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The data on the next two pages provides the average January
minimum temperature in degrees Fahrenheit with the latitude and
longitude of 56 U.S. cities from 1931-1960.

Source DASL at
http://lib.stat.cmu.edu/DASL/Datafiles/USTemperatures.html
with reference: Peixoto, J.L. (1990) A property of well-formulated
polynomial regression models. American Statistician, 44, 26-30.
Also found in: Hand, D.J., et al. (1994) A Handbook of Small
Data Sets, London: Chapman & Hall, 208-210.
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1. City: City, State postal abbreviation

2. JanTemp: Average January minimum temperature in degrees F. from
1931-1960

3. Lat: Latitude in degrees north of the eguator

4, Long: Longitude in degrees west of the prime meridian

*The pata:®

ity JanTemp  Lat Long

Mobile, AL 44 1.2 88.5
Montgomery, AL 38 32.9

phoenix, AZ 35 33.6

Little Rock, AR 31 35.4

Las Ange'les, CA 47 34.3

San Francisco, CA 42 123.0
Denver, €O 15 40.7

Mew Haven, CT 22 41.7

wilmington, DE 26 40.5

washington, DC 30 39.7

Jacksonwille, FL 45 8§2.3
Key wWest, FL [ 25.0

Miami, FL 58 26.3

Atlanta, GA 37 33.9

Boise, ID 22 43.7

chicago, IL 19 42.3

Indianapolis, IN 21 86.9
Des Moines, Ia 11 41.8

wWichita, K35 22 38.1

LDU‘IS“\‘HG Ky 27 39.0

Mew oﬂeans, LA 45 30.8

partland, ME 12 44.2

galtimaore, MD 25 39.7

BOSton, MA 23 42.7

Detroit, MI 21 43.1

Minneapolis, MN 2 45.9

St. Louis, Mo 24 39.3
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City JanTemp  Lat Lang
Helena, MT 8 47.1 112.4
omaha, NE 13 41.9 96.1
Concord, NH 11 43.5 71.9
Atlantic City, NI 27 39.8 75.3
Albuguerque, NM 24 35.1 106.7
Albany, NY 14 42.6 73.7
New york, NY 27 40.8 74.6
Charlotte, NC 24 35.9 81.5
Raleigh, NC 31 36.4 8.9
Bismarck, ND o] 47.1 101.0
Cincinnati, OH 26 39.2 85.0
Cleveland, oH 21 42.3 82.9
okTlahoma City, OK 28 35.9 97.5
Portland, OR 33 45.6 123.2
Harrishurg, PA 24 40,9 77.8
Philadelphia, Pa 24 40.9 75.5
charleston, sC 38 33.3 80.8
Nashville, TN 21 36.7 87.6
Amarillo, Tx 24 35.6 101.9
Galveston, T 49 29.4 95.5
Houston, Tx 44 30.1 95.49
salt Lake city, uT 18 41.1 112.3
Burlington, wvT 7 45.0 73.9
Norfolk, VA 32 37.0 768.8
Seattle, WA 33 48.1 122.5
spokane, WA 19 48.1 117.9
Madison, wI o] 43.4 90.2
MiTwaukes, wWI 13 43.3 88.1
Cheyenne, WY 14 41,2 104.9
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Scatter plot of average Jan min. temp. versus latitude

r=-0.848
o
2
g
2 °
= 9
2 = °
£
o o
2 B4 °
s °
@ o®
g o4 N
ES -
L7} <
° e o o
c o | o of o
2 A
=2 DS
£ 00 S
z o | ® o %9g0°
z 8 o 0 °
= <
= 9590,
§ =24 ° 8
- o “
<3
°
T o~ o
H T T T T T
&
25 30 35 40 45

latitude in degrees north of equator

There is a strong association between latitude and temperature
except for the coasts where the temperature is moderate due to
the ocean.
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Scatter plot

The pattern in a scatterplot can be described by
m The direction

m the form
m strength of the relationship of the variables.

positive association
negative association
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Given n observations (x1, 1), ..., (Xn, ¥n). The sample covariance
Sxy is defined as

1 < _ _
Sy =T Z(Xi —X)(yi —¥)-
i=1
Notice that when x = y, we have s, = var(x).

If we standardize s,,, we obtain the sample correlation coefficient.

