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Fix an infinite double-array { B;x(t): j,k > 1} of i.i.d. C-valued

Brownian motions. The GUE y-valued Brownian motion X ¥ (¢) is

the matrix process

XY ()]

jk —

L
VN

(Bjk(t)

+ Bkj (t)

).
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Fix an infinite double-array { B;x(t): j,k > 1} of i.i.d. C-valued

Brownian motions. The GUE y-valued Brownian motion X ¥ (¢) is

the matrix process

XN (O = < (Bu(t) + B D).

If U is a fixed unitary matrix U € Uy, then UXY () ~ XN (¢),
hence the name GUE.
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Fix an infinite double-array { B;x(t): j,k > 1} of i.i.d. C-valued

Brownian motions. The GUE y-valued Brownian motion X ¥ (¢) is

the matrix process

XNk = —r< (Byslt) + By(D

If U is a fixed unitary matrix U € Uy, then UXY () ~ XN (¢),

hence the name GUE.

Denote A" (t), A5 (t), . .., AN.(t) the (random) eigenvalues of
XN (t). The empirical spectral distribution ESD 1} is the

random measure

VN

1 N
=5 2w
j=1

).
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The first theorem of Random Matrix Theory was proved by Wigner;

the following is a stronger version.

Theorem. (Wigner, 1955) For fixed t > 0, the ESD ,u;ZV converges
weakly almost surely to the semicircle law

O't(dilf) =

1

27t

(4t — 5132)_|_ dx.
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The first theorem of Random Matrix Theory was proved by Wigner;

the following is a stronger version.

Theorem. (Wigner, 1955) For fixed t > 0, the ESD ,uiv converges

weakly almost surely to the semicircle law

1
ot(dz) = e (4t — x?) 4 dzx.

60
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The first theorem of Random Matrix Theory was proved by Wigner;

the following is a stronger version.

Theorem. (Wigner, 1955) For fixed t > 0, the ESD ,u;ZV converges

weakly almost surely to the semicircle law

1
O’t(dﬂf) = 2—7-“5 (4t — ZC2)+ dx.

60

0
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The first theorem of Random Matrix Theory was proved by Wigner;
the following is a stronger version.

Theorem. (Wigner, 1955) For fixed t > 0, the ESD ,u;ZV converges
weakly almost surely to the semicircle law

Thatis: for f € C.(R

oo(dz) = —— /(4 — 22, da.

/fdut —>/fdatas
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The first theorem of Random Matrix Theory was proved by Wigner;

the following is a stronger version.

Theorem. (Wigner, 1955) For fixed t > 0, the ESD ,u;ZV converges

weakly almost surely to the semicircle law

oo(d) = ——/(at — 22), da.

Thatis: for f € C.(R /fd,ut —>/fdatas

Notice that

N
[t - %;M (1) = el (XN (0)]. (tr = )

Taking f = polynomials allows combinatorial techniques (the
method of moments), which is how Wigner proved the theorem

(which holds essentially regardless of the distribution of entries).
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strongly interacting particle system.
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The time evolution of the eigenvalues A\{' (¢), ..., AN (¢) is a

strongly interacting particle system.

Theorem. (Dyson, 1962) There are [V i.i.d. standard Brownian

motions Bi (%), ..., By(t) sothat, for1 < j < N,

1

AN} (t) = —

dB;(t) + % >

dt

N
k3 )‘j

() = Ay (&)

They form an RV 1to process with Brownian diffusion, and (highly)
singular drift. (This strong repulsion prevents the eigenvalues from

crossing: they tend to stay ordered.)
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The time evolution of the eigenvalues A\{' (¢), ..., AN (¢) is a
strongly interacting particle system.

Theorem. (Dyson, 1962) There are [V i.i.d. standard Brownian
motions Bi (%), ..., By(t) sothat, for1 < j < N,

1 1 dt
——dB;(t)+ = Y _

W0 = TR 2w e

They form an RV 1to process with Brownian diffusion, and (highly)
singular drift. (This strong repulsion prevents the eigenvalues from

crossing: they tend to stay ordered.)

One can gain a lot of mileage from this representation in

deciphering, e.g., the asymptotic distribution of the spacing between
the eigenvalues. But it turns out to be less useful for understanding

the limit and fluctuation of the measure-valued ESD process /i;" .

6/34



-1

e Citations

GUE Brownain Motion

Smooth Drift and Propagation of Chaos

e GUE & ESD
o Wigner

e Dyson

e Chaos

® Process

e NC probability
e Free SDE

Heat Kernels

Large- /N Limits

Trace Polynomials

Fluctuations

Suppose a: R? — R is Lipschitz. Let B1(t), . ..
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standard Brownian motions. Define the processes nj-v(t) by the SDE

dan

Let /Y

=¥ Y

njv (1)

1 1
= =B+ ;a(nﬁy(t) i (

t))dt,

1<j<N.
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o Wigner

* Cros v__t ! N ), nN -

dnj = —=dB;(t)+3; D aln () ni ())dt,  1<j<N.
e NC probability k?é]

e Free SDE
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Large- /N Limits ! N z 77“7 (t

Trace Polynomials Theorem. (McKean, 1967) There is a measure v; so that u,gN — vV
Fluctuations weakly in probability, and v is the law of an It process.

