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• Driver; Hall; K: The large-N limit of the Segal–Bargmann transform on UN .

J. Funct. Anal. 265, 2585–2644 (2013)

• K: Heat kernel empirical laws on UN and GLN . To appear in J. Theor.

Probab. arXiv:1306.2140.

• K: The Large-N Limits of Brownian Motions on GLN . arXiv:1306.6033.
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Fix an infinite double-array {Bjk(t) : j, k ≥ 1} of i.i.d. C-valued

Brownian motions. The GUEN -valued Brownian motion XN (t) is

the matrix process

[XN (t)]jk =
1√
N

(

Bjk(t) +Bkj(t)
)
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Fix an infinite double-array {Bjk(t) : j, k ≥ 1} of i.i.d. C-valued

Brownian motions. The GUEN -valued Brownian motion XN (t) is

the matrix process

[XN (t)]jk =
1√
N

(

Bjk(t) +Bkj(t)
)

.

If U is a fixed unitary matrix U ∈ UN , then UXN (t) ∼ XN (t),
hence the name GUE.

Denote λN
1 (t), λN

2 (t), . . . , λN
N (t) the (random) eigenvalues of

XN (t). The empirical spectral distribution ESD µN
t is the

random measure

µN
t =

1

N

N
∑

j=1

δλN
j (t).
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The first theorem of Random Matrix Theory was proved by Wigner;

the following is a stronger version.

Theorem. (Wigner, 1955) For fixed t > 0, the ESD µN
t converges

weakly almost surely to the semicircle law

σt(dx) =
1

2πt

√

(4t− x2)+ dx.
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The first theorem of Random Matrix Theory was proved by Wigner;

the following is a stronger version.

Theorem. (Wigner, 1955) For fixed t > 0, the ESD µN
t converges

weakly almost surely to the semicircle law

σt(dx) =
1

2πt

√

(4t− x2)+ dx.

That is: for f ∈ Cc(R),

∫

f dµN
t →

∫

f dσt a.s.

Notice that

∫

f dµN
t =

1

N

N
∑

j=1

f(λN
j (t)) = tr[f(XN(t))]. (tr =

1

N
Tr)

Taking f = polynomials allows combinatorial techniques (the

method of moments), which is how Wigner proved the theorem

(which holds essentially regardless of the distribution of entries).
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The time evolution of the eigenvalues λN
1 (t), . . . , λN

N (t) is a

strongly interacting particle system.
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The time evolution of the eigenvalues λN
1 (t), . . . , λN

N (t) is a

strongly interacting particle system.

Theorem. (Dyson, 1962) There are N i.i.d. standard Brownian

motions B1(t), . . . , BN (t) so that, for 1 ≤ j ≤ N ,

dλN
j (t) =

1√
N

dBj(t) +
1

N

∑

k 6=j

dt

λN
j (t)− λN

k (t)
.

They form an R
N Itô process with Brownian diffusion, and (highly)

singular drift. (This strong repulsion prevents the eigenvalues from

crossing: they tend to stay ordered.)
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The time evolution of the eigenvalues λN
1 (t), . . . , λN

N (t) is a

strongly interacting particle system.

Theorem. (Dyson, 1962) There are N i.i.d. standard Brownian

motions B1(t), . . . , BN (t) so that, for 1 ≤ j ≤ N ,

dλN
j (t) =

1√
N

dBj(t) +
1

N

∑

k 6=j

dt

λN
j (t)− λN

k (t)
.

They form an R
N Itô process with Brownian diffusion, and (highly)

singular drift. (This strong repulsion prevents the eigenvalues from

crossing: they tend to stay ordered.)

One can gain a lot of mileage from this representation in

deciphering, e.g., the asymptotic distribution of the spacing between

the eigenvalues. But it turns out to be less useful for understanding

the limit and fluctuation of the measure-valued ESD process µN
t .
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Suppose α : R2 → R is Lipschitz. Let B1(t), . . . , BN (t) be i.i.d.

standard Brownian motions. Define the processes ηNj (t) by the SDE

dηNj =
1√
N

dBj(t)+
1

N

∑

k 6=j

α(ηNj (t), ηNk (t))dt, 1 ≤ j ≤ N.

Let νNt = 1
N

∑N
j=1 δηNj (t).
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∑
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α(ηNj (t), ηNk (t))dt, 1 ≤ j ≤ N.

Let νNt = 1
N

∑N
j=1 δηNj (t).

Theorem. (McKean, 1967) There is a measure νt so that νNt → ν
weakly in probability, and νt is the law of an Itô process.

Theorem. (Hitsuda & Mitoma, 1986) The fluctuations of νNt are

O( 1√
N
), and φN

t ≡
√
N(νNt − νt) converges weakly to a

Gaussian process.
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Suppose α : R2 → R is Lipschitz. Let B1(t), . . . , BN (t) be i.i.d.

standard Brownian motions. Define the processes ηNj (t) by the SDE

dηNj =
1√
N

dBj(t)+
1

N

∑

k 6=j

α(ηNj (t), ηNk (t))dt, 1 ≤ j ≤ N.

Let νNt = 1
N

∑N
j=1 δηNj (t).

Theorem. (McKean, 1967) There is a measure νt so that νNt → ν
weakly in probability, and νt is the law of an Itô process.

