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Q in previous work: When can a player force a finite time exit from

Wy ={(n0):r>0, ~2<o<?}

@ There is an angle 77, > 0 with the following properties:

@ For n < np, there exists a strategy for player Il and a small ¢¢ > 0
such that

Eolt] <00, xo€ W,,

o If n > np, then for each strategy of player Il, there are arbitrarily
small stepsizes, along with corresponding xo € W,, and strategy for
player | such that

E,[T] = 0.
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For the tug-of-war with noise we also showed

Wll_l 2(p—1)

5 ) 1 <np < (1)

The lower bound was obtained using martingale methods and the
solution to the boundary value problem

Apu=—-1 in W,
u=0 ondW, (2)
u>0 on W,

The upper bound is weak, while the lower bound is what we believe is the
correct behavior. The fact that p < co gives some smoothness to
solutions.
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Tug of War without noise a la (Peres-Schramm-Sheffield-Wilson)

n

0%u Ou du
Au = [Vu| ™2 ou
ol ‘Vul i; 8X,'8Xj aX,' 8XJ

Let D C RY be open and connected.

The game position is initially at a point xp € D and at each play, a fair
coin is tossed.

The winner moves the game position € units along a direction of his
choosing.

The game ends when the game position hits or crosses the boundary of
D.

Use xi to denote the game position at the k™" step and we will make the
convention that if x, € W, then x; = xi for all £ > k.
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The game history up to step k is the o-algebra 1 generated by all sets
of the form

Payogoe ={w€Q:wi=a;,i=1,... k}

A strategy for player | is a sequence of Borel measurable maps

fi : Hx — B:(0), k>1
such that

fx(w) depends only on the first k coordinates of w:
fi(w) = f(wr, ... ,wk), w= (w1, ws,...)

and

fk(w].?"')wk*l?O) = ) fk(w17"'7wk717 1) EaBE(O)'



Background




Background

a strategy for player Il is a sequence of Borel measurable maps

gk : Hix — B:(0), k>1



Background

a strategy for player Il is a sequence of Borel measurable maps

gk : Hix — B:(0), k>1

gk(wi, ..., wk—1,0) € 0B(0), gk(wi, ..., wk—1,1) =0.



Background

a strategy for player Il is a sequence of Borel measurable maps

gk : Hix — B:(0), k>1

gk(wi, ..., wk—1,0) € 0B(0), gk(wi, ..., wk—1,1) =0.
Upto exiting D the token follows

X1 = Xk + fip1 + Brt1-
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Distance Strategy

The set of strategies is overwhelming, we first see what happens with an
intuitive strategy.

Suppose the strategy of player Il is to minimize the distance to the
boundary, while player | maximizes the distance to the boundary.

Theorem 1: If 7 is the time to end the game, then for any starting point
Xo € W,,,

E [l <o if n<

Eylr] =00 if 7>

w3 wl

If # <n < 27 then by the max-min nature of the game reduces to
computing a random walk on a half line which is infinite.
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Assume that 0 <np <7

In the ambiguous case of minimizing the distance to the boundary, that is
when the game position is on the axis of the wedge, we minimize the
distance to the upper boundary of W,

We can assume the initial position starts on or above the x-axis.

In figure above, line ¢; is through xg perpendicular to the upper boundary
of the wedge.

Also /5 is the horizontal line lying € cos 4 units above the x-axis.
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Next, we impose a lattice as follows: Let N be the integer part 2 and
place a lattice point at the points

0,¢,2¢,...,Ne, (N + 1)e, . ..

on the x-axis Then on each ray from (ke, 0) that is perpendicular to the
upper boundary of W, place lattice points € units apart, starting at
(ke,0).

By the maximum-minimum nature of the game movement:

(a) The game position is constrained to be on the lattice;

(b) once on the ray from (ke,0), the position can move back and forth
along that ray, it cannot go to the lower ray from ((k — 1)¢,0), but
it can advance to the higher ray from ((k + 1), 0).

So the state space of the game is a “half-tree” with trunk the x-axis and
whose branches emanate at points (ke, 0) on the trunk. The game
position can move anywhere along a branch, but it cannot go to a lower
branch.
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Define
=inf{k >0:xx = (ne0)}.

Gp = {7h < 00, Tp41 = 0}

Euc (7] = B [7]G.] Puc (G)

=y ZENe Tja1 — 75 | Go] + Ene [T = 7n | Ga] | Pne (Gn),

T 3)
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Lemma: For some positive A; and A,, both depending only on € and 7,
for n > N + 1, with 7 being the time to end the game,

A1 n? < Ep. [T—T,,|Tn<oo,7'n+1:oo} < A n?.

Enc[7] <00 <= > n’Pnc(G,) < oc. (4)
n=M+1

Finally the bounds for Py (G,) are straightforward and imply Theorem 1
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2

We assume n < 7 [1 — } and there exists a 'polar’ solution to the bvp:

2

Agu=—-1 in W\{(x,y) eR?:y =0}
u=0 on JOW,,

u(x) = r?f(9), where f is even, f > 0 on (fﬂ ﬂ), f (:l:g) =0,f <0

272

on (0,%), f/>0on (—%,0), f(0) = 0 and

feC([-43])n P ([-4.3]) nC™ ([-3. 3] \{0}).-
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Theorem 2: If
V2

<m|1-Y2
n s 5 s

then there is ¢g > 0 and a strategy for player Il such that the time 7 to
end the game in W, satisfies

sup sup €2E,[r] < oo, xo € W,
S 0<e<eg

where the first supremum is taken over all strategies for player I.
essentially: if the game position at time k is x, and player Il wins he
should move the game position € units in the direction of —Vu(xk).

u is smooth away from the axis so it has a Taylor expansion there

so we take G a small neighborhood of the axis and use A, u = —1 in the
classical sense away from G
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We can then show that for some Cg > 0 and sufficiently small €
2

u(xk) + %k — Ce €k

is a supermartingale up to the time 7¢ the game position enters G
So if 7 is the time to end the game,

2

5(1 —2Cg G)EXO [T A Tg] < U(Xo).
Hence the theorem is true up to the 7¢ part.