Theorem. (Hitsuda & Mitoma, 1986) The fluctuations of ng are
O(\/—lﬁ) and ¢;' = v N (v} — 1) converges weakly to a
Gaussian process.
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Suppose a: R? — R is Lipschitz. Let B1(t), ..., By (t) bei.i.d.
standard Brownian motions. Define the processes nj-v(t) by the SDE

1 1
dny = —=dB;(t)+— > a@Y @), @t)dt, 1<j<
T; VN J() N; (773()77/%()) >~ 7>

N.

Theorem. (McKean, 1967) There is a measure v+ so that u,gN — U

weakly in probability, and v4 is the law of an Itd process.

Theorem. (Hitsuda & Mitoma, 1986) The fluctuations of ng are
O(\/—lﬁ) and ¢;' = v N (v} — 1) converges weakly to a
Gaussian process.

Since the drift « in Dyson’s Brownian motion is not Lipschitz, the
theorems do not apply. In fact, they fail spectacularly!
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Theorem. (Mingo & Speicher, 2006; Chatterjee, 2009) The
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fluctuations are O(+), and ;¥ = N(ui¥ — o) converges weakly

to a Gaussian process.

The strong interactions keep the fluctuations much smaller than one
would otherwise expect. As for the limit, o; is not the law of any It6
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For fixed t > 0, ;' — o weakly almost surely. But is o the law
an Ité process? NO. And what can we say about the fluctuations?

Theorem. (Mingo & Speicher, 2006; Chatterjee, 2009) The

of

fluctuations are O(+), and ;¥ = N(ui¥ — o) converges weakly

to a Gaussian process.

The strong interactions keep the fluctuations much smaller than one
would otherwise expect. As for the limit, o; is not the law of any It6

process. But it is the law of a free It0 process.

Free probability is a field at the intersection of probability theory,
complex analysis, and operator algebras. The basic idea is to
represent limits of random matrix ensembles like XN(t) as

N — o0 as concrete objects. The free comes from the fact that the

limits often live in an operator algebra modeled on a free group.
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The basic construct: an abstract algebra .27 of “random variables”,

equipped with an “expectation functional” 7: &/ — C.
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The basic construct: an abstract algebra .27 of “random variables”,

equipped with an “expectation functional” 7: &/ — C.

Given avector AN = (A, ..., AY) of N x N random matrices,

9 :
and a vector a = (a1,...,a,) € ™, we say AN — aif

tr(P(A)) — 7(P(a)) for any noncommutative polynomial P.

E.Q. P(al, CIQ) = a1 + ajas + asaj.
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The basic construct: an abstract algebra .27 of “random variables”,

equipped with an “expectation functional” 7: &/ — C.

Given avector AN = (A, ..., AY) of N x N random matrices,

9 :
and a vector a = (a1,...,a,) € ™, we say AN — aif

tr(P(A)) — 7(P(a)) for any noncommutative polynomial P.

E.Q. P(al, CLQ) = a1 + ajas + asaj.

Theorem. (Voiculescu, 1991) In the free group factor (A(F, ), 7),

there is a “process” (x4 )¢>p such that, for any ¢1,...,t, >0,

(XN, o, XN ) Do (2, - 31, )

The process (¢);>0 is known as the free (additive) Brownian
motion. lis increments are freely independent, and the specitral
measure of x; — x5 is o;_s for s < ¢.
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Let o, C A(FF,) denote the (weakly closed) subalgebra generated

by (x5)s<¢. Call a process (6;);>0 adapted if ; € o7 for each
t > 0.
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by (x5)s<¢. Call a process (6;);>0 adapted if ; € o7 for each
t > 0.
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way: first against simple adapted processes — taking values in
A(F ) — then taking an L?-closure.
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Let o, C A(FF,) denote the (weakly closed) subalgebra generated

by (x5)s<¢. Call a process (6;);>0 adapted if ; € o7 for each

t > 0.

One can define stochastic integrals with respect to x¢, in the usual

way: first against simple adapted processes — taking values in

A(F,) —then taking an L?-closure.

In the 1990s, Biane and Speicher showed that SDEs like

d@t — Oé(t, Ht) d:ct + 5(t, Ht) dt

have unique adapted solutions with given initial data in .2%), provided
the diffusion and drift coefficients «, 5 are sufficiently smooth and
slow-growing (the proof uses the same Picard iteration method that

works classically).
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0 Gl e Let M be a Riemannian manifold, with metric (-, -) and resulting

Sl Rt S volume form dV. If f € C°°(M), the gradient V f = V,f is the

Heat Kernels

o Laplacian vector field defined by
@ Heat Kernel
o e Crop et (Vf, X) =df(X) = X(f), X & Vec(M).

