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Abstract

Within the area of optical pulse propagation in long-haul transmission systems various designs for dispersion compensa-
tion are investigated. On the basis of variational procedures with collective coordinates, a very effective method is presented
which allows to determine quite accurately the possible operation points. We have obtained an analytical formula for the
soliton power enhancement. This analytical expression is in good agreement with numerical results, in the (practical) limit
when residual dispersion and nonlinearity only dlightly affect the pulse dynamics over one compensation period. The
procedure is suitable to analyze the proper design of dispersion compensating elements. The results allow also to describe
the shape of the dispersion-managed soliton. We discuss also a qualitative physical explanation of the possibility to transmit
a soliton at zero or normal average dispersion. Analytical predictions are confirmed by direct numerical ssimulations. © 1998
Elsevier Science B.V. All rights reserved.

1. Introduction

In the past, soliton transmission has already shown its potential in long-haul high-speed communications. Lightwave
transmission systems exploiting optical amplifiers to compensate the carrier pulse attenuation in fibers can be used as
transoceanic communication links as well as in terrestrial networks. Recent progress in the fabrication of erbium-doped fiber
amplifiers has alowed to design several effective variants of long-distance soliton-based optical communication systems (see
eg. Refs. [1-3)]).

Solitary pulse propagation in communication systems using low-dispersion fibers is based on the guiding-center (average)
soliton concept [1,4—6]. The amplifier spacings Z, in the transocean lines are shorter than the soliton period, and both
dispersion and nonlinearity can be treated as perturbations. Thus, to the leading order, only fiber losses and periodic
amplification are significant factors causing amplitude oscillations, while the form of the pulse remains unchanged.

However, most of fiber links installed in Europe are based on standard monomode fibers (SMF) with approximately 17
ps/(nmkm) group delay parameter in the third optical window (around 1.55 p.m). The problem of upgrading the already
installed optical networks is a subject of intensive investigations because of evident practical interest. In conventional
transmission systems, point optical amplifiers are usually placed at intervals of a few tens of kilometers. To operate at high
bit-rates short solitons are required. For 10 Gb/s transmission at 1.55 wm the associated soliton periods Zg, in SMF are of

L E-mail: turitsyn@xerxes.thphy.uni-duessel dorf.de

0030-4018,/98,/$19.00 © 1998 Elsevier Science B.V. All rights reserved.
Pll S0030-4018(98)00109-6



FULL LENGTH ARTICLE

118 SK. Turitsyn et al. / Optics Communications 151 (1998) 117-135

the order of the amplification distance Z, in the installed European networks [7,8]. The resonance Z, = Z, causes the
generation of radiation and instability of the average soliton propagation.

Chromatic dispersion at 1.55 wm can be diminished (and correspondingly the transmission capacity can be significantly
enhanced since the soliton period is inversely proportiona to the dispersion) by means of the dispersion compensation
technique. For example, the incorporation of a piece of fiber with high normal dispersion reduces the total dispersion of the
fiber span between two amplifiers. Recent progress in chirped fiber gratings (see for a review Ref. [9]) allows dispersion of
500 ps/(nmkm) (or even more) to be compensated by a grating fiber of a few decimeters in length. Even the use of
commercially available dispersion compensating fibers (DCFs) with D = —(60-80) ps/(nmkm) leads to a significant
network upgrading. Dispersion compensation is a simple and effective technique with many attractive features. It is
compatible with the present concept of al-optical transparency of the system, cascadable, and al system components are
commercially available.

Dispersion compensation processes were identified in recent experiments [10—12] as promising approaches to increase
the transmission capacity in communication systems using SMF, both in unrepeated transmission and cascaded systems. We
note also that because DCF has higher losses than SMF, a larger optical gain is required to recover the signal. This leads to
additional amplifier noise and some increase in the information error, especially for linear signa transmission. Soliton
transmission using the DCF technique has recently attracted more attention [8,13]. Numerical simulations of the soliton
transmission in short standard monomode fiber systems, upgraded by dispersion compensation, have been performed in Ref.
[8]. It has been shown that 10 Gb/s transmission over 200 km is possible with, e.g., Z, = 36 km amplifier spacing. The DCF
pieces alow pulse width recovery after dispersive broadening due to the high dispersion of SMF at 1.55 pm. The large
variations of the dispersion lead to oscillations of the pulse width on the amplification distance. The theory of the average
pulse propagation in systems using DCF has been presented in Ref. [13]. It has been suggested to use breathing solitons for
optical data transmission in SMF at 1.55 pm. 320 Gb/s soliton WDM transmission over 1100 km of SMF with large
amplifier spacing of 100 km, using DCF to equalize dispersion, has been demonstrated recently in Ref. [14].

Though dispersion compensation is a natural approach in lines built from SMF, it is aso a very promising way to
enhance transmission capacity in long-haul lines constructed from DSF. In fact, most of the work on dispersion-managed
solitons has concentrated on long-haul systems that use dispersion-shifted optical fibers [15-22]. In the experiments of [15]
60 Gb/s has been transmitted over 10000 km using in-line synchronous modulation and optical filtering with three
unequally spaced channels. In a recent experiment [16] 160 Gb/s (8 X 20 Gb/s) transmission over 4000 km has been
achieved using a dispersion flattened fiber [16]. Large variations of local dispersion impose substantial changes in pulse
dynamics. Dispersion-managed soliton systems have been studied in a number of publications during the last few years (see
e.g. Refs. [8-40]). Numerical simulations and experiments have revealed important features of dispersion-managed solitons.
The energy of a dispersion-managed soliton is enhanced in comparison with the fundamental soliton corresponding to the
same average dispersion and the same pulse width. Therefore, using dispersion-managed pulses for optical transmission
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Fig. 1. Sketch of a symmetric element for dispersion compensation. The characteristic of type | is that the segments have consecutively
negative, positive, and negative group delay parameters, respectively.
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Fig. 2. Sketch of a symmetric element for dispersion compensation. The characteristic of type Il is that the segments have consecutively
positive, negative, and positive group delay parameters, respectively.

alows to increase the signal-to-noise ratio, which results in a substantial improvement of the system performance. An optical
pulse propagating in an optical link with dispersion management acquires a chirp and experiences large-amplitude breathing
oscillations of the pulse width. The energy of this dispersion-managed (DM) pulse is fixed by the system parameters
(dispersion map, amplification distance, dispersion compensation period). An arbitrary RZ pulse launched into the system
will emit radiation whose level can be rather high, which leads to significant degradation of the system performance. The
input pulse chirp and energy should fit the corresponding chirp and energy, respectively, of the DM soliton for a specific
dispersion map in order to diminish the shedding of radiation from the pulse into a dispersive pedestal [28,20,31,32,40,30].

