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O n  the Tota l  Variat ion  
o f  S o l u t i o n s  of  Parabol ic  E q u a t i o n s  

D. H. SATTINGER 

. 

Let D be an open interval which may be finite or the entire x-axis, and, for 
z > 0 ,  let D,=  D x (0,~). Let 

0 2 a 
L = a(x,  t) --~x T + b(x, t) Ox Ot 

be a uniformly parabolic operator on D r. In this paper, under certain assump- 
tions on a and b, a number of theorems are proved concerning the total variation 
of the solutions of L u  = O. 

In case D = ( -  ~ ,  oo) it is shown that the total variation of u(x, t), as a 
function of x with fixed t > 0, is not greater than that of u(x,  0). In the case of a 
boundary-initial value problem on a finite interval, the variation of the end- 
point conditions must be added to that of the initial data. Let F, denote the 
sides and bot tom of ~D,; and, for T >  0 let u satisfy L u  =0 ,  u = ~p on F T. Then 
for 0 < • < T ltu(', ~)llv < Var {~p; F~}, where flu(', z)llv is the total variation of 
u(x,  z) and Var {~p; F,} denotes the variation of lp around F,. 

If u is identically zero on the endpoints of D we can show further that 
llu(', t)[tv decreases exponentially in time. Specifically, let there be positive 
constants # and B such that a >/~ and Ibl < B on D r. Then there exist positive 
constants K and 2 depending only on /~ and B such that ]lu(',t)lfv 
< K e  -at  [tu(', 0)[Iv. 

Theorems on the total variation of solutions of parabolic equations are 
important in the construction of solutions of non-linear first order equations 
by the method of"vanishing viscosity" [5]. For  example a weak solution of the 
differential equation 

u, + = o (l) 
can be constructed by considering the equation with a small viscosity term 
added, viz., 

u, + (P(U))x = ~ ux~,. (2) 

Suppose that the existence of a regular solution u~ of (2) satisfying the initial 
condition us(x, 0) = q0(x) can be established. Let q~ be of finite total variation on 
- o o  < x < oo. By the maximum principle and the theorems proved in this 
paper u~ is a priori bounded and, for each fixed t, of  uniformly bounded total 
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variation as e ~ 0 .  Helly's theorem can be used to select a convergent sub- 
sequence whose limit is a weak solution of (1). For details the reader is referred 
to [5]. 

In § 2 the bounds on the total variation of solutions of Lu = 0 are established 
under the assumption that a~ and b~ are H61der continuous. In § 3 the theorem 
is proved for a boundary-initial value problem in the case where a and b are 
H61der continuous on D r. In § 4 some topological properties of the positive 
and negative sets of solutions of a more general parabolic equation are es- 
tablished. These results are a generalization of theorems proved by Karlin [4] 
using the ideas of total positivity of the Green's function. They are used in § 5 
to prove that the total variation decays exponentially when the endpoints are 
fixed at zero. In § 6 the total variation of the solutions of initial value problems 
with Neumann boundary conditions (u~ = 0) at one endpoint is considered. 

. 

Throughout  this paper it is assumed that L is uniformly parabolic o n  D T ,  

thus that a(x, t)>_>_ ~ on D r for some positive constant p. For fixed t > 0 the 
variation ofu as a function ofx  on D is denoted by Ilu(', t)llv, whether D be finite 
or infinite. 

The maximum principle for parabolic equations on unbounded domains [3] 
is required in the proof of Theorem 1 : Let  w be bounded below and continuous 
on t ~ O, and let wx, wxx, and wt be continuous for  t > O. Let  

~wxx + flwx + ~ w -  wt =O 

on - oo < x < oo, t > O, where 

0 < # <- ~ < M ( x  z + 1), I/~l ~ M(Ix[ + 1), Irl =< M (3) 

for  some positive constant M. I f  w(x, O) > 0 then w(x, t) ~ 0 for  all t ~ O, 
- -  ~ <~ x , (  oo.  