@ Brownian Motion

e BMonuy &gly The Laplacian A = Ay is the operator on C*° (M) defined by

e BMon Uy &GLN

Large- /N Limits
Trace Polynomials / f Ag dv = — / <Vf, vg> dV, f, g & COO(M)
M M
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Let M be a Riemannian manifold, with metric (-, -) and resulting

volume form dV. If f € C°°(M), the gradient V f = V, f is the

vector field defined by

(VF,X)=df(X) = X(f), X € Vec(M).

The Laplacian A = A, is the operator on C'*°( M) defined by

M

M

Given some mild curvature assumptions, A s extends to a(n
unbounded) selfadjoint operator on L*(M, dV).

).
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Let M be a Riemannian manifold, with metric (-, -) and resulting
volume form dV. If f € C°°(M), the gradient V f = V, f is the

vector field defined by

(VF,X)=df(X) = X(f), X € Vec(M).

The Laplacian A = A, is the operator on C'*°( M) defined by

J,

Given some mild curvature assumptions, A, extends to a
unbounded) selfadjoint operator on L*(M, dV).

FAgdV = —/

M

(Vf,Vg)av, f,geC(M

).

(n

If U is an isometry of M, then (Af) o U = A(f o U). This means
A can be computed by the same expression in any orthonormal

basis. If M = R"™ with its usual Euclidean metric, A = >

n_ 0%
j=1 927"
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The heat equation on M, with initial condition f, is the PDE

) 1
8_?: — §Au, u(0,z) = f(x).

If M is nice (e.g. bounded-below curvature), it has a unigue solution

u(t,x) = e%Af(a:) for a wide range of functions f.
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The heat equation on M, with initial condition f, is the PDE

) 1
8_?: — §Au, u(0,z) = f(x).

If M is nice ge.g. bounded-below curvature), it has a unique solution
u(t, z) = e2® f(z) for a wide range of functions f. In fact, there is

always a C'"°°( M) bounded function p = p(t, x, y) such that

52 f(z) = /M F@)elt, 2 ) dV(y), fe LMM).

The function p is called the heat kernel on M.
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The heat equation on M, with initial condition f, is the PDE

ou 1
a_? = 5Au, u(0,2) = f(a).

If M is nice ge.g. bounded-below curvature), it has a unique solution
u(t, z) = e2® f(z) for a wide range of functions f. In fact, there is

always a C'"°°( M) bounded function p = p(t, x, y) such that

52 f(z) = /M F@)elt, 2 ) dV(y), fe LMM).

The function p is called the heat kernel on M. On R",

n |:Jc—y|2

pt,z,y) = (2mt)"2e” =

This Gaussian tail behavior is universal; but in general there is no

formula for the heat kernel on any non-Euclidean manifold.

13/34



-1

Left-Invariant Laplacian on a Lie Group

Let G be a Lie group, with Lie algebra g. If (-, -) is a real inner

e Citations

S Bt [ o product on g, by (right-)translation it gives rise to a left-invariant
Heat Kernels Riemannian metric on GG (which has positive curvature).

® Laplacian

e Heat Kernel

® Lie Group Laplacian
@ Lie Group Heat Ker.
e Brownian Motion

e BMonupn &gly
e BMonUp & GL iy

Large- /N Limits

Trace Polynomials

Fluctuations

14/34



-1

e Citations

GUE Brownain Motion

Left-Invariant Laplacian on a Lie Group

Heat Kernels

® Laplacian

e Heat Kernel

® Lie Group Laplacian
@ Lie Group Heat Ker.
e Brownian Motion

e BMonupn &gly
e BMonUp & GL iy

Large- /N Limits

Trace Polynomials

Fluctuations

Let G be a Lie group, with Lie algebra g. If (-, -) is a real inner
product on g, by (right-)translation it gives rise to a left-invariant
Riemannian metric on G (which has positive curvature).

Given any vector { € g, denote by O the left-invariant vector field

Oc f(x) =

d

dt

f(zexp(t))

t=0
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Let G be a Lie group, with Lie algebra g. If (-, -) is a real inner
product on g, by (right-)translation it gives rise to a left-invariant
Riemannian metric on G (which has positive curvature).

Given any vector { € g, denote by O the left-invariant vector field

d

%f (@) = gl wesp(t€))|

(If G =g =R", xexp(tf) = x + t&, giving the usual derivative.)
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Let G be a Lie group, with Lie algebra g. If (-, -) is a real inner
product on g, by (right-)translation it gives rise to a left-invariant
Riemannian metric on G (which has positive curvature).

Given any vector { € g, denote by O the left-invariant vector field

d

0cf () = =1 (¢ exp(tS))

t=0

(If G =g =R", xexp(tf) = x + t&, giving the usual derivative.)

Fix any orthonormal basis (3 of g; then define

Ag=) &

£ep

In fact, this does not depend on the choice of basis [; it is equal to

the Laplace operator on the Riemannian manifold G.
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Let G be a Lie group, with Lie algebra g. If (-, -) is a real inner
product on g, by (right-)translation it gives rise to a left-invariant
Riemannian metric on G (which has positive curvature).

