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Stochastic Heat Equation (SHE)

ot 20x (SHE)

<9 g‘i> u(t, x) = p(u(t, x)) W(t.x), x €R, teR:,
u(0,-)

()7

o Wisthe space-time white noise;
@ pis Lipschitz continuous;
@ . is the initial measure (to be specified).

u(t, x) = Jo(t, x) + //[O . Rp(u(s,y))Gu(t —5,x— y)W(ds,dy).

1 x2
G.(t,x) = texp (_27)

Jo(t, x) = (p* Gu(t,))(x)
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Definition of random field solution

u(t, x) = Jo(t, x) +//[0 . Rp(u(s,y)) G.(t—s,x—y)W(ds,dy). (SHE)

=I(t,x)

Definition (Random field solution)
u=(u(t,x):(tx)eR; xR)is called a random field solution to (SHE) if

(1) uis adapted, i.e., for all (¢, x) € R} x R, u(t, x) is Fi-measurable;
(2) uis jointly measurable with respect to B (R} x R) x F;
3) (Gﬁ * Hp(u)||§) (t,X) < +oofor all (t,x) € R* x R, and

(t,x) — I(t, x) : R} x R — L3(Q) is continuous;

(4) u satisfies (SHE) almost surely, for all (¢, x) € R} x R.

(&« @) (6= [as [ ay Gt = s.x = llatuls IE
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NN
Rough initial data

@ Initial data has a bounded density function waish theory 23, (Bounded initial data)
i.e., u(dx) = f(x)dx with f € L°(R).

@ Measure-valued initial data (ch. & palang [1)).

My(R) = {signed Borel meas. p, s.t. / e“"‘x2|u|(dx) < 400, Va > 0}
R

[1] L. Chen, R. Dalang, Moments and growth indices for the nonlinear stochastic heat equation with
rough initial conditions, Ann. Probab., (accepted, pending revision), 2014.

[2] J. B. Walsh. An introduction to stochastic partial differential equations. In: Ecole d’été de
probabilités de Saint-Flour, XIV—1984, pp. 265—-439. Springer, Berlin, 1986.
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(lul * Gu(t,-)) (x ﬁ -t |u\(dy)<—|—oo vt > 0,vx € R.
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NN
Rough initial data

@ Initial data has a bounded density function waish theory 23, (Bounded initial data)
i.e., u(dx) = f(x)dx with f € L°(R).

@ Measure-valued initial data (ch. & palang [1)).

My(R) = {signed Borel meas. p, s.t. / e“"‘x2|u|(dx) < 400, Va > 0}
R

Initial data cannot go beyond measures. No random field solution for ;.

[1] L. Chen, R. Dalang, Moments and growth indices for the nonlinear stochastic heat equation with
rough initial conditions, Ann. Probab., (accepted, pending revision), 2014.
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NN
Rough initial data

@ Initial data has a bounded density function waish theory 23, (Bounded initial data)
i.e., u(dx) = f(x)dx with f € L°(R).

@ Measure-valued initial data (ch. & palang [1)).

My(R) = {signed Borel meas. p, s.t. / e“"‘x2|u|(dx) < 400, Va > 0}
R

Dt x) € C¥(RY x R)

I(t,x) € C:»(R} x R)
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Some notation for locally H6lder continuous functions

Given a subset D C R, x R and positive constants 31, 82, denote by
Cs,,3,(D) the set of functions v : Ry x R — R with the following property:

For each compact subset D ¢ D, 3C s.t. for all (t, x) and (s, y) € D,

[v(t,x) = v(s,3)] < C (It = s+ [x — yI*?) .

Cﬁ1fv52*(D) = ﬂ m Ca1,a2(D) .

0<ai<B1 0<an<fBs
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u(t,x) = Jo(t, x) + I(t, x)

Mu(R) = {signed Borel meas. p, s.t. / e’ax2|u|(dx) < +o00, Va> 0}
R

(1) Ifp e Mu(R), then | € C%ﬂ%f (R x R) a.s. Therefore,

UECl_

1_
i2

(RY xR), as.

v
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u(t,x) = Jo(t, x) + I(t, x)
Mu(R) = {signed Borel meas. p, s.t. / e’ax2|u|(dx) < +o00, Va> 0}
R

M;(R) := {M(dx) = f(x)dx, st. 3ae 1,2, sup f(x)|e ™" < +oo}.

(1) Ifp e Mu(R), then | € C%ﬂ%f (R x R) a.s. Therefore,

ueCi_1_
472
(2) If p € My(R) with p(dx) = f(x)dx, then | € C%i%f (R+ x R), a.s.
Moreover,
(i) If f is continuous, then

(RY xR), as.

