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We introduce Random Walks in a Sparse Random Environment
(RWSRE) on Z

We study their asymptotic behavior.

©
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RWSRE is a cousin of Random Walks in Random Environment
(RWRE)

RWRE on Z is an active research area but their basic properties are
well-understood by now.

(%)

o The new model is well-motivated:

@ RWSRE combines features of several existing models of random
motion in random media and admits a transparent physics
interpretation.

O RWSRE exhibits a richer spectrum of asymptotic regimes than RWRE

B RWSRE appears to be a simple, elegant, natural, flexible, and yet
complex and challenging mathematically generalization RWRE



O Model. RWSRE on Z

Q Basic asymptotic behavior: Recurrence/Transience and
asymptotic speed

Q Limit theorem in a recurrent regime

Relevant results for RWRE will be sketched in the talk.



Model

B Random Environment

o An environment w = (wy )z is an element of Q = [0, 1]7.
o w, serves to determine transition probabilities at x € Z.
o The distribution of w is denoted by P.
o Pis a stationary and ergodic measure on {).
B Random Walk in a Fixed Environment (Quenched Law P,,)
o For a fixed w, the random walk X,, is a Markov chain on Z.
@ P,(Xp =0) = 1 and transition probabilities are given by
Py(Xpp1 =i+ 11X, = i) = wy,
P,(Xpr1=i—1|X, =i)=1— w;.

l—w,- wi

O =
e
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Model

B Annealed (Average) Law P for RWRE

o By averaging P,, with respect to the environment distribution P :

P4) = | Pu@Plde) = Er(Po(4)
for measurable events A.
B Summary and Notations:
o P s the law of the random environment, and the expectation under P

is denoted by Ep.

o For a fixed environment w, P,, is the law of the random walk, and the
expectation under P, is denoted by E,,,.

o Pisthe law of RWRE, and the expectation under PP is denoted by [E.

o The random walk X, is a Markov chain under P,,, but not under IP.



Model

1—
Pn = wn’ nez.
Whn

It turns out that asymptotic results for one-dimensional RWRE can usually
be stated in terms of certain averages of functions of pg and explained by
means of typical “landscape features" (such as traps and valleys) of the
random potential (V,),cz, which is associated with the random
environment as follows: Vy = 0 and

n

dlogpr ifn>0,
k=1

In]

— Y logp_y ifn<O.
k=1

Vo=



Model

B An illustration of the important paradigm: RWRE on 7 is a “random
motion in a random potential'
Let T, = inf{k > 0 : X = n}. For any m_,m, € N and an integer
z € [-m_,m,], define

Guo(m_,my) = P ({X,} hits —m_ before hitting m. )

= PL(T_p < Tn,).

Due to the Markov Property, ¢,, ;(a—,a ) as a function of z is harmonic
function for the random walk:

waz(m M) = (1_w2)¢w2 1(m— m+)+wz¢w,z+l(m ,my)

with boundary conditions ¢, —,_(m_,my) = 1 and ¢, ., (m_,my) = 0.

i—1
. Z:n+z+1 jl =z+1 Pj
gbw,z(m*var) - my Z
Zi=z+1 j z—H Pj + Zz——m +1 H] 1/7,



Model

B Random Walk in a Random Non-Homogeneous Media
A = (ay)nez locations of impurities in a random media

o — Ay if n = a; for some k € Z,
"1 1/2 otherwise.

1-2 4 H 3
;I ' ' ° — o A » .
1 0 1 a 3 4 @ 6 7 8  a
| \ |
N \ J
\ﬁ/ ﬁ\ﬁ

{ !

dy d, ds

To be specified: d,, = a,, — a,—; and )\,



Model

B For the Purpose of the Talk

o Let (di)kez be a sequence of i.i.d. strictly positive integer-valued
random variables. For n € 7Z let

S di ifn >0,
0 ifn=0,
—S 2t dy ifn<o.

a, =

Thus (ay, )nez is a two-sided renewal sequence.

o Let (Ay)nez is an i.i.d. sequence independent of (dy)rez.
B More Generally

© (dy, A\n)nez is stationary and ergodic.

o Thus (ay, A\n)nez is a marked point process on Z x [0, 1].
Marked sites: a,, Marks: \,, Point process: N(A) = >, 7 114.ca}-



Asymptotic Behavior

» Recurrent: Infinitely many visits to any point.
» Transient: Finitely many visits to any point (possibly zero).

