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Abstract. Hamiltonian systems with rapidly oscillating explicit dependence on time are
considered. The wavelength of this oscillation is treated as a small parameter and it is shown how
to remove the time dependence up to some order in the small parameter by means of a canonical
transformation presented in the form of an asymptotic series. The result has applications for the
study of pulse propagation for high bit-rate transmission in optical fibres.
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1. Introduction

In this paper we will describe an approach for treating a Hamiltonian system with fast-
oscillating time-dependent terms in such a way that it is approximated by a suitable
autonomous system to some order inω−1, whereω is the frequency of the oscillation.

Our motivation for analysing this mathematical problem was to study the model of a
particular physical system arising in the design of an optical fibre transmission system which
makes use of dispersion–compensation to improve the bit-rate capacity.

The objective will be to find for any given system, a suitable time-dependent canonical
transformation, to achieve the removal to the appropriate order, of the explicit time
dependence in the equation of motion. The standard approach, known as von Zeipel’s
method and described for example in [1–3], would be to look for a generating function
for the transformation in the form of an asymptotic series. Whilst this will certainly work
just as well as the method which we describe, it is far more cumbersome to apply to the
examples which we consider.

The method described in the present paper is derived almost directly from results
described in [4, 5]. In this sense our work is a kind of comment on those papers. However,
the Hamiltonian nature of the entire procedure, which seems to be more evident in our
description, provides considerable computational advantage. Note that for the generating
function approach the phase space is required to be a symplectic space, whereas in the
present paper the phase space could be any Poisson space: in practice this avoids the need
to identify explicitly the symplectic leaves.

§ Present address: Department of Mathematics, University of Glasgow, Glasgow G12 8QW, UK. E-mail:
amt6im@amsta.leeds.ac.uk

0951-7715/98/040845+13$19.50c© 1998 IOP Publishing Ltd and LMS Publishing Ltd 845



846 I R Gabitov and I D Marshall

The problem of averaging was treated via canonical transformations in a similar
way to that used here, using the integration of a Hamiltonian vector field to define the
transformation, in [6]. It is possible to see the result of this paper as a consequence
of Hori’s work. However, the form that the result takes here is particularly adapted to
problems arising in the model of an optical fibre transmission system.

Consider the differential equation

dx

dt
= f (x, t). (1.1)

Herex may be a point inRn or a point in a function space. In the first case (1.1) will be
an ODE whilst in the second case it will in general be a PDE. The ‘vector field’f is some
t-dependent mapping from the space inhabited byx to the tangent space. In general the
space we are considering could be any differentiable manifold, but in our examples it will
always be a linear space.

Let us suppose that the dependence off on t is via some fast-oscillating functions such
as exp±iωt with ω � 1. We then pose the following problem.

Find a transformationx 7→ X in the form of an asymptotic series

X = x + φ1(x, t)+ φ2(x, t)+ φ3(x, t)+ · · · (1.2)

with φk = O(ω−k) and ∂φk/∂t = O(ω−k+1), such thatX satisfies a differential equation of
the form

dX

dt
= F(X)+O(ω−n) (1.3)

in which the right-hand side is independent oft up to some ordern in ω−1.
There may be supplementary requirements to be met: for example if (1.1) is at-

dependent deformation of an integrable system, we might require the transformed system
to be integrable up to the appropriate order inω−1. Such supplementary requirements will
tend to limit the size ofn.

1.1. Examples

(a) First, let us discuss a simple linear example. Consider the ODE inRn

dx

dt
= [A+ B(t)]x x ∈ Rn (1.4)

whereA is a realt-independentn×n matrix andB is a realt-dependent matrix of the form

B(t) = β exp iωt + β̄ exp−iωt (1.5)

whereβ is a complext-independentn × n matrix andβ̄ is its complex conjugate. Let us
suppose thatω � 1 and seek a transformationx 7→ X of the form

X = x + φ1(x, t)+ φ2(x, t)+ · · · (1.6)

with φk = O(ω−k) and dφk/dt = O(ω−k+1) in order to remove thet-dependence up to
some leading order inω−1.