Given any vector { € g, denote by O the left-invariant vector field

d

0cf () = =1 (¢ exp(tS))

t=0

(If G =g =R", xexp(tf) = x + t&, giving the usual derivative.)

Fix any orthonormal basis (3 of g; then define

Ag=) &

£ep

In fact, this does not depend on the choice of basis [; it is equal to
the Laplace operator on the Riemannian manifold G. And we can

compute with it!
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Because of the left-invariance of A, the heat kernel p(t, X, y)

takes the form of a convolution kernel: letting p:(x) = p(t, z, 1¢),

pt,z,y) = pi(y~ )

e226 f(x) = f * py(x) =

that is to say

where dy denotes the (right-)Haar measure on G.
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Because of the left-invariance of A, the heat kernel p(t, X, y)

takes the form of a convolution kernel: letting p:(x) = p(t, z, 1¢),

pt,z,y) = pi(y~ )

e226 f(x) = f * py(x) =

that is to say

where dy denotes the (right-)Haar measure on G.

e Since e%AG(l) = 1, p; is a probability density.

: stt
Since e 2

A SAg LA
¢ =e279e27C9, psit = ps * Pt

We will also denote by dp; the heat kernel measure (with density
pt). This measure is determined (by definition) by

/afdpt - (Q%AGf) (1g), f€CAG).
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The Brownian motion B;° on a Riemannian manifold M is the
Markov process with generator %A M, started at xg € M.
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The Brownian motion B;° on a Riemannian manifold M is the
Markov process with generator %A M, started at xg € M. This

abstract definition can be made much more concrete in the Lie group
case. The Brownian motion B; on a Lie group (G, started at 1, is

the unique process satisfying

e ¢ +— B;isacontinuous map from R, into G a.s.

e For0 < s <t< oo, B; !B, has distribution p;_, and is
independent from (B, )p<,<s.
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The Brownian motion B;° on a Riemannian manifold M is the
Markov process with generator %A M, started at xg € M. This

abstract definition can be made much more concrete in the Lie group
case. The Brownian motion B; on a Lie group (G, started at 1, is

the unique process satisfying

e ¢ +— B;isacontinuous map from R, into G a.s.

e For0 < s <t< oo, B; !B, has distribution p;_, and is

independent from (B, )p<,<s.

There is an even more explicit representation, as a kind of projection
of the Brownian motion on the Lie algebra. Let 3 be an o.n. basis of

g, and

Wi = Z Wt@g, {Wt(g)}geﬁ i.i.d. Brownian motions on R.

£ep

Then, in Stratonovich form,

dBt = Bt O th
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Fix the inner product (£, n) y = NRTr(£*n) on gl = My (and

therefore on uy C My).
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/ - . .
where { W, ij}lgj,ng are independent Brownian motions.
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® Gitations Fix the inner product (£, n) v = NRTr({*n) on gl = My (and
GUE Brownain Motion therefore on uN C MN)

Heat Kernels

:;ae':f‘iz’;el As a (real) orthonormal basis of gl,;, we can take the matrix units
e Lie Group Laplacian {\/L—Ejk}1<]‘7k<n U {—\/LEjk}1<j7k<n, and so the Brownian

@ Lie Group Heat Ker. N N N a ,N B B

e Brownian Motion motion Z (t) can be written as

e BMonupn & glps
e BMonUp & GL iy

o N L ZN ()] 6 = ——=[Wik(t) + iW, (1)

L
VN

Trace Polynomials

Fluctuations

where { W, le'k}lgj,ng are independent Brownian motions.

It is a routine exercise to find an o.n. basis for u,y, and find that the
Brownian motion there has the form —i X' (¢), where

XV(t) = 5[2V () + 2V (),
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There is a general procedure for converting Stratonovich integrals to
t6 integrals. In the case of g-valued Brownian motion W, this gives

the It6 SDE

1
dBy = By o dW; = By dW; + - B, g%é dt.
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e BMonupn &gl

There is a general procedure for converting Stratonovich integrals to
t6 integrals. In the case of g-valued Brownian motion W, this gives

e BMon Uy & GLy There is a “magic formula”: if 3 is an o.n. basis of u, then for any

Large- N Limits matriX A,

Trace Polynomials Z SAS p— —tI‘(A)[N

Fluctuations fEﬂ

In particular, >~ 5 £2 = —1. Similarly, 3’ = B Ui/ is an o.n. basis

for gl and so it follows that > . £ =—-1-0G)I=0.
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® Lie Group Laplacian

1
dBy = By o dW; = By dW; + - B, > &t

There is a general procedure for converting Stratonovich integrals to
t6 integrals. In the case of g-valued Brownian motion W, this gives

e Lie Group Heat Ker.

e Brownian Motion 566

e BMonupn &gl . . . . .

e BMon Uy & GLy There is a “magic formula”: if 3 is an o.n. basis of u, then for any