In this paper we consider an (approximate) variational description for the optical pulse evolution in fiber links with
varying dispersion [13,25-28]. One segment of the transmission line (including optical amplifiers with a small spacing
between them) is called an element of the transmission line. Two examples are depicted in Fig. 1 and Fig. 2. An optica
pulse propagating along a line (consisting of many elements) must be periodically reproduced at the output of each element.
The transformation of the pulse after propagation in an element can be considered as the mapping of the input pulse into the
output one. Therefore, for information transport we have to determine the fixed point of such a mapping. It will be shown
that stable fixed points exist in properly designed modern transmission systems based on low dispersion fibers.

Additional parameters characterizing the influence of dispersion and nonlinearity are the dispersion length Z,.=t2/8,
and the nonlinearity length Z, =1/(oPy), where o is the coefficient of the Kerr nonlinearity. Furthermore, t, is the
characteristic time, Py is the peak power, and 3, is the local fiber chromatic dispersion. Obviously, we have an additional
dispersion length corresponding to the residual (average) dispersion: Z.=t2/I{ B,)|. In the guiding-center theory
2, < Zys= 2, = Z,. We consider the practical case Z;, < Z,, = Z,. In this limit one can treat nonlinearity and residua
dispersion as small perturbations to the main effect of the varying high local dispersion. Consequently, the pulse dynamics
can be described as linear with small deviations due to nonlinearity and residual dispersion.

The paper is organized as follows. In Section 2 we present the basic equations. The variational method to find appropriate
solutions and optimized operational points is explained in Section 3. In Section 4 we show two basic arrangements for
dispersion compensation, and typical parameter values are discussed. Analytical solutions for the piecewise constant
dispersions are obtained in Section 5. From these expressions the fixed points of the mapping are obtained. In Section 6, the
shape of the dispersion managed pulse is discussed in more detail. The paper is concluded by a short summary.

2. Basic equations

The evolution of optical pulsesin fibers with damping and amplification can be described by a generalization of the cubic
nonlinear Schrodinger equation. In dimensionless variables the master equation takes the form [29]

L
v, + d(z)qfn+z—|xp|2qf=ie(z)qr, (1)
nl



FULL LENGTH ARTICLE

120 SK. Turitsyn et al. / Optics Communications 151 (1998) 117-135

G(z)=L

N
—y+r26(z—zk)}. (2
k=1
We use the following normalizations: The space coordinate Z is normalized by the length L of an element, i.e. z=2Z/L (see
Figs. 1 and 2); time is measured in units of the input pulse width t,; the envelope of the electric field E=E(t,2) is
normalized to the initial pulse power P, in the form |EI?= POtOIIPIZ. Actually, we should note that there are different local
dispersion lengths Z{ = t2 /| B¥)| since the dispersion is not constant (see Figs. 1 and 2). We also have to define a residual
dispersion length Z,.=t3/ [{ B,)|- Here B, is the group velocity dispersion that depends on z, and { ) means averaging
over the whole line. The coefficient y describes fiber losses; r is the coefficient of amplification which should compensate
the fiber losses over the (normalized) distance z, = Z,/L; finaly z, = Z, /L are the (normalized) locations of the amplifiers.
From the dispersion relation we obtain the local group delay parameter
z)L
an = - 2L ©)
0

The amplification period could be different from the dispersion compensation period. Then the periodic amplification and
the dispersion compensation can be handled as separate problems, provided the amplification distance is substantially
different from the period of dispersion compensation [19].

It is convenient to transform ¥ to a new function A by taking out rapid oscillations of the amplitude due to periodic

amplification:
1P=A(t,z)exp[fZG(z’)dz’}, @)
0
Then the equation for A reads
iA,+d(z) Ay +c(2) APA=0, (5)
where c(2) = coexp(2/§ G(Z) dZ') with
Co=PoLo. (6)

The coefficient ¢(z) can be represented as a sum of rapidly varying and constant parts, i.e. ¢(z) ={c(z))+ & 2), where
(&(z))=0and (c(2))=c{exp[2/ZG(Z) dZ ] )= col1 — exp(—2yZ,)]/(2yZ,). The average vaue is defined here as
(fy=[& f(2) dz. We write aso d(z) in the form d(z)=(d(z))+ d(2), where (d(z))=0 and {d(z)) is a small
contribution due to an average residual dispersion (Z{)/Z,. < D.

3. Variational approach

Eq. (5) can be rewritten in the Lagrangian form, with the action defined as

i c(z
S= detdz: fdtdz[E(AA; —A*A,) +d(2)| AP - %IAI"’ . (7
To describe fast pulse-width oscillations let us choose a trial function in the form
A(zt) =a(2) f[t/T(2)]exp[iA(2) +ip(2)t?]. (8)

The choice of this trial function is based on the following arguments. Any pulse is characterized by its amplitude a and
width T. Furthermore, the phase variation should allow for frequency (or wavelength) variations and chirp via A and u,
respectively. The form f of the pulse is still arbitrary, one possibility could be a Gaussian. We shall come back to this point
in Section 6.

