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Some Definitions

Definition

Let 7= (u',...,u") and V = (v1,...,v") be vectors.
We write &> Vif u' > v/ for all i, and @> vV if u' > v/ for all /.

7] = ([vt], .., [v"]), and 0 = (O, .., 0).
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Statement of Theorem

Perron-Frobenius Theorem

Let A = (a;) be an n x n matrix with a; > 0 forall /, . A has a real
eigenvalue o > 0 with a unique eigenvector v > 0 of norm 1 such that
|A| < « for any other eigenvalue X\ of A. Moreover, « is a simple
eigenvalue (i.e., it is a root of the characteristic polynomial of A with
multiplicity 1).

1.20(c) shows that o > 0 is an eigenvalue of A.

1.20(d) shows that there is o has a unique eigenvector v > 0 with norm 1.
1.20(e) shows that, in fact, v > 0.

1.20(f) shows that all other eigenvalues X of A, |A| < a.

1.20(i) shows that « is a simple eigenvalue of A.
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Every stochastic n X n matrix P with positive entries has a unique
invariant probability distribution @ with all positive components.

Doron Shahar Proof of the Perron-Frobenius Theorem May 1, 2014 4 /18



Every stochastic n X n matrix P with positive entries has a unique
invariant probability distribution @ with all positive components.
P is a square matrix with all positive entries. By the Perron-Frobenius
theorem, P' has a real eigenvalue a > 0 with a unique eigenvector v > 0
of norm 1. Let o/ = Z”Vijv Then 7@ = (7!, ...,7") > 0 is a probability

i=1"1

distribution. Since P is a stochastic matrix, PT# = o is a probability
distribution. Therefore, « = a7 7/ =3" jar’ =1. SoP'7# =7,
and 7P = 7 if we equate 7 with #. Therefore, 7 is an invariant
probability distribution of P.

v
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Every stochastic n X n matrix P with positive entries has a unique
invariant probability distribution @ with all positive components.

P is a square matrix with all positive entries. By the Perron-Frobenius
theorem, P' has a real eigenvalue a > 0 with a unique eigenvector v > 0
. Then @ = (71, ...,7") > 0 is a probability

of norm 1. Let 7/ = Z;Y:le

distribution. Since P is a stochastic matrix, PT# = o is a probability
distribution. Therefore, « = a7 7/ =3" jar’ =1. SoP'7# =7,
and 7P = 7 if we equate 7 with #. Therefore, 7 is an invariant
probability distribution of P. If &’ is another invariant probability
distribution of P, then P77 = . So @ is a scalar multiple of V. As @' is
also a probability distribution, it must equal 7. Therefore, 7 is the unique
invariant probability distribution of P, and # > 0. QED

v
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Use of the Perron-Frobenius Theorem

If P be a stochastic matrix with positive entries and a unique invariant

™

probability distribution T, then lim,_ ., P" =

T
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Use of the Perron-Frobenius Theorem

If P be a stochastic matrix with positive entries and a unique invariant

T
probability distribution T, then lim,_ ., P" =

T

By the Perron-Frobenius theorem and the proof of 1.20(j), P has a
simple eigenvalue of 1 and all other eigenvalues of P have absolute value
less than 1. The same is true for P.

Therefore, the Jordan canonical form of P is J = +

0
where M has entries with absolute value less than 1 on the diagonal, 1's or
0's on the superdiagonal, and 0's everywhere else. lim,_,. M" = 0.
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Use of the Perron-Frobenius Theorem (continued)

Proof Continued:

P is similar to its Jordan canonical form. That is, P = QJQ L.
1,..,1)T=P(,....,1)T =QIQ'(1,..,1)" = QJ(1,0,..,0)" = Q(1,0...,0)".
It follows that the first column of Q is all 1's.
7=PT7=(Q@H7)'QT7=(Q@H747(1,0,...,0)" = (Q"Y)7(1,0...,0)T.