The sample correlation coefficient is

1 K(xi—X\(Yi—-V
r_n—lz< Sx >< Sy
i=1
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The correlation coefficient

m The correlation measures the strength and direction of the
linear relationship between two variables.

We have that —1 < r < 1.

Positive association between the variables corresponds to
r>0.

m Negative association between the variables corresponds to
r <0.

Strength: Values of r close to —1 or 1 indicates a close linear
relationship between the variables.

m Values of r close to zero, indicates a weak linear relationship
between the variables.
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We will calculate the correlation coefficient, r, in the previous
example. Let x = latitude and let y =average minimum Jan.
temp. We have x = 26.51786 and y = 38.96964, s, = 13.37976,
and s, = 5.37854. Hence,

1 < (x5=X\(yi—y
=m0
i=1

1 & (x—2651786) [ y; — 38.96964
56 —1 Pt 13.37976 5.37854

= —0.8480352.

In R:
> cor(x,y)
[1] —0.8480352
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Simple linear regression

m We are interested in the relation between two variables.

m In the previous example, we looked at the relationship
between the latitude and the average January minimum
temperature. From the scatter plot and the correlation
coefficient, it looks like there is approximately a linear
relationship between these two variables.
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Simple linear regression

The equation of a straight line relating these two variables is
Y = a1 + Bx + ¢, (1)

where

m 7 is the y-intercept and [ is the slope and are unknown
constants.

m ¢ is a random error that is assumed to be N(0,0?) and is
uncorrelated to the other errors (i.e the value of one error is
independent of the other errors.)

m The error € is the difference between the observed value of y
and the straight line a1 + 8x since the data points do not fall
exactly on a straight line.
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Simple linear regression

m The equation in (1) is called a linear regression model.

m x is called an independent variable, a predictor variable, or an
explanatory variable.

m Y is called a dependent variable or response variable.

m Since (1) only have one independent variable x, it is called a
simple linear regression model.

m It is convenient to consider the predictor x as controlled or
measured with negligible error.

m The response variable Y is a random variable.
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Simple linear regression

m The mean E(Y) = a3 + Bx of (1) is linear in the variables a3
and 5.

m To estimate the unknown parameters a1 and 3, we observe
the random variable Y for each of n different values of x, say
X1, X2,...,Xn. Once the n independent experiments have been
performed, we have n pairs of data (x1,y1), (x2,¥2),--» (Xn, ¥n)-

m We want to fit a straight line to the data points (x1, 1),

(2. Y2).-es (s i)

m Thus our model is

Yi = a1+ Bxi + €,

where ¢; for i = 1,2, .., n are independent and N(0, c?).
m We have that for each x, the value of Y differ from
E(Y) = a1 + x by a random amount e.
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Simple linear regression

m The variance of Y; at a particular value of x; is determined by

the variance of the random error which is 2.

m The constants a1 and 3 are called the regression
coefficients.

m The slope (3 is the change in E(Y) caused by a unit change in
X.

m The y-intercept oy is the mean of the distribution, E(Y),
when x = 0. If x =0 is not contained in the range of x, a3
has no practical interpretation.
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Simple linear regression

A model for the mean like
Y = a+ Bx 4 yx?

is called a linear model because it is linear in the parameters «, 3,
and 7. Thus, ae®™ is not a linear model because it is not linear in
o and S.
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Simple linear regression

We have the sample regression model, Y; = a1 + 8x; + €¢;. We will
now find point estimates for aq, 3, and 2. We will for
convenience redefine the predictor variable x; as the deviation from
its own average x; — x. We have

Yi=a1+B(xi —X) + X + €
= (1 + BX) + B(xi —X) + €
=a+ B(x —X) + €,

where we defined a@ = a7 + X, where X = % >oi1xi. Thus,
a1 = a — BX.
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Yi,..., Y, are mutually independent normal random variables (since
€1,...,€, independent normal random variables ) with respective
means « + B(x; — X) for i = 1,2, ..., n and unknown variance o2
i.e Yiis N(a + B(x; — X),02). Their likelihood function is

