \/]ﬁ(g)2 tan 6
for —5 < 0 < 3§, and where K is a constant greater than zero. We notice that for
p=TF(Mr+ %), we can find a bound for v(pu) by using the fact that ~7(p) is periodic.
The value of yr(p) at that point is the same as the one for some p with |pu| < 7, and
we can then apply Lemma 3.4.
The rest of the proof is inspired by the analysis as given in [Pal06], where the infinite-
volume case was considered. Using sinh+y = 2sinh 2 cosh 3, the action of X;flﬁ on
f € *(T'%) is given by
X717 f(p)
_ _e—au’lvT(p)eév(w) 1 1
2 V2Lrp~ sinh(yr(p)) /2Lrp~t sinh(yr(p))
x [sinh(397(p) 37 (sinh(37r(p))) ™" + cosh(zyr(p)) St (cosh(z77(p))) ]

1 / — ’
% sinh ,YT(p/)e—y)(p 1) o=Br~ T (p )f(p’)

1 1
= 2V (al,T St Qo+ a3 T St a4,T)€7§U(p/”)f(P/)7

where

Y

ayr(p) } o) 1 { 2p~ " sinh 3y (p)
= e 1 1
as,r(p) v/~ Tsinh(y7(p)) L cosh3yr (p)
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arr(p) | _ - e (2p~" sinh 5yr(p)~!
a47T(p> } =€ \/lu h('YT(p)){ (COSh %’)/T(p))_l

restricted to the domain I'p 1 or 1) - as appropriate, and where

i Z “XT Xx®) ), (3.76)

Let a; denote multiplication by a;(p) on I*(I'%) or [#(T'%) as appropriate. Using Lemma
3.4 and the fact that limpq, cosh(”TT(p)) = 1, the pointwise limit of the multiplication

operators a;r for j =1,2,3,4 is given by

lim a;r(p) = a;(p),

i
where
a1(p) = e P \/w(p)
as(p) = e P (Vw(p)) ™!
az(p) = e P (V/w(p))~!
ay(p) = P \/w(p).

Let To be such that 0 < To < Te. From Lemma 3.4, we have that for all T in the

interval [Ty, T there exists constants ¢ > 0 and C' > 0, such that

where r = min{«, $} and for the appropriate choice of +. (We notice that for

= Z(Mr+3), we can find a bound for a;7(p) by using the fact that y7(p) is periodic.
The value of yr(p) at that point is the same as the one for some p with |pu| < 7, and
we can then apply lemma 3.4).
The functions C' \/— —erw(p) are even, positive and decreasing for large enough p.
This implies that the series,

S OVa e ® ad Y CValp) e

pel'p pel™
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converge by comparing the series with an integral for large enough p. Then by the
dominated convergence theorem, we have showed that a;r converges strongly to a; as
T T Tc. For 0 € ¥4 7 define
. 1 1 1
3::@m&+4jéwg;Tgmae—eﬂ'
The operator $r in (3.76) is the image of § under the isometric embeddings given in
(3.69) and (3.71). Hence supy ||57|op is bounded, where || - ||,, is the operator norm.
We show that the operator $7 converges strongly to the operator h: [*(T%) — [*(T'%)
given by

) =+ 3 19 (3.77)

as T' T Teo. We recognize h as the discrete Hilbert transform. From [Lo94], we have

2 3 3
) < (ge).
meZ

where a,, is a real valued function in [?(Z). Using this inequality, we have that

(D @)z < Clfl2

pGFZ

the well-known inequality

(Z

neZ

ji: o
n—m
meZ

m#n

—_

for f € [>(T'%), where || - |2 is the {*(I'%) norm and C' is a positive constant. Now, we

prove strong convergence of 7. Define

uxT@ﬁxﬁwf) ,
Sruf ) = 17 er in 2ope =y’ P (3.78)

We have

11
ALy 4L|),

(3.79)

3 MXT @%f@)

piare sin 5 (pp — p'p

1Gr = 32.0)F D)2 < ‘

which converges to zero as T' T T since S is uniformly bounded and 2Ly > L. We
calculate the difference of the kernels of §7.7, in (3.78) and h in (3.77). We follow the

analysis as given in [Pal06]. Since sinf > 6 — % for 0 < 6 < 7, we have
1 1

1
< - <
O_sin6 0~ (m—10)

for 0<f<m (see [Pal06]),
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which implies

Lot b g o<l <
- = r
sind 0| = a0 "
Hence
Iy 1 1 Iz
s _ < (3.80)
2(sind(up—pp') L — )| T 21 —plp —p/|

for 0 < plp —p'| < 2m. Let x4 denote the characteristic function of the set Iy .. We
want to show that 37 — y4h converges strongly to zero as T T Ty which implies that
87 — h converges strongly to zero. Since 87 — x#th is uniformly bounded, it suffices to
prove strong convergence on a dense subset of [2(I'%). Suppose that f € [?(T'%) is in
the dense set of compactly supported functions. Then there exists an L’ > 0 such that

f has finite support contained in the set

™
*P,T,L’ = {p € EIML/{_MTa 7MT}}

Choose T such that uL' < 1. Then for p’ € I'p 4., we have plp’| < 7 which implies
that plp — p/| < 27 for T%, > p = Tk, where k = —Myp + 3,..., My — . Define
Prtgi1y2 = F(Mp + 1) and let fZT denote I 7 with pps,. 4172 omitted. Using (3.80),

we have the following estimate

2
Gre—ximsips 2 o 50 oy 351)

pely P "€Mh 1
2

10 1 1
+ 7 1£113 - : (3.82)
AL? 2 sin g (upargr1/2 = 10')  5(HPMps1 /2 — )
P GFPT L
where || - ||2 is the [*(T'%) norm. We notice that the last term in the inequality above

converges to zero as u approaches zero. Define

2P,,u,T = {9/ c ——— L/{ — MT, ,MT}}

and

ZA,T,LT = {96——{—MT+2, MT_ }}
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Substitute § = up and 6" = up’ into the double sum in (3.81). Then it becomes

Y Y 359

QEZATLTQEEPMT

which tends to zero as T' T T¢ since X p,r — {0} and % is in [*(Z). Thus,

(37 — xrh) fll2 < (87 — 37.2) fll2 + [[(517.L — x7h) |2

which converges to zero as T' T T¢z. The strong convergence of 57 and a;r imply that

X;f converges strongly to X™7: 12(T'%) — 12(%) as T 1 Te. u

Define X7, := BD™!, which is a map

XT72 . l2(2A,T> — 12(2A,T)7

where BD~! is conjectured to be given by (3.34). Conjugate the operator X7, by O4
given in (3.71) such that we have the map

XT,2 = O%XTQO;A . ZQ(FZ) — l2(rj‘)

Here
Xraf(p) = > x20) Xralp, )30 f (),
p'el’y
where
£ 30) 30

v X
T2(p,p) = V2Lrputsinhyz(p) /2Lt sinhyr(p')

y sin 3 (pp — p'p)
sinh[3 (yr(p) + sinhyr(p'))]’

and where x#(p) and x#(p’) denote the characteristic functions of the set I' .. Intro-
duce the operator,

Xy 0 () — P(T),

where

Xaf(p) =Y Xa(p,0) f(

p'el’
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and

Loy 1 1 p—p ) L
X e2" e29®)
(,p) = \/2Lw )/ 2Lw(p < (p) + w(p')

Again we multiply the kernels Xrs(p,p’) and Xs(p,p’) with exponential factors which

have smoothing properties: We define for «, 5 > 0

a —a -1 _ 1 ,
Xy (. ') = e TPl (p) Xa(p, ) x7h () e om @)

and
Xg“’ﬁ(p, p) = e~ w® X, (p7p’)e_f8“’(”/).

The pointwise limit

1' Xa,ﬁ / :XOé,ﬁ /
TITIJI}C T2 (p, 1) 2" (p,p)

is proved in Lemma 3.5. Including the exponential factors will make the pointwise

convergence into Hilbert Schmidt class convergence:

Lemma 3.7. Suppose that o, 5 > 0. Then

li aﬁ a,f
Jim S X ) - X5 (p,p))? = 0.
pel™ p'el™y

Proof. We will use the dominated convergence theorem to prove the limit. Since

1
and €2°® is uniformly bounded (see 3.75), we have

C e—owp)—Bw(p’)
2L \Jw(p)V/w(p)

for some positive constant C'. Now for some T such that 0 < Ty < T, we will show

X5 (p, )] <

that there exists a constant C} such that for all T' € [Ty, T¢], we have

1

n o< &1
ST Vw(p)ywp)

| X7 (
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We have for some constant Cy > 0,

sin(z(pp — p'p)) '

sinh(3(vr(p )+7T( )

_ ‘ Sm( (pp — p'))
p (sinh 222 cosh 12l) 4 ginh 22 cosh 1))
p—7p
< Oyl —————
lw(p) + w(p)
<20,

restricted to f’AT. By the same lemma and using (3.75) we have for some constant
C3 >0,

lv(p’u)

1 (p:“‘)eQ

ez C’ 1 1

\/QLTM Lsinh yr(p \/ZLT,LL Lsinh yr(p 2L Jw \/—

restricted to I'% - Using the fact that yo(p) and sm(p) are perlodlc functions, a simple

calculation shows that for p = pas,41/2, we have that | X7 (par,41/2,7")| is bounded by
im for some ¢ € I'*% 17 and constant Cy > 0. This implies the existence of a
constant K such that for all T' € [Tp, T¢] we have
K 1 1
(2L)? w(p) w(p')

and it is clear that the expression to the right of the inequality sign is in I}(T%). Hence

—2aw(p)—2pw(p’) 7

X2 — X5P)2 <

by the dominated convergence theorem, the lemma is proved. O]

The operator

D' P(Sar) — P(Spr)
with exponential smoothing factors and working in the isometric embeddings OF and
O# of (3.69) and (3.71), converges strongly by the same method as for D~7. The

operator D~! is conjectured to be given by (3.20). Similarly, the operator

D7C: A(Zpr) — X(Spr)
with exponential smoothing factors and working in the isometric embeddings Of of
(3.69) converges in Hilbert-Schmidt norm by the same argument as for BD™'. The

operator D'C' is conjectured to be given by (3.36). We give their limits in the next

section.
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3.6. Pfaffian Formulas for the Scaling Functions

Before we provide the Pfaffian formulas for the Scaling functions, we recall some prop-
erties of the Hilbert Schmidt class operators that are central in our calculations. The
proofs of these properties can be found in [Si77] or [RS80]. Recall that a bounded op-
erator A on a Hilbert space is called Hilbert-Schmidt if and only if tr(A*A) < oo and it
is called trace class if and only if tr |[A| < co. A bounded operator A on a Hilbert space
is a trace class operator if and only if A = BC', where B and C' are Hilbert-Schmidt

class operators. We will need the following lemma.

Lemma 3.8. Suppose that A, is a sequence of bounded operators that converges strongly
to a bounded operator A on a Hilbert space and suppose that B, is a sequence of Hilbert
Schmidt class operators that converges in Schmidt norm to B. Then A, B, converges

i Schmidt norm to AB.