B A crucial statistic is:
1 — wy
Px =

Wx

Whether we have transience or recurrence is determined by Ep(log pp) :

Theorem (Solomon 75, Alili 99)

Q IfEp(logpp) < 0, then limy,_, o0 X,, = 400, P — a.s.
Q IfEp(logpy) > 0, then lim,_,oo X,, = —00, P — a.s.
Q IfEp(logpo) = 0O, then X,, is recurrent P — a.s.




Asymptotic Behavior

Let& = 1;_)\" .

Theorem

Suppose that the following three conditions are satisfied:
Q The sequence of pairs (d,, \n)nez, is stationary and ergodic
Q Ep(logé&y) exists (possibly infinite)
Q Ep(logdy) exists and is finite.
Then:
Ep(log&y) < 0 implies lim,_, X, = +o00, P — a.s.

)
Ep(log&p) > 0, implies lim,_,, X, = —o0, P — a.s.
Ep(log&y) = 0 implies that X,, is recurrent, P — a.s.

Aslong as Ep (log dp) < oo, the sparse environment w induces the same
recurrence-transience behavior as the underlying random environment .



Asymptotic Behavior

Theorem

Suppose that the following conditions hold:
Q The sequence of pairs (dy, \n)nez s stationary and ergodic
Q The random variables d,, are i.i.d.
Q Ep(|logéo]) < +oo while Ep(logdy) = +oo.

Then, liminf,_, X, = —oo and limsup,_, . X, = +o0, P —a.s.

v

This theorem shows that the opposite phenomenon( namely, the property of
A are essentially irrelevant to the basic asymptotic behavior of X,,) occur
when Ep(logdy) = oc.



RWRE on Z: Law of the Large Numbers

— oo i oo i—1
S=1+2% Iln; —1+2znp
i=0,/=0 i=1;j=0

Theorem (Solomon 75, Molchanov 91, Alili 99, Zeitouni 04)

Q IfEp(S) < oo, then im0 X2 = EPI(S)
Q IfEp(F) < oo, then lim,_, ’% — _Eptf)‘

Q IfEp(S) = o0 and Ep(F) = oo, then limy_,o % =0.

Theorem (For i.i.d. environments:)

Q IfEp(po) < 1, then limy, oo Xo = 17E2le0),

1+Ep(po)

X, _ _ 1=Ep(py")
Q IfEp(py )<1 then lim,, o, 5 = TEr )

O IfEp(po)~' <1< Ep(py"), then lim, o X = 0.




Asymptotic Behavior

oo i—1

A—1+22H£j and  Fp=1+2) &)

i=0j= i=1,j=0

Theorem

Let the conditions of Theorem for recurrent and transience hold. Suppose
in addition that (d,)nez is independent of (A\y)ncz, under P. Then the
asymptotic speed of the RWSRE exists P — a.s. Moreover,

P(lim X,/n=vp) =P(lim T,/n=1/vp) =1,

where vp € (—1, 1) is a constant whose reciprocal V;l as the followings:

1 VARP(d()) =
Q Iflim, , X, = 400, then P = T Epldy) + Ep(Sy) - Ep(dp).

. VARp(d —
Q Iflim, o X, = —00, then % = _EP&(O)O) - EP(FX) : EP(dO)'




Asymptotic Behavior

B Hitting time decomposition:
» Decomposition for Ty,
Tal = 1 + l{Xlzl}[l{TO<Tal}(T0 + TL/ll) + 1{T0>T511}Ta1]
=gz, yTo+ 7o) + g o7, (T, +To+ T4,

where
To = inf{n > T} : X, = 0}, To+ T, =inf{n>Ty: X, = ar},
Tal :inf{n> T : X, :al}, T():il’lf{l’l> T 1:X, :0},

To+T' =inf{n>To: X, =ar}, T, ,=inf{n>T_|:X,=a_},

aj

T,  + T, = inf{”l > ?a,l tXn = 0}7

To \+TH+T) =inf{n>T, | +T}: X, = ar}.



Asymptotic Behavior

B Our strategy:
To do end we show the following lemmas.
» Lemma I: 7, is stationary and ergodic under PP.

