


The Basel problem revisited:
a gquantum probabilistic proof

Zijlan Diao
Ohio University

May 18, 2014

// \

Zijian Diao Frontier Probability Days 2014 — 1



The Basel Problem

0 The Basel
Problem
J Counting problem

O Classical method

0 Finding a needle
in a haystack

0 Grover's algorithm ®
O Amplitude

Amplification PY
Operator

OQFT

[l Frequency
estimation via QFT

0 Road map
O Algorithm ®

O Probability
distribution of p

0J Convergence in
probability

[0 Back to the Basel
problem

Proposed by Mengoli in 1644

Baffled many brilliant minds including the Bernoulli
family, Goldbach, Leibniz, and De Moivre for a
century

Solved by Euler in 1735

Zijian Diao

Frontier Probability Days 2014 — 2



The Basel Problem

1, 1,11 n
Problem | | | | .
J Counting problem 1 9

O Classical method

0 Finding a needle
in a haystack

O Grover’s algorithm ® Proposed by MengOII In 1644

O Amplitude o . . . .
Amplicaton e Baffled many brilliant minds including the Bernoulli
0QFT family, Goldbach, Leibniz, and De Molvre for a

[l Frequency

estimation via QFT ce ntu I‘y

0 Road map ]

0 Algorithm e Solved by Eulerin 1735

O Probability

distribution of p 1 1 1 1 1 1

0J Convergence in I I I I I I ...... _ ? :? (7
probability T
[J Back to the Basel 12 42 62 92 1 12 142

problem

Zijian Diao Frontier Probability Days 2014 — 2



The Basel Problem

0 The Basel
Problem
J Counting problem

O Classical method

0 Finding a needle
in a haystack

0 Grover's algorithm ®
O Amplitude

Amplification PY
Operator

OQFT

[l Frequency
estimation via QFT

0 Road map
O Algorithm ®

O Probability
distribution of p

Proposed by Mengoli in 1644

Baffled many brilliant minds including the Bernoulli
family, Goldbach, Leibniz, and De Moivre for a
century

Solved by Euler in 1735
1 1 1 1 1 1

U Cbont\)/_tla_rgence in I I I I I I ...... _ ? :? :7
probability . .
[J Back to the Basel 12 42 62 92 1 12 142
problem
Arr? . .
, Where ¢ Is the golden ratio
25(3 — ¢)
Zijian Diao Frontier Probability Days 2014 — 2



O The Basel
Problem

0 Counting problem

O Classical method

O Finding a needle
in a haystack

0 Grover's algorithm

O Amplitude
Amplification
Operator

OQFT

[l Frequency
estimation via QFT

0 Road map
0 Algorithm

O Probability
distribution of p

0J Convergence in
probability

[0 Back to the Basel
problem

Counting problem

Problem : Given a population with N items with some
colored red, how many red ones are there?

myi My

ms

Zijian Diao

Frontier Probability Days 2014 — 3



O The Basel
Problem

0 Counting problem

O Classical method

O Finding a needle
in a haystack

0 Grover's algorithm

O Amplitude
Amplification
Operator

OQFT

[l Frequency
estimation via QFT

0 Road map
0 Algorithm

O Probability
distribution of p

0J Convergence in
probability

[0 Back to the Basel
problem

Counting problem

Problem : Given a population with N items with some
colored red, how many red ones are there?

myi My
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Oracle formulation : Forz =1,2,..., N,

1, if:c:ml,mg,mg,...
0, otherwise.

5 TN

flz) =

Find the number ¢ by evaluations of f (oracle calls).
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Classical proportion estimation

method
Finding t < Finding p = %
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Classical proportion estimation

method
Finding t < Finding p = %

Population

Sample

Draw a sample. Use the sample proportion p to estimate p.
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Classical proportion estimation

method
Finding t < Finding p = %

Population

Sample

Draw a sample. Use the sample proportion p to estimate p.

How would a quantum computer do this?
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Finding a needle in a haystack

Problem : Given an unsorted database with N items
with one colored red, how to find the red one?
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Oracle formulation
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flo) = 0 ifz#Am’

Find m by evaluations of f.
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Finding a needle in a haystack

Problem : Given an unsorted database with N items
with one colored red, how to find the red one?

. N

1 fxz=m

0 ifz#Am’

112|134

Oracle formulation

f(x) = r=12...,N.

Find m by evaluations of f.