On page 333 and 334 of [Pal06], Palmer provides Pfaffian formulas for vacuum expec-
tations of products in spin representations in the infinite-volume limit under the pure

state defined by plus boundary conditions:

Theorem 3.9. [Pal06] Suppose that g; is an element in a spin representation of the or-

thogonal group for j =1, ...,n and the matriz of T'(g;) with respect to the Q polarization

0= (& b))

of W is given by

where

B— . " .. = .. . " (3.84)
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and L and U are the strictly lower triangular and strictly upper triangular matrices

given by
0 0 0
1 0
D1, 1
£=| D, ., D, . . (3.85)
. 1 00
Dy, Dyt 10
and
0 1 D;i-l D;I1,n—2 Dr7112
00 1 D7,
U=1, . N N (3.86)
1 D;"
N 0 1
0 .. . 0 0

with Di,j = DiDi—l SR Dj fOT 7> j

We are interested in obtaining Pfaffian formulas for the scaling functions on the periodic
lattice wrapped around a cylinder which is finite in the horizontal direction and infinite
in the vertical direction. In [Pal06], the space Alt*(W) is identified with the space of

skew-symmetric maps R : W — W via the bilinear form (-,-) on W. Palmer defined
R:=13Y  Ruwi Aw € Al*(W),
k
where {wy} is a basis for W with dual basis {wj} with respect to the bilinear form. If
Ruw;, = Z i kW;

with 7, = (Rwj, w}), then

R=1 E Tj kWi N Wy
gk

On the periodic lattice, the analog of R is defined in Appendix B,

M
R = Z (Game Aet) + (e A ay) + (3amey Aay)l,

l,m=1
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where

a=BD', b=DT" and c¢=D"'C,
and where B,C, D are the matrix elements of the induced rotation 7'(g) associated
with g. Here {¢;} is a basis for W and {q; } is a basis for WF. Using this definition
and the formalism given in Appendix B, we can prove Theorem 3.9 by a modification

of the proof given in [Pal06]. From [Pal06] it is given that

1 —cUB
det ( e 1 ) = det(1 + FUBLC)

for a constant c. It is well-known (see [Si77]) that A — det(1+ A) is continuous in the
trace norm for A. Since the Pfaffian is the square root of the determinant of a skew

symmetric matrix, it follows that the square root of

¢+ det(1 + CUBLC)

I —UB
Pf(zc I )

is continuous in the Schmidt norm in 4B and L£C. We control the scaling limit of the

is holomorphic if the Pfaffian

multi-spin correlation functions on the cylinder for temperatures below Ty in terms
of the Bugrij-Lisovyy conjecture for the spin matrix elements on the finite, periodic

lattice by proving the following theorem.
Theorem 3.10. Fork=1,....,.n andn < 2M + 1, let
ag := (zp, yr) € T x TV

with yr < yg1 for all k € {1,...,n} and where I'* and TV are defined in (3.44) and
(3.46). Let [ag] denote the point which is closest to ay, where [ag] € T% x T%, and
where T% and T, are defined in (3.43) and (3.45). Define = ax] = (1 [zx], ™ [yx]),
where p = 2(KC — K*) is the inverse correlation length at temperature T'. Define

Aj = % > 0. Then

bl o0l _pe (1 U5
£c I ’
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where

g . . Ce- . . (3.87)
0 .. . BD{! 0 .. . DI'C

and L and U are the strictly lower triangular and strictly upper triangular matrices

gien by
0 0 0
1 0
D1 1
£=| D, D, . . (3.88)
. 1 0 0
Dy, D;Y 10
and
01 D, D;I1,n—2 D,
00 1 D7,
u=1 . . . (3.89)
1 D;"
N 0 1
0 .. .. 0 0

with D;j = D;D;_y --- D; for i > j. The operators D;" and D;'C; act on I>(T'p)
and the operators Dj’1 and Bij’l act on I>(T%), where and T and T are defined in

(8.47) and (8.48). In terms of the Bugrij-Lisovyy conjecture, they are given by

D;7f(p) o< Y Xﬁ”l’ﬁj(p,p’)f(p') for peTly,

.1 ;j+1,5j+1 / / *
BJD] f(p)O( Z 27, w(p)\/mX]Q (p7p)f(p) fO?" pEFA7




102

p
where
« —aw wp+wp/ iz (p— —Bw(p’
leﬁ(pm/) — e—ow(p) (;_p/( ) i (p=p") g=Bw(p")
and
/
a8 N _ ,—aw(p) b= izj(p—p') ,—Bw(p)
X2 \P,D)=¢€ e €
s (Pop) w(p) +w(p

Proof. Rewrite

where

We have

D(oj) ' = e_Aj"’(e)D([xj])_le_ﬁﬁf”(el) for 0 €Xar, 0€Xpr,

D(0;)" = e 2O D([2;]) e 2 for 0 € Spr, 0 € San,

B(o;)D(0;)~" = e 27O B([2]) D([a]) ' 27 for 0,6 € Tar,

D(0;)1Cloy) = eSO D ([, ) ([ )@ for 0,6 € S
Making the substitutions [x;] — p~*[z;] and [y;] — p '[y;] and using the isometric
embeddings OF and O4 of (3.69) and (3.71) , we obtain the following Pfaffian formula

(o(pan]) - - o(u aa)hnrr I —UrBr
<OA;O-0P>§\L4T =Pt < £TCT I > ’

where we used Theorem 3.9. From Lemma 3.7, we have that By converges to B in
Schmidt norm and Cr converges to C in Schmidt norm as 7' T T¢. Lemma 3.6 shows
that Ur converges strongly to U and Lr converges strongly to £ as T T T¢. Then
it follows from Lemma 3.8 that UrBr — UB and L7Cr — LC in Schmidt norm as
T T Te. Since the Pfaffian is continuous in Schmidt norm in 4B and LC, the theorem
follows. [
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4. THE ONE-POINT GREEN FUNCTION

4.1. The Dirac Operator

Lisovyy [Lis05] calculated the Green function for the Dirac operator on the 1-punctured
cylinder in the continuum. He used the representations of the one-point Green function
to determine a projection onto the space of local solutions to the Dirac equation for
a single branch point. In this section we determine the Green function for the Dirac
operator on the 1-punctured cylinder with the special monodromies, A, = :l:%. We
conjecture that the average value of the Green function with monodromy, A, = %,
and the one with monodromy, A\, = —%, is the appropriate Green function for the
Ising model. The representations of these Green functions determine a projection onto
the localization subspace for a single branch point which connects to the scaling limit
calculations given in Chapter 5. Let a = (a1, az) be a point on the cylinder. We replace

the cylinder with the strip,
C={(z1,20) ER*: —L <7, < L)},

where the left and right edges are identified. Let b be the branch cut with vertex a as
shown in figure 4.1.

The Dirac operator D on R? can be written as

0 20z
D':<282 0 )’

where the complex derivatives Jz and 0% are
1/ 0 0 1/ 0 0
0z=-|=——i— d 0Z2=—-(—+i—
: 2(8331 Zal’2> a : 2(81’1 +Z3x2)

z=ux1 +1iry, and Z=1x1—1xs.

for

We refer to (ml — D)y = 0 as the Dirac equation, where m is a mass parameter. We

consider solutions to the Dirac equation on C'\b that have continuations across b away
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—L 1. 7(1

FI1GURE 4.1. The figure shows the strip C' with branch cut b and vertex a.

from the point a. The continuations across b, differ by the factor e?™ for \; = :I:%.
The continuations across the boundary differ by the factor e*™° where \g = 0 for
2o < Sa, and by the factor €™ where \; = i%, for x5 > Sa. In other words,
the solutions we are interested in have periodic boundary conditions for x5 < Sa and

anti-periodic boundary conditions for s > Sa.

4.2.  Green Function for the Dirac Operator on the Cylinder with no Branch-Points.

In this section we calculate the Green function for the Dirac operator on the cylinder
with no branch points. We follow the analysis as given in [Pal06] and [Lis05]. The
domain of the Dirac operator consists in this case of functions that are periodic in z;

and which is L? for x5 near infinity. Using the two-dimensional Fourier transform,

b 1 ~ - —i(x x
w(ppr) = W/ d$2 /Ldl'l w(mhlé)e (z1p1+ 2;@72)7
oo _

with p, € R and p; € I'p = {p € FZ}, the Dirac operator mI — D can be transformed

into the matrix-valued multiplication operator,

mr-p)=( P,

—ip m
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where p = p; 4+ ipy and p = p; — ips. The inverse of the Dirac operator is given by the
matrix multiplication operator,
1 -
(mI -D) ' = ———— metp )
m2+ [p|? \ ip m
Using the inverse Fourier transform given by
i(erpi+apa)
(w1, 22) = L ; / dps 1 (pr, po)e’(®P1o2p2
p1

we obtain the following formula for the Green function, Go(x1, z2):

Go(l‘h xz

m.ip i(z1p1+a2p2)
P2 e + |p|2 pom © :
p1€F*
Suppose first that xo > 0. The integral in the py variable has a simple pole at
p2 = i/p} + m? = iw,(p1), where wy,(p1) > 0. Let pr = wy(p1) £ p1. Then by a

residue calculation, we obtain

1 m - ip ez (@p+—ap-)
Go(x1, ) = — E < ) * ) — (4.1)
4L prcTs —ip_ m /p% + m?2

Define the angle 6, through the relation,

s
sinhf, = —n, n € Z.

Lm
Define
wi= L= = et (4.2)
m
which implies that
R —jefn
m

It follows that

6%(:pp+ Tp-) _ e — 2 (Zutzu?t) _ pmarisinh O —maz2 cosh@n'

Thus, for x5 > 0, we have

max11sinh 0, —mxo cosh 0,

1 1 1€ e
Golwr, 72) = 4L Z ( | ) cosh 6, ’ (4.3)
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For x5 < 0, we have

1 1 —’ie_e" emmli sinh 6, +ma2 cosh 6y,
Go(w1, 72) = AL Z ( iefn 1 ) cosh 6, ' (4.4)

nez

The two series above converges for —L < xy < L. We rewrite the Green function as

G(z1,x9) := Go(x1,22)J, with J = ( —Oz 6 ) .

4.3. Canonical Basis on the Cylinder with one Branch Point.

In this section we follow [Lis05] and provide formulas for the canonical basis of solutions
to the Dirac equation on the 1-punctured cylinder. These solutions have continuations
to the lower half plane that is periodic in x; and continuations to the upper half plane

that is anti-periodic in x;. For each #,,, the vector-valued functions

. _—mx1isinh 8, —mxs cosh 6 1
x—e(x,0,) =e " " < ighn

and

-\ . _maxitsinh 6, +mxo cosh 0, 1
r — e(x,0, + i) == ™" 2 (ieen )

are solutions to the Dirac equation. From [Lis05] we have, after a slight modification,
that the elements of the canonical basis on the cylinder with one branch point that

satisfy the Dirac equation, are given by:

e(z, 0, + i)
Vuy<0(T1, T2) AZ m2L coshif, (4.5)
H(6n)e(w, 0n)
Vuy>0(T1,22) = A EZ: m2Lcosh0 (4.6)
neli—35

where A is a normalization constant,

G(0) = —i exp ( _ g + %n(e)) H(0) = exp ( - g - 17;(9)) (A7)

and

’

() = /_ h g—esech(él —0)g(0) (4.8)

™
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for

4(8) = In <<1 - e_mmosw)?). (4.9)

(1 + €7m2L cosh9>2

4.4. The Green Function for the Dirac Operator on the Cylinder with one Branch
Point.

In this section we give the formulas for the Green function for the Dirac operator on
the cylinder with one branch point @ = (a1, a;). The domain D** of the Dirac operator
that we are interested in, consists of functions 1 that are square integrable at |z5| — oo
and that have monodromies > (v = 0,1), where \g = 0 and \; = i%. Boundary
condition at a limit the singular behavior at a and make the following equation for v

well-posed
(ml = D)y = ¢,
where ¢ is a smooth function away from the branch point and where both ¢ and v

have periodic boundary conditions in the lower half plane (23 < ay) and anti-periodic

boundary conditions in the upper half plane (xs > a3). The function v is given by
Y(2) =/ Gz, 2)Jp(2)id A d7'.
C\b

