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m In this section we will compare the treatment of several
populations. One-factor analysis of variance is a statistical
method to test for the difference in two or more treatments or
groups.

m We will investigate the ratio of the variance between
treatments and a statistics that measures the variances within
the treatments. If this ratio is sufficiently large, we will reject
the null hypothesis and conclude that there is not a significant
difference between the treatments. The test statistics is the
F-statistics.

m For One-factor analysis of variance, we can compare more
than two treatments. For example, we can test three
difference teaching methods with mean test result p1, p2, us3
by taking samples of sizes ny, n», n3 respectively.
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Test for difference in mean

m The random variables Yj1, Yj2, ..., Yin, of size n; represents a
random sample from N(u;, o?) for the it treatment for
i=1,....,m (m treatments).

m We want to test
Ho : pi = pj forall i,je{l,..,m}

against
Hy : pj # pj for some i, j.
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Test for difference in mean

We have the following model:
Y,'J':,LL,'—I—E,'J' i=12,...m j=12 ..n;

where ¢;; are independent N(0,02) random variables with unknown
o2. The total number of observationsis n=ny + -+ +np,.
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let )/I'l) )/I'Z) ceey Yi

inj

represent a random sample of size n; from
N(ui,0?) for i =1,...,m.

Table: One-Factor Random Samples
Means
Yu Yo Yi, Yi
Y21 Y22 Y2n2 Y2.
le Ym2 Ymnm Zm.
Grand Mean Y.
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The within group mean is

The grand mean is
o 1 m n;
V.o=22 2 Y
i=1 j=1
forn=ny+n+----+n,. The dot in the notationior the means
indicates the index over which the average is taken. Y indicates

that the average is taken over both indices while Y is taken over
the index j.
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Sum of squares

We can write

m n; m

St = 3 S ViV R =SS (Vi ViR m(Vi VY

i=1 j=1 i=1 j=1 i=1

Proof is given in class.
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m n;
Total sum of squares : SS1o:2 = Z Z(Y,-j — 7.)2
i=1 j=1

nj

The error sum of squares : SSg.s = Z Z(Y,-j - 7,-.)2

i=1 j=1

which is the sum of squares within treatments or groups.
The between treatments sum of squares:

m

SSpetween = Z ”i(Vi. - 7)2
i=1

which is the sum of squares among the different
treatments/groups. So we have

SSToifal = SSRes + SSbetween
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Unbiased estimator

When Hj is true, we consider Yj; for i=1,...mand j=1,...n;
as a random sample of size n =ny + ny + - - -ny, from N(,u,a2).

Unbiased estimator of o2:

Since % is x2(n — 1), we have that

SSTot
n—1

is an unbiased estimator of o2 when Hj is true.

Proof is given in class.
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Unbiased estimator

Unbiased estimator of o2:

An unbiased estimator of o2 based only on the sample from
the it distribution is

E}L(Yij - 7i)

W; =
n,-—l

for i =1,2,...,m, where w is x2(ni — 1).

Proof is given in class.
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Unbiased estimator of o2:

Since .
Silzes _ z; (ni —021)W,
is x?(n — m), we have that
SSkes
n—m

is an unbiased estimator of 2.

Proof is given in class.
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We have that

S570t  SSRes n SSbetween

o2 02 02 ’

where 22t is x?(n — 1) and 228= is x2(n — m), so it can be

proved that SSges and SSpetween are independent and %
is x2(m —1)

Grethe Hystad
One-Factor Analysis of Variance, chapter 4.8



Unbiased estimator

SSRes
n—m

is an unbiased estimator of o2 regardless of whether Hg is true or
false.

Grethe Hystad
One-Factor Analysis of Variance, chapter 4.8



If Hp is true so that w3 = pp = .... = pum then

ssbetween
m—1
SSRes
n—m
is close to one.
If Hp is false, the ratio in the expression above becomes larger.

Under Hgy, we have that

Ssbetween [ SSbetween/o'2 ]

m—1 _ m—1 - F
SSRes [SSRes/Uz]
n—m n—m

has a F-distribution with (m — 1) and (n — m) degrees of freedoms
because 55betwee,,/02 and SSRe5/02 are independent chi- square
random variables.
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We have that

S570t  SSRes n SSbetween

o2 02 02 ’

where 22t is x?(n — 1) and 228= is x2(n — m), so it can be

proved that SSges and SSpetween are independent and %
is x2(m —1)
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Test statistics

In testing
Ho:pi= Wi for i,j € {1,...,m}

against Hy : pj # p; for at least one i,j € {1,...,m},

if the test statistics
Ssbetween
F:g;i;els > Fo(m—1,n—m),
n—m

we reject Hp at the (1 — a) x 100 % significance level.
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Table: Analysis of variance table, ANOVA

Source (SS) Df (MS) F-ratio
Treatment  SSperw mM—1 MSperw = Smsbi_“lw MSpetw /| MSRes

Error SS5res nN—m  MSges = %

Total S5 n—1

SS=Sum of squares
MS=Mean Sum of Squares
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Exercise 4.8-7 from textbook

Example

The driver of a diesel-powered automobile decided to test the
quality of three types of diesel fuel sold in the area based on mpg.
Test the null hypothesis that the three means are equal using the
following data. Make the usual assumptions and take o = 0.05.

Brand A: 38.7 39.2 40.1 38.9
Brand B: 419 423 41.3
Brand C: 40.8 41.2 395 38.9 40.3
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Exercise 4.8-7 from textbook Solution

Ho : 1 = po = p3 against Hy: at least one of the means differ.

Y.
Brand A:  38.7 39.2 40.1 38.9 39.225
Brand B: 41.9 42.3 41.3 41.83
Brand C: 40.8 41.2 39.5 389 40.3 40.14
Y 40.40

Y.

SSkes = (38.7 — 39.225)? + (39.2 — 39.225) + ... + (41.9 —
41.83)% + ... + (40.3 — 40.14)> = 5.19

Ssbetw =
4(39.225 — 40.40)2 + 3(41.83 — 40.40)? 4 5(40.14 — 40.40)?> = 11.78
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Solution continue

m—1=3-1=2andn—m=12—-3 =9 and
n=4+3+5=12. We have

SSpetw/m—1 _ 11.78/2
SSRes/n—m  5.19/9

=10.224 > Fo5(2,9) = 4.26.

We reject Hy so there is a significant difference in the means at the
5% level.
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R-code, ANOVA

W

e

e s L0

WA

hiv)),rep(3,length(=)))

r

e

anova (1m
Lnalysis of

4y

Response: mpg

g F value Pr(>F)
factorfuel 2 11.78 5 10.224 0.004823 =«
Residuals 3 8 2

Signif. codes: 0 0.001 0.01 0.0
1
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