It is easy to check that if for example we take

φ1(x, t) = ω−2Ḃ(t)x

φ2(x, t) = ω−2[A,B(t)]x − 1
2ω
−2B(t)2x,

(1.7)

where ‘̇ ’ denotes ‘d/dt ’, we will obtain

dX

dt
= (A+ 1

2ω
−1[B, Ḃ])X +O(ω−2). (1.8)
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(Note that d/dt ([B, Ḃ]) = 0.) Here [B, Ḃ] denotes the commutatorBḂ−ḂB. The exercise
can be continued to any order required and we obtain an equation forX of the form

dX

dt
= AnX +O(ω−n) (1.9)

with An independent oft for any n, without violating the conditionφk = O(ω−k).
The next three examples are much more complicated than the last one. To treat them it

is convenient to use the machinery of Hamiltonian systems. We shall return to them again
in section 3.

(b) Consider the time-dependent perturbation of the Garnier system

d2q

dt2
= −Aq − 2

( n∑
k=1

q2
k

)
q − E(t)q

q ∈ Rn, A ∈ gln(R), A = AT
E = E exp iωt + Ē exp−iωt ω � 1, E ∈ gln(C),

(1.10)

whereĒ is the complex conjugate ofE . The Garnier system, which is integrable, is recovered
from equation (1.10) whenE = 0. Let us try to find a transformation to new variablesQ
such thatQ satisfies an ODE with no explicitt-dependence, say to orderω−2.

The following pair of examples are related to the design of optical-fibre transmission
systems. See the appendix for more details. Here as well as in Sections 2 and 3, ‘˙’ denotes
‘d/dt ’ and ‘ ′ ’ denotes ‘d/dx’.

(c) Consider the time-dependent perturbation of the nonlinear Schrödinger equation
(NLS) given by

i
∂u

∂t
+ ∂

2u

∂x2
+ (1+ c(t))|u|2u = 0 (1.11)

with c a periodic function satisfying max|c| ∼ 1 and max|ċ| � 1. We shall call this
the NLS with order zero rapidly oscillating nonlinear perturbation and we shall use the
abbreviation NRO(0) (for ‘nonlinear rapidly oscillating of order zero’) to refer to it. It
is obtained from the simplest model of an optical fibre transmission system in which the
amplifiers are spaced periodically and the dispersion is constant, see [4].

(d) Consider the time-dependent perturbation of the NLS given by

i
∂u

∂t
+ (1+ d(t))∂

2u

∂x2
+ |u|2u = 0 (1.12)

with d periodic, satisfying 1� max|d| � max|ḋ|. We shall call this the NLS with
large rapidly oscillating dispersive perturbation and we shall refer to it by means of
the abbreviation DRO(1/r) (for ‘dispersion rapidly oscillating of order1/r ’), where r
characterises the order of magnitude by which|ḋ| dominates|d|, i.e. max|d| ∼ (max|ḋ|)1/r .
(We shall look in detail only at the caser = 2, but in generalr could be any rational
number greater than 1.) It is obtained from the model of a system in which a short length
of fibre having dispersion of opposite sign to and with much larger magnitude than that
in the transmission fibre is placed at each amplifier station, whilst the amplifiers are still
periodically spaced and the dispersion in the transmission fibre is constant, see [7].

In the next section we will describe a method based on canonical transformations which
can be used for solving problems such as those described in examples (b), (c) and (d). In
the following section we will return to them as an illustration of the method.
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2. Time-dependent canonical transformations

For details concerning definitions the reader is recommended to consult the textbooks
[1, 2, 8, 9].

We will use the following result.

Lemma 1. Let A be a linear operator, depending on a real variablet . For G = eA, we
have

ĠG−1 = Ȧ+ 1
2[A, Ȧ] + 1

6[A[AȦ]] + · · · =
∫ 1

0
(Ȧ+ τ [AȦ] + 1

2τ
2[A[AȦ]] + · · ·) dτ

=
∫ 1

0
(exp(τadA)Ȧ) dτ =

∫ 1

0
eτAȦe−τA dτ (2.1)

where[, ] denotes the commutator given by[A,B] = AB−BA andadA denotes the operator
given byadAB = [A,B].

Proof. X(y, t) = eyA(t) is the unique solution to the matrix ODE∂X/∂y = AX with
X(y = 0) = Id ∀t . The derivativeẊ = ∂X/∂t satisfiesẊ(y = 0) = 0 ∀t and
∂/∂y(e−yA(t)Ẋ(y, t)) = e−yA(t)Ȧ(t)X(y, t) = e−yA(t)Ȧ(t)eyA(t). It follows that

(ẊX−1)(y, t) =
∫ y

0
eτA(t)Ȧ(t)e−τA(t) dτ (2.2)

and hence that

ĠG−1 = (ẊX−1)(y = 1) =
∫ 1

0
eτAȦe−τA dτ. (2.3)

�
We will also make crucial use of the following standard results.