The kernel G**(z, 2’) of (mI—D)~! is the Green function and can be expressed through
the elements of the canonical basis given in (4.5) and (4.6). In order to determine the
Green function, we will need the function to satisfy the following requirements [Lis05]:
The rows of the Green function must be square integrable functions as |xs| — oo, that
satisfies the Dirac equation for all 2/ € C'\(bU{z}), with monodromy €™+ (v = 0, 1),

where \g = 0 and A\ = j:%. Furthermore,
Gz, 2') — G(z,7)

must be smooth for 2’ in a neighborhood of z, where G(z, z) is the Green function on
the cylinder with no branch points. Following the method given in [Lis05], we obtain

the following representations of the Green function, G%*(z, 2'):
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For x9, x}, < ag, we have

- enG —01;3)G(0n; 3)
G —122 )2 cosh(#;) cosh(6,,)

neZ lEZ
ezm(afl a1) sinh 6, +m(z2—az) cosh O, —mi(x)| —a1) sinh 6;+m(zh—a2) cosh 6;

X
e=0n + e

1 ie /.
X ( 7;60" _een_gl ) + G(Z — Z ,O) (410)

For xq, x4 > as, we have

N "H (05 5)H(=0n; 3)
G (’272) —1 Z Z COSh(Ql) (n)

neZ—1i leZ+2
elm(a:l a1 ) sinh 6, —m(z2—az2) cosh O, —mi(z)| —a1) sinh 6, —m(z,—az) cosh 6;
X
efn + =0
1 —ied ,
. 1
X ( _Z.e_gn _eel_gn + G(Z ) _5) (411)

For xy > ay > xf,, we have

s ) 0[, 2)H(_0na %)
G¥2(z,2) = —i Z Z )2 cosh(6);) cosh(6,,)

nez— 1 leZ
elm(:rl al) sinh 6, —m(z2—az2) cosh O, —mi(z)| —a1) sinh 6;+m(zh—az) cosh 6;
X
efn — et
1 ie™¥
X ( Cio—On  o—0i—0n (4.12)

For x5 < ay <}, we have
- . e G0, 5)H(6;; 5)
G 2 (Z z ) -1 Z Z m(2L)2 COSh(Ql) COSh(en)

eim(:cl —ay) sinh 6, +m(x2—az) cosh 6, —mi(x)| —a1) sinh 6;—m(x,—az2) cosh §;

X
e=0n —e=0

1 —ie”
X ( iefn o Oit0n ) : (4.13)
For x9, 2}, < ag, we have
elG le Q)G(ena %)

,2 (2,7) = ZZZ )% cosh(0;) cosh(6,,)

ezm(ml ay) sinh 6, +m(x2—az) cosh 6, —mi(x] —a1) sinh 6;+m(zf,—a2) cosh §;

X

79l

1 1€ /.
X ( Z.egn —aniel ) -+ G(Z —Z; 0) (414)
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For x9, x}, > as, we have

H(0; D) H(=0,; 1)
G2 (z,2) =1 Z Z )2 cosh(6;) cosh(6,,)

neZ—3 leZ+—

ezm(x1 ay) sinh 0, —m(xz2—a2) cosh O, —mi(x] —a1) sinh 6, —m(zf—a2) cosh §;
X

efn + e~
1 —ied
X < —?;6_6" _egl_gn ) + G(Z — Z/, %) (415)
For xy > ay > ), we have
91 )H(_Hn l)
Qo _ 12 12
! Z Z )2 cosh(#;) cosh(6,,)

ezm(zl al) sinh 6, —m(z2—a2) cosh 6, —mi(x] —a1) sinh 6;+m(zh—a2) cosh 6;

X

efn — et

1 je
X ( e bt ) (4.16)

For zy < ay < ), we have

. - e G m 2)H<(91, 2)
G*z2 =— Z Z cosh(ez) cosh(6,)

nez ez+1

ezm(:cl ay) sinh O, +m(xz2—a2) cosh O, —mi(x] —a1) sinh 6, —m(zf,—a2) cosh 6;

6_9" J— 6_9l
1 —ie”
X ( iefn  eiton ) ; (4.17)
where the functions H(#) and G(0) are given in (4.7).
Here G(z — 2’;0) is the Green function on the cylinder with no branch points and with

periodic boundary conditions while G(z — 2/; j:%) is the Green function on the cylinder

with no branch points and with anti-periodic boundary conditions.

4.5. Projection Operators

In this section we describe the analysis as given in [Lis05], used to determine the
projection onto the space of local solutions to the Dirac equation for a single branch
point. Recall that

C={(z1,20) ER*: —L <2, < L)},
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where the left and right edges are identified. Consider the circle
Slxg = {(z1,20) € C : 25 = 29}

and the fractional Sobolev space H /\% (S's), where H /\% (S'sg) is the space of C-valued
functions g on Sig that satisfies g(z + 2L) = e*™*g(z). For a description of H %, see
[LLI7]. Here A = 0 if g is periodic and A = +1 if g is anti-periodic. For g € HA% (Slmg),
we define the Fourier series

g(x1) = % Z g(@n)eimxlsmhan with sinh6, = %n, nezZ+ A

neZ+A

Introduce the operators

1 e ¥ —i
_(0 )
Q-(0) 2 cosh @ i el )
1 e? )
0 )
@+(6) 2coshf \ —i e? )’
which acts on HY (S',9) such that
Qig $1 Z Qi zmxl sinh9n.
n€Z+)\

These operators are projection operators, i.e they satisfies the properties,
QtQ- =1, @=0Q; and Q*=Q_.

1 1 1
Define the splitting H} (Slmg) =Q H; (Slmg) ®Q_H; (Slmg) and the polarization

(o) =0 =) (),

> 1Q=(0.)§(6n)] cosh 6, Z |92 (0) . (4.18)

neZ+A nEZ—I—)\

It follows that

Thus, we can write

T eimxl sinh 6,, €€2n 7;6797” ng(en)
g(%)—zn; 2cosh @, (—@'e—g; e g-(0,) )

Z+X



111

We now rewrite the Dirac equation,

0_ 20 1 . myy \ 0
20 0 Yo mpy )
Solving for 0,1, we obtain
O = ( im  —id; )w'
By solving for ¢ in this equation with the initial condition, ¥ (z, x9) = g(zy, z9) for

1

9 € Q4 Hg(L,y), we obtain

T eimatl sinh@n—m(mg—zg)coshGn e% ie—‘%" g (0 )
+\Yn
o(T1,T2) = — E On On .
¢$2>CE2( Y ) L S 0

2coshd,
nEZ+A

(4.19)

This shows that the elements of Q. H % (ng) represent the boundary values of solutions
to the Dirac equation in the upper half-strip (zo > x9) with monodromy \. A similar
calculation shows that the elements of Q- H % (Lag) represent the boundary values of
solutions to the Dirac equation in the lower half-strip (ro < x9) with monodromy .
Let A and AY denote two positive real numbers, and let a = (a;,as) € C denote a

branch point. Define the horizontal strip
Sa(a) := {(21,22) : ag — AF < 1y < ay + AY}.

When a, A* and AY are understood, we write S := Sa(a). Denote the lower and the

upper boundary of S by £ and U respectively, where
U={z:29=ay+ A"} and L= {z:25=0ay,— A*}.

Here we assume that the upper boundary of S is negatively oriented. Recall that the

Green function G(z — 2’;0) on the cylinder without branch point is defined as

G(z—750) = Go(z — ') J,

J:(_Ol. é)

We have the following proposition, slightly modified from [Lis05]:

where
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Proposition 4.1. [Lis05] Let Q : HE (S',9) — HY(C\S',g) be defined by

QI = [ Gle=#0)glah) dr) (1.20)

2

for g € HO% (Slmg). Then the boundary values on S, of restrictions of (Qg)(z) to the
2

upper and lower half-strip are equal to Qg and —Q)_g respectively.

We now follow [Lis05] and [Pal06] and define the subspaces

X(9S) := Q+H015(c) ®Q_H2, 200,

Y(0S) = Q+Hj§:1/2<u) ©Q-Hg (L).
Let Z : X(0S) — Y(0S) be a continuous linear map and define

(4.21)

W= {z+Zz:x e X(99)},

which is a subspace of Hz(8S) with monodromies A = 0 and A = +3. Denote the
space of boundary values of functions that solves (mI —D)g = 0 on S by Wj,; which is
a subspace of W. If g € W, we write g~ and ¢“ for the restriction of ¢ to the lower and
upper boundary respectively. We write g+ = ()+¢g, where )+ is the projection onto g

in the x; variable. For an element in g € W, we use the notation

L U
_{ 9% 9+
= ®
Jeou ( i ) ( gt )

for the restriction of g to the boundary of the strip S. First, assume that there is no
branch points in the strip 9, i.e both ¢ and ¢ have periodic boundary conditions.

Define the map
Q9)(2) = G(z — 2';0)g(x}) dzy

Lo
which satisfies the Dirac equation in S (see[Lis05]). Using the Fourier representations

of g and the free Green function, we obtain

Q( )(Z) o Z em(a:g—xzé{)coshen-‘riaq sinh 0y, 607" ie—%‘ 0
g L = 2coshd, —_ie= % e g4(6,)

Z
o L . . On . _6n
N T e m(x2—x5) cosh O, +ix1 sinh Oy, e e~ 3 gf_ (Qn)
- E . On, On
L = 2 cosh b, —e" 2 —ez2 0
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By restricting g to the boundaries, £ and U/, we find that Q induces a map on W. This
map is given by (see [Lis05]):

. L U L ~ L
@ ()= ()= (5)= (0 5) (%)

m(zY —z%) cosh Qng(en)

where
(wg)(0n) = e~
in Fourier representation. We propose that the Green function we are interested in

is the average value of the Green function with monodromy, A\ = %, and the Green

function with monodromy, A = —%. Define

Gos = L(G®3 4+ Go2),

Now assume that the strip contains a branch point a. Generalizing the previous exam-

ple we have the following theorem, slightly modified from [Lis05]:

1
Theorem 4 2. [Lis05] Suppose that g is a function on (9S) that satisfies g~ € HZ (L)
and g1 € Hﬁl/Q(U). Let a € S = {(x1,72) : ag — AF < 19 < ag + AU}. Then the map
Pr(a)g(z) = G (2 ) gi() A2 + G5 (2, ) ga () dZ
Luu

defines a projection onto the space of functions, f € D%, that solve (mI — D)f =0
on S. In the decomposition given in (4.21), the action of Pr(a) is given by

Pr(a):(zg)@(z%)—><§+)@Z(a)(?),
o

is a matriz of a map from X(@S) to Y(05). .
Thus, & : Q+H02( ) — Q+ 11/2( ) ﬁ Q- 11/2( ) — Q4 ﬁ:1/2< ),

1 1 1 A N
§:QUHE(L) — Q_HE(L), 5+ Q_HE, ) — Q_HZ(L). The maps, &, f, 4 and §

are given by

where

2> O
> >
N———



(ag)(6,)
1 (69n + 691) efm(Xé’{fag) Cosh0n+m(X2ﬁfa2)cosh@lefimal(sinh@nfsinhGZ)
- L (efn — efr) cosh 6,
lez
(89)(0)
1 (1 _ 60169") efm(Xg’fag)(cosh9n+cosh91)67ima1(sinh@nfsinhGZ)
2L (1 + efneli) cosh 6,
leZ+5
(79)(6n)
1 (1 _ 66‘n69l> em(X2£fa2)(cosh9n+cosh6’l)67ima1 (sinh 6, —sinh 6;)
T 2L — (14 efne) cosh 6,
(69)(6n)
1 (€0n + 691) em(XQLfag)cosh anm(XZQ’{fag)cosh@lefimal(sinhansinhGZ)
BERDY) (et —ef) cosh 6,
l€Z+§
% e+%(n(9n)—n(91))g<gl)7 n ez,
where

n(0) = /_OO g—esech(ﬁl —0)n(6)

oo 4T

for

1— 67m2Lcosh0 2

(
h(f) =1In ((1 TR and 0 € R.

