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Game p-Laplacian

∆p u := ∆G
p u =

1

p
|∇u|2−p div(|∇u|p−2∇u)

Tug of War with Noise
two-player, zero-sum game,
player I wants to maximize the running cost plus a possible boundary
cost
at each play a fair coin is tossed, winner moves game position

!
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Figure 1: A move of tug of war with noise in dimension 2, for the noise distribution µ given
by µ{(0, r)} = µ{(0, −r)} = 1/2. The player who wins the coin toss adds a vector vk of
length at most ϵ to the the game position xk−1, and then a random noise vector zk with law
µvk

(and magnitude r|vk|) is added to produce xk. In the figure |vk| = ϵ.

superharmonic” and “p-subharmonic.”) Note that the continuity assumption can be replaced
by a weaker regularity assumption, and that p-harmonic functions are the same as harmonic
functions when p = 2.

Let Πi denote projection to the ith coordinate. The covariance matrix

C =
(∫

Πi(x)Πj(x) dµ(x)
)d

i,j=1

of the noise measure µ is necessarily diagonal with Ci,i = Cj,j for all 2 ≤ i, j ≤ d. The main
result of this paper is that as ϵ tends to zero, the functions uϵ

1 and uϵ
2 converge uniformly to

the unique p-harmonic extension of F (at least when F is continuous and Ω is sufficiently
regular), where p is determined as follows: Given µ, we define a constant p = p(µ) ∈ [1, ∞]
by p = C1,1+C2,2+1

C2,2
. Equivalently, p is such that for some β > 0, we have C1,1 + 1 = βq−1 and

Ci,i = βp−1 for 2 ≤ i ≤ d, where p−1 + q−1 = 1. This p is chosen so that if one player always
chooses the vector vk to be some v with |v| = ϵ, and the other player always chooses vk to be
−v, then for each k the variance of xk −xk−1 is proportional to q−1ϵ2 in the direction of v and
p−1ϵ2 in each direction orthogonal to v. In other words, q−1 and p−1 are the relative sizes
of the parallel and perpendicular variance when the players “tug” in opposite directions.
The case p = ∞ corresponds to purely parallel variance and p = 1 to purely perpendicular
variance.

We now describe the required regularity condition on Ω. For a given noise measure µ and
p = p(µ), a point y ∈ ∂Ω is called a game-regular boundary point of Ω if whenever the game
starts near that y, player I has a strategy for making the game terminate near y with high
probability. More precisely, y is game-regular if for every δ > 0 and η > 0 there exists a
δ0 and ϵ0 such that for every x0 with |x0 − y| < δ0 and ϵ < ϵ0, player I has a strategy that
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Q in previous work: When can a player force a finite time exit from

Wη =
{

(r , θ) : r > 0, −η
2
< θ <

η

2

}

There is an angle ηp > 0 with the following properties:
For η < ηp, there exists a strategy for player II and a small ε0 > 0
such that

Ex0 [τ ] <∞, x0 ∈Wη,

If η > ηp, then for each strategy of player II, there are arbitrarily
small stepsizes, along with corresponding x0 ∈Wη and strategy for
player I such that

Ex0 [τ ] =∞.
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For the tug-of-war with noise we also showed

π

[
1− 1

2

√
2(p − 1)

p

]
≤ ηp ≤ π. (1)

The lower bound was obtained using martingale methods and the
solution to the boundary value problem

∆pu = −1 in Wη

u = 0 on ∂Wη (2)

u ≥ 0 on Wη,

The upper bound is weak, while the lower bound is what we believe is the
correct behavior. The fact that p <∞ gives some smoothness to
solutions.
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Tug of War without noise a la (Peres-Schramm-Sheffield-Wilson)

∆∞u = |∇u|−2



n∑

i,j=1

∂2u

∂xi∂xj

∂u

∂xi

∂u

∂xj


 .

Let D ⊆ Rd be open and connected.

The game position is initially at a point x0 ∈ D and at each play, a fair
coin is tossed.