Theorem. (Hitsuda & Mitoma, 1986) The fluctuations of νNt are

O( 1√
N
), and φN

t ≡
√
N(νNt − νt) converges weakly to a

Gaussian process.

Since the drift α in Dyson’s Brownian motion is not Lipschitz, the

theorems do not apply. In fact, they fail spectacularly!
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For fixed t > 0, µN
t → σt weakly almost surely. But is σt the law of

an Itô process?
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an Itô process? NO. And what can we say about the fluctuations?



Convergence of the Process µN
t

• Citations

GUE Brownain Motion

• GUE & ESD

• Wigner

• Dyson

• Chaos

• Process

• NC probability

• Free SDE

Heat Kernels

Large-N Limits

Trace Polynomials

Fluctuations

8 / 34
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N
), and φN
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For fixed t > 0, µN
t → σt weakly almost surely. But is σt the law of

an Itô process? NO. And what can we say about the fluctuations?

Theorem. (Mingo & Speicher, 2006; Chatterjee, 2009) The

fluctuations are O( 1
N
), and φN

t ≡ N(µN
t − σt) converges weakly

to a Gaussian process.

The strong interactions keep the fluctuations much smaller than one

would otherwise expect. As for the limit, σt is not the law of any Itô

process. But it is the law of a free Itô process.

Free probability is a field at the intersection of probability theory,

complex analysis, and operator algebras. The basic idea is to

represent limits of random matrix ensembles like XN (t) as

N → ∞ as concrete objects. The free comes from the fact that the

limits often live in an operator algebra modeled on a free group.
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The basic construct: an abstract algebra A of “random variables”,

equipped with an “expectation functional” τ : A → C.
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The basic construct: an abstract algebra A of “random variables”,

equipped with an “expectation functional” τ : A → C.

Given a vector AN = (AN
1 , . . . , AN

m) of N ×N random matrices,

and a vector a = (a1, . . . , am) ∈ A m, we say AN D−→a if

tr(P (A)) → τ(P (a)) for any noncommutative polynomial P.

E.g. P (a1, a2) = a1 + a1a2 + a2a1.
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The basic construct: an abstract algebra A of “random variables”,

equipped with an “expectation functional” τ : A → C.

Given a vector AN = (AN
1 , . . . , AN

m) of N ×N random matrices,

and a vector a = (a1, . . . , am) ∈ A m, we say AN D−→a if

tr(P (A)) → τ(P (a)) for any noncommutative polynomial P.

E.g. P (a1, a2) = a1 + a1a2 + a2a1.

Theorem. (Voiculescu, 1991) In the free group factor (Λ(F∞), τ),
there is a “process” (xt)t≥0 such that, for any t1, . . . , tm ≥ 0,

(XN (t1), . . . , X
N (tm))

D−→(xt1 , . . . , xtm).

The process (xt)t≥0 is known as the free (additive) Brownian

motion. Its increments are freely independent, and the spectral

measure of xt − xs is σt−s for s ≤ t.
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Let At ⊂ Λ(F∞) denote the (weakly closed) subalgebra generated

by (xs)s≤t. Call a process (θt)t≥0 adapted if θt ∈ At for each

t ≥ 0.
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Let At ⊂ Λ(F∞) denote the (weakly closed) subalgebra generated

by (xs)s≤t. Call a process (θt)t≥0 adapted if θt ∈ At for each

t ≥ 0.

One can define stochastic integrals with respect to xt, in the usual

way: first against simple adapted processes – taking values in

Λ(F∞) – then taking an L2-closure.



Free Stochastic Differential Equations

• Citations

GUE Brownain Motion

• GUE & ESD

• Wigner

• Dyson

• Chaos

• Process

• NC probability

• Free SDE

Heat Kernels

Large-N Limits

Trace Polynomials

Fluctuations

10 / 34

Let At ⊂ Λ(F∞) denote the (weakly closed) subalgebra generated

by (xs)s≤t. Call a process (θt)t≥0 adapted if θt ∈ At for each

t ≥ 0.

One can define stochastic integrals with respect to xt, in the usual

way: first against simple adapted processes – taking values in

Λ(F∞) – then taking an L2-closure.

In the 1990s, Biane and Speicher showed that SDEs like

dθt = α(t, θt) dxt + β(t, θt) dt

have unique adapted solutions with given initial data in A0, provided

the diffusion and drift coefficients α, β are sufficiently smooth and

slow-growing (the proof uses the same Picard iteration method that

works classically).
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Let M be a Riemannian manifold, with metric 〈·, ·〉 and resulting

volume form dV . If f ∈ C∞(M), the gradient ∇f = ∇Mf is the

vector field defined by

〈∇f,X〉 = df(X) = X(f), X ∈ Vec(M).
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Let M be a Riemannian manifold, with metric 〈·, ·〉 and resulting

volume form dV . If f ∈ C∞(M), the gradient ∇f = ∇Mf is the

vector field defined by

〈∇f,X〉 = df(X) = X(f), X ∈ Vec(M).

The Laplacian ∆ = ∆M is the operator on C∞(M) defined by

∫

M

f ∆g dV = −
∫

M

〈∇f,∇g〉 dV, f, g ∈ C∞(M).

Given some mild curvature assumptions, ∆M extends to a(n

unbounded) selfadjoint operator on L2(M,dV ).