4.6. Connections with the Scaling Limit Calculations
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(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

We can use the image of the projection Pr(a) above to think about a connection be-

tween the scaling limit of the operators, D", BD~!, D='C and D~! and the operators,
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Q, B, A and B} given in Theorem 4.2. Palmer [Pal06] found informally a similar con-
nection for the Ising model for the infinite-volume case in the pure state defined by
+ boundary conditions. His method goes as follows: Let a = (aj,a2) € C. A pair of
functions, (F*, FY), is in Wy, given that F'* is transfered to F“ in the following way.
We transfer F* from x5 = as — AY to 25 = a, by multiplying the function with the

free Dirac propagator,

_ AL
(6 A* cosh 0, 0

0 QAL cosh ) for [,neZ.

Then multiply this result by —sgn(z; — x) and transfer the result via the free Dirac

e —AY cosh 6, 0
0 eAM cosh 6; ’

to ¥y = as + AY, where [,n € Z+ 5. We obtain F¥ if (F*, F¥) is in W;;,;. The matrix

propagator,

of multiplication by —sgn(z; — x) is given by
A B
C D
relative to the splitting, W = W @ WZ. Here the splitting is chosen to be
Fp .= ff +¢* and Fy =4 —I—g%.

Referring to this method, we expect the following:

A —AY cosh 0, ;y—7 ,—A¥ cosh 1
G=¢e = DT NN for [ €Z, n€l+ 3,
B — =AM coshOn py—1o—AcoshOy ). I,neZ+ %, (4.28)
,_3/ — €_AL COShenD_lCG_AL cosh 6; fOI' l.n c 7
) )
§ = e AT coshon =l —ateoshOr g, | c 7,4 1, nez,

U — a4y and AF = ay — 22, We confirm (4.28), up to a similarity

where AY = z,
transform, by comparing the scaling limit calculations of D=7, D!, BD~! and D~'C
with &, B, A and 6 found in Theorem 4.2. Recall that the proposed scaling limit
calculations of D=7, BD~!, D~ and D~'C are proportional to
590) ,~59(0) /
2777 w(p) +w(p)

e2"
ZQL\/_\/_, p— f@) for peTy, peTlp,

p'el'p
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p—Dp / / *

f(p') for p,p eI,

. 2L\/w(p)y/w(p) w(p) + w(p) @) .
A

Let

r=ie " =— and s=1ie"
be the substitutions as introduced in (4.2). Recall that we defined
P+ = wn(p) £p,

where p € I'p or p € I}, Then we have

p= %(ZT —(ir)™") and w(p) = —%(ir + (ir)™h).
A short calculation give for m =1,
wp) +w(p)  (s+r\ [+
p—p  \s—r/) \eb—et)’

where w(p) = /1 + p?. For the calculation of 3 we made the substitution, 6,, — —0,,.

If we make this substitution in the calculation of the factor —2=2_in BD~! we obtain

w(p)+w(p’)
p—1p (1= efn el
wp) +w(p)  \1+eleh )’

Similarly, for the calculation of 4 we made the substitution, §; — —6; which in the

. p—p' . -1 .
calculation of the factor T Te) I D= C give

p—17p B 1 — efnett
wp) +w(p)  \1+ehnels )
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For the calculation of § we made the substitutions, 6§, — —6; and 0,, — —#,, which in

the calculation of the factor —“’(”I))J_““

p,(p,) in D~! give

w(p) +w(p) _ _(u)

p _ pl egn _ 691
We have
sinh@n:z—n:& for neZ or nEZ—l—%
m m
SO
1
coshf, = —y/m?+p2 and db, = dp,,.
m Win (Pn)
Then
1 — emeLcoshO’ 2
/
g<0 ) =1In <1 + 6—m2LC0$h9’)
= —2In (coth(wy,(p)L))
Thus,

1 [~ 1 N
n(e) = o /_Oo cosh(0" — Q)Q(e ) d9

1 m?In (coth(wy,(p)L))  dpf
T ) oo \/mQ T pQ\/m2 —|—p’2 — pp! wm(p)
1 / > In (coth(wm(p)L)) (W (p)wm (p') +pp')  dp
T J oo m? +p® + p” wm(p)
1 /°° In (coth(wy,(p)L))wm(p')
T J oo m? + p? + p?
= _ﬁ(p,)>

dp

where 9(p) is introduced in (3.54) with m = 1. Here

dp =10

/°° In (coth(wm(p)L))ppl
oo (M2 + D2+ p?)win(p)

since the integrand is odd. We now notice that the representations for D=7, BD™,
D='C and D~ differ from the corresponding operators, &, [3, 4 and ) by a constant
and by a ‘similarity transform’ with /w(p).

In the infinite-volume limit M — oo the function 7(f) converges to 0.
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In [Pal06] the conjugation (in (g, p) coordinates) defined by

* 0 {mkayk} - {_i'/mgl}

is a symmetry on the lattice. This property is used in [Pal06] to find an appropri-
ate Green function. We conjecture that this conjugation is also the key element in

determining the appropriate Green function for our case. Define

c=(3 1)
()= ()=o)

We want to show that the conjugation, %, commutes with the action of the induced

Then

rotation T'(V') for the transfer matrix on W, i.e *T'(V)x = T(V'). The induced rotation

for the transfer matrix on the lattice can be written

T(V) = le + To + T_lz_l,

where

o5 S5 i(1—c3)

o2 \ia+) s )7
T 5 5 —i(cs+ 1)

-t 2 \i(ch—1) s5

and
_ cy  —ish
To=a < iss o >

We have

aee=[ 2 () (ke ) (0 0]
) [_% ( e s )}

_ s sy i(l—a) ),
o \i(l+¢) s




and
a_ | s -1 0 s5 —i(1+¢) —z 0
o1k —[ 2(0 1)(@(@—1) 53 0 =z
_ s S5 i1+a) ),
2 \ —ileg—1) s
_ s s —i+a))
2 il —1) s
and

Tow — -1 0 ¢y —185 ¢y —1is5
or=1al o 1 isy ¢ isy  c
2 2 2 2
k .
— 3 —is3)
=C1 -k % .
185 ch

So the calculation above shows that the conjugation
{ak, o} — {— Tk, Ui}

commutes with the action of the induced rotation T'(V') on W.

4.7. Nullvector
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We are interested in finding a vector which is in the intersection of the positive subspace

of the polarization with anti-periodic boundary conditions and the negative subspace

of the polarization with periodic boundary conditions. The induced rotation associated

with the transfer matrix can be written as a finite difference operator on the lattice

that scales to the Euclidean Dirac equation in the continuum limit. Lisovyy [Lis05]

used the continuum version of this vector to compute the Green function for the Dirac

operator on the 1-punctured cylinder. We show that we can exhibit the ‘new’ elements

V. and V_ in the Bugrij-Lisovyy formula as part of a holomorphic factorization of the

periodic and anti-periodic summability kernels on the spectral curve.

Recall that the two cycles M4 of the spectral curve M associated with the induced

rotation for the transfer matrix are given by

M =A{(z\) = (7,7 D)}
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K N _
K72
M,
0 N
+
—iK’/3 M_
—iK’ N
0 K

FIGURE 4.2. The figure shows the location of the cycles M., M_, N, and N_ in the
periodic parallelogram in the uniformization parameter w.

Recall from Section C.1 that in the uniformization parameter u, the cycles M, are

located at the following positions in the periodic parallelogram
My = {u:O<%u<2K,Su:i%’}.
Introduce the cycles

Ny = {u|0 < Ru < 2K, Su =0}

N_ = {u]0 < Ru < 2K,Su = £K'}.

From (C.8), it follows that

Mu£iK") = Mu)™t,

2utiK') = z(u)™!,
so A and z, defined on A, and M., both have inverses on N_ and M _ respectively. A
simple calculation shows that a substitution of a with a+ % in the elliptic parametriza-

tion of the Boltzmann weights, interchanges z and A in the spectral curve (C.1), and

sends s; to —sg, S to —s1 and c¢yce to —cico. The calculation goes as follows: Define
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a’ by the relation

,_ K
ia' = ia
2
Then
z(u,a) = ksn(u — ia) sn(u + ia)
=ksn(u+ L& —id)sn(u+ L& — iK' +id')
=sn(u+ £ —id)/sn(u+ £ +id)
=Au+ % d) =N (4.29)
and

| = —isn(2ia') = —isn(2ia + iK') = —ik ' ns(2ia) = —s,.
The other calculations are similar. In particular, we notice that
2= 2(u+ B d) = Mu,a).

In addition, it can be checked that z and A are both 2K, 2i K’ periodic. Interchanging
A and z through the substitution, a — a + %, the spectral curve

24271 A+ A1

S1 9 + S9 9 = C1C9y (430)
becomes
)\/ )\/—1 / 1—1
S1 +2 + SQZ +2Z = C1Ca. (431)

The spectral curves given in (4.30) and (4.31) are both meromorphic functions of w.
Recall that the set of the 2M + 1 roots of unity, i.e 22*! =1, is denoted by ¥p, and
the set of the 2M + 1 roots of —1, i.e 22! = —1, is denoted by X 4. We here use the
short-hand notation, p € Xp for zp € ¥p and A, := A(p) = ¢?®. Using (3.30) and the
spectral curve in (4.31), we obtain

zl+zl—l - )\/_’_)\171
| | (0102—81COSP—82 2 ) = 81( 2 )—SlCOSp
pEXp PEXp

_ (%)QM—H H (()\/ i eip)(l _ X—le—ip))

pPEXp
= (5)2MAL ML )2 (MY (4.32)
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and similarly

102 — §1COSP — 822’+z’*1 _ (51\2M+1 X2M+1 +1 2)\/—(2M+1). 4.33
2 2

PEX A

Then from (4.29), (4.32) and (4.33) we obtain
<2(u)2M+1 + 1)2

2(w)2MH — ]
)\/2M+1 +1 2
= )\/2M+1 . 1
Z/+Z,71
_ HpeEA(ClcQ — 51 08P — 59512 ) (4.34)

IIPEEP(CICQ'—'Slcosl)__szz“+§*1)

Now we rewrite the factor in (4.34) using the spectral curve (4.30). It becomes

[les, O+ = (¢ +271))

[Les, A + A1 = (2 +271))
es, (A = 2) (1= A1)
= HpeEP()\p -2 (1 — )\;12/—1)

[Les, (A — AMw) (1 = AN (w)

[Les, (Ao = A(w)) (1 = AJTATH(w)
 es, (CDO@) = Ap)(A(w) = A, HA (u)
T Thes, (“DO@) = A) (A1) = A DA (u)’

Since A(p) = A(—p) for p # 0,7, the right hand side of the equation above can be

written
(AMw) = M) Aw) = A7) Tsoes, (M) = Ap)2(A(w) — AH)?
Au) — Ao) (A (u) — )\51) Hp>0€2p()\(u) — )2 (A (u) — )\;1)2'
Now define
(/ o (A(u)‘_'Aﬂ)IIp>OeEA<A(u)'_'Ap)
Vi(u) = @) = 20) Tmon, @) =) (4.35)
¥ o (A(u) — /\51) Hp>0€EP (A(u) — /\;1)
V_(u) @) A1) oo, )~ A1) (4.36)