Inserting the trial function (8) into Eq. (7) we obtain a reduced variational problem with the averaged action

()= [(L)az, ©)

where

(LY(2) = aszlf(s)\zds/\z+ a2T3fszlf(s)|2ds,uz+ d( z)[azT’lj\fs(s)lzds+ 4,u2a2T3f szlf(s)lzds}

—?aﬁﬂf(s)r‘ds. (10)
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One can derive equations describing the evolution of the parameters ¢(z) = a(z), T(2z), Mz), and u(z) from the
prescription (see e.g. Refs. [13,26—28,35])

L d L
a<a—¢> 1% a;pj 0; ©(2)=M2),un(2),a(2),T(2).
The results are
a’T=const=1, (1)
dT
FEle 4d(z)Tu, (12)
du d(z)C, c¢(2)C,
— +4d 2= - . 13
- +ad(2)p [ = = (13)
Here,
+ oo
f |f,12dx
Ci=———. (14)
f x2| f% d x
and
f 11 dx
C,= (15)
4[ 2P dx
In the dimensional form, the pulse energy is given by
&= Pot0f|f(x)|2dx= Poto pC,Cr ¥4 (16)

For a specific choice of atrial function f one can find the dependence of the soliton energy on the parameters of the system
and on the input pulse. For instance, for Q(x) = Aexp(—0.5x2/x2) it iseasy to find that C, = 1/x¢ and C, = A2/(2x3/2).
In most examples considered in this paper we approximate the shape of the input signal by a Gaussian pulse. The pulse
width Tappy (Full width at half maximum) is then found as Ty = 1.665C; Y/ # t,. It should be noted that the energy &
of the asymptotic pulse is proportional to C,, i.e.

& = Pyty2/27 C,C; ¥4, a7
We can derive the same expression for a sech-shaped soliton. In this case, Tayyw = 1.763C; Y/ *t41/2/ . In general, for
an arbitrary pulse shape we have Tpyuy = @ C; /* t,, where « is determined by the pulse form and the energy is given by
Eq. (16).

Introducing M = u T we can obtain from Egs. (12) and (13)

dM d(2)C c(z)C

_:()31_()22. (18)

dz T T

Egs. (12) and (18) have been first derived (in the context of dispersion-manged soliton transmission) in Ref. [13]. These
equations are fundamental for the description of the dynamics of the energy-bearing part of the dispersion-managed soliton.
To describe periodic breathing pulses propagating along the cascaded line, solutions of these equations must satisfy two
evident conditions of periodicity: T(1) = T(0) and M(1) = M(0), or applying this to Egs. (12) and (18),

(d(z)M) =0, (19)

d(z)C, c(2)C,
(o) (<22).

Here the angular brackets mean averaging over the compensation period. These conditions allow to determine the power
enhancement and to link the width as well as the chirp of a dispersion-managed soliton at some points with the system

and
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parameters. Additionally, taking into account that c(z) is strictly positive, we obtain the necessary condition for the
existence of a dispersion-managed soliton as {d(z)/T3) > 0. Simple manipulations of Egs. (12) and (18) give aso that

(d(z)/T?) =(c(2)Cy/(T[1+4M?T?])) >0,

which is a necessary condition for the existence of the periodic solution of Egs. (12) and (18). As it will be shown below,
this condition will appear also when considering the soliton form. It can be satisfied even if the average dispersion is zero or
normal.

Following Ref. [41] we now present briefly a simple physical explanation for the fact that DM solitons can propagate at
zero or normal average dispersion. Qualitatively, a possibility to balance nonlinear and dispersive effects at zero or normal
dispersion results from the large variation of the soliton width during one compensation period, and the self-similar structure
of the DM soliton given by Eq. (8). A phase shift generated by the dispersion, estimated as A® = — 3, /[2T%] ~D/T?, is
proportional to the dispersion D and isinversely proportional to the square of the pulse width. In the case of a constant pulse
width, this condition determines the power of the fundamental soliton since one should have a balance with the
corresponding nonlinear phase shift. In the case of varying widths (as for DM solitons) the balance is achieved on average. It
can be easily shown that the dispersion-induced phase shift, averaged over one period { D(z) /T?2(2)) can be positive even if
{D(2)) is zero or negative (normal dispersion). Thus, a balance can be achieved if {D(z)/T?3(2)) is positive even at zero
or normal average dispersion. Equating the averaged phase shifts due to dispersion (A®y) = —{ B,(2)/[2T%(2)]) and
nonlinearity (A®,, ) = a{c(2)/T(2)]), one can obtain an estimation of the peak power enhancement. Of course, this is
only arough estimation, because there is an additional phase shift due to pulse chirping that should be taken into account. In
terms of the approach developed above, the total phase shift can be presented as

dCc; cC,

d(TM) 4dM 2 21
= + _—
dz T2 T (21)

Here, TM is proportional to the rapidly oscillating part of the soliton phase in accordance with Eq. (8). Recovering the
soliton phase (except linear growth) leads to the condition

(d(z)[4M?+C/T?]) =(c(2)/T(2))C,> 0.

The physical interpretation of this condition is obvious: The construction 4M?2 + C, /T2 = 02%(2) is nothing else that the
square of the varying spectral bandwidth (2 of a chirped pulse. The total phase shift due to pulse chirping, dispersion and
nonlinearity should be zero (balanced) on average for true periodic propagation. It can be easily found that the requirement
of anomalous average dispersion { D(z)) > 0 that provides the existence of the traditional NLSE soliton is replaced for the
DM soliton by the condition Dg; = { D(2)£2?2) > 0 that can be satisfied at zero and even normal-averaged dispersion. Note
that soliton far-field tails (having small amplitudes) are not self-similar [20], and this provides stability against tunneling
[38]. The latter occurs for self-similar solutions due to the non-trapping parabolic potential resulting from the pulse chirping
[38,36].

In the following, we consider d(z) as a result from combining pieces with positive and negative constant values (see
Figs. 1 and 2). This situation is identical to the dispersion compensation schemes used in practice. Then, from Egs. (12) and
(18) we can obtain a single equation for the function T which is valid in the regions of constant d,

d*T C,d(2) ¢(2)C,
s =4d(2)[ = 1z | (22)
At the jumps of the dispersion coefficient we assume continuity of T and M. Initia conditions to Eq. (22) are
dT
Moo=t [5|  -ameao), (23)
dz z=0

Note that the Gaussian approximation for the pulse shape is not a principal limitation of the method. Any localized pulse
can be considered in a similar manner, using the above link between pulse shape f and coefficients C;, C,. It can be easily
shown that the fast dynamics of the asymptotic dispersion-managed soliton formed in the line with dispersion compensation
is always described by the system of equations (12) and (18) with C; and C, recalculated from the pulse shape through Egs.
(14) and (15). Thus, Egs. (12) and (18) give a very effective and clear prescription to optimize dispersion-managed fiber
transmission systems.