The winner moves the game position ε units along a direction of his
choosing.

The game ends when the game position hits or crosses the boundary of
D.

Use xk to denote the game position at the k th step and we will make the
convention that if xk 6∈W , then x` = xk for all ` ≥ k.
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Use xk to denote the game position at the k th step and we will make the
convention that if xk 6∈W , then x` = xk for all ` ≥ k.
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The Game Setup

(Ω,F ,P) is the infinite sequence of coin flips (ω1, ω2, ω3, . . . ) ∈ {0, 1}∞,

The game history up to step k is the σ-algebra Hk generated by all sets
of the form

ha1,a2,...,ak = {ω ∈ Ω : ωi = ai , i = 1, . . . , k}
.
A strategy for player I is a sequence of Borel measurable maps

fk : Hk → Bε(0), k ≥ 1

such that

fk(ω) depends only on the first k coordinates of ω:

fk(ω) = fk(ω1, . . . , ωk), ω = (ω1, ω2, . . . )

and

fk(ω1, . . . , ωk−1, 0) = 0, fk(ω1, . . . , ωk−1, 1) ∈ ∂Bε(0).
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a strategy for player II is a sequence of Borel measurable maps

gk : Hk → Bε(0), k ≥ 1

gk(ω1, . . . , ωk−1, 0) ∈ ∂Bε(0), gk(ω1, . . . , ωk−1, 1) = 0.

Upto exiting D the token follows

xk+1 = xk + fk+1 + gk+1.
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The set of strategies is overwhelming, we first see what happens with an
intuitive strategy.

Suppose the strategy of player II is to minimize the distance to the
boundary, while player I maximizes the distance to the boundary.

Theorem 1: If τ is the time to end the game, then for any starting point
x0 ∈Wη,

Ex0 [τ ] <∞ if η <
π

3
,

Ex0 [τ ] =∞ if η >
π

3
. �

Author's personal copy

4226 D. DeBlassie, R.G. Smits / Stochastic Processes and their Applications 123 (2013) 4219–4255

By symmetry, it is no loss to assume the initial game position x0 lies on or above the x-axis.
Note that once the game position is sufficiently close to the x-axis, maximizing the distance
to the boundary corresponds to moving ε units to the x-axis. Once on the x-axis, maximizing
the distance to the boundary entails moving ε units in the positive direction along the x-axis.
Then the game position will always lie in the upper half plane because our convention when the
max–min strategy is used precludes the position from ever crossing below the x-axis.

Now we reduce matters to a special case. Assume x0 lies above the x-axis. With reference to
the figure below, draw the line ℓ1 through x0 that is perpendicular to the upper boundary of the
wedge. Then let ℓ2 be the horizontal line lying ε cos η2 units above the x-axis. Starting at x0, place
points above and below x0 on ℓ1 that are spaced ε units apart. Moving from the x-axis towards
the upper boundary of the wedge, let Q be the first of these points that is not in Wη and let P be
the last of the points that is on or below ℓ2. Finally, let R be the point on the x-axis with largest
abscissa that is ε units from P . Note that if P is on ℓ2, then R is the intersection of the x-axis
and ℓ1.

Until either Q or R is hit, the game position is constrained to be on the points that were placed
on the closed line segments from Q to P and P to R. Using ζa to denote the first time the game
position hits the point a,

Ex0 [τ ] = Ex0 [τ I

ζQ < ζR


] + Ex0 [τ I


ζQ > ζR


]

= Ex0 [ζQ I

ζQ < ζR


] + Ex0 [τ I


ζQ > ζR


]

(since the game ends the first time Q is hit)

= Ex0 [

ζQ ∧ ζR


I

ζQ < ζR


] + Ex0 [τ I


ζQ > ζR


].

Now

Ex0 [

ζQ ∧ ζR


I

ζQ < ζR


] ≤ Ex0 [ζQ ∧ ζR]

and computing the expectation on the right hand side is equivalent to computing the expected
time for a random walk on a line to exit a bounded set, a quantity that is well known to be finite.
Thus we get that

Ex0 [τ ] < ∞ ⇐⇒ Ex0 [τ I

ζQ > ζR


] < ∞.