If U is an isometry of M , then (∆f) ◦ U = ∆(f ◦ U). This means

∆ can be computed by the same expression in any orthonormal

basis. If M = R
n with its usual Euclidean metric, ∆ =

∑n
j=1

∂2

∂x2
j

.



The Heat Kernel on a Riemannian Manifold

• Citations

GUE Brownain Motion

Heat Kernels

• Laplacian

• Heat Kernel

• Lie Group Laplacian

• Lie Group Heat Ker.

• Brownian Motion

• BM on uN & glN

• BM on UN & GLN

Large-N Limits

Trace Polynomials

Fluctuations

13 / 34

The heat equation on M , with initial condition f , is the PDE

∂u

∂t
=

1

2
∆u, u(0, x) = f(x).
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If M is nice (e.g. bounded-below curvature), it has a unique solution

u(t, x) = e
t
2
∆f(x) for a wide range of functions f .
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The heat equation on M , with initial condition f , is the PDE

∂u

∂t
=

1

2
∆u, u(0, x) = f(x).

If M is nice (e.g. bounded-below curvature), it has a unique solution

u(t, x) = e
t
2
∆f(x) for a wide range of functions f . In fact, there is

always a C∞(M) bounded function ρ = ρ(t, x, y) such that

e
t
2
∆f(x) =

∫

M

f(y)ρ(t, x, y) dV (y), f ∈ L1(M).

The function ρ is called the heat kernel on M .
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The heat equation on M , with initial condition f , is the PDE

∂u

∂t
=

1

2
∆u, u(0, x) = f(x).

If M is nice (e.g. bounded-below curvature), it has a unique solution

u(t, x) = e
t
2
∆f(x) for a wide range of functions f . In fact, there is

always a C∞(M) bounded function ρ = ρ(t, x, y) such that

e
t
2
∆f(x) =

∫

M

f(y)ρ(t, x, y) dV (y), f ∈ L1(M).

The function ρ is called the heat kernel on M . On R
n,

ρ(t, x, y) = (2πt)−
n
2 e−

|x−y|2

2t .

This Gaussian tail behavior is universal; but in general there is no

formula for the heat kernel on any non-Euclidean manifold.
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Let G be a Lie group, with Lie algebra g. If 〈·, ·〉 is a real inner

product on g, by (right-)translation it gives rise to a left-invariant

Riemannian metric on G (which has positive curvature).
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Let G be a Lie group, with Lie algebra g. If 〈·, ·〉 is a real inner

product on g, by (right-)translation it gives rise to a left-invariant

Riemannian metric on G (which has positive curvature).

Given any vector ξ ∈ g, denote by ∂ξ the left-invariant vector field

∂ξf(x) =
d

dt
f(x exp(tξ))

∣

∣

∣

∣

t=0

.
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Let G be a Lie group, with Lie algebra g. If 〈·, ·〉 is a real inner

product on g, by (right-)translation it gives rise to a left-invariant

Riemannian metric on G (which has positive curvature).

Given any vector ξ ∈ g, denote by ∂ξ the left-invariant vector field

∂ξf(x) =
d

dt
f(x exp(tξ))

∣

∣

∣

∣

t=0

.

(If G = g = R
n, x exp(tξ) = x+ tξ, giving the usual derivative.)
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Let G be a Lie group, with Lie algebra g. If 〈·, ·〉 is a real inner

product on g, by (right-)translation it gives rise to a left-invariant

Riemannian metric on G (which has positive curvature).

Given any vector ξ ∈ g, denote by ∂ξ the left-invariant vector field

∂ξf(x) =
d

dt
f(x exp(tξ))

∣

∣

∣

∣

t=0

.

(If G = g = R
n, x exp(tξ) = x+ tξ, giving the usual derivative.)

Fix any orthonormal basis β of g; then define

∆β =
∑

ξ∈β
∂2
ξ .

In fact, this does not depend on the choice of basis β; it is equal to

the Laplace operator on the Riemannian manifold G.
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Let G be a Lie group, with Lie algebra g. If 〈·, ·〉 is a real inner

product on g, by (right-)translation it gives rise to a left-invariant

Riemannian metric on G (which has positive curvature).

Given any vector ξ ∈ g, denote by ∂ξ the left-invariant vector field

∂ξf(x) =
d

dt
f(x exp(tξ))

∣

∣

∣

∣

t=0

.

(If G = g = R
n, x exp(tξ) = x+ tξ, giving the usual derivative.)

Fix any orthonormal basis β of g; then define

∆β =
∑

ξ∈β
∂2
ξ .

In fact, this does not depend on the choice of basis β; it is equal to

the Laplace operator on the Riemannian manifold G. And we can

compute with it!
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Because of the left-invariance of ∆G, the heat kernel ρ(t, x, y)
takes the form of a convolution kernel: letting ρt(x) = ρ(t, x, 1G),

ρ(t, x, y) = ρt(y
−1x)
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Because of the left-invariance of ∆G, the heat kernel ρ(t, x, y)
takes the form of a convolution kernel: letting ρt(x) = ρ(t, x, 1G),

ρ(t, x, y) = ρt(y
−1x) that is to say

e
t
2
∆Gf(x) = f ∗ ρt(x) =

∫

G

f(y)ρt(y
−1x) dy.

where dy denotes the (right-)Haar measure on G.
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Because of the left-invariance of ∆G, the heat kernel ρ(t, x, y)
takes the form of a convolution kernel: letting ρt(x) = ρ(t, x, 1G),

ρ(t, x, y) = ρt(y
−1x) that is to say

e
t
2
∆Gf(x) = f ∗ ρt(x) =

∫

G

f(y)ρt(y
−1x) dy.

where dy denotes the (right-)Haar measure on G.