Large- N Limits matriX A,

Trace Polynomials

Fluctuations

Y AL = —tr(A)ly.
cep

In particular, >~ 5 £2 = —1. Similarly, 3’ = B Ui/ is an o.n. basis
for glyy, and so it follows that 3.5 £ = —I — (i*)I = 0. This
gives simple It6 equations for the BMs U; on U and B; on GLL v

1
AU = iU dX; — 5Urdt,  dB; = BydZ,.

18/34 '



-1

e Citations

GUE Brownain Motion

Heat Kernels

Large- /N Limits

e Limits

e free SDEs
e free uBM
e free X BM

Trace Polynomials

Fluctuations

Large-/V Limits of Brownian

Motions on uy, gly, Uy, and
GLy

19/34 '



-1

e Citations

GUE Brownain Motion

Large-/V Limits of Free Additive Brownian Motion

Heat Kernels

Large- /N Limits

e Limits

e free SDEs
e free uBM
e free X BM

Trace Polynomials

Fluctuations

Theorem. [Voiculescu, 1991] Let XV (¢) and Z™V (¢) be the
Brownian motions on u and gly. Then, for any times

tro it >0,
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Theorem. [Voiculescu, 1991] Let XV (¢) and Z™V (¢) be the
Brownian motions on u and gly. Then, for any times

tro it >0,

(XN, .., XN ()
(ZN(t1), ..., ZN (tm))

9
—

Dx
—

(CIJtl, . .

(Ztl,..

L, Xy, ) G.S.,

2t ) @.S.

and

where z; = %(mt + iy ), and x¢, y; are freely independent free

additive Brownian motions.
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Theorem. [Voiculescu, 1991] Let XV (¢) and Z™V (¢) be the
Brownian motions on u and gly. Then, for any times

tro it >0,

9

(XN (), XV (t)) Lo (2, -7, ) @us.,  and

(ZN(t1), ..., ZN (tm)) ﬁ(ztl, oy 2t ) @.S.

where z; = L T+ + 1y ), and x4, y; are freely independent free
V2

additive Brownian motions. Note: in the complex case, &%
convergence means that for any noncommutative polynomial P in in

2m variables,

lim tr[P(Z" (t1), Z" (t1)%, ..., Z" (tn), Z (tm)")]

N —00

:T[P(Ztl,z,’fl, .

.,Ztm,zfm)].
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Using the free stochastic calculus developed by Biane and Speicher,

one can solve the free versions of the matrix SDEs defining the
Brownian motions on U and GIL .

1
dut = z'ut dﬂ?t — §Ut dt

dbt = bt dZt.

It is now natural to ask whether the same kind of convergence of
processes U — u; and B}Y — b; holds true.
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Using the free stochastic calculus developed by Biane and Speicher,

one can solve the free versions of the matrix SDEs defining the
Brownian motions on U and GIL .

1
dut = z'ut dﬂ?t — §Ut dt

dbt = bt dZt.

It is now natural to ask whether the same kind of convergence of

processes U}¥ — u; and B}¥ — b; holds true. The unitary case
was solved by Biane in 1997, the general linear case took 16 years

longer.
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Theorem. [Biane, 1997] Let U} be the Brownian motion on Uy,

and let u; be a free unitary Brownian motion, defined by
du; = 1uy dxry — %ut dt. Then for any times ¢1,...,¢,, > 0,

Uy, ...

Y

N

tm

9
) = (Ugyy - .-, U, ) Q.S.
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Theorem. [Biane, 1997] Let U} be the Brownian motion on Uy,

and let u; be a free unitary Brownian motion, defined by
du; = 1uy dxry — %ut dt. Then for any times ¢1,...,¢,, > 0,

9
(U, UN ) == (ugy, -y ug,,) a.s.

As a corollary, this shows that the ESD of UtN converges a.s. to a
deterministic measure v; on the circle Uy, whose moments can be

computed explicitly:

/U wa(dd) = — 5 (k Z 1)

constants that had come up before in Singer’s 1991 paper “The
Master Field on the Plane”.

wl:
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Theorem. [Biane, 1997] Let U} be the Brownian motion on Uy,

and let u; be a free unitary Brownian motion, defined by
du; = 1uy dxry — %ut dt. Then for any times ¢1,...,¢,, > 0,

9
(U, UN ) == (ugy, -y ug,,) a.s.

As a corollary, this shows that the ESD of UtN converges a.s. to a
deterministic measure v; on the circle Uy, whose moments can be

computed explicitly:

/U wa(dd) = — 5 (k Z 1)

constants that had come up before in Singer’s 1991 paper “The

wl:

Master Field on the Plane”. The measure 14 is symmetric about 1,
has a smooth density in its support. It is compactly supported strictly

in U; for t < 2, and fully supported for ¢ > 2.
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For the proof of the convergence of unitary Brownian motion, Biane
used an explicit characterization of the irreducible representations of
Uy, and also made use of the spectral theorem, both of which are
unavailable for generic matrices in GIL .
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For the proof of the convergence of unitary Brownian motion, Biane
used an explicit characterization of the irreducible representations of
Uy, and also made use of the spectral theorem, both of which are
unavailable for generic matrices in GIL .