Lemma 2. Let (P, {, }) be a Poisson space and let8 ∈ C∞(P ). Let X8 denote the
Hamiltonian vector field corresponding to8. Then for any fixedT > 0, the mapping
mT : P → P (formally) defined by

dx

dt
= X8(x) x(0) = ξ,mT (ξ) = x(T ), (2.4)

known as the ‘time-T map’ corresponding to8 is always a Poisson map. That is

dmT (ξ) · (XH◦mT (ξ)) = XH (mT (ξ)) ∀H ∈ C∞(P ), ∀ξ ∈ P. (2.5)

Here dmT denotes the Jacobian of the mapmT , i.e. dmT is the linear transformation defined
on the tangent space which is compatible withmT . Note that in generalmT is not well
defined for allT and on the whole ofP and this is the reason for the parenthetic qualifier
‘formally’, but see Remark (i) below.

Lemma 3. Consider the dynamical system inRn

dx

dτ
= v(x) x(0) = ξ. (2.6)

A formal solution to (2.6) is given by

x(τ) = ξ + τv(ξ)+ 1
2τ

2(v · v)(ξ)+ 1
6τ

3(v · v · v)(ξ)+ · · · (2.7)
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wherev · v means

(v · v)(ξ) = d

dt

∣∣∣∣
t=0

v(ξ + tv(ξ)) =
n∑
i=1

vi(ξ)
∂v

∂ξi
(ξ), (2.8)

v · v · v means

(v · v · v)(ξ) = d

dt

∣∣∣∣
t=0

d

ds

∣∣∣∣
s=0

v(ξ + tv(ξ + sv(ξ))) =
n∑
i=1

n∑
j=1

vi(ξ)
∂

∂ξi
vj (ξ)

∂v

∂ξj
(ξ), (2.9)

and so on.

It is convenient for us to give a different formulation of lemma 3, which is in fact
also the generalization to the case where the dynamical system moves on a differentiable
manifoldM. In this case the formula in (2.6) is replaced by

d

dt
(F (x(t)) = v(F )(x(t)) ∀F ∈ C∞(M),= ∀x ∈ M,x(0) = ξ (2.10)

where nowv has to be understood as the vector field which acts as a derivative on functions,
i.e. in local coordinates{xi} onM,

v(x) = v(x)i ∂
∂xi

. (2.11)

Lemma 3 can be deduced from the following.

Lemma 3a. For anyF a formal solution to (2.10) is given by

F(x(τ)) = F(ξ)+ τ(vF )(ξ)+ 1
2τ

2(v2F)(ξ)+ 1
6τ

3(v3F)(ξ)+ · · · . (2.12)

Let us note that Lemma 3a is Taylor’s theorem for functions fromR to R in disguise.
To see this just consider the compositionf = F ◦ x which defines the functionf from R
to R.

Combining Lemmas 2 and 3, we have the following

Proposition 4. Let (P, {, }) be a Poisson vector space. Let8 ∈ C∞(P ). Then the map
m : P → P given formally by

m = 1+ X8 + 1
2X8 · X8 + · · · = expX8 (2.13)

is a Poisson map.

Proof. m is the time-1 map corresponding to8. �

We can formulate a coordinate-independent version of Proposition 4, which is more
useful for us.

Proposition 4a. Let (P, {, }) be a Poisson manifold and let8 ∈ C∞(P ). Then the map
m : P → P given formally by

m∗F = F + X8(F )+ 1
2X

2
8(F )+ · · · = expX8(F ) ∀F ∈ C∞(P ) (2.14)

is a Poisson map. Herem∗ : C∞(P ) → C∞(P ) denotes the pull-back map on functions,
given by

m∗F(x) = F(m(x)). (2.15)
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Remarks. (i) If we have a small parameterε and8 has the property that8 = O(ε) in the
region ofP which concerns us, then we can replace the qualifier ‘formally’ in the above
lemmas and propositions by ‘in the form of an asymptotic series inε’.

(ii) There is a subtle difference in the literature between the terms ‘Poisson map’ and
‘canonical transformation’, but for present purposes they are considered to be the same.

Suppose that we have a function8 : R × P → R, so that we introduce a continuous
parameter ortime dependence. Let us suppose that we define now thet-dependent map
m(t) : P → P by

m(t) = exp[X8(t)]. (2.16)

Then we have the following.