• Since e
t
2
∆G(1) = 1, ρt is a probability density.

• Since e
s+t
2

∆G = e
s
2
∆Ge

t
2
∆G , ρs+t = ρs ∗ ρt.

We will also denote by dρt the heat kernel measure (with density

ρt). This measure is determined (by definition) by

∫

G

f dρt =
(

e
t
2
∆Gf

)

(1G), f ∈ Cc(G).
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The Brownian motion Bx0

t on a Riemannian manifold M is the

Markov process with generator 1
2∆M , started at x0 ∈ M .
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The Brownian motion Bx0

t on a Riemannian manifold M is the

Markov process with generator 1
2∆M , started at x0 ∈ M . This

abstract definition can be made much more concrete in the Lie group

case. The Brownian motion Bt on a Lie group G, started at 1G, is

the unique process satisfying

• t 7→ Bt is a continuous map from R+ into G a.s.

• For 0 ≤ s < t < ∞, B−1
s Bt has distribution ρt−s, and is

independent from (Br)0≤r≤s.
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The Brownian motion Bx0

t on a Riemannian manifold M is the

Markov process with generator 1
2∆M , started at x0 ∈ M . This

abstract definition can be made much more concrete in the Lie group

case. The Brownian motion Bt on a Lie group G, started at 1G, is

the unique process satisfying

• t 7→ Bt is a continuous map from R+ into G a.s.

• For 0 ≤ s < t < ∞, B−1
s Bt has distribution ρt−s, and is

independent from (Br)0≤r≤s.

There is an even more explicit representation, as a kind of projection

of the Brownian motion on the Lie algebra. Let β be an o.n. basis of

g, and

Wt =
∑

ξ∈β
W

(ξ)
t ξ, {W (ξ)

t }ξ∈β i.i.d. Brownian motions on R.

Then, in Stratonovich form, dBt = Bt ◦ dWt.
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Fix the inner product 〈ξ, η〉N = NℜTr(ξ∗η) on glN = MN (and

therefore on uN ⊂ MN ).
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Fix the inner product 〈ξ, η〉N = NℜTr(ξ∗η) on glN = MN (and

therefore on uN ⊂ MN ).

As a (real) orthonormal basis of glN , we can take the matrix units

{ 1√
N
Ejk}1≤j,k≤n ∪ { i√

N
Ejk}1≤j,k≤n, and so the Brownian

motion ZN (t) can be written as

[ZN (t)]jk =
1√
N

[Wjk(t) + iW ′
jk(t)]

where {Wjk,W
′
jk}1≤j,k≤N are independent Brownian motions.
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Fix the inner product 〈ξ, η〉N = NℜTr(ξ∗η) on glN = MN (and

therefore on uN ⊂ MN ).

As a (real) orthonormal basis of glN , we can take the matrix units

{ 1√
N
Ejk}1≤j,k≤n ∪ { i√

N
Ejk}1≤j,k≤n, and so the Brownian

motion ZN (t) can be written as

[ZN (t)]jk =
1√
N

[Wjk(t) + iW ′
jk(t)]

where {Wjk,W
′
jk}1≤j,k≤N are independent Brownian motions.

It is a routine exercise to find an o.n. basis for uN , and find that the

Brownian motion there has the form −iXN (t), where

XN (t) =
1

2
[ZN (t) + ZN (t)∗].
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There is a general procedure for converting Stratonovich integrals to

Itô integrals. In the case of g-valued Brownian motion Wt, this gives

the Itô SDE

dBt = Bt ◦ dWt = Bt dWt +
1

2
Bt

∑

ξ∈β
ξ2 dt.
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There is a general procedure for converting Stratonovich integrals to

Itô integrals. In the case of g-valued Brownian motion Wt, this gives

the Itô SDE

dBt = Bt ◦ dWt = Bt dWt +
1

2
Bt

∑

ξ∈β
ξ2 dt.

There is a “magic formula”: if β is an o.n. basis of uN , then for any

matrix A,
∑

ξ∈β
ξAξ = −tr(A)IN .

In particular,
∑

ξ∈β ξ
2 = −I . Similarly, β′ = β ∪ iβ is an o.n. basis

for glN , and so it follows that
∑

ξ∈β′ ξ2 = −I − (i2)I = 0.
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There is a general procedure for converting Stratonovich integrals to

Itô integrals. In the case of g-valued Brownian motion Wt, this gives

the Itô SDE

dBt = Bt ◦ dWt = Bt dWt +
1

2
Bt

∑

ξ∈β
ξ2 dt.

There is a “magic formula”: if β is an o.n. basis of uN , then for any

matrix A,
∑

ξ∈β
ξAξ = −tr(A)IN .