Trouble arises from u non smooth on the axis of the wedge. If G shrinks
Cc¢ blows up and also the hitting time of the axis still remains in the
expectation.
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Upper Bound for Using the ODE

We perturb the u slightly to a function v and player II's strategy near the
boundary and show

that when player | uses any strategy, then

2
My = v(xi) + %k —Gké (5)

is a supermartingale.
then regardless of the strategy player | uses,

2
€
EXO[(V(Xk+1) - V(Xk)) | Hk] < _E + C4 63.
now optional stopping leads immediately to

sup sup €2Eg[r] < oo, xp € W,
S 0<e<er
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Theorem 3: If > %, then for xp € W), and each strategy of player II,
there is a strategy for player | such that

E[7] = oc.

Fix any strategy for player Il

Player | will play a "side game, B”, in this game he maximizes the
distance when he wins and minimizes when he loses

The side game B follows the 'distance strategy of Theorem 1" and the
true game is A.

The game A position is xx and its ending time by 74. Let yx and 75 are
for game B.

We show 7g < T4 basic states after the nt" play.



Lower Bound-A Side Game

State S1(n): 78 A Ta > n. The game positions coincide and lie within
Wy Xp = yn € W,
State Sa(n): 78 ATa > n. There is a closed disk D, C W, such that
(a) the radius of D, is ¢;
(b) for some m < n, the center of D, is ym;
(c) xn € ODpy;
(d) y, € 9D, and y, is the point in D, that is closest to
the upper boundary of W,,.
State S3(n): 78 ATa > n. There is a closed disk D, C W,, such that
(a) for some k > 2, the radius of D, is ke;
(b) for some m < n, the center of D, is ym;
() X
(d) yn € 3D and y, is the point in D, that is closest to
the upper boundary of W,,.
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Lower Bound-A Side Game

Claim : Suppose after the n*" play of the game, where n > 1, the games
are in one of the states Sy(n), Sa(n) or S3(n).

Player | can make on the (n + 1) play a move
@ depending only on what has happened the first n flips of the coin
@ such that the resulting game positions
@ are in one of the states S;(n+ 1), Sp(n+1) or S3(n+1) or
® Ynt1 & W, and 78 < 7a.
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Lower Bound-A Side Game

o Case 1 current state S;(n). If player | wins he moves the token, in
both games away, from boundary and the resulting state is S;(n+ 1)
If player Il wins either y, 1 & W,, else Sp(n+1)

o Case 2 current state Sy(n). If player | wins the next play, he moves
his game A position to the center y,, of D,. Thus
Xnt1 = Yn+1 = ¥Ym € W, and the state of the games is now

51(n + 1)
o If player Il wins, then either y,.1 & W, or S3(n+1)

o Case 3. If player | wins, Sy(n+ 1), else S3(n+ 1)
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A Nonlinear ODE

The strategy for small angles depended on a nonlinear ODE.

Neglecting technicalities, assume u(x) = r?f(#) > 0 is a solution to

Agu=—-1in W,
u=0onoW,.

In polar coordinates it is known (Aronsson (1984)) that

2, 1 5 - 2 2 1, 1 2
A u= u,—|—ﬁu9 u,u,,—i—ﬁu,ueu,@—&—ﬁuguag—ﬁu,ue .
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This leads to an ODE

4F2[L+ 26+ (F [L+6F + ] =0on (=2, 7). (6)



A Nonlinear ODE

This leads to an ODE

4#H+Qﬂ+%ﬁfﬂ+ﬁf+ﬂq:00n(—%g). (6)
It is reasonable to assume f is symmetric and concave, and this suggest
f'(0) = 0. Thus we consider (6) on (0, Z) with

n

£/(0) = 0, f(E):O. (7)



A Nonlinear ODE

Making a functional transformation to convert this to a first order
boundary value problem: Let

y =f and a = f(0),

then transform via R
Ha(y(x)) = (v'(x))"- (8)

This converts (6) into the equation
1
4y* [1+2y] + Ha(y) |1+ 6y + 5 H(y)| =0, (9

and since



A Nonlinear ODE

We get an implicit representation of y = f(6):

a dw
6= /y(e) ool (o g)
In particular,
n_[° dw
2 /y(n/2) VHa(w)
¥ dw

Ha(w) .

Il
oc—
—~~
=
=
=
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A Nonlinear ODE

We are able to show that the boundary value problem (9)—(10) is
solvable on [0, a] for any a > 0

and the critical angle for solvability (i.e., (1 — /2/2)) of (6)—(7) is the
limit as a — oo of (11).

To evaluate this limit, it is necessary to make one more change of
variables:

Gi(y) = (ay) 2Hs(ay), O0<y<1.



A Nonlinear ODE

Thanks for a great FPD!
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