Proposition 5.

ṁ(t)m(t)−1 = XK(t) whereK = 8̇+ 1
2{8, 8̇} + 1

6{8, {8, 8̇}} + · · · . (2.17)

Proof. Using Lemma 1 we have

ṁm−1 = Ȧ+ 1
2[A, Ȧ] + 1

6[A[A, Ȧ]] + · · · (2.18)

with A = X8. Now, making use of the standard property of Hamiltonian vector fields, that

[XF ,XG] = X{F,G} for anyF,G ∈ C∞(P ), (2.19)

we get the result. �

Suppose that we have the Hamiltonian system on(P, {, })
dx

dt
= Xh(x) (2.20)

and that we make at-dependent canonical transformation of the form given by (2.16). Then
for X = m(t)(x) we obtain

dX

dt
= dm

dt
(x)+ dm(t) · dx

dt
=
(

dm

dt
·m−1

)
(X)+ Xh◦m−1(X) = XH (X) (2.21)

with

H = (m−1)∗h+K = h ◦m−1+K (2.22)

whereK is given by (2.17).
The result given by equations (2.20), (2.21) and (2.22) is the most important one for

us. Let us therefore state it as a theorem.

Theorem 6. Let (P, {, }) be a Poisson space and let8 ∈ C∞(R×P). Leth ∈ C∞(R×P).
Let the mapm(t) : P → P be given byX = m(t)(x) = exp[X8(t)] ·x. Then the Hamiltonian
vector fieldẋ = Xh(x) is mapped bym to Ẋ = XH (X), whereH = h ◦ m−1 + K and the
formula forK is given by (2.17).

Let us now look at how we can use the above Theorem to transform away a rapidly
oscillating term in the Hamiltonian—at least up to some order inω−1. Suppose that we
have on some Poisson spaceP , a time-dependent Hamiltonian functionh of the form given
by

h(t) = F + c(t)G, (2.23)
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whereF,G ∈ C∞(P ) andc is a periodic real function onR with the properties

max

∣∣∣∣c−1 dc

dt

∣∣∣∣� 1 and 〈c〉 =
∫ τ+T

τ

c(t)
dt

T
= 0. (2.24)

Here T is the period ofc and so the integral in (2.24) is independent ofτ . A function
obeying the properties in (2.24) has to be a rapidly oscillating function.

Remark. The generalisation of the method to the treatment of a Hamiltonian function of the
form h(t) = F + c1(t)G1+ · · · cr(t)Gr is trivial. We will consider separately two different
cases:

(i) max|c| ∼ 1,
(ii) max |c| � 1, but max|dc/dt | ∼ max|c|2.
These two cases are by no means exhaustive of all possibilities, and indeed we expect

the same method to work for cases of the type:
(iii) max |c| � 1, but max|dc/dt | ∼ max|c|r
for r = 3, 4, . . . .
We seek a function8 ∈ C∞(R × P) in the form of an asymptotic series in a small

parameterε1 such that the transformed HamiltonianH constructed by means of Theorem 6
is independent oft to some order inω−1 whereω is a large real number which characterises
the frequency of the oscillating functionc. In fact in both cases (i) and (ii) we will be able
to require thatH = F to some order inω−1, and this is important for applications in which
F is integrable.

Let

8 = φ1+ φ2+ φ3+ · · · (2.25)

whereφk = O(εk1) and |φ−1
k φ̇k| ∼ ω � 1. We will write ω−1 = ε and the small parameter

ε1 will be given byε1 = ε in case (i) and byε2
1 = ε in case (ii).

The rest of the procedure involves substitution of8 from (2.25) into the formulae
specified in the Theorem. The only difference between the two cases is in how terms are
to be collected together.