Classical search (brute force) : O(N) oracle calls
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Finding a needle in a haystack

Problem : Given an unsorted database with N items
with one colored red, how to find the red one?

. N

1 fxz=m

0 ifz#Am’

112|134

Oracle formulation

f(x) = r=12...,N.

Find m by evaluations of f.
Classical search (brute force) : O(N) oracle calls

Quantum search : O(v/N) oracle calls
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Prepare the initial state vector |s) Z ).

Apply amplitude amplification operator G =Z,7;
on |s) for approximately Z\/N times.

e Selective sign flipping operator

e Tyl = () = { 3 i)

QPrpbabiIity )
‘;‘iﬁjﬂfg;fé § e Inversion around the average operator
probability L

[ Back to the Basel ZS T 2‘S><S’ T H

problem

3. Measure.
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Amplitude Amplification Operator

- flz) =1 < |m) 1
m 0w _
Gls) Under basis {|w), |m)}
G |08 20 —sin 20
- [sin20  cos26
i = (sjm) = |/~ =
sint = (sjm) =4/ & = VP
G has eigenvectors of |¢,) and |¢_) with eigenvalues ¢** and e~*"",

respectively.
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QFT and inverse QFT

Forx,y € {0,1,2,..., M — 1},

QFT : |z)

QFT™:|z)

2

1 M—1

271 ~= Y
=) Ty,
M =0

Y

1 M—1
737 2 )
y=0
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Forz,y € {0,1,2,..., M

QFT : |x)

QFT:|x)

2

V-

— 1},

Z 27Tz—y‘y

N
§:677”WﬂyX
VI =

Inverse Fourier Transform Formula

QFT~

HQFT|z))

— QFT~
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Frequency estimation via QFT

QFT~

2: e*™ 1Y |y)

Discrete % = Contlnuous w )

QFT~
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QFT !

2: e*™ 1Y |y)

Discrete % = Contlnuous w )

QFT!

1 M—1
27r7jwy‘
=2 )
VM =

= |z)

= |2)

Make a measurement on |z), obtaining |x).

~ X
W = —

M

IS a plausible estimator of w.
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Frequency estimation via QFT

00 The Basel 1 27m T
Problem QFT g Y ‘y = ‘gj>
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; X
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O Grover’s algorithm M M—1
QFT | —= 3" vy | 2 13)
Operator
VM
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(1 Back to the Basel
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Theorem 1. The probability of w being within % of wis

8
at least —-
-
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Road map for guantum counting

Goal: p =

t
N

— sin® @ = sin

2

W

Zijian Diao

Frontier Probability Days 2014 — 11



Road map for guantum counting
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Output: p = sin*(7w) ~ sin* 1w = p

Zijian Diao Frontier Probability Days 2014 — 11



Algorithm

. L 1
1. Prepare two registers in initial state |1y) = —— »  [y)]s).

2. Apply CFr on |1y), which implements |y)|s) — |y)GY|s).
Apply QFT~! on the first register.

4. Measure the first register to obtain |z) and output p = sin®(7 ).

7777777777777777777777777777777777

: —

Cr : :

: ® o o e QFT—l_

’ : -
—| GGG T TG

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Probability distribution of p

. T sin? M@ .
P |:p — Sln2 (M>i| — Ve Sin2 ( — %) . where 6 = sin L \/]3

p=0.4: N =100, t =40, and M = 32.

1

0.9

0.8 quantum

<~ @~ ac O3 & QD @S @ Ll -l . @
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Value of the estimators
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Theorem 2. As M — oo, p — p In probability.
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Convergence In probability

Theorem 2. As M — oo, p — p In probability.

Proof.

2
M

8 2
:—oﬂ-_:1.
w2 8
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M —

1

=0

Back to the Basel problem

M—-1

Plo=w ()] =X mawies

)
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Back to the Basel problem

M—1 M—1
2 M6
P{ﬁzsm( )} 2sm — =1
=0 =0 M S1I M)
T
Setf = —:
° oM
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Back to the Basel problem

M—1 M—1
2 M6
P{ﬁzsm( )} 2sm — =1
=0 =0 M S1I M)
T
Setd = —
° e

2 S SR S »
M? \ sin? 22 sin® 3% gin? 2% sin2 % B

1
e Apply inequality cot” a < — < csc® o, and then let M — oo:
(87

1_|_1+1_|_ _7'(‘2
32 52 8
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