If π ≤ η < 2π then by the max-min nature of the game reduces to
computing a random walk on a half line which is infinite.
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Assume that 0 < η < π

In the ambiguous case of minimizing the distance to the boundary, that is
when the game position is on the axis of the wedge, we minimize the
distance to the upper boundary of Wη
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We can assume the initial position starts on or above the x-axis.
In figure above, line `1 is through x0 perpendicular to the upper boundary
of the wedge.
Also `2 is the horizontal line lying ε cos η2 units above the x-axis.
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Next, we impose a lattice as follows: Let N be the integer part x0
ε and

place a lattice point at the points

0, ε, 2ε, . . . ,Nε, (N + 1)ε, . . .

on the x-axis Then on each ray from (kε, 0) that is perpendicular to the
upper boundary of W , place lattice points ε units apart, starting at
(kε, 0).
By the maximum-minimum nature of the game movement:

(a) The game position is constrained to be on the lattice;

(b) once on the ray from (kε, 0), the position can move back and forth
along that ray, it cannot go to the lower ray from ((k − 1)ε, 0), but
it can advance to the higher ray from ((k + 1)ε, 0).

So the state space of the game is a “half-tree” with trunk the x-axis and
whose branches emanate at points (kε, 0) on the trunk. The game
position can move anywhere along a branch, but it cannot go to a lower
branch.
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Define
τn = inf {k ≥ 0 : xk = (nε, 0)} .

Gn = {τn <∞, τn+1 =∞}

ENε [ τ ] =
∞∑

n=N

ENε

[
τ
∣∣Gn

]
PNε (Gn)

=
∞∑

n=N



n−1∑

j=N

ENε

[
τj+1 − τj

∣∣Gn

]
+ ENε

[
τ − τn

∣∣Gn

]

PNε (Gn) ,

(3)
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Lemma: For some positive A1 and A2, both depending only on ε and η,
for n ≥ N + 1, with τ being the time to end the game,

A1 n
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n=M+1

n2PNε (Gn) <∞. (4)

Finally the bounds for PNε (Gn) are straightforward and imply Theorem 1
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When can Player II force a finite exit?

We assume η < π
[
1−

√
2
2

]
and there exists a ’polar’ solution to the bvp:

∆∞u = −1 in Wη\{(x , y) ∈ R2 : y = 0}
u = 0 on ∂Wη,

u(x) = r2f (θ), where f is even, f > 0 on
(
−η2 ,

η
2

)
, f
(
±η2
)

= 0, f ′ < 0

on
(
0, η2

)
, f ′ > 0 on

(
−η2 , 0

)
, f ′(0) = 0 and

f ∈ C
([
−η2 ,

η
2

])
∩ C 1,1/3

([
−η2 ,

η
2

])
∩ C∞

([
−η2 ,

η
2

] ∖
{0}
)
.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

When can Player II force a finite exit?

We assume η < π
[
1−

√
2
2

]
and there exists a ’polar’ solution to the bvp:

∆∞u = −1 in Wη\{(x , y) ∈ R2 : y = 0}
u = 0 on ∂Wη,

u(x) = r2f (θ), where f is even, f > 0 on
(
−η2 ,

η
2

)
, f
(
±η2
)

= 0, f ′ < 0

on
(
0, η2

)
, f ′ > 0 on

(
−η2 , 0

)
, f ′(0) = 0 and

f ∈ C
([
−η2 ,

η
2

])
∩ C 1,1/3

([
−η2 ,

η
2

])
∩ C∞

([
−η2 ,

η
2

] ∖
{0}
)
.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

When can Player II force a finite exit?