We have

H = h+ {8h} + 1
2{8, {8,h}} + 1

6{8, {8{8,h}}} + · · ·
+8̇+ 1

2{8, 8̇} + 1
6{8, {8, 8̇}} + · · · . (2.26)

Case (i). We collect terms of the same order inε1 = ε. We get

H = F + cG+ φ̇1+ {φ1, F } + c{φ1,G} + φ̇2+ 1
2{φ1, φ̇1} + {φ2, F }

+c{φ2,G} + 1
2{φ1, {φ1, F }} + 1

2c{φ1, {φ1,G}} + φ̇3

+ 1
2{φ1, φ̇2} + 1

2{φ2, φ̇1} + 1
6{φ1, {φ1, φ̇1}} + · · · . (2.27)

We have the requirement on the termsφ1, φ2, . . . that φk(t) ∼ O(εk) ∀t . We therefore
choose

φ̇1 = −cG+ 〈cG〉,
φ̇2 = − 1

2{φ1, φ̇1} − {φ1, F } − c{φ1,G} + 〈 12{φ1, φ̇1} + {φ1, F } + c{φ1,G}〉,
(2.28)

and so on. In this way we are able to make at-dependent transformation on the phase space
in such a way as to transform the system to a Hamiltonian system having a Hamiltonian
function independent oft up to any order inε.
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Thus

φ1 = f1− c1G,

φ2 = f2− 1
2c1{f1,G} − c2{F,G}

φ3 = f3− c3{{G,F }, F } + 1
2ρ{{F,G},G} − 1

2c2{{G,F }f1} + 1
6c1{{G, f1}, f1}

− 1
2c1{f2,G} + 1

12c
2
1{{f1,G},G}, with ρ̇ = cc2− < cc2 >,

(2.29)

and so on, wherec1, c2, c3, . . . are chosen such that

c0 = c, ċi = ci−1 and 〈ci〉 = 0 ∀i (2.30)

andf1, f2, f3, . . . are arbitrary functions onP , with fi ∼ O(εi). We have

H = F + 〈cG〉 + 〈 12{φ1, φ̇1} + {φ1, F } + c{φ1,G}〉 + 〈{φ2, F } + c{φ2,G} + 1
2{φ1, {φ1, F }}

+ 1
2c{φ1, {φ1,G}} + 1

2{φ1, φ̇2} + 1
2{φ2, φ̇1} + 1

6{φ1, {φ1, φ̇1}}〉 + · · ·
(2.31)

and hence finally

H = F + {f1, F } + {f2, F } + + 1
2{{F, f1}, f1} + 1

2〈c2
1〉{{F,G},G} + · · · . (2.32)

Case (ii). We collect terms of the same order inε1 = ε1/2. We get

H = cG+ φ̇1+ F + c{φ1,G} + φ̇2+ 1
2{φ1, φ̇1} + {φ1, F } + c{φ2,G}

+ 1
2c{φ1, {φ1,G}} + φ̇3+ 1

2{φ1, φ̇2} + 1
2{φ2, φ̇1} + 1

6{φ1, {φ1, φ̇1}} + · · · .
(2.33)

We have the requirement on the termsφ1, φ2, . . . that φk(t) ∼ O(εk1) ∀t . We therefore
choose

φ̇1 = −cG+ 〈cG〉,
φ̇2 = −(c{φ1,G} + 1

2{φ1, φ̇1})+ 〈c{φ1,G} + 1
2{φ1, φ̇1}〉,

φ̇3 = −({φ1, F } + c{φ2,G} + 1
2c{φ1, {φ1,G}} + 1

2{φ1, φ̇2} + 1
2{φ2, φ̇1}

+ 1
6{φ1, {φ1, φ̇1}})+ 〈{φ1, F } + c{φ2,G} + 1

2c{φ1, {φ1,G}}
+ 1

2{φ1, φ̇2} + 1
2{φ2, φ̇1} + 1

6{φ1, {φ1, φ̇1}}〉,

(2.34)

and so on. Thus

φ1 = f1− c1G,

φ2 = f2− 1
2c1{f1,G}

φ3 = f3− c3{F,G} − 1
2c1{f2,G} + 1

12c
2
1{{f1,G},G} − 1

12c1{{G, f1}, f1},
(2.35)

and so on, wherec1, c2, c3, . . . are chosen such that

c−1 = c, ċi = ci−2 and 〈ci〉 = 0 ∀i (2.36)

andf1, f2, . . . are arbitrary functions onP , with fi ∼ O(εi1). We have

H = F + 〈cG〉 + 〈c{φ1,G} + 1
2{φ1, φ̇1}〉 + 〈{φ1, F } + c{φ2,G}

+ 1
2c{φ1, {φ1,G}} + 1

2{φ1, φ̇2} + 1
2{φ2, φ̇1} + 1

6{φ1, {φ1, φ̇1}}〉 + · · · (2.37)

and hence finally

H = F + {f1, F } + {f2, F } + 1
2〈c2

1〉{{F,G},G} + · · · . (2.38)
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Note that the full details of the computation have not been shown to save space, butH has
been computed up to terms involvinġφ4.