UGC(RJrXR)ﬁCl_

1_
4 2

(RY xR), as.
(ii) If f is a-H6lder continuous, then

UEC(%/\1)_’(QA%)_(R+XR)DC%i,%i(RiXR), a.s.

z
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BN
Difficulties with rough initial data
Conventional method: For p > 1and g =p/(p— 1), t < t' (p(u) = u), Set
G(t—s,x—yt' —s;xX —y)=G.(t—8,x—y)— G.(t' —s,x" —y).

2p

||1(t, x) — I(t/’X/)HzZ H/ G(t—s,x—y;t' —s x —y)u(s,y)W(dsdy)

!
[0t]><R 2p

t p/a .y
//Qu(--')zdey //Qf 14 ||u(s, y)|l5 )dsdy
o/r o/r

< C sup sup (1 + ||u(s, y)|| /OI//JRgV(.. 24sd ]
|

IN

s€[o,'] yeR

< C sup sup (1 +|lu(s, )5 ) [|t’ tP2 + |x' —

se[0,t’] yeR

[1] Robert C. Dalang. The stochastic wave equation. In A minicourse on stochastic partial differential equations, volume 1962 of Lecture
Notes in Math. Springer, Berlin, 2009.

[2] Marta Sanz-Solé and Monica Sarra. Hélder continuity for the stochastic heat equation with spatially correlated noise. In Seminar on
Stochastic Analysis, Random Fields and Applications, Ill, volume 52 of Progr. Probab.. Birkhéduser, Basel, 2002.

[3] Tokuzo Shiga. Two contrasting properties of solutions for one-dimensional stochastic partial differential equations. Canad. J. Math.,
46(2):415-437, 1994.
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2p
||1(t, x) — I(t/,X/)H H/ G(t—s,x—y;t' —s x —y)u(s,y)W(dsdy)

[, t’]xR

2p

t p/q Ly
[ trasay| [ a2 (14 1ute.ig)assy
0JR 0J/R

t/
< C sup sup (1 + ||u(s, y)|| [/ /gy( -+ )?dsd ]
SE[O t/] YER
< C sup sup (1 +|lu(s, )5 ) [| — 1P 4 |x — }

se[0,t’] yeR

<C

Tails = integrability of x at +oo.
Measure = integrability of t at 0: e.g., u = do,
1 c _»~
=—e v =>p<<3/2
Varvs S P /

|u(s, y)ll5p > llu(s,¥)I5 > Gy(s.y)
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[, t’]xR

2p

t p/q Ly
[ tpasay| [ a2 (14 1ute.g) assy
0JR 0J/R

t/
< C sup sup (1 + ||u(s, y)|| [/ /gy( -+ )?dsd ]
SE[O t/] YER
< C sup sup (1 +|lu(s, )5 ) [| — 1P 4 |x — }

se[0,t’] yeR

<C

Lemma. For each K, :=[1/n,n] x [n,n] and p > 2, find C, such that

[18,3) = 18X, < Cop (It = €17+ 1x = X' [72) - ¥(t,), (¢, %) € Ko
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Instead of

// dsdy (Gu(t—s,x—y) — G.(t' — s, X fy))2 <C (|x —X'|+ /]t - t’|) )
Ry xR

For all (t, x) and (', x") € [1/n, n] x [—-n, n], find C, > 0 s.t.,

[ dstyb(s.p? (@ (t=s.x=y) - Gult = s.X ~ )’
Ry xR

< Ch (\x—x/\ I t’|) .
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Two key estimates on heat kernel

Lemmai. ForallL >0,0< 8 <1,t>0,x €R,and |h| < SL, 3C ~ 0.45,

|G..(t,x + h) + Gu(t,x — h) — 2G.(t, X)|

c 1 a2
< 2|h| <ﬁ+m> [GV(LX)—f—ev (G, (t,x—2L)+ G, (t,x+2L)}|.

Lemma2. Forallt>0,n>1,xcRand0 < r < nPt,

3v1+n?
‘G% (t+r,x)— Gy (t, x)‘ <3 G (XVE
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Moment formula

lu(t, )15 < Bt x) + (S * Kolt, X)) (2.)

2 4 4
K(t,%2) = Gy (t,%) (\/%+2ye?v¢ <A2 22))

Ko(t,x) := K(t, x;4/pL,)

[1] L. Chen, R. Dalang, Moments and growth indices for the nonlinear stochastic heat equation with
rough initial conditions, Ann. Probab., (accepted, pending revision), 2014.
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UEC%_1_(R1XR)

2
@ Bounded initial data (Walsh theory).

J. B. Walsh. An introduction to stochastic partial differential equations. In: Ecole d'été de
probabilités de Saint-Flour, XIV—1984 , pp. 265—439. Springer, Berlin, 1986.
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Thank you!

Le Chen (chen@math.utah.edu)
Robert C. Dalang (robert.dalang@epfl.ch)
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