The square roots are here chosen to have positive real parts. The function ‘7+(u) is

analytic on the part of the spectral curve where |[A| < 1 which occurs for
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—e < Qu < K" and —K' < Qu < —K' + € for some ¢ > 0. The function f/_(u) is
analytic where |A| > 1 which occurs for —K’ < Qu < e and K’ — e < Su < K’. Thus,

we have showed that near N, we have

V_A,_(U) V_(U)
S e vh oS et Nl 4.
AP 1 2P -1 4
Near the curves
N_ = {u]O < Ru < 2K,Su = iK’},
we have
Vi (u) _ V_(u) (4.38)

2(w)2M+1 4 ] o 2(u)2M+1 —
We observe that on the curve M, , the function V, (u) is a multiple of Vi (u) in (3.25)
from the Bugrij-Lisovyy formula while V_(u) is a multiple of V(u) in (3.26) on the

curve M_. The eigenvectors of T'(V) corresponding to e~7*) and €7*) can be written

( w_(i) ) and ( w(lz> ) (4.39)

AR \/ (2~ 2)(a2 — 2)

in the form,

respectively, where

w(z) =iz

Az A (27 awae(z — o) (z —a3)
and A; = \/oj —z for j = 1,2. Recall that A; and w(z) are normalized so that

A;(1) > 0 and w(1) = i. We now write w(z) in terms of the uniformization parameter

u. From page 67 of [Pal06] we have

1—kz
z—a; = (1 —ajan) ,
T+ Qo
1 1 1—k 'z
z—a; =) (] —ay)—,
T+ Qo
1— a2
Z— Qg = )
T+ Qg
B B x
2_042120421(043_1) )
T+ Qo
Qg — O
k=

10 — 1,



124

where

1— asz
xTr =

Z2—ay

It follows that in the x variables, w(z) can be written,

w =i (a1a2—1) (( 1-kzx ) (440)

a1 —an 1-k—1lz)z

Now substitute

r = ksn®(u)

into (4.40). We obtain

V1 —kx =+/1—k2sn2(u) = dn(u),

V1 —k=lz = /1 —sn2(u) = cn(u),

where
ajog — 1 B 1

a1 — Q9 k?
Now using the addition formulas (C.4), (C.6), (C.7) and the translations found on page
72 of [Pal06):

in addition to the fact that
dn(K) =k n(K)=0, sn(K)=1 (see page 499 of [WW62]),

it can be checked that we have
dn(K + %) _
ksn(K + %) en(K + ZQK)

Since w(l) =i and z(K + %) = 1, it follows that we must choose the square root

such that
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This function is a meromorphic function of u on the spectral curve.

The elliptic functions dn(u), cn(u) and sn(u) all have a pole located at u = iK’.
We consider a multiple of the eigenvectors given in (4.39) of the induced rotation
T(V) associated with the transfer matrix. In the u parametrization, the eigenvectors

corresponding to e~?*) are then given by

( _kSE](ﬂlE;LZn(u) ) if —e < Qu < K’

eq(u) = (4.41)

—dn(u) ) Lo ,
( ksn(u) en(u) ) if —K'<Sus —K'+e

and the eigenvectors corresponding to e?*) are given by

( ks;(i?g)(u) ) if —K' < Su<e

e_(u) = (4.42)

( _kSiEE;LZn(u) ) if ' —e<SQu< K"

. dn(u) T e .
Since ( ke sn(u) en(u) > is 20 K" anti-periodic, the functions e (u) and e_(u) are mero-

morhically continuous in a neighborhood around N_. In particular, we notice that

er(u) = —e_(u) on N,

e (u)=e_(u) on N_.
In order to take care of the sign difference on the cycle, A, in (4.37), we multiply the
expressions in (4.37) and (4.38) by the vector e (u) on the left side of the equations

and with the vector e_(u) on the right side of the equations. We have proved the

following;:
Proposition 4.3. Near the curves,
No={u:0<Ru<2K,Su==%K'} and Ny ={u:0<Ru<2K,Su=0},

we have the identity

Vi (u) V- (u)

2(u)2MH 1] +(u) = WG—(U), (4.43)

where V. (u), V_(u), e, (u) and e_(u) are given in (4.35), (4.36), (4.41) and (4.42).
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For [ =0,...,2M + 1, consider the following sum over the anti-periodic spectral points,

S Viza)es(za)zy (4.44)

ZAEX A

which is an element in Wf. This sum can be represented in terms of a contour integral

(2M +1) / - ()Mt dz
e V. ((w))es ()= Z

27i Pacrsy 2(u)?M+1 + 1 du
where the integration is over the boundary of an annulus, d4(u, ), containing the circle
M. Since V, is analytic on the part of the spectral curve where [A\| < 1 and V_ is
analytic on the part of the spectral curve where |[A| > 1, we can deform the integral
from the boundary of the annulus about M, through the curves N, to the boundary

of an annulus about M _. The pole contributions that come from the factor

V_(2)
S2M+1 _
involve periodic spectral points zp. This give us a way of going from a sum over the

anti-periodic spectrum to a sum over the periodic spectrum given by

> Vo(zp)e_(zp)zp' (4.45)

ZpEXp

which is an element in W7,
However, the meromorphic functions e (u)z(u)~! have poles off the cycles M4 which
obscure the significants of this calculation. A related factorization in the scaling limit

was used by Lisovyy [Lis05] to compute a relevant Green function.
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A. FIRST APPENDIX

A.1. Grassmann Algebra and Fock Representations of the Clifford Algebra

In this section we introduce the Fock representations of the Clifford algebra. We follow
[Pal06] closely and refer the reader to this work for more detail. Assume W is a finite
even-dimensional complex vector space with a distinguished nondegenerate complex
bilinear form (-,-). It can be shown by a modification of the Gram Schmidt process,
that there exists a basis for W which is orthonormal with respect to the nondegenerate
complex bilinear form. A subspace V of W is isotropic if (x,y) = 0 for all z,y € V.

We are interested in a decomposing of the space W into two isotropic subspaces W,
W = W+ ¥ W_.

Such a splitting is called an isotropic splitting or a polarization. Our interest in the
polarization of W is the reason for our assumption that W is even-dimensional. We

parametrize each isotropic splitting by an operator () defined by

o fxe Wy
Qr = { —x ifzeW_. (A1)

Define Q4 := %([ + Q). Since Q? = I, we observe that Q1 are the projections onto
the 41 eigenspaces for (). We notice that Q. + Q_ =1 and Q. Q_ = 0. If we define
W4 = Q+W, the space W is the direct sum

W:W+@W_.

There is a simple argument to show that the 4+1 eigenspaces of an operator () with
Q? = I are isotropic if and only if ) is skew symmetric with respect to the complex

bilinear form (-, -): Suppose that @ = —Q7. Then for z,y € W, we have

(z,y) = (Qz,Qy) = (Q"Qx,y)

= (—[L‘,y),
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which implies (z,y) = 0. Similar argument applies for x,y € W_. To prove the other
direction, suppose that (z,y) = 0 for z,y € W,. Then (z,y) = (—z,y) = (—Q"Qz,y)
which implies that @) is skew symmetric. An operator () that is skew symmetric and
satisfies Q? = I is called a polarization. Let S) denote the group of permutations on

the set {1,2,...,k}. The linear operator defined by

1
W 5w alt(w) := o Z SgN(0) Wy, @ ... ® Wy,

ocESk

is a projection from W®* onto Alt"(W), where Alt"(1W) is the space of alternating &
tensors over W (see [Pal06]). The wedge product of v € Alt*(W) and w € Alt'(W) is

here defined by
(k+1)!
VEWI

and it follows that for v; € W and ¢ =1, ... k,

VAW = alt(v ® w) € A" (W)

1
vl/\vg/\.../\vk:—ngn(a)vm@v@@---@v%

V!

(see[Pal06] and [Sp65]). The Clifford algebra of W is the associative algebra with mul-
tiplicative unit e, generated by the elements x € W that satisfy the Clifford relations,

xy+yr = (x,y)e for z,yeW. (A.2)

For each polarization () of the isotropic splitting of the space W, there is a Fock
representation Fy of the Clifford algebra Cliff(1W). This representation acts on the

alternating tensor algebra,
AW, ) = P A (W),
k=0
where Alt’(W,) = C and n = dim(W, ). The Fock representation is defined as
W sz Fo(x) :=c(ry) +a(z)

for the splitting x = x4 +x_ € W, + W_. Here W_ is identified with the dual W3

via the nondegenerate complex bilinear form W, > xy — (z,,z_) for z_ € W_. The
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creation operator ¢(z, ) associated with 2, € W, acts on Alt*(TW,) in the following
way':

AltF(W,) 30 cloy)v = 2, Av € AFTH ().

The annihilation operator a(z_) associated with z_ € W_ is defined as
a(x_) := ¢ (x_), where ¢"(x_) is the transpose of ¢(z_) with respect to the complex
bilinear form (-, ). It is given by
k
a(x_)v = Z(—l)ﬂ_l(x_, Vi) A AT A g
j=1
for v = vy A .. Avj A .. A € AltF(IW,), and where ©; signifies that the factor v; is

omitted from v. It can be checked that the creation and annihilation operators satisfy

the anticommutation relations,

+)e(y+) + cys)e(z4) =0,
(e )a(y.) +aly_Ja(z_) =0, (A3)
y+) + cy)a(z-) = (x—,y )1

2
&

IS
—~

&
L

o
—~

for x4, y4 € Wa.
Since W, are isotropic subspaces and by using the anticommutation relations given
in (A.3), it is not hard to see that Iy satisfies the generator relations for the Clifford
algebra,

Fola)Foly) + Foly) Fo(x) = (x.y)] for .y € W,

Suppose that W is an even dimensional complex Hilbert space with a Hermitian sym-
metric inner product (u,v) defined by (u,v) = (u,v), where u +— @ is a conjugation
of u, and W, and W_ are orthogonal with respect to the Hermitian inner products.

Then we call

W=W,oW.

a Hermitian polarization. In this case, we define the Fock representation of the Clifford

relations for W associated with the polarization W = W, & W_ by

Woa— Fo(z) =clxy) +alzo).
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Here

a(x) :=c"(z) for ze€W,,

where ¢*(x) is the adjoint of ¢(z) with respect to the Hermitian inner product on

Alt(W,). Now Fy, satisfies the relation
Folx)Foly) + Fo(y) Fo(z) = (z,y)I for z,y e W.

When the polarization is understood, we will drop the subscript () and write F' := Fj.
We write

0:=10608..60

for the vacuum vector in Alt(W,). The vacuum vector is defined to be the unique
vector that is annihilated by all the elements in W_ in the Fy representation of the
Clifford algebra. We are in particular interested in a subgroup G of the Clifford algebra
Cliff(W). This group is called the Clifford group, and is defined to be the group of
invertible elements ¢ in the Clifford algebra Cliff (W) that satisfy

gugt =T(g)v for ve W C Cliff(W), (A.4)

for some linear map 7'(g) on W. It follows from this equation that 7" is complex

orthogonal, i.e.
(T(g)v,T(g9),w) = (v,w) for v,we W C ClLff(W).

For X € Cliff (W), we define the vacuum expectation of X in the @) Fock representation

to be given by
(X)q = (0, Fo(X)0).

We use this definition for the calculation of the spin matrix elements in the infinite-

volume limit under the pure state defined by plus boundary conditions.
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B. SECOND APPENDIX

B.1. Berezin Integral Representation for the Matrix Elements

In this section we introduce a representation of the creation and annihilation operators
which is an analog of the holomorphic representations as given in Faddeev and Slavnov
[FS80]. We will use this representation to write the matrix elements for the Fock
representation of an element ¢ in the Clifford group as Pfaffians of a skew symmetric
matrix whose entries are given in terms of the matrix elements of the induced rotation
associated with g.