Remark. In passing from (2.28) to (2.29) and from (2.34) to (2.35), we have included
the t-independent ‘constants of integration’f1, f2, etc. Another way of getting the same
result would be to insist that all such constants of integration are to be zero, ensuring that
〈φi〉 = 0 holds for all i, and to compose thet-dependent canonical transformation given
by (2.16) with8 given by (2.25), with at-independent one also given by (2.16) now with
8 = f̂1 + f̂2 + · · ·, wheref̂1, f̂2 are related tof1, f2 etc. but are not equal to them. In
both cases (i) and (ii) it is natural to choosef1 to be zero, as in both cases the highest-order
term in the perturbation is{f1, F }. However, in any given situation, it may be useful to
leavef2, f3, etc. open to subsequent choice in order to simplify the problem further.

3. Examples

In this section we shall look at the examples from the Introduction, for which the results of
the previous section are useful.

First of all we shall discuss the two perturbations of the NLS.
The phase space(P, {, }) is a subspace ofC∞(R,C). We do not specify further what

this subspace is, other than to say that it consists of those functions ofx which decay
sufficiently fast asx → ±∞ that all integrals which arise in our computations are well
defined (for details see [10]). We define the scalar product〈, 〉 : P × P → R by

〈a, b〉 = 2 Re
∫ ∞
−∞

a(x)b(x) dx =
∫ ∞
−∞

[a(x)b(x)+ ā(x)b̄(x)] dx, (3.1)

where we use a bar to denote the complex conjugate. For an elementF of C∞(P ) and for
a pointu ∈ P , we define the variational derivativesδuF, δūF ∈ P by

d

dt

∣∣∣∣
t=0

F(u+ t1) =
∫ ∞
−∞
(1δuF + 1̄δūF )(x) dx ∀1 ∈ P. (3.2)

Note that fromF : P → R we can deduce thatδūF is the complex conjugate ofδuF .
The Poisson bracket{, } : C∞(P )× C∞(P )→ C∞(P ) is defined by

{F,G}(u) = 〈δuF, iδūG〉 F,G ∈ C∞(P ), u ∈ P. (3.3)

Let the functionsA andB in C∞(P ) be given by

A(u) = 1
2

∫ ∞
−∞
|u(x)|4 dx and B(u) = −

∫ ∞
−∞
|u′(x)|2 dx. (3.4)

The functionA + B is the Hamiltonian function for the NLS equation with respect to the
above Poisson bracket. The order zero rapidly oscillating nonlinear perturbation of the NLS,
or NRO(0) system, is then given by

hNRO(0) = A+ B + cA (3.5)

wherec is a rapidly oscillating function oft and max|c| ∼ O(1), i.e. the NRO(0) system
is an example of case (i).

The large rapidly oscillating disperion perturbation of the NLS, or DRO(1/r) system is
given by

hDRO(1/r) = A+ B + dB (3.6)
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whered is a rapidly oscillating function oft and max|d| � 1. We shall confine ourselves
here to the detailed study of DRO(1/2) where we have max|d|2 ∼ ω, i.e. the DRO(1/2)
system is an example of case (ii).

We have to compute the functions

HNRO(0) = {{A+ B,A}, A} = {{B,A}, A}
HDRO(1/2) = {{A+ B,B}, B} = {{A,B}, B}

(3.7)

in order to obtain correction terms at orderω−2 and at orderω−1 for the two respective
systems. We get

{A,B}(u) = 〈|u|2ū, iu′′〉 = i
∫ ∞
−∞
(|u|2(ūu′′ − uū′′))(x) dx ⇒ δu{A,B}

= i[ ū2u′′ + (|u|2ū)′′ − 2|u|2ū′′] (3.8)

and hence we obtain

HNRO(0)(u) = 〈−i[ ū2u′′ + (|u|2ū)′′ − 2|u|2ū′′], i|u|2u〉
= −

∫ ∞
−∞

[|u|4ūu′′ + |u|4uū′′ + 2|(|u|2u)′|2](x) dx (3.9)

and

HDRO(1/2)(u) = 〈i[ ū2u′′ + (|u|2ū)′′ − 2|u|2ū′], iu′′〉
=
∫ ∞
−∞

[4|u|2|u′′|2− ū2u′′2− u2ū′′2− |u|2ūu(4) − |u|2uū(4)](x) dx. (3.10)