Theorem. [K, 2013] Let B} be Brownian motion on GLL, and let
b; be a free multiplicative Brownian motion, defined by db; = b; dz;.
Then for any times ¢4, ...,t,, > 0,

(B

N

t19°

Dx*
7Bt]>]n) —>(bt1,...,btm).
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For the proof of the convergence of unitary Brownian motion, Biane
used an explicit characterization of the irreducible representations of
Uy, and also made use of the spectral theorem, both of which are

unavailable for generic matrices in GIL .

Theorem. [K, 2013] Let B} be Brownian motion on GLL, and let
b; be a free multiplicative Brownian motion, defined by db; = b; dz;.

Then for any times ¢4, ...,t,, > 0,
N N\ Z*
(Btl 9 o o e 7Btm) —>(bt1, e ey btm).

My approach is more geometric, involving a more direct calculation

of the involved moments, using the description of the Laplacian
above. The key idea is to find the right space of functions (that
include moment functions) invariant under Agg, -
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Trace Polynomials and their
Intertwining Space
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Example. Consider the function f(A) = tr(A%A*) on GLy. We

use the “magic formulas”

Y EAE = —tr(A)Iy, Y tr(AfE = ——A
EELBN §EBN

Let g(A) = tr(A)tr(AA*). We can readily compute that

AgLyf =4f +49

25/34



-1

e Citations

GUE Brownain Motion

An Example Calculation

Heat Kernels

Large- /N Limits

Trace Polynomials

e Calculation
® Trace Poylnomials
e Intertwining Formula

e Convergence

Fluctuations

Example. Consider the function f(A) = tr(A%A*) on GLy. We

use the “magic formulas”

Y EAE = —tr(A)Iy, Y tr(AfE = ——A
EELBN §EBN

Let g(A) = tr(A)tr(AA*). We can readily compute that

AgLyf =4f +49

4
AGLNQ = mf + 4g.

This 2 X 2 system can be exponentiated by a (good) freshman, and

we see that

e3f0Ly f = o2 cosh(2t/N) f + e* N sinh(2t/N)g

25/34
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Example. Consider the function f(A) = tr(A%A*) on GLy. We

use the “magic formulas”

Y EAE = —tr(A)Iy, Y tr(AfE = ——A
EELBN §EBN

Let g(A) = tr(A)tr(AA*). We can readily compute that
AgLyf =4f +49

4
AGLNQ = mf + 4g.

This 2 X 2 system can be exponentiated by a (good) freshman, and

we see that

e3f0Ly f = o2 cosh(2t/N) f + e* N sinh(2t/N)g

= e’ f + 2te* g + O(1/N?).
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Let &2 denote the commutative C-algebra generated by the set of

finite words € € | J {1, *}". For convenience, label the basis
elements v.. For example

P =v1 — 20141 + V4101,
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Let &2 denote the commutative C-algebra generated by the set of

finite words € € | J {1, *}". For convenience, label the basis
elements v.. For example

P =v1 — 20141 + V4101,

Call such elements abstract trace polynomials. The reason is the

following. Forany N € N and any P € &2, define a function
Pn: My — C as follows: for any word € = 1 - - - &, let

Ve N(A) = tr(A%L - .- A)

then extend the map P — P to be an algebra homomorphism.

example, with the above P,
Pn(A) =tr(A) — 2tr(AA™A) 4+ tr(A"A)tr(A).

Such functions are called trace polynomials.

For
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Theorem. [Driver, Hall, K.] The space |Z|y of trace polynomials is
a reducing subspace for Agr,, . There exist first- and second-order
differential operators ‘D and £ on £ so that

AgLy|[Pln = KCD +

1
Nzt

)l
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Theorem. [Driver, Hall, K.] The space |Z|y of trace polynomials is
a reducing subspace for Agr,, . There exist first- and second-order
differential operators ‘D and £ on £ so that

AgLy|[Pln = K

Also, fort > 0,

1
D+ 53t) P
N? N
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Theorem. [Driver, Hall, K.] The space |Z|y of trace polynomials is
a reducing subspace for Agr,, . There exist first- and second-order

differential operators D and £ on & so that

Acr[Ply = K:D 4 %L) P] n

Also, fort > 0,

2261y [Py = [eé(mﬁL)P]

N

. D+ 8
The point is that 62( TNz ) — e3P + O ( ) Since e2? is an
algebra homomorphism, this leads to the following core estimate.

Corollary. For any trace polynomials P, (),

Cov(Py(BY), Qn(BY)) = O (

NQ

1>.
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Fix t > 0. We have dB; = B; dZ; and db; = b; dz;. Because the

diffusion terms are linear, we can proceed by induction on the

degree of the moment. Using stochastic calculus, the difference can

be expressed as an integral of terms consisting of the difference

between lower-order moments (which — 0 by inductive hypothesis),

plus the covariance of the involved terms (which — 0 as above).
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Fix t > 0. We have dB; = B; dZ; and db; = b; dz;. Because the

diffusion terms are linear, we can proceed by induction on the

degree of the moment. Using stochastic calculus, the difference can

be expressed as an integral of terms consisting of the difference

between lower-order moments (which — 0 by inductive hypothesis),

plus the covariance of the involved terms (which — 0 as above).