We assume η < π
[
1−

√
2
2

]
and there exists a ’polar’ solution to the bvp:

∆∞u = −1 in Wη\{(x , y) ∈ R2 : y = 0}
u = 0 on ∂Wη,

u(x) = r2f (θ), where f is even, f > 0 on
(
−η2 ,

η
2

)
, f
(
±η2
)

= 0, f ′ < 0

on
(
0, η2

)
, f ′ > 0 on

(
−η2 , 0

)
, f ′(0) = 0 and

f ∈ C
([
−η2 ,

η
2

])
∩ C 1,1/3

([
−η2 ,

η
2

])
∩ C∞

([
−η2 ,

η
2

] ∖
{0}
)
.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

When can Player II force a finite exit?

We assume η < π
[
1−

√
2
2

]
and there exists a ’polar’ solution to the bvp:

∆∞u = −1 in Wη\{(x , y) ∈ R2 : y = 0}
u = 0 on ∂Wη,

u(x) = r2f (θ), where f is even, f > 0 on
(
−η2 ,

η
2

)
, f
(
±η2
)

= 0, f ′ < 0

on
(
0, η2

)
, f ′ > 0 on

(
−η2 , 0

)
, f ′(0) = 0 and

f ∈ C
([
−η2 ,

η
2

])
∩ C 1,1/3

([
−η2 ,

η
2

])
∩ C∞

([
−η2 ,

η
2

] ∖
{0}
)
.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

When can Player II force a finite exit?

We assume η < π
[
1−

√
2
2

]
and there exists a ’polar’ solution to the bvp:

∆∞u = −1 in Wη\{(x , y) ∈ R2 : y = 0}
u = 0 on ∂Wη,

u(x) = r2f (θ), where f is even, f > 0 on
(
−η2 ,

η
2

)
, f
(
±η2
)

= 0, f ′ < 0

on
(
0, η2

)
, f ′ > 0 on

(
−η2 , 0

)
, f ′(0) = 0 and

f ∈ C
([
−η2 ,

η
2

])
∩ C 1,1/3

([
−η2 ,

η
2

])
∩ C∞

([
−η2 ,

η
2

] ∖
{0}
)
.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

Theorem 2: If

η < π

[
1−
√

2

2

]
,

then there is ε0 > 0 and a strategy for player II such that the time τ to
end the game in Wη satisfies

sup
SI

sup
0<ε<ε0

ε2Ex0 [τ ] <∞, x0 ∈Wη,

where the first supremum is taken over all strategies for player I.

essentially: if the game position at time k is xk and player II wins he
should move the game position ε units in the direction of −∇u(xk).

u is smooth away from the axis so it has a Taylor expansion there

so we take G a small neighborhood of the axis and use ∆∞u = −1 in the
classical sense away from G
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We can then show that for some CG > 0 and sufficiently small ε

u(xk) +
ε2

2
k − CG ε

3k

is a supermartingale up to the time τG the game position enters G

So if τ is the time to end the game,

ε2

2
(1− 2CG ε)Ex0 [τ ∧ τG ] ≤ u(x0).

Hence the theorem is true up to the τG part.

Trouble arises from u non smooth on the axis of the wedge. If G shrinks
CG blows up and also the hitting time of the axis still remains in the
expectation.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

We can then show that for some CG > 0 and sufficiently small ε

u(xk) +
ε2

2
k − CG ε

3k

is a supermartingale up to the time τG the game position enters G

So if τ is the time to end the game,

ε2

2
(1− 2CG ε)Ex0 [τ ∧ τG ] ≤ u(x0).

Hence the theorem is true up to the τG part.

Trouble arises from u non smooth on the axis of the wedge. If G shrinks
CG blows up and also the hitting time of the axis still remains in the
expectation.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

We can then show that for some CG > 0 and sufficiently small ε

u(xk) +
ε2

2
k − CG ε

3k

is a supermartingale up to the time τG the game position enters G

So if τ is the time to end the game,

ε2

2
(1− 2CG ε)Ex0 [τ ∧ τG ] ≤ u(x0).

Hence the theorem is true up to the τG part.