L(a,B,0%) = <27r102> n/2 oo ( B Izj; lyi — —2B(x,- _ X)]2>‘

o2

To maximize In(L(c, 3, 0?) is equivalent to minimize

n u —a — B(x; —X)]?
_In(L(a,ﬁ,a2):2|n(27r02)—|—2[y' 2/3( = X)I
i=1

o2

Grethe Hystad
Simple linear regression, chapter 4.6



We must select « and 8 to minimize
H(e, B) = Z[y, —a— B0 =X

lyi —a = B(xi = X)| = lyi — E(Y)]
is the vertical distance from the points (x;, y;) to the line
E(Y)=a+ B8(x —X). Thus, H(«, 3) represents the sum of
squares of those distances. Selecting a and 3 so that the sum of
squares is minimized means that we are using the method of least
squares to fit the straight line to the data.
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Thus we must solve for « and 3 in the equations,

OH(a, B)
e O
and
OH(0,8) _
ap o

(Details of this is given in class.) We obtain the maximum
likelihood estimators,

and
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To find the maximum likelihood estimator of o2, we solve

dIn(L(e, B,0?))

Oc? =0

and obtain

1 < R
6 = - Z[YI — & — B(xi — X%
i=1
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Result

Let §; = &+ B(x,— — X) be the predicted mean value of y;.

The straight line fitted by the method of least square is

given by
.)/} =& + B(X - X)v
where
a=y
and s
B=rx.
Sx

The variance of the error, €, can be estimated by

1 n
A2 ~ A —\12
67 = > lvi — &= B(xi — X%
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Residuals

Definition
The difference

e=yi—9i=yi—a&—pB(x—X)

for i = 1,2, ..., n between the observed value y; and the predicted
value §; is called the i residual.

The sum of the residuals should be equal to zero. In practice, due
to round off error, the observed residuals, y; — ¥;, sometimes differs
slightly from zero.
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We have the following properties of the least-square fit

i=1
m The regression line passes through (X,y).
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Lets calculate the regression line for the first example.
Let x = latitude and let y =average minimum Jan. temp. We have

X | 38.9696
Y | 265179
s | 5.3785
s, | 13.37976
r| —0.8480

Then & =y = 26.5179 and
B =rZ = 084801233310 — —2.109588. Thus, the regression

' = 5.3785
line is

9§ = 6+B(x—X) = 26.5179—2.109588(x—38.9696) = 108.728—2.110x.
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Example continues, R-code

> lmivy~x)

Call:

Im({formmla = v ~ X)

= ¥

Coefficients:

(Intercept) b
108.728 -2.110
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Scatter plot with regression line

r=-0.848

average Jan. Min. temp. in degrees F from 1931-1960

25 30 35 40 45

latitude in degrees north of equator

R-code:

> plot(x,y)
> abline(Im(y ~ x)) (add the regression line)
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Prediction

Y =a+B(x—x)

is the prediction of the value of Y for some given x.

Example

What is the prediction of y when x = 37 in the previous example?

We have y = 108.728 — 2.110x = 108.728 — 2.110 * 37 = 30.658.

Thus when the latitude is 37 degrees north of equator, the average
Jan. min. temp is predicted to be 30.658 degrees F.
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Residual plot

Average Jan. min. temp.
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R-code for Residuals and residuals plot

R-code for residuals: resid(Im(y ~ x))
R-code for standardize residuals: rstandard(Im(y ~ x))

s",vlab="Latitude" ,main="Average Jan. min. temp.", col="red")
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Standardized residual plot

Standardized Residuals

R-code: rstandard(Im(y ~ x)) (standardized residuals)
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The normal probability plot

Normal Q-Q Plot

Sample Quantiles

Theoretical Quantiles

R-code: ggnorm(rstandard(Im(y ~ x)), col =" red")
qqline(rstandard(Im(y ~ x)), col =" blue")
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Result (proof given in class)

The sample mean of 1, ..., ¥, is

n

}T/:%Z)A/izy

i=1

The sample variance of y1,..., ¥, is

1 n
2 _ A N2 22
s = g P — = r°s’.
y n—l_ (yl y) y
i=1
Hence,
52
2_ 7y
rc=—=.
52
y
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m 2 is the fraction of the variation in the values of y1, ..., y»
that is explained by the regression of y on x.

m In the previous example we had r = —0.848 and hence
r?2 = 0.719104. Thus, 71.9% of the variation in the values of
Y1, ..., ¥n is due to the regression of y on x.
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We will now find distributions of &, 3 and 2. Since the estimator
& is a linear function of independent and normally distributed
random variables, &, has a normal distribution with mean

and variance

Thus, & is N(a, 2).
(Proof is given in class.)
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3 is a linear function of Y7,...Y}, and hence has a normal
distribution with mean