It follows that the first row of Q ! is 7.
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Use of the Perron-Frobenius Theorem (continued)

Proof Continued:

P is similar to its Jordan canonical form. That is, P = QJQ L.
1,..,1)T=P(,....,1)T =QIQ'(1,..,1)" = QJ(1,0,..,0)" = Q(1,0...,0)".
It follows that the first column of Q is all 1's.
7=PT7=(Q@H7)'QT7=(Q@H747(1,0,...,0)" = (Q"Y)7(1,0...,0)T.

It follows that the first row of Q! is #. Therefore,

0
0
limyp oo P” = Q(limn50e Q' =Q | . Q=

=l

o
SIRER

QED )
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Use of the Perron-Frobenius Theorem (continued)

Proof Continued:

P is similar to its Jordan canonical form. That is, P = QJQ L.
1,..,1)T=P(,....,1)T =QIQ'(1,..,1)" = QJ(1,0,..,0)" = Q(1,0...,0)".
It follows that the first column of Q is all 1's.
7=PT7=(Q@H7)'QT7=(Q@H747(1,0,...,0)" = (Q"Y)7(1,0...,0)T.

It follows that the first row of Q! is #. Therefore,

Lo oo O ~
0 ™
limpoe P = Q(limy5 QT =Q | Q= :
o 7
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If V>0 and v # 0, then AV > 0.
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and V # 0, then AV > 0.

—
Y
<
v
ol

If V>0 and vV # 0, then the v/ are all non-negative and not all zero. That
is, v/ > 0 for all j and there is a jo such that v/ > 0. Thus, the ith
coordinate of AV equals ZJ'-’ZI ajv/ > aj,v° > 0. Therefore, AV > 0.
QED
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Another Definition

Definition

For any nonzero v > 0, let g(V) be the largest A such that AV > AV

Let's verify that there indeed is a largest such .
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Another Definition

Definition

For any nonzero v > 0, let g(V) be the largest A such that AV > AV

Let's verify that there indeed is a largest such .

Consider a nonzero vector vV > 0. Let [AV]" denote the ith coordinate of
AV If vi£0, let \; = [Avﬂ. For such i, [AV]" = \jv/. Let A = min{\;}.
If vi #£ 0, [AV]' = \jvi > A\v/, and if v =0, [AV]' > 0 = Av/ by 1.20(a).
Therefore, AV > V.
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Another Definition

Definition

For any nonzero v > 0, let g(V) be the largest A such that AV > AV

Let's verify that there indeed is a largest such .

Consider a nonzero vector vV > 0. Let [AV]" denote the ith coordinate of
AV If vi£0, let \; = [Avﬂ. For such i, [AV]" = \jv/. Let A = min{\;}.
If vi #£ 0, [AV]' = \jvi > A\v/, and if v =0, [AV]' > 0 = Av/ by 1.20(a).
Therefore, AV > V.

If > X, then X > )\, for some i such that v; # 0. In that case,
[AV]' = A\jv! < XNv'. So it is not true that AV > X'V. Thus, X is the
largest number such that AV > \V.
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For any nonzero v > 0, g(v) > 0, and if ¢ > 0, then g(cv) = g(V)
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For any nonzero v > 0, g(v) > 0, and if ¢ > 0, then g(cv) = g(V)

Proof:

From the previous slide, we know that g(v) = min {@ LV # O}. By
1.20(a), [AV]" > 0 for all i. Therefore, g(V) > 0.
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—

For any nonzero v > 0, g(v) > 0, and if ¢ > 0, then g(cV)

= g(V)

Proof

v/

From the previous slide, we know that g(V) = min {[AW DV #£ O}. By

1.20(a), [AV]" > 0 for all i. Therefore, g(V) > 0.

For the second part of the statement, let ¢ > 0.

ey = ell) = el 77 = o), This sier) = 5T,
AV = L(A(c?) > tg(cV)(cV) = g(cV)V. Thus, g(V) > g(c

Therefore, g(cv) = g(v). QED

7).
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Defining «

Let o = sup{g(V) : vV >0,V # 0}. | will show that « is an eigenvalue of A.

