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The Tracy-Widom law(s)

Consider a random Hermitian n x n matrix M with centered independent en-
tries. The most basic fact(s) about the asymptotic spectrum is that the
counting measure of (the normalized by %) eigenvalues A1, Ao, ..., )\, satisfies

1+ 1
- E on(N) = —\/4 — X?d\x (Wigner semi-circle),
n 2T

k=1

and Az, Amin — £2,a.s.

In the mid-90's Tracy-Widom computed the fluctuations of A\,..:, in the com-
plex Gaussian case:

P(n2/3(>\max _2)< t) s exp ( / (s — t)uQ(s)ds>

in which u solves v (t) = tu(t) + 2u3(t) (Painlevé II) with v ~ Ai at +oo.



Orthogonal polynomials and gap formulas

The essential fact in the business is that the joint density of eigenvalues (on
R™) is proportional to:

n
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k=1 j<k

where K, is the kernel of the projection operator onto the span of the (first
n) Hermite polynomials.

In particular the eigenvalue process is determinantal: all finite dimensional
correlations are determinants of the same kernel function. That is,

det (Kn()\z, )\j)) d)\k_|_1 ceedAy = n.k det (Kn(Al, )\j))
Rk 1<i,j<n

Moreover, for any such determinantal process it holds

1<i,j<k

]P<no points in B) = detzp) (I — Ky).



Airy kernel and back to Painlevé

Using this *“gap formula”, the limit law takes the form:
P<n2/3()\max —2)< t) — detrap o) (I — Kairy) = Fa(t)

where
Ai(z) A7 (y) — Ai(y) Ad'(z)
r—y

KAiry(xa y) -

This is a statement about the behavior of the OPs in the vicinity of their
largest zero, and follows from passing the limit “under” the determinant (the
convergence takes place in trace norm.

More good fortune stems from the fact that the Airy kernel is “integrable”,
implying that the resolvent kernel takes the same Christoffel-Darboux form.
The opening move to the Painlevé expression is the basic formula

) OK
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o logdet(r — K) = ~tr( (1 - K) 15



Real and quaternion ensembles

Replacing the complex Gaussians with real or quaternion Gaussians, the eigen-
value density is changed as in

H A — M\:|? is replaced H A — |t or H |\ — PVARS

J<k j<k j<k
And we speak of 8 = 1,2, or 4 ensembles (real, complex, or quaternion).

When 8 =1, 4, the eigenvalue processes are Pfaffian (not determinantal):
everywhere one had a determinant of a scalar kernel before there is now a
Pfaffian of a skew matrix kernel.

Still there exist limit laws Fy and Fx for \,..: in terms of Painlevé II:

Fy(£) = exp (% / u(s)ds) Y28,

Fa(t/v/2) = cosh (% / u(s)d3> FY2(s).



Universality and ubiquity

Two directions of universality (in terms of RMT proper):

“General” Wigner matrices: Soshnikov (2000), Peché-Sosnhikov (2007),
Tao-Vu (2010), Lee-Yin (2012), Bourgade-Erdds-Yau (2013).

“General” unitary/orthogonal ensembles, replacing e t"M*dM with etV g s
resulting in general families of orthogonal polynomials in the correlation ker-
nels: Deift-Gioev (2007), Pastur-Shcherbina (2003), Shcherbina (2009).
Tracy-Widom everywhere:

Longest increasing subsequence,

Last passage percolation,

Flux in TASEP/ASEP,

The whole KPZ craze.



Beta ensembles

For any B > 0O, consider the law Pz on n points with density a multiple of

n

[T+ [Tm -

k=1 j<k

giving you back the matrix ensembles already discussed for 5 = 1,2, 4.

2007, J. Ramirez, B. Virag and I introduced the ‘‘general beta Tracy-Widom
laws” as the distributional limit of the largest point under Pg. It can be
defined via: with b a Brownian motion,

W =sup 2 / F2(@)db(x) — / [(f(2))2 + 2f2(x)]da.
0 0

fec
Here £ are those functions with fooo f2=1, fooo[(f’)2 + 2f2] < 0o and f(0) = 0.

This proved a conjecture of Edelman-Sutton.



Tridiagonals

Set for any g > O,
g1 X(n—1)8
1 X(n—1)3 g2 X(n—2)3
\VALS X25  Gn-1 X8
u XB gn J

where each g (Gaussian) x, (a Chi) is independent. Then, the eigenvalues of
Hg have Pj as their joint density function.

Due to Dumitriu and Edelman: at 8 = 1,2 can be arrived at by the well known
Householder transformations.

The variational characterization says: —T'Wj is the ground state eigenvalue
for

SAOs = —— + =z + ==V (x),
X
with Dirichlet conditions at the origin.