» Lemma 2:
E(Ta) = VARp(d1) + Ep(Sy) - [Ep(d1)]?,
E(T,_,) = VARp(d1) + Ep(F») - [Ep(d))].

» Lemma 3: suppose that lim,_, T;" = «, P — a.s., for some constant
o < 0o. Then,

T, X, Ep(d
lim 2 = < and lim =% = rl 1), P—a.s.
n—oo 1 Ep(dy) n—oo n o

> Lemma 4:10 = LTy E(Ty,)-

n



Classical result: Limit Theorem for Sinai’s RWRE

Q Ep(log py) = 0 (recurrence)
Q Ul% = Ep(lOg p0)2 S (0, OO)
© Recall the random potential

" logp; ifn >0,
Vn = Vn(UJ) e Zl__ll Sl f
—> i, logpi ifn<O.
Then { ”’] R = Brownian Motion.

3
| \

Theorem (Sinai 82)

(log Togn)? = opboo, Where by, is the “location of the bottom of the deepest

valley" of a Brownian motion {B,},c[o,1]-




Limit Theorem for RWSRE in Sinai’s Regime

Assumptions

Q Ep(log py) = 0 (recurrence)
Q 03 := Ep(log py)? € (0,00) and - \[ Zk 1log pr = B(1).
Q P(d; > 1) ~t~%h(t) where o € (0, 1) and h(t) is slowly varying.
In particular, we have: U,(t) :== - D I dk = Gy (1) where G, (1) is

an asymmetric stable process and Fu ~ nahy (n),

Theorem

| A

2

u(lﬁgn) = boo, where u(n) = (n)ahy(n).

| A\

Lemma (Main auxiliary lemma)

R.(t) == @ ,E”:(}Og")d log px = Vi, for some sequence u(n) € Ry /q-




Limit Theorems for Recurrent RWSRE

Random variable b, in our theorem differ from their prototypes in
Sinai’s theorem. b, in our model is defined in terms of the process V,
which is a symmetric Lévy process but b, in sinai model is related to
the valley of Brownian motion.

The magnitude order (log n)? of Sinai’s random walk is much smaller
than n? ,which is the magnitude order of the simple symmetric random
walk.

Sinai’s scaling (logn)? for the location of the random walk after n
steps is generalized to basically (logn)®, with o > 0 being a
parameter determined by the distribution of the distance between two
successive impurities of the media.

Extremely sparse impurities in the media have a dramatic impact on
the motion.( It has essentially the same impact on the motion as the
usual random environment in sinai’s regime. The magnitude order n
of the simple symmetric random walk is transformed to the magnitude
order (logn)® of our model.)



Limit Theorems for Recurrent RWSRE

Define the normalized random potential associated with the sparse
environment as the following:

o Define:
R [u(logn)1] n{u(log n)i]
Ry, (t) = sign(z) - 1 = sign(?) - 1 :
)=S0 o 3 Toa =) 3 et

Then {R,(t) : t > 0} converges weakly in D(R ., R) to the process V.
o Definition: A triple (B, b, B") is called a valley of the path if

R.(b) = min R,(r), R,(B)= max R,(r),
B <i<B" B'<1<b

R,(B") = max R,(1).
b<t<B"
o Definition: The depth of the valley is defined as
d[B',b,B"] := min{R,(B') — R,(b),R,(B

N) - ien(b)}

20)



Limit Theorems for Recurrent RWSRE

Figure 5.2. A rescaled valley and refinement operation

71



Limit Theorems for Recurrent RWSRE

o Let b, be the bottom of the deepest valley of R,,(z). Write:

Pu(|

o Because of the the scaling limit (to a LP), the deepest valley of

Xn
u(logn)

— by|> €)=ns00 0

R g

R, (1) = sign(z) - Zlog pi, 0<1t<u(logn),
i=1

is ~ log n. It takes ~ e’ units of time to pass a barrier of height L.
Hence, it takes ~ ¢'°¢” = n to escape from the deepest valley.

o Therefore, the RWSRE spends all the time at the bottom of the deepest
valley! Since R,(t) = V,, the deepest valley (of the depth ~ logn) is
located at the distance of order u(log n) from the origin.

79



THANK YOU!

bk
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