Trouble arises from u non smooth on the axis of the wedge. If G shrinks
CG blows up and also the hitting time of the axis still remains in the
expectation.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

We can then show that for some CG > 0 and sufficiently small ε

u(xk) +
ε2

2
k − CG ε

3k

is a supermartingale up to the time τG the game position enters G

So if τ is the time to end the game,

ε2

2
(1− 2CG ε)Ex0 [τ ∧ τG ] ≤ u(x0).

Hence the theorem is true up to the τG part.

Trouble arises from u non smooth on the axis of the wedge. If G shrinks
CG blows up and also the hitting time of the axis still remains in the
expectation.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

We can then show that for some CG > 0 and sufficiently small ε

u(xk) +
ε2

2
k − CG ε

3k

is a supermartingale up to the time τG the game position enters G

So if τ is the time to end the game,

ε2

2
(1− 2CG ε)Ex0 [τ ∧ τG ] ≤ u(x0).

Hence the theorem is true up to the τG part.

Trouble arises from u non smooth on the axis of the wedge. If G shrinks
CG blows up and also the hitting time of the axis still remains in the
expectation.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

We can then show that for some CG > 0 and sufficiently small ε

u(xk) +
ε2

2
k − CG ε

3k

is a supermartingale up to the time τG the game position enters G

So if τ is the time to end the game,

ε2

2
(1− 2CG ε)Ex0 [τ ∧ τG ] ≤ u(x0).

Hence the theorem is true up to the τG part.

Trouble arises from u non smooth on the axis of the wedge. If G shrinks
CG blows up and also

the hitting time of the axis still remains in the
expectation.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

We can then show that for some CG > 0 and sufficiently small ε

u(xk) +
ε2

2
k − CG ε

3k

is a supermartingale up to the time τG the game position enters G

So if τ is the time to end the game,

ε2

2
(1− 2CG ε)Ex0 [τ ∧ τG ] ≤ u(x0).

Hence the theorem is true up to the τG part.

Trouble arises from u non smooth on the axis of the wedge. If G shrinks
CG blows up and also the hitting time of the axis still remains in the
expectation.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

We perturb the u slightly to a function v and player II’s strategy near the
boundary and show

that when player I uses any strategy, then

Mk = v(xk) +
ε2

2
k − C4 k ε

3 (5)

is a supermartingale.
then regardless of the strategy player I uses,

Ex0 [(v(xk+1)− v(xk)) |Hk ] ≤ −ε
2

2
+ C4 ε

3.

now optional stopping leads immediately to

sup
SI

sup
0<ε<ε1

ε2Ex0 [τ ] <∞, x0 ∈W ,
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Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

Theorem 3: If η > π
3 , then for x0 ∈Wη and each strategy of player II,

there is a strategy for player I such that

Ex0 [τ ] =∞.

Fix any strategy for player II

Player I will play a ”side game, B”, in this game he maximizes the
distance when he wins and minimizes when he loses

The side game B follows the ’distance strategy of Theorem 1” and the
true game is A.

The game A position is xk and its ending time by τA. Let yk and τB are
for game B.

We show τB ≤ τA basic states after the nth play.
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State S1(n): τB ∧ τA > n. The game positions coincide and lie within
Wη: xn = yn ∈Wη.

State S2(n): τB ∧ τA > n. There is a closed disk Dn ⊆Wη such that

(a) the radius of Dn is ε;
(b) for some m < n, the center of Dn is ym;
(c) xn ∈ ∂Dn;
(d) yn ∈ ∂Dn and yn is the point in Dn that is closest to

the upper boundary of Wη.

State S3(n): τB ∧ τA > n. There is a closed disk Dn ⊆Wη such that

(a) for some k ≥ 2, the radius of Dn is kε;
(b) for some m < n, the center of Dn is ym;
(c) xn ∈ Dn;
(d) yn ∈ ∂Dn and yn is the point in Dn that is closest to

the upper boundary of Wη.
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Claim : Suppose after the nth play of the game, where n ≥ 1, the games
are in one of the states S1(n), S2(n) or S3(n).