Doron Shahar Proof of the Perron-Frobenius Theorem May 1, 2014 10 / 18



Let o = sup{g(V) : vV >0,V # 0}. | will show that « is an eigenvalue of A.

—

For any nonzero vector vV > 0, there is a vector ”—é‘ > 0 with norm 1

(%] = Il = f = 1) such that g(w) = (ﬁ)z g(7) by 1.20(b).

Therefore, o = sup{g(v) : vV > 0, V]| = 1}.
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Let o = sup{g(V) : vV >0,V # 0}. | will show that « is an eigenvalue of A.

—

For any nonzero vector vV > 0, there is a vector IIgH > 0 with norm 1

(1l = Il = 12 = 1 such that g(i) = (ﬁ) g(7) by 1.20(b).

Therefore, o = sup{g(v) : vV > 0, V]| = 1}.

The function g(V) can be shown to be a continuous function, and the set
{VeR":v>0,| V| =1}} is a compact subset of R". Therefore, g
attains a maximum value on {V e R": vV >0, ||V| = 1}}.

That is to say, there is a vector v > 0 with norm 1 such that g(v) =
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Theorem (part 1)

For any vector v > 0 (V # 0) with g(V) = o, AV = av

Proof:
Suppose AV # av. Since g(V) = a, AV > av. Thus, AV — av > 0 and
AV — av # 0. So by part (a), A(AV — av) > 0. Therefore, there is a

A > 0 small enough such that A(AV — av) > A(AV). Then

A(AV) > (o + \)(AV), and AV > 0 by part (a). Thus,

g(AV) > a+ X > a. This contradicts the fact that « is the supremum of
g(w) over all nonzero w > 0. Therefore, AV = av. QED
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Theorem (part 2)

There is a unique vV > 0 with ||V|]| = 1 such that g(V) = a.
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Theorem (part 2)

There is a unique vV > 0 with ||V|]| = 1 such that g(V) = a.

Let Vi, v5 > 0 have norm 1 and be such that g(i4) = g(%) = a.

Suppose Vi # Vo. Then |vVj — V| > 0 and |vi — wo| # 0.

Alvi — | > |A(Vh — )| = |AV — A| = |avh — an| = aliy — ).
Thus, g(|vh — %2|) = a. So AV} — »| = a|vi — V| by 1.20(c). Therefore,
A|\71 — \72’ > |A(\71 - \72)| = Oz’\71 — \72| = A’\71 - \72| So

Al — | = |A(v — %2)|.
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Theorem (part 2)

There is a unique vV > 0 with ||V|| = 1 such that g(V) =

Let V4, v5 > 0 have norm 1 and be such that g(vi) =g(n) = a.

Suppose Vi # Vo. Then |Vi — V5| >0 and |vi — vp| # 0.

Alvi — | > |A(i — )| = |A — A| = |avi — ak| = a|i — k|
Thus, g(|vh — %2|) = a. So AV} — »| = a|vi — V| by 1.20(c). Therefore,
A|\71 — \72’ > |A(\71 — \72)| = Oz’\?l — \72| = A|\71 — \72| So

A|vi — | = |A(v4 — V2)|. Thus, the ith coordinate of A[v; — 5| and
AV — 7)) are equal: 537, azlvi — vl = | X0, a(vi — vi)]. It then
follows from properties of the absolute values that V4 > V5 or V5 > V4. As
[[Vi]| = ||%2]|, it must be that vi = v» contradicting the supposition.
Therefore, vi = 5. QED
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Theorem (part 3)

If V> 0 is the unique vector with norm 1 such that g(V) = «, then vV > 0.
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Theorem (part 3)

If V> 0 is the unique vector with norm 1 such that g(V) = «, then vV > 0.