We still have some freedom in the correction terms in the transformed Hamiltonian
functionH . Whilst it is natural to choosef1 in both cases to be zero, it may be convenient
to retain the freedom in the choice off2. We have therefore in the case of the NRO(0)
system

HNRO(0) = A+ B + 1
2〈c2

1〉HNRO(0) + {f, A+ B} +O(ω−3)

with f ∈ C∞(P ) arbitrary and order O(ω−2) (3.11)

and in the case of the DRO(1/2) system

HDRO(1/2) = A+ B + 1
2〈d2

1〉HDRO(1/2) + {f, A+ B} +O(ω−3/2)

with f ∈ C∞(P ) arbitrary and order O(ω−1), (3.12)

wherec1 ∼ O(ω−1) andd1 ∼ O(ω−1/2) are given by

〈c1〉 = 0, ċ1 = c and 〈d1〉 = 0, ḋ1 = d. (3.13)

Remark. To compare (in the case of NRO(0)) the result given here with the transformation
given in [4], one has to compute exp[X8] · u with 8 = φ1+φ2+ · · · andφ1, φ2, φ3, . . . are
given by (2.29).

As it is a useful exercise which helps to clarify the method, let us look at the finite
dimensional example which was example (b) in the Introduction.

The setting for this example is the phase spaceP = R2n, with canonical coordinates
(q, p) and canonical Poisson bracket given by

{F,G} =
n∑
i=1

(
∂F

∂qi

∂G

∂pi
− ∂F
∂pi

∂G

∂qi

)
. (3.14)
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Let E be at-dependent, symmetric, real,n× n matrix, whose entries are all O(1) in ω−1,
given by

E(t) = E exp iωt + Ē exp−iωt (3.15)

with E a symmetric, complex,n × n matrix of O(1) in ω−1 and Ē its complex conjugate.
We will assume thatω � 1 and consider thet-dependent Hamiltonian functionh given by

hE(t)(q, p) = 1
2

( n∑
i=1

p2
i +

( n∑
i=1

q2
i

)2

+ qT Aq + qT E(t)q
)

= 1
2(p

2+ q4+ qT Aq + qT Eq). (3.16)

Hamilton’s equation gives the system in (1.10).
Let us apply the approach described in Section 2 to remove thet-dependence up to

some order inω−1. For E = 0, (3.16) defines an integrable system. We expect therefore,
by analogy with the first two examples, to proceed only up to terms which guarantee
integrability of the transformed Hamiltonian to the given order inω−1. Let us denote byF
andG the functions given by

F(q, p) = h0(q, p) = 1
2(p

2+ q4+ qT Aq) (3.17)

and

G(t)(q, p) = (hE − h0)(q, p) = 1
2q

T E(t)q. (3.18)

Now let8 be given by

8 = φ1+ φ2+ φ3+ · · · , (3.19)

with

φ1 = ω−2Ġ

φ2 = ω−2{F,G}
φ3 = ω−4{{F, Ġ}, F } + 1

4ω
−4{{F,G}, Ġ}

φ4 = −ω−4{{{F,G}, F }, F } − 3
8ω
−4{{{F,G},G}, F }.

(3.20)

Then we get

H(q, p) = F(q, p)− ω−2qT EĒq + iω−3pT [Ē, E ]q +O(ω−4), (3.21)

where [, ] denotes the commutator as in (1.8) and in (2.1). To simplify the computation
of the term at O(ω−4) in H , we may observe that any term containing anodd number of
Gs andĠs can be cancelled by an appropriate choice ofφ5 and if we stop at this order,
then we shall not need the explicit form ofφ5. The only terms which cannot be cancelled
are those arising from taking the average over a period 2π/ω of terms containing an even
number ofG andĠ. We obtain for the O(ω−4) term,

〈− 1
2ω
−4{{{{F,G}, F }, F },G} − 3

8ω
−4{{{{F,G},G}, F }, F }〉. (3.22)

We have then

H(q, p) = 1
2p

2+ 1
2q

4+ 1
2q

T Aq − ω−2qT EĒq + iω−3pT [Ē, E ]q + ω−4(7q2qT EĒq
+4(qT Eq)(qT Ēq)− 3

2p
T EĒp + qT (EAĒ + 9

4EĒA+ 9
4 ĒEA)q)+O(ω−5).