Assume W is a finite even-dimensional complex vector space with a Hermitian inner

product (-, -) and a distinguished nondegenerate complex bilinear form (-, -) defined by
(u,v) = (u,v) for w,veW,
where u +— w is a conjugation. We consider a Hermitian polarization,
W=Ww,eW._,

where W are isotropic subspaces of W as defined in Appendix A. Let {e; } denote an
orthonormal basis for W, with corresponding dual basis {e, } for W_ with respect to
the complex bilinear form (-, ), i.e (e}, €;") = 0. Suppose that W has dimension 2M

and define
eff = eﬁ/\.../\ei for 1<I)i<..<I;, <M. (B.1)

The set {e7} is then an orthonormal basis for Alt(Wy ), where we define ¢j = 1. Let

P denote the collection of subsets of {1,...., M}. For an element J in P, we write
J = {Jl, JQ, . Jk} with Ji< b < ... < Jg.

We write #J = k for the number of elements in J. If R is a 2M x 2M matrix, we
let R denote the (#I 4+ #J) x (#1 + #.J) submatrix of R made from the rows and



132

columns of R indexed by I and J respectively. An element in Alt(W,) is given by
= Z G [e;r,
IeP
where the map, P 2 I — G; € C. For 1 <1¢ < M, the creation operator ¢ acts on
AltF(W,) as
clef)v = el Av e AtFTH )

for ef € W,. For 1 <i < M, the annihilation operator a(e]) := a%’ is analogous to

a ‘derivative’, and is the linear map

0

g+ AIEIV,) = AL(V,)

defined as follows: If the monomial, X := 6; A e;; AR, e;; contains exactly one factor
e then

a+(e Net NN Nef ) =def ALef N Nel,

where é; signifies that the factor e; is omitted from X, and the plus or minus sign

Oe +
before it contracts the factor ef. An even number of interchanges give a positive sign

and an odd number give a minus sign. For example
ot At

If the monomial does not contain any factor e;", then 86+X = 0. If X contains more

i

than one factor of e}, then X = 0. The operator - acts by the ‘signed Leibniz rule’

9

ae,*X = 0. The operators ¢ and a satisfy the commutation

relations

a(ej)c(e;) + cle)ale;) = by,
c(ei)e(e;) + clej)e(e) =0, (B.2)
a(ei)a(e;) + alej)ale;) =0

for e;,e; € W,. We define Berezin integrals as linear functionals in the following way,

/e+de+ =1, /e‘de_ =1, /d(fr =0, /de_ =0,
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where we assume that de™ and de’ anticommute with each other as well as with e~
and e*. An element in the Grassmann algebra Alt(W) is given by
G(et,e™) = Guo+Gore] +Groey +Griey Aef +..+Gr .. 165 A Aey Aed A Aef

where Gog, Go1, Gig ..., and G
integral of G(e™,e™) is then defined as

/G HdeZdek —G1 M,M...1-

The inner product of G and H on Alt(W,) is given by (see [FS80], p. 53)

M....1 are complex numbers (see [FS80]). The

-----------

(G, H) /G ~Eilieine, Hde de;,, (B.3)

where
et) = E Gre;
IeP

and the conjugation is defined as

Grei, A+ Nef = Grel A+ Aeyy.

It can be checked that the inner product (B.3) makes ¢ and a conjugates of each other

on Alt(W,). It is here understood that e ¢/ is the power series in the exterior

5 (2

Jj=0

algebra,

We are in particular interested in two Hermitian polarizations,
W=w!ew* and W=w-ow?’
Here WX and W are isotropic subspaces of W defined by
Wi =MW and WF =QLW,

where

Qi :=3(I£Q"), QF:=3;1%Q"),
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and where Q4 and Q” are polarizations as defined in (A.1). Let F¥ and F'4 denote the
Fock representations associated with the Clifford algebra Cliff (W) acting on Alt(WZ)

and Alt(W3) respectively. We consider a map
g AlE(WE) — Als(W2),
which satisfies the intertwining relation
gF"(z) = F4(T(g)z)g

for x € W, and where T := T'(g) is the induced rotation associated with g. Let {e; }
denote an orthonormal basis for W with corresponding dual basis {e; } for W4 with
respect to the complex bilinear form (-, -). Similarly, let {f,"} denote an orthonormal
basis for W with corresponding dual basis {f; } for WZ. The sets {ej} and {f/}
as defined in (B.1) are then orthonormal bases for Alt(W#) and Alt(WY) respectively.
We have

9f7 = grsel,

IeP

where the matrix elements of the operator g in the bases {e¢f} and {f;} are given by

grg = <€;r7gfj>

with kernel g(e*, f7) defined as

g€ [y =D gref A Iy
I1,JeP

Introduce the anticommuting ‘dummy’ variables ;> € W which anticommute with
+

i

(see [FS80], p. 55)

e;” as well. The action of the operator g on G(a™) € Alt(WT) is given by

M
9G)(e) = [ g(e a7)6(at)e Zt et [ dado.
k=1

We write
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for the matrix of the induced rotation associated with g, where T" is a map
WPae WP — Wie WA Since T(g) is a complex, orthogonal matrix, we have the
relation

T(9)"T(g) =1,

. (D B
r=(o ).

This relation implies the following identities:

where

DA+ B C"=1, D'B+B™D=0

CTA+ATC =0, C'B+A™D=1 (B.5)

when D is invertible. We will show that g can be written as an exponential, whose
argument is a quadratic form. In other words, we will show that the kernel g(e™, a™)

can be written as
get,a™) = (04, 90p)e™, (B.6)

where (04, g0p) is the one point function, 04 and 0p are the vacuum states in Alt(W)
and Alt(W), and the quadratic form R is defined in the following way: Introduce the

2M x 2M skew symmetric matrix

R= ( ot ) , (B.7)

where a, b, ¢ are maps
a: WA -W2 bW W2 WP - WE, (B.8)
and a, ¢ are skew symmetric with respect to the bilinear form (-, -). Define
M
R = Z t(ae, Net) — (Ve Net) + 3(bat A ay) + 3 (cast, A o)) (B.9)
m=1
It can be checked that R does not depend on the choice of bases. Writing

_ + R
= E aime;, where ayy, = (ae,,, e ),
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ba = Zblmefa where by, = (bas), €),
l

cart = Z amey , where ¢, = (cah, ap),
I
we have
M
R = Z [(Game] Nel) + (bime) Aag) + (3amey Aoy
I,m=1

If D is invertible, we will show that the choices
a=BD', b=D" and c=D'C,

where B, C, D are the matrix elements of the induced rotation 7'(g) associated with g,

is a choice that makes (B.6) work. We also show that

91,5 = (04, 90p) PE(R; ;),

where Pf(R; ;) is the Pfaffian of R; ;. Here Ry ; is the (#1+#J) X (#1 + #.J) matrix

RU:(BDIXI% Drt; )
’ —D3y; D7'Chuy

with matrix elements,

BDI_II for 1 <a< (< #I;

alp

Df_aTJB for 1 <a<#I and 1<[<#J;
—D;;Ia for 1 <a<#I and 1<p[<#J,;

)

DilCJmJﬂ forl <a< (< #J.

(Rr.7)ap =

Recall (see [Pal06]) that the Pfaffian of a 2M x 2M skew symmetric matrix R with
matrix elements R;j, is defined in the following way. Let {e;} denote the standard

basis of C?". The Pfaffian, Pr(R) of R, is defined by

2M

1 M
ML ( Z Rjrej A ek) =Pf(R)es A ... Aean. (B.10)

jk=1

We start by proving that e” is the kernel of an element of the Clifford group. We prove
the following.
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Lemma B.1. Let {ef} and {a;-t} denote orthonormal bases for W and WE respec-

tively and define
ef = e;i A A e;']: for 1<ip<..<ip< dim(Wf) =M

and

ay =a; A Aag for 1< <. <jp < dim(WY) :== M.
Let g(et,a™) := €%, where
R = Z[(%almef Aet) + (e AN oy) + (Gamay Aay,)]
lm

and a = BD™', b=D"T and c = D7'C, where

A B

(& 0)

1s the matrix of a complex orthogonal map, Wf oWkt — Wf S WA, Then

M
36(e) = [ gtet,an)Gla e St T daday

k=1

defines a linear map which satisfies the intertwining relation,:
GEY (2)G = FA(Tx)gG
for G € All(WT) and z € W.

Proof. For a; € WX, we have

It follows that for G € Alt(WF), we have

M
GF7(@)6)E) = [ 36 .a7) gz Glatye St T da day.
k=1

daf

Since %g(e*, a~) = 0, the integral above can be written

M
/ % <§(6+, oz)G(Oﬁ)) e ittt [ [ dojfda.
o
i k=1

(B.11)

(B.12)

(B.13)
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By the ‘signed Leibniz rule’, we have

0

M — M -
—e Shhiaghey e Tkmr o Aoy, ’
1
oo
and since the volume element is in the cokernel of a%, we have
7

9 M
/WG(ON') H dagfde;, = 0.

k=1

It follows that the integral in (B.13) can be written

(GF(0;)G)(eh) = / o7 gle*,a7)G(aT)em T T dajf day, (B.14)

k=1

We have for v € Al{(WTE)

It follows that

(FHT(a7)3G)(e")

P M
= / <Z Bkiez + Dkia?>§<€+, Of)G(oﬁ)e’ SRy o Aay H da:dag. (B.15)
k k Pl
Here
a q - - — ~ J—
8?9(@+, o) = (3D amuwe, = 3D tmbime; + ) blm(glkam} (et a)
k - l,m l,m l,m
= 3D wmeh, — 3> aune + bkmam} ilet,a”)
- m l m
= Z aklef + Z bkla/l_:| f](e+, a”), (B.16)
L 1

where the last equation follows from the fact that the matrix, a, is skew symmetric.

Combining the first part of the integrand in (B.15) with (B.16), using « = BD™! and



b= D7, we obtain

Z[Bklek + Dkz Z aklel Z bklal
= Z Bkzek Z D kl €l + Z DZ—kD,;lTOél_
k,l

:ai’

since

ZDiTk((BlTl)kl)T‘el+ = Z(DT BT )ue” = ZBlzez :
ol

I
Thus, we have showed that gF¥(a; )G = FA(Ta; )gG for a; € Alt(W?F) and
G e Alt(WY).

In a similar fashion, we have for o, G € Alt(W7T)

M
(GFP ()G (") = / 3", a7 )at Glat)e Eth oo T] dof doy

k=1

Using the fact that

0

M M -
Y oo Tihieney ot Tty af Aay,
(2

Oa;

a 77
n (B.17) can be written as

0 .. _ -5 atrac l _
_/8a- [G(e*, a™)G(a)]e™ Zn ok M kl |da,jdak.
i 1

The integral above can be written

GF7 (7)) = - [ laler,an)Glat)e Sreiri [ dafda,

k=1
where

ameate' ) = (32077 = U0 e Yot

1
= (D" + D~ 10)041- glet,am).
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(B.17)




Now we have for v € Alt(W7F)

It follows that

(FHT(ai))3G)(e™)

M M
0 1. _ M o _
:/ [;Akieg—k(;’kiﬁ}g(eﬂa )G (at)e Zk=1 kN kl_[ldoz,jdozk.