Really we prove that there is a coupling so that n?/3(2I — Hz) — SAO; in
strong resolvent norm.



SAQOg - technical aside

For this thing to make sense need to control the white noise by the “good”
(linear) part of the potential (plus H' norm). We prove the inequality: for all

fecL,
/ f2db,
0

with C < oo almost surely.

<c / [(f)? + zf?]dz + C(c,w) / f2dz,
0 0

Rests on slightly clever integration-by-parts: writing b, = b, + (b, — b,) for
by = f;“ b,dy, have for instance

0 00 00 z+1
/ f2d(by —b,) < / (f'(z))?dz + / 12 (@)( / (by — by)dy)3da
0 0 0 T

and while b, ~ /2% as z 1 oo , the increment supy,_,<1(by — bs) only grows
like log x.

(So need nothing as fast as linear to control the white noise.)



Some immediate questions

1. Why are some values of beta special?
1'. Or, really, are any values of beta special?
2. Where is Painlevé? (Can you get formulas?)

3. Is SAOj3 a rich enough characterization of the laws? (Meaning, say, can it
be used as a tool to prove universality?)



PDE /diffusion descriptions

For a fixed A consider a solution 1 of
Y'(t)
Y (1)

SAOz(t) = Mp(t),  '(0) = wiyp(0), and set X (t) = X(t,\) =

This is a diffusion:
dX (1) = —2=db(t) + (AN +t — X2(#))dt, X(0) = w,

VB

and

F(\w) =Py, (t — X (t) never explodes) = Py .\ (t — X (¢,0) never explodes),

is the unique (up to a normalization) nonnegative bounded solution od
oF 2\ 0°F
()
o\ B) ow

Fact: F(A\, 00) =P(TWs < A\). We have no direct proof of the PDE formula-
tion.

+ (N — wQ)a—F = 0.
ow



Amplification/application: spiked matrices

Consider the Gaussian sample covariance (or Wishart) matrices of the form
XXT for X an n x m matrix of independent Gaussians. The scaling limit of
Amaz 1S Still Tracy-Widom.

An honest (statistical) question is whether the largest eigenvalue can sense
changing the population covariance from null. That is, take instead the
ensemble X>~ X7, and, to make life easier, take > to be the identity save for
the 11-entry some ¢ > 0.

In 2005 Baik-Ben Arous-Peché (in the case 8 = 2) found a phase transition:

If ¢ < c: P(an(kmax ) < t) B,
t
If c > C. ]P)(O';,L(Amax — I'L;’L) S t) — fioo 6—,%2/2%.

If ¢ = ¢ — wn-1/3: P(an(/\max ) < t) L F(t,w) = Fa(t) f(t,w) where f can

again be described in terms of Painlevé II.



Stochastic Airy with Robin boundary conditions

The (null) Wishart matrices also have a p-tridiagonalization. Now the model
is BBT where B is given by:

XmpB  X(n—1)8
X(m-1)8 X(n—2)8

X(n—m4+2)8 X

i X(n—m4+1)8 1
If you spike once, the bidiagonalization goes through with the only change
that the 11-entry above is multiplied by /c.

Bloemendal-Virag (2011) showed that, in the critical window, the operator
limit of these matrices is SAOz with the condition f/(0) = wf(0) - rather than
f(0) = 0 - so exactly connected to the PDEs from two slides up.

Can check the BBP formulas solve this PDE. The g = 4 case was worked out
(on the analytic side) by D. Wang, and completed with the help of SAO;g.
There is now a 8 = 1 formula (due to M.Y. Mo) that has not even been
checked!



Universality for tridiagonals

Say you have

d2 X X
H= o2 +v/(x), with integrated potential y(z) = / nydy =+ / oydby,.
T 0 0

(SAOy specifies y(z) = 32° + Lﬁbx.)

=

Say you also have some family of random Jacobi matrices which you put in
the form:

H, = -/, + tridiag (yn,l, yn,z),

in which A, is the second-difference operator on the space-scale §,, (that you
pick). Then...

“Theorem” If, along with certain tightness conditions, it holds that
[I/én]

D una k) + 2ga2(k) = y(a),

k=1
then the bottom k eigenvalues/eigenvectors of H, tend to those of H in
distribution.



Those tightness conditions

Need a ‘“drift plus noise decomposition:

k k
> 0@ = (50D i @) Fwaslh), i =1,2
(=1 /=1

along with a tight sequence k, for which
1
H—n(w) — Kp < nn,l(x/5n) + 77n,2(37/5n) < kan(x) + Kn,
and
wn,1(2/81) — wn1(y/6n) 2+ lwn2(x/60) — wn2(y/8:.)17 < Kn(1 4+ n(2)' ),
for all z,y with |z —y| < 1.
For B-Hermite, n(x) =z, §, = n~3, n,1(k) =0, and n,2(k) = 1 — EXown - etc.