1. Theorem. Let  D = ( - ~ ,  oo), let a~ and b~ be Hiilder continuous on Dr, 
and let there exist a positive constant M such that 

0 < ~ < a < M ( x  2 + 1) ; [a~l, [hi < M(lxl + 1) ; lb~l ~ M .  

Let  ~p be o f  bounded variation, let Lu  = 0 in D r, u(x, O)= q~(x), and let u ~ - m  
for  some positive constant m. Then Itu(', t)llv < ll~/Iv for  0 <_ t <_ Z. 

Proof. We may assume that ~p(x) is continuously differentiable. The more 
general case can be treated by approximating the initial data by smooth 
functions as follows. Let o9 be a non-negative C °o function with support in 
Ixl =< 1 for which S o9 dx  = 1. Let a~h = og(x t h)/h and set 

q~a = ogn * q~ = ~ oga( x - Y) q~(Y) d y . 
- - 0 0  
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N o w  tl~0,11v < tlt0llv. In fact, if - ~ < x l  < .-- < x ,  < o% then 

Jq~h(x/+ t) - tgh(Xi){ = Con(y) {q~(Xi+t -- y) -- q~(Xl -- y)} dy 
i = 1  i = 1  

< ~ con(Y) ~ I~o(x~+l - y ) -  ~o(x,- Y)I dy 
- o o  i = 1  

_-< II~ollv ~ cohdY= II~0]lv. 

Since this is t rue for any  par t i t ion x l  < " " <  x ,  it follows that  ll,phllv < [l~O[Iv. 
N o w  let u, be the solut ion of the initial value p rob l em L u  h = 0, uh(x ,  0)  = ~h(X)- 
The representa t ion  

uh(x, t) = ~ Z(x ,  t; ¢, O) ~oh(¢) d~ 
- o o  

holds, where Z is the fundamenta l  solut ion of L. N o w  as h tends to zero, 
lim~p, =~o [ m e a n  p] ;  so by  the domina ted  convergence theo rem limuh(x,t) 
= u(x, t) [unif.] on c o m p a c t  subsets of  DT.. I f  Theo rem 1 is true for u, then 
llun(', t)ltv -<_ Ik0,11v < II~011v; and letting h tend to zero we have  Hu(', t)llv < II~Otlv. 
This shows that  T h e o r e m  1 holds even for d iscont inuous  initial data. 

N o w  let us prove  the t heo rem for smoo th  non-decreas ing initial data.  
Let u(x, 0) = ~0(x), where q¢(x) is non-negat ive  and cont inuous  on ( -  ~ ,  oo). 
The  der ivat ive w = ux must  satisfy the initial value p rob lem 

awxx + (a~ + b)w~ + b~,w - wt = 0 
w(x,  O) = ~o'(x). 

(4) 

Let  w be the (unique) bounded  solut ion of (4). Since the coefficients in (4) 
satisfy the condi t ions  (3), w(x, t) > 0 in D r. The  solut ion of  Lu = O, u(x, O) = q~(x) 
must  therefore be non-decreas ing  in x for fixed t > 0. Moreover ,  since u is 
bounded  and a and b satisfy (3), the m a x i m u m  principle applies to  u and  

inlet < infu(x, t) < sup u(x, t) < sup ¢p. 
x x x x 

Since u and  q~ are  m o n o t o n i c  it follows that  

tlu(', t)llv = sup u(x, t) - i n f u ( x ,  t) 
X X 

< sup~o - inf~o = IIq~llv • 
X X 

The  general  case can now be treated by decompos ing  ~o into the difference 
of  its posi t ive and negat ive variat ions.  Then  q~ =~o + - ~ o -  and ll~011v = II,t'+llv 
+ II~0-11v. By the principle of  superpos i t ion  the solut ion of  the initial value 
p r o b l e m  can be d e c o m p o s e d  into u = u + - u  -, where Lu ±  = 0  and u+-(x,O) 
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= q~+ (X). From the previous result we have 

tlu(', ~)lh, < Ilu+( ", ~)llv + Ilu-(', ~)lh, 
_-< Itq~+tlv + IIq~-Itv = II~oIIv. 