In particular,
∑

ξ∈β ξ
2 = −I . Similarly, β′ = β ∪ iβ is an o.n. basis

for glN , and so it follows that
∑

ξ∈β′ ξ2 = −I − (i2)I = 0. This

gives simple Itô equations for the BMs Ut on UN and Bt on GLN :

dUt = iUt dXt −
1

2
Ut dt, dBt = Bt dZt.
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Theorem. [Voiculescu, 1991] Let XN (t) and ZN (t) be the

Brownian motions on uN and glN . Then, for any times

t1, . . . , tm ≥ 0,

(XN (t1), . . . , X
N (tm))

D−→(xt1 , . . . , xtm) a.s., and

(ZN (t1), . . . , Z
N (tm))

D∗−→(zt1 , . . . , ztm) a.s.
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Theorem. [Voiculescu, 1991] Let XN (t) and ZN (t) be the

Brownian motions on uN and glN . Then, for any times

t1, . . . , tm ≥ 0,

(XN (t1), . . . , X
N (tm))

D−→(xt1 , . . . , xtm) a.s., and

(ZN (t1), . . . , Z
N (tm))

D∗−→(zt1 , . . . , ztm) a.s.

where zt =
1√
2
(xt + iyt), and xt, yt are freely independent free

additive Brownian motions.
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Theorem. [Voiculescu, 1991] Let XN (t) and ZN (t) be the

Brownian motions on uN and glN . Then, for any times

t1, . . . , tm ≥ 0,

(XN (t1), . . . , X
N (tm))

D−→(xt1 , . . . , xtm) a.s., and

(ZN (t1), . . . , Z
N (tm))

D∗−→(zt1 , . . . , ztm) a.s.

where zt =
1√
2
(xt + iyt), and xt, yt are freely independent free

additive Brownian motions. Note: in the complex case, D∗
convergence means that for any noncommutative polynomial P in in

2m variables,

lim
N→∞

tr[P (ZN(t1), Z
N (t1)

∗, . . . , ZN (tn), Z
N (tm)∗)]

=τ [P (zt1 , z
∗
t1
, . . . , ztm , z

∗
tm
)].
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Using the free stochastic calculus developed by Biane and Speicher,

one can solve the free versions of the matrix SDEs defining the

Brownian motions on UN and GLN .

dut = iut dxt −
1

2
ut dt

dbt = bt dzt.

It is now natural to ask whether the same kind of convergence of

processes UN
t → ut and BN

t → bt holds true.
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Using the free stochastic calculus developed by Biane and Speicher,

one can solve the free versions of the matrix SDEs defining the

Brownian motions on UN and GLN .

dut = iut dxt −
1

2
ut dt

dbt = bt dzt.

It is now natural to ask whether the same kind of convergence of

processes UN
t → ut and BN

t → bt holds true. The unitary case

was solved by Biane in 1997; the general linear case took 16 years

longer.
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Theorem. [Biane, 1997] Let UN
t be the Brownian motion on UN ,

and let ut be a free unitary Brownian motion, defined by

dut = iut dxt − 1
2ut dt. Then for any times t1, . . . , tm ≥ 0,

(UN
t1
, . . . , UN

tm)
D−→(ut1 , . . . , utm) a.s.
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Theorem. [Biane, 1997] Let UN
t be the Brownian motion on UN ,

and let ut be a free unitary Brownian motion, defined by

dut = iut dxt − 1
2ut dt. Then for any times t1, . . . , tm ≥ 0,

(UN
t1
, . . . , UN

tm)
D−→(ut1 , . . . , utm) a.s.

As a corollary, this shows that the ESD of UN
t converges a.s. to a

deterministic measure νt on the circle U1, whose moments can be

computed explicitly:

∫

U1

θnνt(dθ) = τ(unt ) = e−
n
2
t
n−1
∑

k=0

(−t)k

k!
nk−1

(

n

k + 1

)

constants that had come up before in Singer’s 1991 paper “The

Master Field on the Plane”.
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Theorem. [Biane, 1997] Let UN
t be the Brownian motion on UN ,

and let ut be a free unitary Brownian motion, defined by

dut = iut dxt − 1
2ut dt. Then for any times t1, . . . , tm ≥ 0,

(UN
t1
, . . . , UN

tm)
D−→(ut1 , . . . , utm) a.s.

As a corollary, this shows that the ESD of UN
t converges a.s. to a

deterministic measure νt on the circle U1, whose moments can be

computed explicitly:

∫

U1

θnνt(dθ) = τ(unt ) = e−
n
2
t
n−1
∑

k=0

(−t)k

k!
nk−1

(

n

k + 1

)

constants that had come up before in Singer’s 1991 paper “The

Master Field on the Plane”. The measure νt is symmetric about 1,

has a smooth density in its support. It is compactly supported strictly

in U1 for t < 2, and fully supported for t ≥ 2.
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For the proof of the convergence of unitary Brownian motion, Biane

used an explicit characterization of the irreducible representations of

UN , and also made use of the spectral theorem, both of which are

unavailable for generic matrices in GLN .
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For the proof of the convergence of unitary Brownian motion, Biane

used an explicit characterization of the irreducible representations of

UN , and also made use of the spectral theorem, both of which are

unavailable for generic matrices in GLN .

Theorem. [K, 2013] Let BN
t be Brownian motion on GLN , and let

bt be a free multiplicative Brownian motion, defined by dbt = bt dzt.
Then for any times t1, . . . , tm ≥ 0,

(BN
t1
, . . . , BN

tm
)

D∗−→(bt1 , . . . , btm).
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For the proof of the convergence of unitary Brownian motion, Biane

used an explicit characterization of the irreducible representations of

UN , and also made use of the spectral theorem, both of which are

unavailable for generic matrices in GLN .