That’s convergence for a fixed ¢. A relatively straightforward

generalization of these techniques works for any finite collection of

independent B

N

t19°

N
..,BN.
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Fix t > 0. We have dB; = B; dZ; and db; = b; dz;. Because the

diffusion terms are linear, we can proceed by induction on the

degree of the moment. Using stochastic calculus, the difference can

be expressed as an integral of terms consisting of the difference

between lower-order moments (which — 0 by inductive hypothesis),

plus the covariance of the involved terms (which — 0 as above).

That’s convergence for a fixed ¢. A relatively straightforward

generalization of these techniques works for any finite collection of

N

independent By, , ..., By' . Now, the increments of (B;" );>( are
independent, and the increments of (b;);>0 are freely independent;

one can put these together to prove convergence of the process,

long as the increments of (Biv )t>0 are asymptotically free.

SO
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Fix t > 0. We have dB; = B; dZ; and db; = b; dz;. Because the

diffusion terms are linear, we can proceed by induction on the

degree of the moment. Using stochastic calculus, the difference can

be expressed as an integral of terms consisting of the difference

between lower-order moments (which — 0 by inductive hypothesis),

plus the covariance of the involved terms (which — 0 as above).

That’s convergence for a fixed ¢. A relatively straightforward

generalization of these techniques works for any finite collection of

N
t19°

independent B

.., BYY. Now, the increments of (B;" );> are

independent, and the increments of (b;);>0 are freely independent;

one can put these together to prove convergence of the process,

SO

long as the increments of (B );>( are asymptotically free. This is
true — but it is a story for a different conference (these techniques are

almost entirely operator algebraic).
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Fluctuations of Matrix Brownian
Motions
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The limit theorems presented above are laws of large numbers. The
next question is: what is the rate of convergence? And what “noise

signature” is left at that rate?
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The limit theorems presented above are laws of large numbers. The
next question is: what is the rate of convergence? And what “noise
signature” is left at that rate?

For the “flat” Brownian motions XV (¢) and Z*V (¢), this was
answered by Speicher and Mingo in 2006, and later in 2009 in

slightly greater generality by Chatterji in 2009, for the case of “linear

statistics”.

Theorem. Let pq, ...

N [tr(p; (X" (25))) — Etr(p; (X7 (t)))],

, Pm b€ polynomials in one variable. Let
t1,...,t;m = 0. Then the random variables

J

L..

.M

are, in the limit as N — 00, jointly Gaussian (with a covariance that

Is determined by pq, . ..

, Pm)-
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The limit theorems presented above are laws of large numbers. The
next question is: what is the rate of convergence? And what “noise

signature” is left at that rate?

For the “flat” Brownian motions XV (¢) and Z*V (¢), this was
answered by Speicher and Mingo in 2006, and later in 2009 in

slightly greater generality by Chatterji in 2009, for the case of “linear

statistics”.
Theorem. Let p1, ..., p, be polynomials in one variable. Let
t1,...,t;m = 0. Then the random variables

Nltr(p; (XN (t;)) — Ber(p (XN (£;)))],  j=1...m
are, in the limit as N — oo, jointly Gaussian (with a covariance t

is determined by p1, ..., Pm).

A similar result (involving polynomials in the variables and their
adjoints) holds for Z*¥ (t).

hat
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A partial answer to the fluctuations question for unitary Brownian
motion was given by Lévy and Maida in 2010.
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A partial answer to the fluctuations question for unitary Brownian
motion was given by Lévy and Maida in 2010.

Theorem. [Lévy, Maida, 2010] Fix a time ¢ > 0. Let f1, ...
Lipschitz functions. Then the random variables

Ntr(£;T (1) — Ete(f; (U™ ()],

j=1..

, fm be

.

are, in the limit as N — oo, jointly Gaussian, with a covariance

determined by f1, ...

 fm-
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A partial answer to the fluctuations question for unitary Brownian
motion was given by Lévy and Maida in 2010.

Theorem. [Lévy, Maida, 2010] Fix atime ¢ > 0. Let f1,..., fi,
Lipschitz functions. Then the random variables

Nlse(f;UN(6) — Ee(fOV )], j=1...m

are, in the limit as N — oo, jointly Gaussian, with a covariance
determined by fi,..., fin.

Note, since U™ (¢) is a normal matrix, f(U" (¢)) can be made
sense of for any measurable function f on the unit circle, via
functional calculus.

be
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A partial answer to the fluctuations question for unitary Brownian
motion was given by Lévy and Maida in 2010.

Theorem. [Lévy, Maida, 2010] Fix atime ¢ > 0. Let f1,..., fi,
Lipschitz functions. Then the random variables

Nte(£;(UN 1) - Bte(£;0V @), j=1...m
are, in the limit as N — oo, jointly Gaussian, with a covariance

determined by fi,..., fin.