This completes the proof  of Theorem 1. 
We now prove the theorem in the case of a boundary-initial value problem. 

The variation of the boundary data around F, is denoted by Var {tp; F,}. 

2. Theorem. Let a, b, ax, and b x be H61der continuous on DT and let ~p be of  
bounded variation and continuous around F r. Then the solution of  Lu = 0, u = tp 
on FT satisfies 11u(', ~)llv =< Vat  {lp; F~} for 0 <_ T <_ T. 

Proof. Since ~p is of bounded variation on F r it can be decomposed into 
the difference of its positive and negative variations, ~p+ and ~p-, computed, 
say, as F r is traversed in a counter clockwise direction. The solution of the 
boundary value problem may then be written u = u  ÷ - u - ,  where Lu ±  = 0  
in D r and u ± = ~p± on F T. Let us show that for fixed v the functions u± (x, ~) 
are nondecreasing in x. I t  follows that 

Ilu(', ~)llv _-< Ilu+( ", ~)llv + Ilu-(', ~)lIv 
= (u~(t, ~) - u+(O, ~:)) + (u-( l ,  ~ ) -  u-(O, ~)) 
= (~+(~, ~) - t / ( o ,  ~)) + (~,-(l, ~) - ,v-(o,  ~)) 
= Var (~p; F,}. 

Suppose, then, that Lu = 0 and u = ~p on Fr,  where tp is continuous and 
nondecreasing as / 'T  is traversed in a counter-clockwise direction. First assume 
that ~p has an extension ~ onto Dr such that ~g~ C3+~(0T) and ~ = ~p on FT. 
(The notation C 3 + ~(OT) denotes the class of all functions whose derivatives up 
to third order exist and are H61der continuous on 0 T with exponent ~.) 

Differentiating the equation Lu = 0 with respect to x we obtain a parabolic 
equation for ux with H61der continuous coefficients. The function ux is continu- 
ous on DT since ~p has a smooth extension into the interior of D r.  

Since ~p is increasing around F r,  w(x, 0) = ~p'(x) > 0 on (0,/) and therefore, 
by continuity, on [0, 1]. Moreover, the minimum and maximum of u on D, 
must occur at the points (0, ~) and (t, v) respectively, and so we must have 
u~(0, v) > 0 and ux(l, ~) > 0 for 0 < • ~ T. Therefore u~ >__ 0 everywhere in Or, 
which was to be proved. 

Now assume ~p is only continuous on F r and approximate ~p by a sequence 
{v?.} with the following properties: (i) lim)p, = tp [unif. on Fr] ;  (ii) ~p, has a 
smooth extension into Or;  (iii) W. is nondecreasing around F r. 

Such a sequence may be constructed as follows. For  each integer n, suffi- 
ciently large, let ~ .  be the function identically equal to ~p everywhere except on 
intervals of  length n-1 at the corners of Dr, where it takes on the values of ~p 
at those corners. Then 0 .  is nondecreasing and identically constant in a neigh- 
borhood of the corners of F T. Let O,,h be the C°° function obtained by smoothing 
0 .  on FT. For  a sufficiently small value of the smoothing parameter  h (say 
6 Math. Ann, 183 
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h < 1/2n), ~,,h will be identically cons tan t  in a ne ighborhood  of  the corners  
of  FT. Such a function has a smoo th  extension into Or.  Fur thermore ,  qS., h is 
nondecreas ing since smooth ing  preserves monoton ic i ty ;  and lim ~p.--~p [unif.] 
on F r. For  the sequence {lp.} we take, therefore, ~p, = 73,,~, where h = 1/2n. 