By 1.20(a), AV > 0. A(AV) = A(aV) = a(AV). So g(AV) = a. Let

w = AV/||AV|. Then w > 0, || = 1, and by 1.20(b),

g(w) = g(AV/||AV||) = g(AV) = . But V is the unique vector satisfying
these properties, so Vv = w > 0. QED
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Theorem (part 4)
If X\ # « is an eigenvalue of A, then |\| < a.
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1.20(f)

Theorem (part 4)
If X\ # « is an eigenvalue of A, then |\| < a.

Proof:

Let & be a eigenvector that corresponds to the eigenvalue \. Ad = \iJ.
Then || > 0 is nonzero. Furthermore, A|d| > |Ad| = |\d] = |A||d].
Therefore, |\ < g(]d]) < a. Suppose |A| = a. Then

A|d] > |Ad] = o|d] = A|d]. So Ald] = |Ad].
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Theorem (part 4)
If X\ # « is an eigenvalue of A, then |\| < a.

Proof:

Let & be a eigenvector that corresponds to the eigenvalue \. Ad = \iJ.
Then || > 0 is nonzero. Furthermore, A|d| > |Ad| = |\d] = |A||d].
Therefore, |\ < g(]d]) < a. Suppose |A| = a. Then

A|d| > |Ad) = o|u] = Ald]. So A|d] = |Ad]. Thus, the ith coordinate of
A|d] and |Ad] are equal: > 7, aj|v| = DIy aj/|. It then follows from
properties of the absolute values that & = e’’w for some angle # and
vector w > 0. Then Aw = Aw, so it must be that A > 0. Hence, A = «

contradicting the fact that A # «. Therefore, |A\| < a. QED
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Let B¥ be the submatrix of A obtained by deleting the kth row and the kth
column. All the eigenvalues of B¥ have absolute value strictly less than a.
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Lemma

Let B¥ be the submatrix of A obtained by deleting the kth row and the kth
column. All the eigenvalues of B¥ have absolute value strictly less than a.

Proof:

Bk = (bjj) is a matrix with positive entries. Therefore, we may apply 1.20(a)-(f)
to BX. For any nonzero w > 0, let h(w) be the largest A such that Bw > \w,
and let 8 = sup{h(w) : w > 0,w # 0}. Then there is a unique vector w > 0
with norm 1 such that BXW = w. Thus J is an eigenvalue of BX, and |\| < /8
for all other eigenvalues A\ of B
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Lemma

Let B¥ be the submatrix of A obtained by deleting the kth row and the kth
column. All the eigenvalues of B¥ have absolute value strictly less than a.
Bk = (bjj) is a matrix with positive entries. Therefore, we may apply 1.20(a)-(f)
to BX. For any nonzero w > 0, let h(W) be the largest A such that B*w > Aw,

and let 8 = sup{h(w) : w > 0,w # 0}. Then there is a unique vector w > 0
with norm 1 such that BXW = w. Thus J is an eigenvalue of BX, and |\| < /8
for all other eigenvalues A\ of B

Let wo = (w?,...,wk=1,0, Wk_, N L e 0 and ||wo|| = ||W]| = 1.

If i =k, [Awp]' = Z}’zl ajwy = ZJ'#" ajwy > 0= Bw{. And if i # k,

[AWo]" = 377, aywp = > aiwg = Z};l bjw! = [B*W)" = pw' = wj.
Therefore, AWy > Swyp, but the two are not equal. So 5 < g(wp) < a. If 8 = q,
then Awp must equal Swp by 1.20(c), which is not the case. Thus, § < «, and

for all eigenvalues X\ of BX, [A\| < 8 < a. QED

v
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Let f(\) = det(Al — A) be the characteristic polynomial of A.
f(\) = Sop_; det(Al — B¥)
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1.20(h)

Lemma

Let f(\) = det(Al — A) be the characteristic polynomial of A.
f(A) = Sp_; det(Al — BX)

Proof:
Let Ml — A = (cj), and Al — B* = (df).