Note, since U™ (¢) is a normal matrix, f(U" (¢)) can be made
sense of for any measurable function f on the unit circle, via

be

functional calculus. But this doesn’t allow for multiple times, since

that introduces real noncommutativity.
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A partial answer to the fluctuations question for unitary Brownian
motion was given by Lévy and Maida in 2010.

Theorem. [Lévy, Maida, 2010] Fix atime ¢ > 0. Let f1,..., fi,
Lipschitz functions. Then the random variables

Nte(£;(UN 1) - Bte(£;0V @), j=1...m
are, in the limit as N — oo, jointly Gaussian, with a covariance

determined by fi,..., fin.

Note, since U™ (¢) is a normal matrix, f(U" (¢)) can be made
sense of for any measurable function f on the unit circle, via

be

functional calculus. But this doesn’t allow for multiple times, since
that introduces real noncommutativity. Using a different approach,

we can handle the more general U case, and the GIL  case,
simultaneously.
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Theorem. [Cébron, K, 2014] Let P, ..., P, be trace polynomials.
Lett1,...,tm > 0. Let 2V (¢) denote either U (t) or BV (¢).

Then the random variables

X, = NIP;EN(t1),...,2Y(tm)—EP;(EN (t1), . ..

fory) =1...m are, inthe limitas N — o0, jointly Gaussian, with

covariance determined by P, ..., P,.
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Theorem. [Cébron, K, 2014] Let P, ..., P, be trace polynomials.

Lett1,...,tm > 0. Let 2V (¢) denote either U (t) or BV (¢).
Then the random variables

X, = NIP;EN(t1),...,2Y(tm)—EP;(EN (t1), .. .,EY (tm))]

fory) =1...m are, inthe limitas N — o0, jointly Gaussian, with

covariance determined by P, ..., P,.

Recall that Agp,, ~ D + %L. The fluctuations are therefore

controlled by the second-order operator £; in fact, by its carré du

champ operator

I'(P,Q) = L(PQ) — L(P)Q — PL(Q).
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Theorem. [Cébron, K, 2014] Let P, ..., P, be trace polynomials.

Lett1,...,tm > 0. Let 2V (¢) denote either U (t) or BV (¢).
Then the random variables

X, = NIP;EN(t1),...,2Y(tm)—EP;(EN (t1), .. .,EY (tm))]

fory) =1...m are, inthe limitas N — o0, jointly Gaussian, with

covariance determined by P, ..., P,.

Recall that Agp,, ~ D + %L. The fluctuations are therefore

controlled by the second-order operator £; in fact, by its carré du

champ operator

I'(P,Q) = L(PQ) — L(P)Q — PL(Q).

Indeed, we can express the covariance of the asymptotically
Gaussian random vector (X1, ..., X,,) as follows:
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Theorem. [Cébron, K, 2014] The asymptotic covariance matrix of
(X1,...,Xy) has (j, k)-entry o(P;, Py;), where the function o is
determined as follows: given P, () € &2, there is a trace polynomial

I'(P, Q) in three variables such that, if a;, by, ¢; are three freely
independent multiplicative Brownian motions,

(P, Q) = /O t T(P.Q)] (4 biosrcrs) ds.

33/34



-1

e Citations

GUE Brownain Motion

The Covariance of the Fluctuations of BgN (for a fixed ?)

Heat Kernels

Large- /N Limits

Trace Polynomials

Fluctuations

o XV gzN
o UN

o BN

e Covariance
e Extensions

Theorem. [Cébron, K, 2014] The asymptotic covariance matrix of
(X1,...,Xy) has (j, k)-entry o(P;, Py;), where the function o is
determined as follows: given P, () € &2, there is a trace polynomial

I'(P, Q) in three variables such that, if a;, by, ¢; are three freely
independent multiplicative Brownian motions,

(P, Q) = /O t T(P.Q)] (4 biosrcrs) ds.

E.g. Suppose p, g are single-variable polynomials. Then

o (tx(p), tr(g")) = /O 7 [0 i)l (o) @
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Heat Kernel - ' ' '
S determined as follows: given P, ) € &, there is a trace polynomial
Large- /N Limits

I'(P, Q) in three variables such that, if a;, by, ¢; are three freely

Trace Polynomials

independent multiplicative Brownian motions,

Fluctuations

o XN gzN
.UN

BN o(P,Q) = /O t [f(P, Q)] (s, br_s, Ct—s) ds.

e Covariance
@ Extensions

E.g. Suppose p, g are single-variable polynomials. Then

o (tx(p), tr(g")) = /O 7 [0 i)l (o) @

In the unitary case, we can compute that this converges (as ¢ — ©0)
to (p, Q>H1/2, agreeing with [Diaconis, Evans, 2001] in the Haar
unitary case.
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As a final remark: much of the technology here applies more

generally than the Brownian motion. In the papers cited, everything

was done for a two-parameter family of Brownian motions

(corresponding to all unitarily-invariant inner products on GIL ); but,
in fact, similar techniques yield similar results for more general Lévy

processes and diffusion processes on GIL v (and subgroups).

O
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