Player I can make on the (n + 1)st play a move

depending only on what has happened the first n flips of the coin

such that the resulting game positions

are in one of the states S1(n + 1), S2(n + 1) or S3(n + 1) or

yn+1 6∈Wη and τB ≤ τA.
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Case 1 current state S1(n). If player I wins he moves the token, in
both games away, from boundary and the resulting state is S1(n + 1)
If player II wins either yn+1 6∈Wη, else S2(n + 1)

Case 2 current state S2(n). If player I wins the next play, he moves
his game A position to the center ym of Dn. Thus
xn+1 = yn+1 = ym ∈Wη and the state of the games is now
S1(n + 1).

If player II wins, then either yn+1 6∈Wη or S3(n + 1)

Case 3. If player I wins, S2(n + 1), else S3(n + 1)
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The strategy for small angles depended on a nonlinear ODE.

Neglecting technicalities, assume u(x) = r2f (θ) ≥ 0 is a solution to

∆∞ u = −1 in Wη

u = 0 on ∂Wη.

In polar coordinates it is known (Aronsson (1984)) that

∆∞ u =

[
u2r +

1

r2
u2θ

]−2 [
u2r urr +

2

r2
uruθurθ +

1

r4
u2θuθθ −

1

r3
uru

2
θ

]
.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

The strategy for small angles depended on a nonlinear ODE.

Neglecting technicalities, assume u(x) = r2f (θ) ≥ 0 is a solution to

∆∞ u = −1 in Wη

u = 0 on ∂Wη.

In polar coordinates it is known (Aronsson (1984)) that

∆∞ u =

[
u2r +

1

r2
u2θ

]−2 [
u2r urr +

2

r2
uruθurθ +

1

r4
u2θuθθ −

1

r3
uru

2
θ

]
.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

The strategy for small angles depended on a nonlinear ODE.

Neglecting technicalities, assume u(x) = r2f (θ) ≥ 0 is a solution to

∆∞ u = −1 in Wη

u = 0 on ∂Wη.

In polar coordinates it is known (Aronsson (1984)) that

∆∞ u =

[
u2r +

1

r2
u2θ

]−2 [
u2r urr +

2

r2
uruθurθ +

1

r4
u2θuθθ −

1

r3
uru

2
θ

]
.



Background Distance Strategy Upper Bound for Using the ODE Lower Bound-A Side Game A Nonlinear ODE

This leads to an ODE

4f 2 [1 + 2f ] + (f ′)
2

[1 + 6f + f ′′] = 0 on
(
−η

2
,
η

2

)
. (6)

It is reasonable to assume f is symmetric and concave, and this suggest
f ′(0) = 0. Thus we consider (6) on

(
0, η2

)
with

f ′(0) = 0, f
(η

2

)
= 0. (7)
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Making a functional transformation to convert this to a first order
boundary value problem: Let

y = f and a = f (0),

then transform via
Ha(y(x)) = (y ′(x))

2
. (8)

This converts (6) into the equation

4y2 [1 + 2y ] + Ha(y)

[
1 + 6y +

1

2
H ′a(y)

]
= 0, (9)

and since
Ha(a) = Ha(y(0)) = (y ′(0))

2
,

the condition (7) implies that

Ha(a) = 0. (10)
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We get an implicit representation of y = f (θ):

θ =

∫ a

y(θ)

dw√
Ha(w)

, θ ∈
(

0,
η

2

)
.

In particular,

η

2
=

∫ a

y(η/2)

dw√
Ha(w)

=

∫ a

0

dw√
Ha(w)

. (11)
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We are able to show that the boundary value problem (9)–(10) is
solvable on [0, a] for any a > 0

and the critical angle for solvability (i.e., π(1−
√

2/2)) of (6)–(7) is the
limit as a→∞ of (11).

To evaluate this limit, it is necessary to make one more change of
variables:

Ga(y) = (ay)−2Ha(ay), 0 < y < 1.
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Thanks for a great FPD!
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