For any further calculations we have to specify more detailed structures for possible dispersion compensations, i.e. the
function d(z). This will be done in the next section.
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4. Dispersion compensation arrangements

As the basic application in this paper we will consider symmetric dispersion maps, as suggested in Refs. [18,19]. We also
restrict ourselves to the non-fluctuating and lossless case c(z) = ¢, = 1. Of course, losses are always present in real fibers.
However, if the period of the dispersion map is different from the amplification period, the model can be reduced to the
lossless case. For instance, if the dispersion compensation period is much larger than the amplification period (as it is
assumed here), one can average over the fast oscillations between two consecutive amplifiers. Then a lossless model with
varying dispersion will be a good approximation for the slow pulse dynamics in the real system.

We distinguish between two types of symmetric elements. Symmetric elements of the first kind (see Fig. 1) consisting of
a compensating fiber with a group delay parameter d, > 0 and length L — 2Z_, which is surrounded by two pieces of fiber
with the group delay parameter d; <0 and length Z_.. And this configuration is repeated periodically. Practically, in this
design we can use DSF with normal dispersion as a transmission fiber, and SMF as a compensating fiber in the center.
Alternatively, the element can be built from pieces of DSF with different dispersions. Definitely, these elements can be used
in long-haul transmission systems in which the dispersion compensation period is much larger than the amplification
distance. Averaging over amplification leads effectively to a lossless model. Though, these two types of compensation
elements can be obtained from each other by appropriate shifts, we consider them separately. The difference is not in the
order of the transmission and compensation fibers, but mostly in the symmetry of the map. In the map of the first type (with
SMF in the center) it will be shown that the map strength is bounded from above and in the second configuration
(symmetrical pieces of DSF) the map strength is not limited.

The strength of the element can be characterized by [18,19,25]

2Z, BV — B (L - 22,
_ BZ BZZ( ) . (24)
212
Define Z, = z.L, then 2d, z, + d,(1 — 2z,) = 0 yields
z % L (25)
c= T~ =L,
2(d, —d,)
and the strength parameter becomes
2d,d, 2d,d.
K= oo | = =2, (26)
d,—d;| di—d,

Note that our definition of the map strength is a bit different from that introduced in Refs. [18,19]. In our definition a fixed
time parameter t, is used wheress in Refs. [18,19] Ty Was used. Let us consider an example in which d, is fixed. For
L =120 km, B$? = —20 ps?/km, t, = 10 ps, one obtains d, = 12. We add the residual dispersion {d) everywhere, and we
can write
—12K/(24—K)+{d) for0<z<z,
d(z)={12+(d) for z,<z<1-z, 27
—12K/(24—K) +(d) forl—z,<z<1,

since
i d, K . d, K
Yoo2d,-kT P 24, +K

)

As mentioned before, we use the initial conditions T(0) =1 and M(0) = M,. The parameter K = —2d,d,/(d, — d,)
formally varies from O to 24 in the case at hand. The length of the first fiber piece is found as Z. = LK /(—4d,) km. In the
forthcoming discussion we shall choose two versions. In the first one, we assume a typical value for the residual dispersion,
eg. {d)=0.2, and consider K as a variable. In the second version K is a fixed parameter and we vary {d).

Another type of symmetric map is constructed as follows (see Fig. 2): First, a fiber with anomalous dispersion (d; > 0;
DSF or SMF), then a middle fiber, with normal dispersion (d, < 0; DSF or DCF), and finally a third piece, identical to the
first one. It should be pointed out that in this case the soliton transmission is possible although the line could be built mostly
from the fiber with normal dispersion. The only requirement is that the path-average dispersion is anomalous.
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Introducing the strength parameter K as K = 2d~1d~2/(d~2 - d~1) for the general case, we obtain for d~1 >0 and d~2 <0

. d,K . d, K K

-, —— Z,- —L. 29
Yo2d, 4K % —2d,+KT T°ad, (29)

In summary, we have the group delay parameter

d, + (d) for0<z<z,
d(2) = { dK/(—2d;+K) +(d) forz,<z<1-z, (30)
d, + (d) for1—z,<z<1.

Typical parameters for such a map can be found in Ref. [18]. A quite interesting situation occurs if one considers a line
constructed from DSF pieces of equal lengths and opposite dispersions with d; = —d, =d,. It yields K =d,. We shall
investigate this case for the parameters L = 200 km, t, = 10 ps, { B,) = —0.15 ps®’/km, B = —5 ps’/km, and B{? =5
ps?/km leading to d; =5 and {d) = 0.15.

5. Analytical solutions for piecewise constant dispersion

There are no major difficulties for solving Eg. (5) in the (effectively) lossless case c(z) = const and for piecewise
constant group delay parameters d(z) as prescribed in the previous section.

In the limit L, Zys<<Z,, one may treat the nonlinearity as a perturbation and assume T(2) = T;;(2) as well as
M(2) = M;;,(2). We make this approximation first in order to get a simple insight into the expected behavior. Then, in the
lowest order, fast oscillations of the pulse amplitude and width are given by a solution of the linear problem

d*Ty,  4Cy[d( Z)]2

= , 31
dz? T2, (3D
which originates from
M _ 4d(2)M, (32)
dz lin»
dMy, _ d(2)C, (33)
dz T3

in the regions where d(z) = const. The procedure to solve these equationsis as follows. We start at z= 0 where T;;,(0) =1
and M,;(0) = M, are given. That means that

Tlin
dz

is aso known. Now we assume constant dispersionsin theregions0 < z<z;, zf <z<z,, zJ <z< 73, and so on. Here we
have introduced the notations z, = (z, — €) and z,=(z,+ €) in the limits e > +0. Having a starting point z,, e.g. for

n=0: zg =0, we can easily integrate from z; to z,, , since we assume that in that region d(z) = d, + {d) is constant. In
the transition from z, to zi T and M are continuous:

