3.1: Limits

Limit of a function
Let f be a function and let @ and L be real numbers. If

1. as x takes values closer and closer (but not equal) to a on both sides of a, the
corresponding values of f(x) get closer and closer (and perhaps equal) to L; and

2. the value of f(x) can be made as close to L as desired by taking values of x close
enough to a;

then L is the limit of f(z) as x approaches a, written
lim f(z) = L.
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Example. Let f(z) = 3z + 1. We want to know what happens to f(z) as = gets closer and
closer to 2. We will do this by performing the following calculations:
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We see that as x gets closer and closer to 2 from either side, f(x) gets closer and closer to
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The limit from the left is written:

lim f(z) = +
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The limit from the right is written:

lim f(z) = T
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A two sided limit ,.__)r

lim f(z)=__ T

exists only if both one-sided limit exists and are the same.

Example. Find the following limits graphically:
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Existence of limits

1. If f{z) becomes infinitely large in magnitude (positive or negative) as z approaches the
number a from either side, we write limg_,, f(z) = oo or limgy, f(2) = —oo. In either
case, the limit does not exists.

2. If f(z) becomes infinitely large in magnitude (positive) as = approaches a from one side
and infinitely large in magnitude (negative) as z approaches a from the other side, then
lim,_,, f(x) does not exist.

3. If lim,_£%= L and lim, £5% M, and L # M, then limy_ f(z) does not exist.

Rules for limits S
Let a, A and B be real numbers, and let f and g be functions such that (im f(z) = A

and i{% g{z) = B.
o 1. If k is a constant, then lim k = k and }:%[k - flx)] = kiﬂ%f('f:) =k-A
* 2 lim[f(s) % g0)] - Iim (@) & lim gle) = A £ B
o 3. lim[f(z) - 9(a)] = lim f(z) - lim g(a) = A- B
flz) _limgoa flz) A

o 4. lim = — = — if B 50,
a—=a g(z)  limg ,qg(z) B 7

o 5. If p(x) is a polynomial, then ﬁin p(z) = pla).
r—a

e 6. For any real number k, ii_r}n [f (z)]* [h_r)n F(x)IF = A¥) provided this
L—ra X—r

Hmit exists.

s 7. }:I_Ig‘f(m) = il_n%g(a:) it f{z) = g(x) for all x # a. |
e 8. For any real number b > 0, lim b/(*) = pWoa SV A4,
T
e 9. Tor any real number b such that 0 <b < lor 1l < b,
Jim logy, /()] = logs(lim. f(2)] = log, A if A > 0.
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Example. Find lim

3L — 2 - X =51 - e - e
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We evaluated this limit by just plugging in 2 = 3.
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Example. Let f(z) = ;;::m

Here there is a problem with just plugging

L Find lim f(z) = L~ ¥=73
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3. Find mli%l_i_ f(:c) - + 0o
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Limits at infinity:
For any positive real number n,
1 1
lim — =0 and lim — =0
r—oo LT z——00 LT

Finding limits at infinity:

If f(z) = %%, for polynomials p(x) and q(z), g(z) # 0, w_l_ir_{aoo f{z) and wli}ngo f(x)
can be found as follows:

1. Divide p(z) and ¢(z) by the highest power of z in ¢(x).

2. Use the rules for limits, including the rules for limits a4 infinity,
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Iim — =20 and lim — =0
r—yoo ph z-y—o0 £

to find the limit of the result from step 1.

Now we will return to the formal definition of a horizontal asymptote:
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To find horizontal asymptotes:

The graph of the function f(x) has the line y = I as its horizontal asymptote if

mh_}ngo flxy=1L or mglem flzy=1L
2 _
Example. 1. Let f(z) = % Hcglf\ryk‘ ?C)Lv-c/- LS

Find lim f{z)
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2. f(x) has a horizontal asymptote at y = é—



20 +1
322 —1
Find m}il};o g{x)

3. Let g(x) =
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4. g(x) has a horizontal asymptote at y = _ O