d d
ﬁf()‘) :ﬁ ;,, Sgn(a)clo(l) *** Cpo(n)

——————————————————————————————————————————————————————
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1.20(h)

Lemma

Let f(\) = det(Al — A) be the characteristic polynomial of A.
f(A) = Sp_; det(Al — BX)

Proof:
Let Ml — A = (cj), and Al — B* = (df).

d d
ﬁf()‘) :ﬁ ;,, Sgn(a)clo(l) *** Cpo(n)

d
= Z sgn(o) 2(010(1) T acka(k) s Cna'(n))

oesn k
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1.20(h)

Lemma

Let f(\) = det(Al — A) be the characteristic polynomial of A.
f(A) = Sp_; det(Al — BX)

Proof:
Let Ml — A = (cj), and Al — B* = (df).

d d
=5 > sen(0)cio() *** Cro(n)

ocesn
d
= Z sgn(o) 2(010(1) g Ckall) Cro(n))
oesn k
=3 sen(0)cro) * Ck—1)o(k—1)C(k+1)o(k+1) *** Cro(n)
k oesn
o (k)=k
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1.20(h)

Lemma

Let f(\) = det(Al — A) be the characteristic polynomial of A.
f(A) = Sp_; det(Al — BX)

Proof:
Let Ml — A = (cj), and Al — B* = (df).

d d
=5 > sen(0)cio() *** Cro(n)

ocesn
d
= Z sgn(a) Z(Cla(l) T acko‘(k) T Cna(n))
oesn k

> sen(0)cio(1) *+* Ck-1)o(k—1) Sk 1)o(k+1) - Cnor(n)
ocesn
o (K)=k

Z

=Y > sen(0)dfy diio(a-1) = p_ det(Al - B) QED

k oeSn-1 k=1
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Theorem (part 5)

f'(a) > 0. Hence, « is a simple eigenvalue for A.
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Theorem (part 5)

f'(a) > 0. Hence, « is a simple eigenvalue for A.

Proof:

det(Al — B¥) is polynomial in X of degree n — 1 with leading term A"~!
Therefore, det(Al — B¥) > 0 for all A greater than the largest real
eigenvalue of BX. By 1.20(g), « is greater than the largest real eigenvalue
of BX. Therefore, f'(a) = Y 7_; det(al — B¥) > 0.
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Theorem (part 5)

f'(a) > 0. Hence, « is a simple eigenvalue for A.

Proof:

det(Al — B¥) is polynomial in X of degree n — 1 with leading term A"~!
Therefore, det(Al — BX) > 0 for all A greater than the largest real
eigenvalue of BX. By 1.20(g), « is greater than the largest real eigenvalue
of BX. Therefore, f'(a) = >_}_, det(al — B¥) > 0.

f(A) = (A —a)™g(X) where g is a nonzero polynomial whose roots have
absolute value less than a. m € N is the multiplicity of a.. If m # 1, then
f'(a) = m(a — a)™ 1g(a) + (o — @)™q'(a) = 0, which contradicts the
fact that f'(«) > 0. Therefore, « is a root of the characteristic polynomial
of A with multiplicity 1. That is, « is a simple eigenvalue for A. QED

v
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Perron-Frobenius Theorem

Let A = (a;) be an n x n matrix with a; > 0 forall /, . A has a real
eigenvalue o > 0 with a unique eigenvector v > 0 of norm 1 such that
|A| < « for any other eigenvalue X\ of A. Moreover, « is a simple
eigenvalue (i.e., it is a root of the characteristic polynomial of A with
multiplicity 1).

1.20(c) shows that o > 0 is an eigenvalue of A.

1.20(d) shows that there is o has a unique eigenvector v > 0 with norm 1.
1.20(e) shows that, in fact, v > 0.

1.20(f) shows that all other eigenvalues X of A, |A| < a.

1.20(i) shows that « is a simple eigenvalue of A.
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