Theorem. [K, 2013] Let BN
t be Brownian motion on GLN , and let

bt be a free multiplicative Brownian motion, defined by dbt = bt dzt.
Then for any times t1, . . . , tm ≥ 0,

(BN
t1
, . . . , BN

tm
)

D∗−→(bt1 , . . . , btm).

My approach is more geometric, involving a more direct calculation

of the involved moments, using the description of the Laplacian

above. The key idea is to find the right space of functions (that

include moment functions) invariant under ∆GLN
.
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Example. Consider the function f(A) = tr(A2A∗) on GLN . We

use the “magic formulas”

∑

ξ∈βN

ξAξ = −tr(A)IN ,
∑

ξ∈βN

tr(Aξ)ξ = − 1

N2
A.

Let g(A) = tr(A)tr(AA∗). We can readily compute that

∆GLN
f = 4f + 4g
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Example. Consider the function f(A) = tr(A2A∗) on GLN . We

use the “magic formulas”

∑

ξ∈βN

ξAξ = −tr(A)IN ,
∑

ξ∈βN

tr(Aξ)ξ = − 1

N2
A.

Let g(A) = tr(A)tr(AA∗). We can readily compute that

∆GLN
f = 4f + 4g

∆GLN
g =

4

N2
f + 4g.

This 2× 2 system can be exponentiated by a (good) freshman, and

we see that

e
t
2
∆GLN f = e2t cosh(2t/N)f + e2tN sinh(2t/N)g
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Example. Consider the function f(A) = tr(A2A∗) on GLN . We

use the “magic formulas”

∑

ξ∈βN

ξAξ = −tr(A)IN ,
∑

ξ∈βN

tr(Aξ)ξ = − 1

N2
A.

Let g(A) = tr(A)tr(AA∗). We can readily compute that

∆GLN
f = 4f + 4g

∆GLN
g =

4

N2
f + 4g.

This 2× 2 system can be exponentiated by a (good) freshman, and

we see that

e
t
2
∆GLN f = e2t cosh(2t/N)f + e2tN sinh(2t/N)g

= e2tf + 2te2tg +O(1/N2).
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Let P denote the commutative C-algebra generated by the set of

finite words ε ∈ ⋃∞
n=0{1, ∗}n. For convenience, label the basis

elements vε. For example

P = v1 − 2v1∗1 + v∗1v1.
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Let P denote the commutative C-algebra generated by the set of

finite words ε ∈ ⋃∞
n=0{1, ∗}n. For convenience, label the basis

elements vε. For example

P = v1 − 2v1∗1 + v∗1v1.

Call such elements abstract trace polynomials. The reason is the

following. For any N ∈ N and any P ∈ P , define a function

PN : MN → C as follows: for any word ε = ε1 · · · εn, let

[vε]N (A) = tr(Aε1 · · ·Aεn)

then extend the map P 7→ PN to be an algebra homomorphism. For

example, with the above P ,

PN (A) = tr(A)− 2tr(AA∗A) + tr(A∗A)tr(A).

Such functions are called trace polynomials.
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Theorem. [Driver, Hall, K.] The space [P]N of trace polynomials is

a reducing subspace for ∆GLN
. There exist first- and second-order

differential operators D and L on P so that

∆GLN
[P ]N =

[(

D+
1

N2
L

)

P

]

N

.
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Theorem. [Driver, Hall, K.] The space [P]N of trace polynomials is

a reducing subspace for ∆GLN
. There exist first- and second-order

differential operators D and L on P so that

∆GLN
[P ]N =

[(

D+
1

N2
L

)

P

]

N

.

Also, for t ≥ 0,

e
t
2
∆GLN [P ]N =

[

e
t
2

(

D+ 1

N2L

)

P

]

N

.
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Theorem. [Driver, Hall, K.] The space [P]N of trace polynomials is

a reducing subspace for ∆GLN
. There exist first- and second-order

differential operators D and L on P so that

∆GLN
[P ]N =

[(

D+
1

N2
L

)

P

]

N

.

Also, for t ≥ 0,

e
t
2
∆GLN [P ]N =

[

e
t
2

(

D+ 1

N2L

)

P

]

N

.

The point is that e
t
2

(

D+ 1

N2L

)

= e
t
2
D +O

(

1
N2

)

. Since e
t
2
D is an

algebra homomorphism, this leads to the following core estimate.

Corollary. For any trace polynomials P,Q,

Cov(PN (BN
t ), QN (BN

t )) = O

(

1

N2

)

.
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Fix t > 0. We have dBt = Bt dZt and dbt = bt dzt. Because the

diffusion terms are linear, we can proceed by induction on the

degree of the moment. Using stochastic calculus, the difference can

be expressed as an integral of terms consisting of the difference

between lower-order moments (which → 0 by inductive hypothesis),

plus the covariance of the involved terms (which → 0 as above).
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Fix t > 0. We have dBt = Bt dZt and dbt = bt dzt. Because the

diffusion terms are linear, we can proceed by induction on the

degree of the moment. Using stochastic calculus, the difference can

be expressed as an integral of terms consisting of the difference

between lower-order moments (which → 0 by inductive hypothesis),

plus the covariance of the involved terms (which → 0 as above).