Now using (B.16) with a = BD™!, b = D™, we obtain
{Z Apef + Ckii} glet,a)
- dey

= (Z Akle; + Z Cki(BDil)klelJr -+ Z C]m'DleCkl) g(e+, Oéi)
k k,l k,l
=(A+D7"B°C+D'0)afjler,a)

= (D77 + D 'C)afglet,a),
where we in the last equation used (B.5). Thus, we have showed that
gF" ()G = FA(T(a))5G

for o, G € Alt(WT), and the lemma is proved.
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]

Since ¢ defined in (B.11) satisfies the relation in (B.12), the range of § is invariant under

the action of the Fock representation F4(x) for all 2 € W. The Fock representation

is irreducible [Pal06], so the range of g is either trivial or all of Alt(W£). Since g0p is

nonzero, the range of g must be Alt(Wf). Thus g is invertible, so that g € G.

We can use this fact and Lemma B.1 to prove the following theorem.
Theorem B.2. Suppose that g satisfies the intertwining relation

gF"(z)v = FA(Tx)gv for 2 €W and v € Alt(WP),
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where

T(g):=(g g)

s the matrix of its induced rotation, T : Wf owr — Wf ® WA, Suppose that the
one-point function (04, g0p) is nonzero. Let {e;} and {aj} denote orthonormal bases

for Wf and W respectively and define
ef =ef NNe] for 1< <. <I,<dmW{):=M
and
ay =a; AN Nay for 1< T <. < J < dim(Wf) = M.

Then the kernel g(et,a™) of g can be written as
glet,a7) = (04,90p) > PE(Rrj)ef Aaj,

1,JeP

where
R, — ( BPrr  Dil
’ ~Dj; D7'Chxy )’

and where 04 and Op are the vacuum states in Alt(W2) and Al4(W) respectively. The
sum is over all such I and J with #I + #J even.

Proof. Since g satisfies the intertwining relation
gFf(z) = FMTxz)g for zeW,
the previous lemma implies that there is a nonzero constant A\ such that
glet,a™) = xe®, (B.18)

where

R = Z:[(%alme;r Aet) + (e A oyy) + (Gamag Aay)]
lm

fora = BD™', b= D" and ¢ = D~'C. We determine the constant \ by showing that
(04, g0p) = 1 such that
A =(04,90p).
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RT

Since the first two sums in €™ consists of a sum of products of annihilation operators,

we have

OAeRT = ()Ae% Z%,hl Cm oy Nom
It follows that

M
1 - _
(04,90p) = /65 St amay A o= Ly ol Ao [T desiar (B.19)
k=1

Taking into account that the matrix ¢ is skew symmetric, the Taylor series expansion

of

M
exp [% Z Cim@; A am} (B.20)
m,l=1
is given by,
M
L+ ) amey Ao, + ...+ Pl(c)ay Aag A Aay,
m,l=1
m>l

when M is even. When M is odd the Taylor series expansion of the expression in

(B.20) is given by

M 1 M M1
2
1
1+ Z ClmQy N, + + ( _1)! (5 Z Clm /\am)
m,l=1 2 m,l=1
m>l
The Taylor series expansion of
M
exp {— Zaz /\Oék}
k=1
is given by,
M M
1= of Aag+ > of Aag, Aoy, Ao+
k=1 ki,ka=1
ko>k1
M
— Y af N Ao, Aoy, Aoy Ao, A e+ (D)Mo Aoy AL A Mgy
k1,k2,k3=1

ks>ko>kq
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Multiply the two Taylor series expansion above and notice that only the term
(=DMaf Aay Ao Aad; Aay, gives a nonzero contribution under integration. We

obtain,

M
M — A= M + A=
~ _ m.l=1ClmQ; Nom ,— 10, N + - _
<OA>£70P>—/€Z A Am O N g 2 e O A ”do‘kak =L

k=1
Thus, we have
gle™,a™) = (04, g0p)e™. (B.21)
It is well-known (see [Pal06]) that
e =" PHR;)ef Naj, (B.22)

1,JEP
where R is given in (B.7). This can be shown by using the Taylor series expansion for
e® and the definition of Pf(R). Here #1I + #.J must be even to contribute to the sum.
Combining (B.21) and (B.22), we obtain
glet,a™) = (04,90p) Z Pf(R;.)ef N a7,
IJEP

where
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C. THIRD APPENDIX

C.1. Introduction to Elliptic Functions

The set of pairs (A, z) such that det(A — 7.(V)) = 0 is an elliptic curve M which
is important for the spectral analysis of the transfer matrix. In particular, the map
M 5 (\z) — 2z € Pl is a two fold covering, and there are two cycles My on M
which cover the circle S = {2 : |z| = 1} and are relevant for spectral theory. On the
cycle M, we have A < 1, and on the cycle M_, we have A > 1. Just which points
zj € S* are relevant for the spectral analysis depend on the boundary conditions for
the model. For spin periodic boundary conditions on the lattice, the (2M + 1) roots
of unity, 22! = 1, are relevant as are the (2M + 1)™ roots of —1, z?M*1 = —1. In
the infinite-volume limit all the points z € S' are relevant. An elliptic substitution
gives a uniformization of the whole complex curve M [Pal06]. A uniformization is an
isomorphism from C modulo a lattice to M. We recall facts about the Jacobian elliptic
functions, sn(u, k), cn(u, k) and dn(u, k), where u is the uniformization parameter and
k is the modulus. These functions play a central role in the calculation of the spin
matrix elements in the infinite-volume limit in the pure state defined by plus boundary
conditions. They are also a key element in the Pfaffian formalism of the spin matrix
elements on the finite, periodic lattice as we will discover in Section 3.3. We follow
the introduction of the Jacobian elliptic functions as given in [WW62] and [Pal06] and
refer to these books for more details.

The spectral curve M associated with the induced rotation 7'(V') for the transfer matrix

is given by the set (z, A) such that

24271 A+
S1 9 + So 5 = C1C2. (Cl)

The spectral curve is topologically a torus and the two fold covering, (X, z) +— z, is

ramified at z = af, a3, (see[Pal06]) where

a; = (] —s7)(ca+ s2) and g = (c] + 87)(ca + $2).
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The roots a1 and ay were introduced in Section 2.3 in connection with the Boltzmann

weights. We are interested in the two cycles on M given by,
My ={(z,A) = (", P D)}

with parameter § € [—m, ). Here we have introduced the notation (0) = ~(e%).

Recall that the function (z) > 0 is defined as the positive root of

. L2+t
chvy(z) = c1¢5 — $185 5

We use the shorthand notation snu, cnu and dnw, for sn(u, k), cn(u, k) and dn(u, k)

since the modulus k is fixed at £ = sis} in our calculations. The functions sn(u),

cn(u) and dn(u) are doubly periodic, meromorphic functions of v and they satisfy the

equations
sn?(u, k) + en?(u, k) =1, (C2)
dn®(u, k) + k?sn?(u, k) =1, '
d
™ sn(u, k) = cn(u, k) dn(u, k) and  sn(0) = 0. (C.3)
We use the standard notation (see [WW62], [Pal06])
1 ~ cn(u)
ns(u) 1= )’ cs(u) := —
and in general
1 _ xn(u)
nx(u) ;= () and xy(u):= ()’

where x and y are one of either ¢, d or s. We give here some of the properties of the
Jacobian elliptic functions that we will use later. From [WW62], we have the following
addition formulas:

snucnvdnv+snvenudnu

sn(u+v) = : (C4)

1 —k%?sn?usn?v
) = sn?(u) — sn?(v)
sufu —v) sn(u) en(v) dn(v) + sn(v) en(u) dn(u)’ (C-5)

Cnucnv—snusnvdnudnv7 (C.6)

cn(u +v) =

1 —k2sn?2usn2v

dnudnv — k*snusnvenucnv
dn(u+v) = :

1 —k2sn?2wusnwv
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These formulas will be involved in finding a product formula for the spin matrix ele-
ments on the finite periodic lattice. If we translate the Jacobian elliptic functions by
iK' (see page 503 of [WW62]), we obtain:

sn(u+1K') =k 'ns(u),

en(u+iK') = —ik~tds(u), (C.8)
dn(u +iK') = —ics(u).

On page 67 of [Pal06] the following fractional transformation in z-plane,

1— sz
xr =

Z — Qg
is introduced. The inverse of this transformation is given by

1+ asx
z(x) = :
T+ Qo

The fractional linear transformation in (C.9) maps the ramification points in the fol-

lowing way:
wl<al<a<ay—0<k<k'<oo (see [Pal06]).
Introduce the elliptic integrals (see page 501 of [WW62]),

! 1 1
K= / (1—t3)72(1 — K*t*) 2 dt, (C.10)
0

1 1 1
K’:/ (1— )7 5(1 — K2)°3 dt, (C.11)
0

for which the complementary modulus k" is defined by k? + k> = 1. In [Pal06], the

elliptic substitution x = ksn?(u), leads to a uniformization of the complex curve M:
Theorem C.1. [Pal06] The map,
[07 2K] X i[_Klv K] Su— (’Z(u? CL), )‘(uv a))

with

z(u,a) = ksn(u + ia) sn(u — ia)
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and

) = S

s a uniformization of the spectral curve
z+ 271 A4 At

S1 + S = C1C,

2 2

where k = %7 and 0 < 2a < K' is defined by
182
s1 = —isn(2ia).
In the uniformization parameter u, the cycles My are located at

K/
Mi:{u:0<%u<2K,Su:i7}.

C.2. Spin Matrix Elements in the Infinite-Volume Limit in the Pure State defined

by Plus Boundary Conditions

In this chapter we calculate the matrix representation of the spin operator o below
the critical temperature in the infinite-volume limit in the pure state defined by plus
boundary conditions. Some features of this calculation give insight into what happens
on the finite periodic lattice. This representation can be expressed as the Pfaffian of
a skew symmetric matrix whose entries are given as Jacobian elliptic functions. The
Pfaffian of this matrix can subsequently be written as a product of the Jacobian elliptic
functions. The spin matrix elements in the infinite-volume limit are well-known in the
physics literature. However, we are not aware of any mathematical proofs of those

formulas. The calculations in this chapter address this issue.

We refer the reader to [Pal06] for details regarding a generalization of the finite dimen-
sional Fock representation to infinite dimensions. We start with some definitions that
can be found in [Pal06]. Let W denote the complex Hilbert space L?(S', C?) with an

inner product (-,-) that is conjugate linear in the first slot and with a distinguished,
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nondegenerate bilinear form defined by (u,v) = (a,v) for u,v € W. Here v — ¥ is a

conjugation of v. We consider the Hermitian polarization
W=W,aeW_,

where W, is the spectral subspace associated with the induced rotation for the trans-
fer matrix in the infinite-volume limit for the interval (0,1), and W_ is the spectral
subspace associated with the induced rotation for the transfer matrix for the interval
(1,00). In [Pal06] there is a map that identifies W with the Hilbert space L?(0,2K),

where K is the elliptic integral given in (C.10) with modulus

1 1
sinh(2ZL) sinh(2%)

kT

k:

27,
kpT
The elements in L?(0,2K) & L*(0,2K) are written [ ?r } with conjugation x defined
by B
¢1-14)
/- f+
The Hermitian inner product on L%*(0,2K) & L*(0,2K) is given by

{f.9) = /0 (f+ (w)gs(u) + f-(w)g-(u)) du  (see[Pal06]) (C.12)

and the complex bilinear form is

2K
(f,9) = /O (f=(Wg+(w) + fr(u)g-(u)) du  (see[Pal06]). (C.13)
Define the 2K anti-periodic exponentials

1 [
el(u) := ———= exp (%), for leZ+3 and wue(0,2K).

The set {e;} is an orthonormal basis for W,. The set {e_;} is an orthonormal basis
for W_ and is dual to {e;} with respect to the bilinear form (-,-) given in (C.13). The

Fock space is now given by the Hilbert space

Al(W,) = C® Y @Al (W),

k=1
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where Alt*(TW,) is the space of alternating k tensors over W,. For x € W, and

w € Alt(W,), define the creation operator

a*(z)w =z Aw.