E(B) =28

and variance

Thus § is N(B, 2)

(xi—x)2

(Proof is given in cIass.)
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Since Y;, & and B have normal distributions, we know that

[Yi — o — B(x; —7)]2’

3 _ 3)2
n i (xi—x)?
each has a chi-square distribution with one degree of freedom.
Since Y1, Y5,..., Y, are mutually independent,

YialYi—a— Bl —x)I°

o2

is x2(n).
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(@-a)* (B-8)Y il —a = Blxi = x)P

)

Z(Xi - Y)2 + o2

where the term on the left hand side is x?(n) and the first two
terms on the right hand side are x?(1).
it can be shown that
SialYi—a-B0q—x)P _ no?
o2 T 02

is x?(n — 2). We have lost two degrees of freedom of replacing «
with & and 3 with /3. It can be proved that &, 3, and o2 are
mutually independent.
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Confidence interval for 5.

T — DX —7)2@ _ B-p
1= =
o2 2
o?(n—2) (n=2) 31l (xi—x)?
has a t-distribution with n — 2 degrees of freedom. Thus,
Plotin-s —0— <t0-2)]=1-4

(n=2) 271, (6 =)

Brey(n- 2)\/(n —2) X = %)

is a 100(1 — )% confidence interval for §.
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Confidence interval for «.

e _G-oa
_n&2__ 52
o2(n—2) n—2

has a t-distribution with (n — 2) degrees of freedom. The endpoint
for a 100(1 — v)% confidence interval for « is

6—2

(n—2)

a:l:t%(n—2)
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Confidence interval for o2.

has a chi-square distribution with n — 2 degrees of freedom. A
100(1 — 7)% confidence interval for o2 is

[ né2 né2 ]
2 72
XZ(n-2) X1-3(n-2)
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Test about the slope of the regression line

If we are testing

Ho : B =0y against Hi: 5 > B,

we reject Hp if the test statistics

B — Bo

\/ = s

Alternatively, we can compute T; = tg, say and determine the
p-value=P(T(n —2) > ty) and reject Hp if p-value <.

> t,(n—2).
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Test of hypothesis

One sided hypothesis test about the slope of the regres-
sion line:

Ho: 8 =0y against Hi: (> Bo.
We reject Hp at the (y x 100)% significance level if

t1 > t,(n — 2). (Critical region)
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Test of hypothesis

One sided hypothesis test about the slope of the regres-
sion line:

Ho: 8=0p against Hp: [ < fBo.
We reject Hp at the (y x 100)% significance level if

t1 < —t,(n —2). (Critical region)
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Test of hypothesis

One sided hypothesis test about the slope of the regres-
sion line:

Ho: 8 =0y against Hi:p # Bo.
We reject Hp at the (y x 100)% significance level if

[t1] > t,/o(n —2). (Critical region)
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Example continues

Using the previous data set, test the hypothesis,

Ho: B=0 against H;: 3 #0.

Construct a 95% confidence interval. We have
S0 (xi — %)% = (n— 1)var(x) = 1591.078 and 62 = 49.377 so

T = =5 _ 21170 117
T 56(49.377)
\/ (—2) 71 (%) {54)(1591.078)

t0.025(54) = 2.0049 (In R: qt(0.975,54)) Thus, we reject Hp, so
there is a linear relationship between the variables.
The p-value= 2P(T > 11.76) = 2.2204461071°,
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Example continues

Example
The standard error is \/% =0.1794, so a 95%

confidence interval for 3 is

2 né2
B+ tg(n—z)\/(n ST — 21 (2.0049)(0.1794)
or

(—2.470, —1.750).
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Summary statistics

3Q Max
g9

or t wvalue Pr(>|t]|)
05861 15.41 <2e-16 *=*
794 -11.7& <2e-16 *=*

*® -2.1088
Signif. codes: O ‘®®=&f 0.001 ‘**' 0.01 0.05 *." 0.1 1
Residual standard error: 7.156 on 54 degrees of freedom

red:

Multiple R-=gqu
F-statistic: 1

3 onl
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Influential observation
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An influential point has an unusual y-value and "pulls” the
regression model in its direction.
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Leverage point

2 A leverage point is a point that has
an unusual x-coordinate but it lies almost on the regression line
fitting the rest of the sample points. This point will not affect the
estimate of the regression coefficient but it will affect the summary
statistics such as r? and the standard errors of the regression
coefficients.
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Model assumptions

In our regression analysis, we have assumed the following:

m There is a linear relationship between the response y and the
regressors X.

m The random error, €, has mean zero.

m The random error, ¢, has constant variance o2.

m The errors are uncorrelated.

m The errors are normally distributed.