N o w  let u. satisfy Lu  = 0, u, = ~p, on F r. By the m a x i m u m  principle, lim u, = u 
[unif.] on Dr- Since each u, is m o n o t o n i c  in x, 

0 < l im [u,(x, z) - u.(y, z)] = u(x, r) - u(y, z) 

for all 0 < x < y < I and 0 < z < T. Thus  u is mono ton ic  in x for fixed z, and the 
p r o o f  of  T h e o r e m  2 is complete.  

. 

T h e o r e m  2 can be extended to the case where a and  b are merely H61der 
cont inuous  by app rox ima t ing  them uniformly by s m o o t h  coefficients. Schau- 
der- type  a priori estimates,  s tated below, are needed to show that  the solutions 
cor responding  to the smoothed  coefficients converge to the solution of  the 
given equat ion.  

F o r  points  P = (x, t) and  Q = (~, r) set 

and let 

where 

d ( P ,  Q)  = ( (x  - ~ )z  + tt - z l )  ~ , 

lu-i~ = tUlo + t T , ( u ) ,  

[U]o = sup [u(P)], 
PEDT 

tu(P)- u(Q)I 
R~(u) = sup p,Q~ d(V, Q)~ 

Here  a is a n u m b e r  between zero and  one. 
Fo r  a funct ion ~p defined on Fr we say that  ~p ~ C 2 + ~ if ~p has an extension 

into D r for which [ '~2+~< + ~ .  We then set [ ' ~2+~=in fV~2+~ ,  where the 
inf imum is t aken  over  all extensions of  ~p. 

The  boundary estimates state [1]:  Let  ~~[~ ~ K, ['~]~ <= K and let a >= p on D T. 
Then there exists a constant K I ,  depending only on K and it, such that ~h'~2+~ 
< K1[~'~2+ ~, where u is the solution of  L u = 0 ,  u=~o  on F r. 

Using this fact we can  n o w  prove  

3. Theorem.  Let  [a-~[~ and [~[~ be finite and let Lu  = 0, u -- ~p on Fr, where ~p 
is continuous and of  bounded variation around F r. Then [[u(', z)[[v --< Var {~p; F~} 
for O ~ z < T .  

Proof. I f  ~v ¢ C2+~ then ~v can be a p p r o x i m a t e d  uniformly on F r  by a 
sequence {t0.} with the fol lowing proper t ies :  
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m 

(i) Var {to. ; F,} < Var  {to; F~} ; (ii) to. e C2 +.. The  sequence {to.} can be 
constructed in the same way as the cor responding  sequence was constructed 
in Theorem 2. I f  the {t~.} are defined as before, then Var  {~3.; T} N Var  {v2.; r}; 
and the {to.} are ob ta ined  by smooth ing  the {~3.}. The  process of  smooth ing  
preserves total  variation. I f u ,  satisfies Lu .  = 0, u. = to. on F r ,  then u. tends to u 
uniformly on  Dr ;  and  we have tlu (', z)tl v < lim tl u.(', ~)[] v < Var {to.; ~} < Var {to ;v}. 

Therefore  let us assume that  to s C2+..  Let families {an} and  {bh} be con- 
structed such that  

(i) liman = a, limbn = b [-unif.] on O r. 
(ii) Ibht~ < Ibis, lahl~ < lal~, ah >/~. 

(iii) a~, bh s C ~. 
For  example,  to construct  {an}, first extend a to all of  IR e as follows. For  

P ~ D T let a assume the value it a t tains at  the bounda ry  point  of D r nearest  
to P. Then for any  P, Q e IR 2 

l a(P)- a(Q) < ffI~(a). 
d(P, Q)" = (5) 

N o w  let (n be a nonnegat ive  C ~° kernel on 1R 2 with suppor t  in IPI ~ 1 such that  
SI o~(P') dP' = 1. Fo r  each h > 0 set 

an(P) = ~ coh(]P - P ' t )  a ( P ' )  a P '  . 
U12 

It  is easily verified that  a h ?> ]1 everywhere.  Fu r the rmore  

ah(P) - ah(Q) 
d(P, Q)~ =ff °)"(IP'j)a(P-P')-a(Q-P')d(P, Q)~' 

: f f o o h ( l p , , )  a ( P - P ' ) - a ( Q - P ' )  
d(P -- P', Q - P')~ 

~2 

dP'  

d P  r . 