That’s convergence for a fixed t. A relatively straightforward

generalization of these techniques works for any finite collection of

independent BN
t1
, . . . , BN

tn
.
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Fix t > 0. We have dBt = Bt dZt and dbt = bt dzt. Because the

diffusion terms are linear, we can proceed by induction on the

degree of the moment. Using stochastic calculus, the difference can

be expressed as an integral of terms consisting of the difference

between lower-order moments (which → 0 by inductive hypothesis),

plus the covariance of the involved terms (which → 0 as above).

That’s convergence for a fixed t. A relatively straightforward

generalization of these techniques works for any finite collection of

independent BN
t1
, . . . , BN

tn
. Now, the increments of (BN

t )t≥0 are

independent, and the increments of (bt)t≥0 are freely independent;

one can put these together to prove convergence of the process, so

long as the increments of (BN
t )t≥0 are asymptotically free.



Idea of the Proof of Convergence (BN
t )t≥0 → (bt)t≥0

• Citations

GUE Brownain Motion

Heat Kernels

Large-N Limits

Trace Polynomials

• Calculation

• Trace Poylnomials

• Intertwining Formula

• Convergence

Fluctuations

28 / 34

Fix t > 0. We have dBt = Bt dZt and dbt = bt dzt. Because the

diffusion terms are linear, we can proceed by induction on the

degree of the moment. Using stochastic calculus, the difference can

be expressed as an integral of terms consisting of the difference

between lower-order moments (which → 0 by inductive hypothesis),

plus the covariance of the involved terms (which → 0 as above).

That’s convergence for a fixed t. A relatively straightforward

generalization of these techniques works for any finite collection of

independent BN
t1
, . . . , BN

tn
. Now, the increments of (BN

t )t≥0 are

independent, and the increments of (bt)t≥0 are freely independent;

one can put these together to prove convergence of the process, so

long as the increments of (BN
t )t≥0 are asymptotically free. This is

true – but it is a story for a different conference (these techniques are

almost entirely operator algebraic).
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The limit theorems presented above are laws of large numbers. The

next question is: what is the rate of convergence? And what “noise

signature” is left at that rate?
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The limit theorems presented above are laws of large numbers. The

next question is: what is the rate of convergence? And what “noise

signature” is left at that rate?

For the “flat” Brownian motions XN (t) and ZN (t), this was

answered by Speicher and Mingo in 2006, and later in 2009 in

slightly greater generality by Chatterji in 2009, for the case of “linear

statistics”.

Theorem. Let p1, . . . , pm be polynomials in one variable. Let

t1, . . . , tm ≥ 0. Then the random variables

N [tr(pj(X
N (tj)))− Etr(pj(X

N (tj)))], j = 1 . . .m

are, in the limit as N → ∞, jointly Gaussian (with a covariance that

is determined by p1, . . . , pm).
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The limit theorems presented above are laws of large numbers. The

next question is: what is the rate of convergence? And what “noise

signature” is left at that rate?

For the “flat” Brownian motions XN (t) and ZN (t), this was

answered by Speicher and Mingo in 2006, and later in 2009 in

slightly greater generality by Chatterji in 2009, for the case of “linear

statistics”.

Theorem. Let p1, . . . , pm be polynomials in one variable. Let

t1, . . . , tm ≥ 0. Then the random variables

N [tr(pj(X
N (tj)))− Etr(pj(X

N (tj)))], j = 1 . . .m

are, in the limit as N → ∞, jointly Gaussian (with a covariance that

is determined by p1, . . . , pm).

A similar result (involving polynomials in the variables and their

adjoints) holds for ZN (t).
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A partial answer to the fluctuations question for unitary Brownian

motion was given by Lévy and Maı̈da in 2010.
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A partial answer to the fluctuations question for unitary Brownian

motion was given by Lévy and Maı̈da in 2010.

Theorem. [Lévy, Maı̈da, 2010] Fix a time t > 0. Let f1, . . . , fm be

Lipschitz functions. Then the random variables

N [tr(fj(U
N (t)))− Etr(fj(U

N (t)))], j = 1 . . .m

are, in the limit as N → ∞, jointly Gaussian, with a covariance

determined by f1, . . . , fm.
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A partial answer to the fluctuations question for unitary Brownian

motion was given by Lévy and Maı̈da in 2010.

Theorem. [Lévy, Maı̈da, 2010] Fix a time t > 0. Let f1, . . . , fm be

Lipschitz functions. Then the random variables

N [tr(fj(U
N (t)))− Etr(fj(U

N (t)))], j = 1 . . .m

are, in the limit as N → ∞, jointly Gaussian, with a covariance

determined by f1, . . . , fm.

Note, since UN (t) is a normal matrix, f(UN (t)) can be made

sense of for any measurable function f on the unit circle, via

functional calculus.
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A partial answer to the fluctuations question for unitary Brownian

motion was given by Lévy and Maı̈da in 2010.

Theorem. [Lévy, Maı̈da, 2010] Fix a time t > 0. Let f1, . . . , fm be

Lipschitz functions. Then the random variables

N [tr(fj(U
N (t)))− Etr(fj(U

N (t)))], j = 1 . . .m

are, in the limit as N → ∞, jointly Gaussian, with a covariance

determined by f1, . . . , fm.