(3.23)

If we now make a further canonical transformation(q, p) 7→ (Q, P ) given by

P = (1− 3
4ω
−4(EĒ + ĒE))(p + iω−3[E, Ē ]q)

q = (1− 3
4ω
−4(EĒ + ĒE))Q, (3.24)
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which has the generating functionS given (to orderω−5) by

S(q, P ) = qT (1+ 3
4ω
−4(EĒ + ĒE))(P − 1

2iω−3[E, Ē ]q), (3.25)

then we have

H(q, p) = K(Q,P ) = 1
2P

2+ 1
2Q

4+ 1
2Q

T ÂQ

+4ω−4(Q2QT EĒQ+ (QT EQ)(QT ĒQ))+O(ω−5). (3.26)

Here we denote bŷA the t-independent symmetric matrix which arises in the computation;
it is not necessary to write it out explicitly. As the Garnier system is integrable for anyA,
it follows that the transformed HamiltonianH above is integrable up to order O(ω−3), in
the sense that the Hamiltonian is an orderω−4 perturbation of an integrable one.

Appendix. Derivation of the cases NRO and DRO for an optical fibre transmission
system

In an optical fibre transmission system, the envelope of the electrical fieldE is described
by the equation

i
∂E

∂Z
+ d(Z)∂

2E

∂T 2
+ α|E|2E = iG(Z)E, (A.1)

whereG(Z) = −γ + A∑N
k=1 δ(Z − kZa).

Here T is time andZ is the space variable in a frame which moves at the group
velocity of the wave. There are several parameters in this equation:γ describes fibre losses;
α describes the Kerr nonlinearity (the dependence of the refractive index in the fibre on
light intensity);d(Z) describes fibre chromatic dispersion; the functionA

∑N
k=1 δ(Z− kZa)

represents the amplifiers, which compensate the fibre losses, andZa is the distance between
amplifiers (which is a constant in the simplest model).

Let the functionc be given by

c(Z) = exp

(
2
∫ Z

0
G(ζ) dζ

)
. (A.2)

Let the positive constantsk anda be given by

k2 = 〈d〉−1 and a2 = α〈c〉 (A.3)

and introduce the rescaled variablest andx, which are related toZ andT by

t = Z, x = kT . (A.4)

Now if we let the fieldu be defined by

u(x, t) = a exp

(
−
∫ t

0
G(ζ) dζ

)
E(t, x/k), (A.5)

we obtain the following equation foru

i
∂u

∂t
+
(

1+ d̃(t)〈d〉

)
∂2u

∂x2
+
(

1+ c̃(t)〈c〉
)
|u|2u = 0, (A.6)

whered̃ = d−〈d〉 and c̃ = c−〈c〉. On lengthscales significantly larger thanZa (recall that
length is t in the transformed equation),c̃ is a rapidly oscillating function and in addition
we have max|〈c〉−1c̃| ∼ 1. When c̃ = 0 and d̃ = 0 (A.6) is the Nonlinear Schrodinger
Equation (NSL).
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In [4] it is shown how to transform the above equation to the NLS with lower-order
correction terms for max|〈c〉−1c̃| ∼ 1 and max|〈d〉−1d̃| ∼ 1. This is the physical system
in which the nonlinearityα and the dispersiond are both of order 1. By analogy with a
phenomenon in plasma physics, the authors of [4] coined the nameguiding centre soliton
for the solutions of the transformed equation in this case. Note that the method used by the
authors of [4], although rather general, is considerably more complicated at a computational
level than the one used in this paper.

In the case of dispersion compensation, the effect of the fibre chromatic dispersion is
compensated by interspersing at each amplifier, between the lengths of the transmission
fibre, short sections of fibre with chromatic dispersion of opposite sign to—and relatively
much larger absolute value than—that of the chromatic dispersion of the transmission fibre
(see [7]). Hence the modulus of̃d(z) is not small andd̃(z) is a periodic function with
period za, whilst 〈d〉 is close to zero. This means that on a lengthscale of significantly
higher order thanZa we have, in addition to the condition on(〈c〉−1c̃), that d̃ is a rapidly
oscillating function and also that we have max|〈d〉−1d̃| � 1.

In these two cases we are dealing with time-dependent rapidly oscillating perturbations
of the NLS. The two cases are equivalent to NRO(0) and DRO(1/r) respectively, due to the
fact—following the remark immediately after (2.24) and as is apparent from Section 2—that
successive averaging of differentt-dependent terms in the Hamiltonian is the same as direct
averaging of all terms at one go.
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