One way to diagnose violations of the regression assumptions is to
study the residuals.
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Residual plots

m The residuals is a measure of the variability in the response
variable not explained by the regression model.

m We can also consider the residuals as the observed values of
the model errors. Thus, if the model errors do not follow the
model assumptions as described above, it will be shown in the
residuals.

m By analyzing the residuals, one can discover violations of the
initial assumptions and types of model inadequacies.

m In this course, we will analyze residual by plotting them
against the regressor x or the predictor y.
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Residual and normal probability plots

m It is useful to scale the residual to find observations that are
outliers. One way to do this is to standardize the residuals so
that the resulting residuals have mean zero and approximate
unit variance. A large standardize residual, say greater than 3,
indicates a potential outlier.

m In R:, rstandard(Im(y ~ x)).

m One way to check the normality assumption is to draw a
normal probability plot of the residuals. The cumulative
normal distribution will be plotted as a straight line and the
residuals should lie approximately on the straight line. If the
residuals do not lie approximately on the straight line, it
indicates that the underlying distributions is not normal. (See
previous problem).
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Patterns for linear residual plot
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contained in a horizontal band which indicates no model defects.

Grethe Hystad
Simple linear regression, chapter 4.6



Patterns for residual plot, double bow
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Indicates that the variance is not constant.
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Patterns for residual plot, funnel
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The outward-opening funnel or cone indicates that the variance
increases as y increases.
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Patterns for nonlinear residual plot
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A curved plot, indicates non-linearity.
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Transformations

m To take care of the inequality of variance one usually applies a
transformation either to the regressor x or to the response
variable y.

m If the standard deviation of y seems to increase with the value
of y, logarithmic transformation log(y), the square
transformation ,/y or the transformation y” for some value of
p might be an appropriate one.

m If the x-values seemed skewed to the right, log(x), v/x or xP
(p < 1) might be an appropriate one.

m If the scatter plot of y against x shows some curvature, we
may be able to transform the variables and use the resulting
linear forms to represent the data.
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Transformations

Consider the exponential function
y = axPe.

This function can be transformed to a straight line by logarithmic
transformations,

log(y) = log(a) + B log(x) + log(e)

or
y/ :Oél-i-ﬁxl-i-fl-

It is required that the transformed errors, log(e), are independent
and normally distributed with mean zero and variance o2.
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Example

Example

The data provided on the next page shows a random sample of
records of resales of homes from Feb 15 to Apr 30, 1993 in
Albuquerque. We want to investigate how taxes change in
response to changing market value of homes.

Let X be the selling price in hundreds of dollars.

Let Y be the annual taxes in dollars.

Reference: Albuquerque Board of Realtors at
http://lib.stat.cmu.edu/DASL /Datafiles/homedat.html
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Example

35 )
23 68
91 585
690 648
504 822
426 915
€47 E66
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Plot of data with regression line

r=0.876
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Residual plot
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degrees of
sted R-sguared:
p-value: < 2.2e-

Multiple R-s
F-statistic:
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We see that few undertaxed expensive homes influence the linear
relationship between taxes and resale value.

We also see that as the price increases the residual error increases.
We will therefore transform the analysis to log taxes versus log
price. That is, take the log of X and log of Y and investigate the
linear relationship of the transformed variables.
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Plot of the transformed variables with the regression line
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Residual plot of the transformed variables
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Coefficients:
Estimate
(Intercept) -0.

Residual standard er
Multiple R-sguared
F-statistic: 285.4

8589 on 104 degrees of freedom
Bdjusted R-sguared: 0 71
104 DF, p-value: < 2.Z2e-1&

We see that for the transformed variables the residual standard
error decreases (more about this later) and the p-value for the
intercept decreases.
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