(z=0)=4d(0)M,

T(z) =T(z) =T(z), M(z)=M(z7)=M(2,). (34
whereas in the dispersion and in the derivatives we have jumps:
Az) #d(z), () # oo(2), e (2) % o (2). (@)
dz dz dz dz
For example, from Eq. (32) we find
- P ) (@)
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These relations are written for the general case; of course, they can be also used in the linear situation.
Let us now integrate Eq. (31) in the region z7 < z< z,, ;. We obtain

2

b, 1 a,
Tlin(z)= \/a_ + a_[\/anTlizn(Zn)_bn + ?(Z_Zn)] Z;SZSZr;rll (37)
n n

where
16C,(d, +(d)”  [dT,, | T
T () 4[ az (Z")} (2)
and
by = 16C,(d, + (d))". (39)

Alternatively, we can present the linear solution in terms of T (z,) and M, (z,), namely

+ 4[ Mlin( Zn)TIin( Zn) + dn( Z— Zn)(cl + 4Mli2n( Zn)-rlizn( Zn))/TIizn( Zn))]
Cl + 4Mlizn( Zn)TIiZn( Zn)

(o} 2
Tli2n( z) = Tlizn( z,) : (40)

Obviously, we have

dTlin 1 bn + —
E(Z)Ziz an—m for Zn<7Z=<1Z,,, (41)

We have to distinguish between the cases of positive and negative derivatives of T. The symbol + takes care of the signs of
the derivatives.
Now we are ready to iterate

Tin(Z0) = Tin(20) = Tin( Z041) = Tiin( Z041)s (42)
T, dr CLI
E Zn):a(zn+1):a(zn+l)' (43)
In detail it reads
~ 2
" 16Cy(d, + (d)) dT,in(Z+) 2 (as)
" Tli2n( Zn) dz " ‘
by = 16C,(d, +(d))’, (45)
b, 1 5 a, 2
Tlin( Zny l) = a_n + a_n /anTIin( Zn) - bn + ?( Zni1— Zn)] ’ (46)
and
dT,, d.,+{d 1 b,
LSS Rt U UL (47)
dz d”+<d> 2 [Tlin(zn+l)]
We abbreviate this iteration step by
dT;; dT;
{Tnnfd_zm}nﬂ:/Zﬂ(iﬁ){-rnn:d_:}n- (48)

This is a clear prescription which can be used straightforwardly for the mapping along a given line. For the dispersion
compensating elements discussed in the previous section, it is appropriate to perform three iterations in order to relate the
output of an element to the input. We can write

dTlin @ 71 4 Q) dTlin _ 3 dTlin
Tlin‘E 3=/%Iin‘%in/glin Tlin‘E 0=%Iin TlinvE 0- (49)

Of course the fixed points of the mapping .#(> are of interest. Before discussing these interesting solutions and their
conseguences for technical applications, let us extend the situation to the nonlinear case.



FULL LENGTH ARTICLE

126 SK. Turitsyn et al. / Optics Communications 151 (1998) 117-135

Nonlinear effects come into play on a large scale compared to L, namely at distances proportional to Z,,. Analytical
solutions for constant dispersion were first obtained in Ref. [35] and used recently in the context of dispersion management
in Refs. [33,34]. Instead of Eq. (31) now we have to integrate Eq. (22), i.e.

d*T C,d(2) ¢(2)C,
— =4d - . 50
dZZ (Z) T3 T2 ( )
A calculation similar to the one above leads now to
a
FITD]=F[T(z)] £ 5 (z2-2). z<z<zs (51)

Here

& 1

RIT(2)]=&T%(2) +&T(2) ~b, — \/5,|n[2‘/a’n\/anT2(z)+anT(z)—5n +25T(2)+&,|,  (52)

_16C(d, () [daT P g

e @] 2
Bn = bn7 (54)
&, =32¢,C,(d, + (d)). (55)

Clearly, for €, — 0 we recover the linear result (31). However, we cannot invert F,, i.e. we cannot explicitly solve for
T(2). On the other hand, once we have determined T(z,, ) = T(z,, ;) from Eq. (5), i.e.

an
Fn[T(Zn+1)] = Fn[T( Zn)] + ?(ZnJrl - Zn)’ (56)
we can find dT(z,, ,)/dz from
dT( ) 1/ g, b, &)
—(z7,,) =+ =1/, + - :
dz> " 2 T(zoi)  [T(20.)]
Finally, from Eq. (36), i.e.
dT d ., +{d)dT
) ZrT+1) = nfl—_(zr;rl)'
dz d,+{(d) dz

we obtain the jump in the derivative. This completes the outline for the map in the nonlinear case. (All the other steps are
similar to those described previously for the linear map.)

Finally, let us make the assumption that residual dispersion and nonlinearity only dlightly affect the pulse shape T and
chirp parameter M over one compensation period. As mentioned before, such condition is practical and is satisfied in
systems with moderate or strong dispersion management. This assumption allows to obtain explicitly the next correction to
the linear solution T, using c; and {d) as small parameters. Let us rewrite Eq. (51) in the form

anTz(Z) + 6'nT( Z) - Bn = [i %(Z_ Zn) + Fn[T(Zn)] + 6nl:\)l( Z)} ’ (58)
where
Ry(2) = %m[zﬁwaﬁ(z) LET(2) b, +25T(2)+ 5] . (59)

Now we expand the function T and all coefficients using €, and {d) as small parameters. This yields
T(2)=Tn(2) + Ty(2) + ... (60)
M(2) = My(2) + My(2) + ... (61)
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16C, d? . 32C,d(d)  32C,d2T(z,) .
a4 =A,+d8a,= +64d2M2 (2) + - +128d {d)M?2.(z
" " " Tli2n( Zn) " lm( ) Tlizn( Zn) Tli3n( Zn) n< > lm( n)
- ¢
+128d2M,,(z,)My(Z,) — =———, 62
n Iln( n) l( n) Tlin( Zn) ( )
b, =B, + b, = 16C,d2 + 32C,d,(d), (63)
FlT(z)] =FO[T(z)] + 8FR[T(z0)]. (64)
Straightforward algebra gives
A
?—AnTIin( Z)Tl( Z) = Sbn - Tlizn( Z)aan - EnTIin( Z) + 2[ + %(Z_ zn) + Fn(O)]
oa, N
X iT(z—zn)—i—SFn[T(zn)]+CnR1(z) . (65)