Note, since UN (t) is a normal matrix, f(UN (t)) can be made

sense of for any measurable function f on the unit circle, via

functional calculus. But this doesn’t allow for multiple times, since

that introduces real noncommutativity.
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A partial answer to the fluctuations question for unitary Brownian

motion was given by Lévy and Maı̈da in 2010.

Theorem. [Lévy, Maı̈da, 2010] Fix a time t > 0. Let f1, . . . , fm be

Lipschitz functions. Then the random variables

N [tr(fj(U
N (t)))− Etr(fj(U

N (t)))], j = 1 . . .m

are, in the limit as N → ∞, jointly Gaussian, with a covariance

determined by f1, . . . , fm.

Note, since UN (t) is a normal matrix, f(UN (t)) can be made

sense of for any measurable function f on the unit circle, via

functional calculus. But this doesn’t allow for multiple times, since

that introduces real noncommutativity. Using a different approach,

we can handle the more general UN case, and the GLN case,

simultaneously.
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Theorem. [Cébron, K, 2014] Let P1, . . . , Pn be trace polynomials.

Let t1, . . . , tm ≥ 0. Let ΞN (t) denote either UN (t) or BN (t).
Then the random variables

Xj = N [Pj(Ξ
N (t1), . . . ,Ξ

N (tm))−EPj(Ξ
N (t1), . . . ,Ξ

N (tm))]

for j = 1 . . .m are, in the limit as N → ∞, jointly Gaussian, with

covariance determined by P1, . . . , Pn.
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Theorem. [Cébron, K, 2014] Let P1, . . . , Pn be trace polynomials.

Let t1, . . . , tm ≥ 0. Let ΞN (t) denote either UN (t) or BN (t).
Then the random variables

Xj = N [Pj(Ξ
N (t1), . . . ,Ξ

N (tm))−EPj(Ξ
N (t1), . . . ,Ξ

N (tm))]

for j = 1 . . .m are, in the limit as N → ∞, jointly Gaussian, with

covariance determined by P1, . . . , Pn.

Recall that ∆GLN
∼ D+ 1

N2L. The fluctuations are therefore

controlled by the second-order operator L; in fact, by its carré du

champ operator

Γ(P,Q) = L(PQ)− L(P )Q− PL(Q).
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Theorem. [Cébron, K, 2014] Let P1, . . . , Pn be trace polynomials.

Let t1, . . . , tm ≥ 0. Let ΞN (t) denote either UN (t) or BN (t).
Then the random variables

Xj = N [Pj(Ξ
N (t1), . . . ,Ξ

N (tm))−EPj(Ξ
N (t1), . . . ,Ξ

N (tm))]

for j = 1 . . .m are, in the limit as N → ∞, jointly Gaussian, with

covariance determined by P1, . . . , Pn.

Recall that ∆GLN
∼ D+ 1

N2L. The fluctuations are therefore

controlled by the second-order operator L; in fact, by its carré du

champ operator

Γ(P,Q) = L(PQ)− L(P )Q− PL(Q).

Indeed, we can express the covariance of the asymptotically

Gaussian random vector (X1, . . . , Xn) as follows:
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Theorem. [Cébron, K, 2014] The asymptotic covariance matrix of

(X1, . . . , Xn) has (j, k)-entry σ(Pj, Pk), where the function σ is

determined as follows: given P,Q ∈ P , there is a trace polynomial

Γ̃(P,Q) in three variables such that, if at, bt, ct are three freely

independent multiplicative Brownian motions,

σ(P,Q) =

∫ t

0

[

Γ̃(P,Q)
]

(as, bt−s, ct−s) ds.
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Theorem. [Cébron, K, 2014] The asymptotic covariance matrix of

(X1, . . . , Xn) has (j, k)-entry σ(Pj, Pk), where the function σ is

determined as follows: given P,Q ∈ P , there is a trace polynomial

Γ̃(P,Q) in three variables such that, if at, bt, ct are three freely

independent multiplicative Brownian motions,

σ(P,Q) =

∫ t

0

[

Γ̃(P,Q)
]

(as, bt−s, ct−s) ds.

E.g. Suppose p, q are single-variable polynomials. Then

σ(tr(p), tr(q∗)) =

∫ t

0
τ
[

p′(bt−sas)q
′(ct−sas)

∗] ds.
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Theorem. [Cébron, K, 2014] The asymptotic covariance matrix of

(X1, . . . , Xn) has (j, k)-entry σ(Pj, Pk), where the function σ is

determined as follows: given P,Q ∈ P , there is a trace polynomial

Γ̃(P,Q) in three variables such that, if at, bt, ct are three freely

independent multiplicative Brownian motions,

σ(P,Q) =

∫ t

0

[

Γ̃(P,Q)
]

(as, bt−s, ct−s) ds.

E.g. Suppose p, q are single-variable polynomials. Then

σ(tr(p), tr(q∗)) =

∫ t

0
τ
[

p′(bt−sas)q
′(ct−sas)

∗] ds.

In the unitary case, we can compute that this converges (as t → ∞)

to 〈p, q〉H1/2
, agreeing with [Diaconis, Evans, 2001] in the Haar

unitary case.
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As a final remark: much of the technology here applies more

generally than the Brownian motion. In the papers cited, everything

was done for a two-parameter family of Brownian motions

(corresponding to all unitarily-invariant inner products on GLN ); but,

in fact, similar techniques yield similar results for more general Lévy

processes and diffusion processes on GLN (and subgroups).
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