NCY:

(*) Functional convergence of the potential only needed up to indices of order
51 while tightness conditions imposed on the full matrix.

n !
(*) Only need to control the square-increment of the noise in terms of the
drift.



Tridiagonals for general log-gases

Moving to a general potential beta ensemble: the joint density,

cexp{—nﬁ i V(Aj)} H A — Xl
j=1

i<k

can be realized by the eigenvalues of T,, = T},(A, B), the symmetric tridiagonal
matrix with T;; = A; for : <n and T;,4.1 =Tj41;, = B; for i <n —1 sampled
from the density:

n—1
dexp{ —nfB |trV(Ta(a, b)) — 2(1 —k/n—1/(nB)) log(by)

k=1

The verification is the same as in Dumitriu-Edelman (for f=Hermite, etc.).



SAOgs universality

(Krishnapur-R-Virag) Let V be a uniformly convex polynomial and define the
random Jacobi matrices 1T, as above.

There are constants ~,& (depending only on V') so that
yn?/3(EL, — Tp) — SAO,

in the following sense: for every k, the bottom kth eigenvalue and correspond-
ing eigenvector (as an element of L?) converge.

(There is an additional constant ¥ = 9(V') so that £1,, — T,, can be viewed as
acting on R" C L?(R4.) with coordinate vectors e; = (9n)Y/®1(; 1 jj(on)-1/3)-



The gist of the proof

We need to show a CLT for the running sum of the field k£ — (A, B) under
the law

n—1
ce P dadb,  where H = H(a,b) = tr(V(T)) — Z(l —k/n—1/(nB)) log(by).
k=1

While the A, and B, are no longer independent variables, assuming V is
polynomial provides a Markov field property: variables with indices that are
more that deg V/2 apart are conditionally independent given the variables in
between.

This provides some nice intuition, but the proof is not “dynamic”. Rather,
with H inheriting the convexity of V we just Taylor expand around the mini-
mizer.



What minimizer?

The stand in for the true minimizing path are the minimizers (a(t),b(t)) of
the “local Hamiltonian”

H(a.b) = W(a.b) — (1 —t)logh where W(a,b)= %trV(C’g(a, D).

in which Cy is the ¢ x ¢ circulant matrix with second row (b,a,b,0,0,0,...) and
¢ > degV.

The equations for the minimizers are then
Lt Lt
) Vi Vi
L/ sVi(s) ds =1, / i(s) ds = 0.
27 Jr, /(s = L) (R — s) mo /(s — L) (R — s)

Vie) = V(@), Lo=a(®) - 2(), Re=a()+2b(0).

where

These are precisely the “moment conditions” for the limiting eigenvalue
counting measure puy;.

This identifies the edge (centering for A\..) as € := £(0) = Rpo.



Other universality results and ‘“regularity”

Even at § = 2 can only expect Tracy-Widom if the limiting eigenvalue density
wy satisfies certain conditions.

Bourgade-Erdds-Yau: V € C*, uy has “one band”, and 8> 1. (Uses Dyson
Brownian motion.)

Bekerman-Figalli-Guionnet: V € C3', uy also “one band”, but 8> 0. (By
transportation of measure.)

“Regularity” is implicit in all the assumptions.

Simple large deviation ideas show py minimizes

I(u)=/ V(fv)u(dfv)—/ / log |z — y|p(dz) u(dy).

For quadratic V this is the semi-circle law, regular means (in this context)
that (the density) p(x) vanishes like a square-root at its right-most point of
support.

Regularity is generic, but can produce O(:c@) vanishing with polynomial V’s.



Exotic edge limits

Though we use convexity in fundamental technical ways...

For us, the regular n?/3 scaling from the differentiability of a certain variable
edge £(e) at e = 0. More generally it is known that
If uy(t) ~ (E—1)"2 ast+ & then £ — £(e) ~ 71 as e | 0.

So, imagining that in the general case (A, B) has a Gaussian limit with a
similar profile (mean/covariance connected to the variable edge as above) we
are led to the conjecture that:

Assume V is nonregular with “degree” k > 1. Then there are constants ~, £
So that

H,, j = yn?/4k+3 (an — Tn(A, B))

converges in the sense of our main theorem to the operator

& I T
Sp k= T2 + x2+1 4 \Tx 2H1h .

There are Painlevé formulas at 8 = 2 due to Claeys-Its-Krasovsky.