*

The annihilation operator is defined as a(x) := a*(x)*, where a*(x)* is the adjoint of

a*(z) for x € W,.. The Fock representation associated with the Clifford algebra for the

Hermitian polarization W, & W_ is
F(z)=a"(xy) +a(z_) (C.14)

for the splitting v = v +x_ € W, @ W_ (see [Pal06]). It is proved in [Pal06] that the
spin operator ¢ in the infinite-volume limit in the pure state defined by plus boundary
conditions acting on Alt(1¥,) is an element in the Clifford group. Thus, there is a

complex, orthogonal transformation s := T'(¢), acting on W such that
owo ' =sw forall weW. (C.15)

We write the matrix of the induced rotation s associated with o relative to the splitting
W=W,a®W_ as
A B
5= .
C D

It is shown in [Pal06] that B and C' are Hilbert-Schmidt class operators, and that A

and D are invertible operators. For [ € Z + % define

where

q=exp (5
and K’ is the elliptic integral given in (C.11) for which the complementary modulus
k' is defined by k* + k" = 1. In terms of the bases {¢;} and {e_;}, an element in
L*(0,2K) & L*(0,2K) is given by > ;° (z1e; + yie—;), where z; and y, are complex

functions. Then (see [Pal06] and [WW62]), we have

(-0 e
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(Note that on page 78 of [Pal06] the formula should be ds(u+iK’) = Fik cn(u) and the
eigenvalue for B should be the negative of the one that appears on page 86 in [Pal06]).
From this it follows that

2ql 1 + q21 2ql

-1 _
BD e = 1+q211_q256—l Tl

€_1. (Cl?)
We will prove the following:

Theorem C.2. For T < T¢ in the pure state defined by + boundary conditions, the
action of the spin operator o on f € Alt™ [L2(0,2K)] is given by

(0’f)(ul,lb2, ,um) = <0’>><
— mim’ mam/\2 [2K oK m+m/ mtm!
X (72) 2 ]{;(+T) /0 /0 [ H sn(vi—vj)f(um+1,...,um+m,)} H du,

1<J n=m+1

where
. —w%—% for1 <j <m;
Tl w5 for (m+1) <5< (m+m)

and uj € (0,2K) for 1<j<(m+m') and m+m' = even.

Before we prove the theorem, we give an example on how to compute the formula for
the matrix elements (e; A eg, 0e3 A e4). By applying a generalized version of Wick’s

theorem (see page 295 of [Pal06]), we have
(e1 N eg,aes N ey) = (o) Pf(r),

where Pf(r) is the Pfaffian of the 4 x 4 skew symmetric matrix r with 4, j matrix

element above the diagonal given by,
rij=(Q_ei, (I — RQ_)e;) for i<j (C.18)
and where

R=(s=I)(Q-s+ Q)"

A short calculation gives

L _BDl). (C.19)

1-ra)= (o
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The Pfaffian Pf(r) can be written in terms of the following reduction formula
(see page 295 of [Pal06]),

2n

P(r) =) (=1)'r PE(r), (C.20)

1=2
where r denotes the (2n —2) x (2n —2) matrix with the 1** and [ rows and columns

removed. If r is the 2 X 2 matrix

- 0 Ti,j
r_(—%’ 0 )

(e;ejo) = (o) PL(r) = (o)r;; for i< j.

we have, for example, that

Thus,
;= i)
()

The matrix elements 7;; in (C.18) can then be calculated from formulas for (e;e;o),

for <.

(oe;ej) and (e;oe;). We show below that in terms of the uniformization parameter v;,

the matrix r can be written

0 —sn(vg —wvy) —sn(ve —wv3) —sn(ve — vy)
ik2K [ sn(ve — v1) 0 —sn(v; —v3) —sn(v; — vy)
T =
T sn(vy —wv3)  sn(v; — v3) 0 —sn(vs — vy)
sn(veg —wvg)  sn(vy —vg)  sn(vs — vy) 0

By interchanging one column and one row, we obtain that Pf(r) = Pf(+’), where

0 —sn(v; —wvy) —sn(v; —wv3) —sn(v; — vy)
, k2K | sn(vy — vg) 0 —sn(vy —v3) —sn(vy — vy)
——
i sn(v; —v3)  sn(vg — v3) 0 —sn(vz — vy)
sn(v; —vy)  sn(vy —wvg)  sn(vs — vy) 0

Now define the 4 x 4 diagonal matrix F with matrix elements along the diagonal given
1
by k4 % Let s be the 4 x 4 skew symmetric matrix with matrix elements above

the diagonal given by

sij = —Vksn(v; —v;) for 1<i<j<d4



152

Then we have

r' = EsE".

It is shown in [Pal06] that we have
Pf(EsE™) = det(E) Pf(s). (C.21)
We will need the following lemma found on page 87 of [Pal06].

Lemma C.3. [Pal06] Let r be the 2n x 2n skew symmetric matric with i, j matric

element r; ; = —ksn(u; —u;) fori,j =1,2,...,2n.

Then

2n
r)= H Tij

i<j

By using Equation (C.21) and Lemma C.3, we obtain

Pf(r) = Pf(r') = — () k4Hsn v; — ;).

1<J

Now we prove Theorem C.2.

Proof. We have for f € Alt™ [L2(0,2K)] and m + m/ = even,

(af)(ul, Uug, ..
m+m
(2K)~ f (Umaty oees Uy ) X
m m’ m+m’
ZTrkJ uj 17leu]'+m
X E (ex, Ao N, oen Ao Ne He He K H du,,
kiyeokmyli,ye., lm’ =1 7j=1 n=m+1

We will first calculate the matrix elements (ex, A e, A ... Aeg,,, o€, Ne, Ao Neg ).

Using (C.15) and (C.16) one finds

e (C.22)
B F( [ wie; } )
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Then using the definition of a Fock representation given in (C.14), we have

(eky Nery Ao Neg,,oe, Ney Ao Nep )

m )

= (0, alew, Jaler,,_,)--alen)oa” (en)a” (ex,)--a* (e, )0)

<0,F : eim | F { eil :|(IF { o ] F { “ }0>
oo 5 )
(

0 0 U, €1y Ulm/ elm/ o
€k, €k wy, €1y wy, €1,

blbg...bmbm+1...bm+m10>,

where we in the third equation moved the spin operator ¢ to the right by using (C'.22).

By applying a generalized version of Wick’s theorem, we have
<b1b2...bmbm+1...bm+m/0> = <O’> Pf(?"), (023)

where Pf(r) is the Pfaffian of the (m 4+ m') x (m +m') skew symmetric matrix r with

1, 7 matrix element above the diagonal given by,
rij = (Q-bi,(I = RQ_)b;) for i<j (C.24)
and where

L —BD™ ) . (C.25)

A

Using (C.17), (C.24) and (C.25), we obtain for 1 <1i < j < m,

(e e Jummel2 )

qum+1—j
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Here we used the bilinear form given in (C.13) and the fact that
(E—kmsss> €—kmir—y;) = Okpsr_i—kmsr_,- Using the fact that BD e, = (122%161, we have
for1<i<mand1l<j<m,

<b Ubj+m>

Ty m4;
V1. €.
, [_R _ gt
( [ m+1z] ( < ){wljelj}>
2q
o (o
1 +q2lj
pr— (m 5km+17ilj7 (027)
since (€_p,,,,_;»€1;) = Okypyy_it;- For 1. <d < j <m/, we have
, _ <Ubi+mbj+m>
m+l,-,m+lj <0_>

o V€1, . vl].elj

- (Q_ l wi; € ] A= RQ-) [ Wi, €1; ] )
2q"

= Wy; |:'Ulj + (1_(]?) wlj:| 5_lilj

2qu

We are now ready to calculate

il u

Z Pf(r) ﬁemk = ﬁe S

Kookt el s i=1 j=1

where the matrix elements for r are given by (C.26), (C.27) and (C.28). In order to
perform this calculation, we will need the Fourier series for sn(u) which is given by (see

[Pal06] and [WW62])

l .
T q ilmu
Sl’l(U) = M E 1— q2l exp (7) . (029)

€2+
The Pfaffian Pf(r) is a linear function of the vector which is the direct sum of the "

row and ™" column of r [Pal06]. In the following calculations we make the substitutions

vj - :—uj+% for 1 <75 <m,

et ‘ C.30
Vjgm @ = —Ujpm — o= for 1<j<m. ( )
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Using (C.26), (C.29) and the substitution in (C.30), one finds for 1 <1i < j < m,

Rmg1—imiumy1—i  Fmp1—jmivmy1—j
Tk k.€ K e K
2y'v]

Emy1—ikmy1—;€Z+1

km+1—j k. i
- _9 Z q e%w[um+l—j_um+l—i]
1 _ qzk’erl,j
1
km+1—j€Z+§

k2K
= — . sn(vmﬂ_i - Um—l—l—j)- (Cg]_)

Using (C.27), (C.29) and the substitution in (C.30), one finds for 1 < i < m and

1<j<m,

Bmg1—iTitpg1 - —ljmiujm
E rk:i,erlj € K € K

k1l €245

1 —+ qzlj Em4l—iTiUmy1—q —lj 7mu]+m 5
— e
Z 1— g% )€ e km+1-ilj

km+1-ilj €2+

lj l;mi . lj l;mi 3
= E q—2l@ L [—uj pmnFumi1—i+i K] + q—2l€ L [—ujpmFumi1—i—iK']
1 — g4 1 — g4
;€241 1 9
k2K
= SN (Ut 1—i — Vjpm)- (C.32)

In the last equation, we used the fact that sn(u+2iK’) = sn(u). Similarly, from (C.28),
(C.29) and the substitution in (C.30), we obtain for 1 <i < j <m/,

—lmivg gy, l 7r'Lu
E Tmtl,m+,€ K € s —25

Uil €243 €2+

k2K
= ! SN (Vjpm — Vjtm,)- (C.33)
m

l;mi
) T Wit m—uj4m]

The calculations in (C.31), (C.32) and (C.33) imply that

Y pin) e

[ S T i=1 j=1

Mrlju]+m

= Pf(r),

::]3

m

where 7’ is the skew symmetric matrix with matrix elements above the diagonal given
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by
o ik2K o
. SN (Vpt1—i — Umg1—j) for 1<i<j<m,
rz'-’j+m = —ikiK SN(Vpt1—i — Umgy) for 1<i<m and 1<j<m/
Titmjim = —ikiK SN (Vi — Umyj) for 1 <i<j<m’

It can be checked that by changing the order of the columns and rows an even number

of times, we have

Pi(r") = Pf(r"),

where 1" is the skew symmetric matrix with matrix elements above the diagonal given

by
. k2K

Y T

sn(v; —v;) forall 1<i<j<(m+m').
Define E to be the diagonal matrix with matrix elements
N
ejj = (12Kn™")2ka for 1<j<(m+m).
Let s be the skew symmetric matrix with matrix elements above the diagonal given by
si;=—Vksn(v; —v;) for 1<i<j<(m+m).

Then we have

v = BEsE".

By using Equation (C.21) and Lemma C.3, we obtain

/

m itk m iml;u
ITTR; W, ] +

S b [ [
Kookl 0 i=1 j=1
m+m/ /
12K 2 (m+m’)2 mAm

= E\" 2 H sn(v; — vj),

™

1<j

where

2

—uj—% for (m+1) <j<(m+m)

and u; € (0,2K) for 1< j < (m+m')and m+m’ = even. The theorem follows. [

_{ —uj—i-K for 1 < j < m;
Uj—
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