The latter expression presents a small variation of T aong the compensation element due to cumulative effects of
residual dispersion and nonlinearity. An explicit expansion of this result gives

2AnTIin( Z)Tl( Z) = Sbn - SanTIizn( Z) - EnTIin( Z) + 2[ T %( zZ— Zn) + VAnTIizn( Zn) - Bn]

2AnTIin( Zn)Tl( Zn) + aanTIiZn( Zn) + EnTIin( Zn) - abn
2\/AnTIi2n( Zn) - bn

6n | VAnTIizn( Z) - Bn + \/A_nTIin( Z)
2\/A—n " /AnTIiZn( Zn) - Bn + \/A_nTIin( Zn)

At the points where M(z) = O (chirp-free points), i.e. \/ &.T%(2) +&T(z) - b, = 0 we obtain

oa,
X iT(Z_Z”) +

+

FO=0, 8F[T(z)]=- iIn(ZAnTnn( z,))-

2y/A,

The analogous form for the first correction of M(2) is

(d) Bn 1 San + Efn/TIin( Z) - 6bn/TIiZn( Z) + 2Bn-rl( Z)/Tlign( Z)
M,(2) = + ——~1/An— 5 + —=
8dr2] Tlin( Z) 16dn / An - Bn/TIizn( Z)

As an example of the analytical treatment of piecewise constant dispersion and the iteration using this first order
perturbation theory we consider the special case of a symmetric type Il element with K=d; >0 and d,= —d, for
z<[0,1]. For convenience, in what follows we denote d, = d. Evaluation of the zero-order terms leads to

T:=T( %) =y1+ C1d~2/4 = Tlin(%) N %) =Tin(0) = Tyin(D) =1,

c,d/a , )
Mnn(z) = ﬁ = _Mlin(z_l)v Mlin(o) = Mnn(E) = Mlin(l) =0,
1+ —=

4

[

A:=A,=A,=B,=B,=16C,d%

For the first order perturbation in the interval [0,5] we obtain

. Asa A (VA
2A'I'I'1(%)=8b1—6a1T2—c1T+?+ﬁln ?‘FT .
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To simplify the expressions, in the next step [T,( ;) and M;(7) occur in the formulas for 8a,] we make use of the
following relation,

1
da,= —ba; + 28| = — 1].
2 1 l( T )
Considering the solutions in the interval [3,3] leads to
& 1

T(3)=—(|1-=|. 66

-7 (66)
The next step for the region [3,3] is similar to that in the interval [0,5], hence

. , Asa, &A (VA
2A-|_r1(z) = 5b2— 5&2T — CZT+ ? + ﬁ'ﬂ ? +T].

Equating now T,(7) = T,(§) for a symmetric solution yields the dependence of the energy (proportional to C,) on other
parameters in first order perturbation theory:

CKd)
c— _ 67
foz 2/\1+C,d%/4 — (2/\/C—1&)In(§\/c—1&+ V1+ 0162/4) ©n

In the real-world variables this expression takes the form

(68)

—1
B ap< BZ> 2 - In[x+ 1+X2] e ABLaZ
20 Tewm | V1 +x2 X ’ 8TAwHM

We have used here the scaling parameters « and p introduced above to describe the arbitrary soliton shape. A is the
difference between dispersion of two pieces of fibers used in the map. This formula gives an analytical description of the
soliton energy enhancement in transmission systems with dispersion management, first observed in Ref. [18]. More
precisely, we used the only assumption that the residua dispersion and the nonlinearity act as small perturbations of the
linear pulse oscillations over one compensation period. If the local dispersion is the main effect and the optical pulse behaves
(during one compensation period) almost linearly, this perturbation works very well as it will be shown in the following
numerical illustrations. As a matter of fact, thisis the limit opposite to the case of a weak dispersion management for which
an analytical description is also possible [30]. Of course, the perturbative approach breaks down if the pulse power
(proportional to C,) becomes not small (for instance, with further increasing of d or near the point x. a which the
denominator is zero).

We now present the predictions based on these maps. In general, we are interested in the periodic solutions (with
periodicity length L, i.e. after passing through an element). They correspond to the fixed points of the map .#®. Before
presenting the general conditions for periodic solutions, let us start with a specific example. We choose a symmetric element
of type | and take the parameters K = 3, {d)= 0.2, C, = 0.5, C, = 0.2563 which, indeed, belong to a fixed point. In Fig. 3,
T(2z) and M(2) are shown, respectively. As we can recognize, in each element, a pulse undergoes periodic broadening and
recompression. A similar situation occurs for the chirp. The pulse can pass through many elements without a significant
changes of its form at the output. The comparison of the variational approach (squares for T and crosses for M) with direct
numerical simulations of the basic Eq. (1) (solid line for T and dashed line for M) is aso shown. One can see excellent
agreement between the simple approach based on solving ODEs and direct numerical simulations. Note that variational
method allows also to describe changes of the fast dynamics related to the transformation of the input signal with Gaussian
or sech profile to the asymptotic form of the dispersion managed soliton. These changes are adopted by simple recalculations
of the parameters C, and C, through Egs. (14) and (15).

More generally, we look for the conditions for fixed points by varying the parameters (d), K, and C,. For example, if
(d) and K are fixed, the coefficient C, is determined by the requirement that the solution is periodic (with periodicity
length L). Strictly periodic solutions exist only for particular values of C, which determine the energy enhancement for a
dispersion-managed soliton. Fig. 4 shows how the parameter C, (and consequently the energy of an asymptotic pulse)
depends on K. Correspondingly, in the insets the variation of C, with respect to {d) is shown for afixed value of K for an
element of type I. As can be seen from Fig. 4, the energy of the asymptotic pulse (being proportional to C,) increases with
increasing K. Thisisin accordance with an empirical formula presented in Ref. [19] and our analytical result. An important
issue is that the strength of the considered map is bounded from above by some cut-off value K. The cut-off parameter K,
decreases with increasing residual dispersion. The occurrence of such a restriction on the strength parameter K means that
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Fig. 3. Variation of thewidth T and M = uT, related to the chirp over the (normalized) space coordinate z= Z /L within an element of type
I. The parameters K = 3, {d)= 0.2, C, = 0.5, and C, = 0.2563 are chosen in such a way that the solution is periodic. It is demonstrated
also the comparison of the results obtained by the variational approach (squares for T and crosses for M) with direct numerical simulations
of Eq. (1) (solid line for T and dashed line for M).
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Fig. 4. Condition for a periodic solution in a type | element. Shown is the variation of soliton energy (normalized by P,t,2y27) with:
(main picture) the map strength parameter K and (inset) with the residual dispersion {d) for the parameters d, =12, C, =0.5 and
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Fig. 5. Comparison between the numerica (solid line) and anaytical (dashed line) results for the soliton energy enhancement in a type 11
element. Shown is the enhancement of the soliton energy with the difference of dispersion of two building fiber pieces AB for

{B)= —0.01ps’/kmand C, = 1.

for a particular system design of type |, with fixed d~2 > 0 and {d)= const, the group delay parameter for a periodic solution
must satisfy the condition

. —d,K
d> (69)
2d, — K

If, however, we keep the relation Jl = — d~2 fixed, no such cut-off occurs. Then the strength parameter K is not bounded
from above. In Figs. 5, 6 we compare the results of the numerical solution of Egs. (12) and (18) and analytical formula (67).
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Fig. 6. The same comparison asin Fig. 5, but for the dependence of the soliton energy on the average dispersion { 8) for afixed Ag = 4.4
ps2/km.
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Solid line is for the numerical solution and dashed line is for the analytical result (67). Fig. 5 shows the dependence of the
dispersion-managed soliton energy on the difference between local dispersions of two fibers in the element of type Il. In this
range of parameters agreement is rather good. Of course, for larger AB when the effect of nonlinearity increases (C,
becomes not small) first order perturbation is not valid and agreement between numerics and Eq. (67) breaks down. In Fig. 6
a similar comparison between numerics and analytical result for the energy dependence on the average dispersion { 8) is
shown. We would like to point out that the above analytical description of the energy enhancement is limited by the case of
perturbative effects of nonlinearity and residual dispersion (though this limit is rather practical). In summary, we have found
arange of system parameters for which the dependence of the power enhancement on map strength and average dispersion
can be described analytically.

6. Details of the pulse form

The above description is valid for any localized function f. So far we have characterized f only by two parameters, C;
and C,. Theform of f has not been specified in more detail, and it seems that this is enough for most practical applications.
However, in this section we want to show that the variational method is capable of providing more information on the pulse
form. We can use the same variational principle as in Section 3 to analyze the general features of the function f. Let us
assume that the asymptotic pulse is an oscillating quasi-soliton, i.e. we suppose that the shape of the pulse is reproduced
after one transit through the compensating element. This assumption is justified by several numerical simulations of the
time- and space-dependent situation, see, e.g., Refs. [19,28,33]. Let us again start with the ansatz

A(zt)= %f[t/T(z)]exp(i)\z+i¥t2), (70)

where T(2z) and M(z) are periodic solutions of Egs. (12) and (13) with some arbitrary C, and C,. Because any solution of
Eq. (1) must realize an extremum of the action S, we can consider now the variational problem §S= 0 in order to determine
the general features of the function f. After averaging the Lagrangian over one period in z, one finds by some simple
calculations that the equation for the shape of the asymptotic pulse f(s) is

2

agg+ a,| f1%f — kf — hs?f =0, (72)

h=a,C, — a,C,, (72)
where

;= (d(2)/T?) (73
and

a,={c(2)/T); (74)

( ) means averaging over one element. Here, k is a parameter (wave number) of the soliton, and «,,«,,C;, and C, are
constants related to the dispersion map. The procedure to describe the detailed shape of the asymptotic breathing soliton
(corresponding to a specific dispersion compensating element) is as follows. First, we find the periodic solutions of Egs. (12)
and (18), i.e. for T and M for arbitrary C,. Then, the coefficients a; and a, should be calculated. The next step is to solve
Eg. (7 for arbitrary k and C;. When «,C; = a,C,, the pulse profile is close to that of a fundamental soliton of the cubic
nonlinear Schridinger equation. For the simplest versions of the compensating systems (similar to the studies in Refs.
[18,28,19]), our analysis (for different dispersion maps) shows that the parameter h is always negative. In Ref. [38] it has
been proved that h is always negative for true periodic solutions of Egs. (12) and (18). Negative h values correspond to
tunneling of the radiation from the central part of the dispersion-managed soliton. The effective potentia (~ hs? in Eq. (71))
is of nontrapping type in this case. Typical solutions of Eq. (71) show some humps in the tails as can be seen in Fig. 7. The
envelope of the oscillatory tails decays very slowly. This steady-state solution can approximate the central part of the
asymptotic solution in the nonstationary problem for small h. In this case a slow tunneling of the radiation from the main
peak takes place, due to the nontrapping parabolic potential. Numerical simulations show that the tails are not self-similar to
the main peak and therefore, the variational approach in the above form is not an optimal way to describe these tails. Note
aso that the energy of the tails are much smaller than the energy of the main peak for a DM soliton.

The typical three-dimensional plot of the evolution of the dispersion-managed breathing soliton approximated by the
self-similar trial function (8) along one section in the type || compensating system is shown in Fig. 8. The pulse broadensin
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Fig. 7. Typical shape of a solution of Eq. (71).

the first part of the section and acquires chirp; in the middle part (with opposite dispersion) the pulse is compressed and
recompressed, in accordance with the evolution of T found from the ODE model; and in the last section the pulse recovers
its width and chirp at the end of the cell. The dynamics of the main energy-bearing part of the DM soliton is described with
good accuracy by the self-similar structure (8). Far-field tails (that are not seen in Fig. 8) are not self-similar, but their
energy is rather small.

An interesting result from the analysis of Eq. (71) is that the mandatory condition of positive (anomalous) average
dispersion ({d) > 0) that provides the existence of the fundamental soliton is changed for a dispersion-managed soliton to
the requirement o, > 0. This means, in particular, that the dispersion-managed soliton can exist even at zero or normal
average dispersion. The region where the dispersion-managed soliton can propagate can now be easily found. Including the
region where residual dispersion {d) is negative (or zero) still allowing soliton propagation. A dispersion-managed soliton
can propagate in the region where a; = (d/T2) > 0. It should be noted that Eq. (71) has been derived in Ref. [36] by exact
averaging of the master Eq. (1). Also this equation describes the shape of the quasi-soliton in a system with programmed
chirp and dispersion [37]; and the shape of the soliton propagating in the fiber links with in-line phase filtering as considered
in Ref. [39].

Fig. 8. Self-similar evolution of the dispersion-managed breathing soliton approximated by atrial function (8) along one section in the type
Il ling; d;=—d,=d=5, {(d)=0.15.
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7. Numerical smulations

In this section we compare results obtained by the variational model given by Egs. (12) and (18) with pulse dynamics
found from direct numerical solution of Eq. (1) for a map of the type Il. The compensation scheme is constructed from DSF
in the following way: two pieces of DSF with 83 = —2.4 ps?/km and the lengths Z, = 100 km each are placed a the
beginning and at the end of the element. A piece of DSF with 85 = 2.6 ps?/km and the length L — 2Z_ = 200 km is placed
in the middle. Thus, the total dispersion compensation period is 400 km. Considering an amplification period equal to 40 km
(i.e. much smaller than the dispersion compensation period) one can average over the fast oscillations of the power between
two consecutive amplifiers. As a result, the inclusion of periodic amplification and dispersion compensation can be handled
as separate problems. The parameters used in the calculations are: the nonlinear refractive index n, = 2.6 X 10~2° m2 /W,
the characteristic time t, = 10 ps, the operating wavelength A, = 1.55 um, the effective fiber area Ay =55 wm?. The
dimensionless parameters are d; = 5, d, = —5 and {d) = 0.2.

First, we demonstrate that the variational approach gives an excellent approximation of the optical pulse dynamics on one
period. Let us define the integral characteristics of the pulse by

1/2
JeIAzdt M(2) 1 1[t(AAT—A"A)dt

JIR Ti(2) 4 [ At

If an asymptotic pulse is described by Eq. (8) with T(0) = 1 then T,(2)/T,(0) = T(2) and M, (2)/T,(2) = M(2)/T(2).
The fast pulse evolution over one element is depicted in Fig. 9. By direct numerical simulations of Eg. (1) we find the values
represented by triangles for T(2)/T(0) and by squares for M(z). The corresponding results of the variational approach are
shown by solid lines. The agreement is very good. To describe the slow evolution, we consider the stroboscopic dynamics of
the pulse peak power and pulse width. In Fig. 10 the long-term (slow) evolution of the pulse characteristics is shown at the
ends of the compensation elements (located at z, = k;k=1,2,3,.... in dimensionless units). The pulse peak powers at the
end of sections found by direct simulations of Eq. (1) are represented by squares. The corresponding pulse widths at the end
of the elements found from the direct numerical modeling of Eq. (1) are represented by circles. Note that the variational
approach predicts straight lines corresponding to the averages. Thus, also the slow dynamics is well represented by the
variational prediction.

Tin(2) = (75)

3.0

T(z)/T(0); M(z)

Fig. 9. Comparison of the variational approach with the direct numerical simulation of Eq. (1) in the fast dynamics (over one element). The
periodic solution for a type Il dispersion map is shown. Triangles for T(2)/T(0) and squares for M(z) correspond to direct numerical
simulations of Eq. (1) and the solid lines correspond to the variational approach. Parameters of the map are d; =5, d, = —5, {(d)=0.2.
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Fig. 10. Comparison of the variational approach with the direct numerical simulation of Eg. (1) in the Slow (averaged) dynamics. Direct
numerical simulations for the pulse peak power (squares) and the pulse width (circles) at the end of sections are shown. The map parameters
are the same as in Fig. 9. Note that the variational approach leads to straight lines.

If the input pulse does not fit the initial conditions for the dispersion-managed soliton as discussed above, then
propagating down the fiber it emits radiation that spreads due to dispersion. In many ways the asymptotic pulse dynamics of
our model is similar to the asymptotic solutions of the NLS equation studied in Ref. [43]. This dynamics has two basic
stages. A ‘‘fast’”’ separation of the radiative part from the initial pulse and a‘*slow’’ interaction of the continuous radiation
with the main pulse. Further interaction of the continuous radiation with the main pulse results in decreasing oscillations.
The corresponding energies of the radiative tail and the main pulse approach constant values [28]. This behavior is in good
qualitative agreement with the pulse dynamics in the integrable NLS equation described in Ref. [43].

Continuous radiation leads to a limitation of the bit rate optical links. The source of this limitation is the nonlocal
character of the pulse interaction in the bit stream with continuous radiation.

Though variational models are known to be limited (seg, e.g. Refs. [42,43]) in the description of some details of nonlinear
pulse dynamics, the comparison of the approach developed in this paper with numerical simulations shows that the
variational approach is an extremely effective tool for determination of the characteristics of the dispersion-managed soliton.
Conseguently, the variational method alows to minimize the shedding of the energy into the dispersive part and is an
effective way for optimizing the system performance of dispersion-manged optical transmission systems.

8. Summary

In this paper we have analyzed the propagation of an optical pulse in a transmission line with dispersion compensating
elements. Characterizing the pulse by a few relevant parameters, we applied a variational principle to determine the
variations of the pulse parameters via ordinary differential equations. For piecewise constant dispersion, as it is the case in
the dispersion compensating elements, we can solve these differential equations analytically, and thereby the whole problem
is reduced to a nonlinear mapping. The fixed points of this mapping determine the operational regime of dispersion
compensating elements. The calculations predict the optimal parameters for a long-haul transmission. The procedure is also
suitable for analyzing various additional aspects, such as: the basin of attraction of the fixed point in driven dissipative cases,
the proper design of the dispersion compensating elements without the restriction of piecewise constant dispersion, the
optimized tailoring of the pulse forms, and so on. We have obtained an anaytical formula for the soliton power
enhancement. This anaytical expression is in good agreement with numerical results, in the (practical) limit when residual
dispersion and nonlinearity only slightly affect the pulse dynamics over one compensation period. It is verified also that
results of the variational approach are in good agreement with results of direct numerical simulations. This proves that the
variational method is an effective tool for optimization of dispersion-managed communication lines.
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