Hence  by (5) tah'-~. < la'-].. The  sequence {bh} is const ructed in the same manner .  
N o w  let u h be the solut ion ofLhuh = 0, uh = ~P on F r. By the a priori est imates  

luhl2+=<KllWle+~ for all h; and so by the Arz61a-Ascoli theorem there is a 
sequence {u.} such tha t  {u.}, {u.,x}, {u . . . .  }, {u.,,} converge uniformly on O r. 
Let u = l imu . ;  then the derivat ives of  u. converge to the cor responding  deriva-  
tives of  u, and Lu = 0, u = to on F r. Hence the sequence {u.} converges to the 
(unique) solut ion of the b o u n d a r y  value problem.  T h e o r e m  3 now follows by 
the usual l imiting argument .  

Remark. We might  point  out  that,  since the solut ion of  the p rob lem Lu = 0, 
u = to on Fr is unique, every sequence of  the family {uh} contains  a subsequence 
which converges  uniformly to the same limit. Therefore  the family {uh} itself 
converges uni formly  to u as h tends to zero. 
6 *  
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o 

In this section some theorems are proved concerning the positive and 
negative sets of the solutions of a parabolic equation. Given a function u 
defined on D~ the positive and negative sets of u are defined to be 

U + = {P : P • D ,  u(P) > 0}, 

U- = {P : P • D ,  u(P) < 0}. 

A component of U + or U-  is a maximal open connected subset of U + or U-. 
We have 

4. Theorem. Let u be a solution of  the parabolic equation 

c~Uxx + flux + ~u - u, = 0 (6) 

on the domain D r which is continuous on O r. Let ~, fl, and 7 be continuous and 
let ~(x, t)>/a > 0 on D r. Suppose that on F~ there are precisely n(m) disjoint 
intervals where u is positive (negative). Then U+(U -) has at most n(m) com- 
ponents in D ,  and the closure o f  each component must intersect F~ in at least 
one interval. 

Proof. Let I be a maximal interval on F~ where u is positive and suppose 
that two open connected subsets F1 and F2 of U + intersect F, in disjoint open 
intervals/1 and/2  contained in I. Since u is continuous there is an open neigh- 
borhood G in D~ whose closure in D~ contains I. Since G must contain points 
in both F1 and F2, these must belong to the same open connected component 
of U +. Thus at most one component of U + intersects each of the n open intervals 
on F, where u is positive. The same result holds for the components of U-. 
Therefore it suffices to show that every component of U + or U- must intersect 
F~ in an interval. 

We can assume that y < 0 on D~. Otherwise we make the transformation 
u = e~'v, where 2 is some number such that ~, < 2  on Dr. The positive and 
negative sets ofu  are the same as those of v, and v satisfies a parabolic equation 
similar to (6) with ~, < 0. 

Now let F be a component of U + in De. Since u is continuous it must assume 
a (positive) maximum on F. On F we have 

~ux~+f lux -u~  = - T u  > 0 ,  

so u cannot attain its maximum at an interior point of F or along the line 
{t = z}. On the other hand, by continuity, u is zero at any boundary point of F 
which is interior to D,. Therefore F must have a boundary point Q on F~ at 
which u is positive; and by continuity u must be positive in an interval of F~ 
about Q. This completes the proof of Theorem 4. 

The following corollaries are immediate. 

5. Corollary. Under the assumptions of  Theorem 4 the number of  sign 
changes of  u(x, z) on (0, l), where u is a solution of  (6), is not 9reater than the 
number of  sifn chanoes of  u on F t. 
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Karlin [4] has proved theorems along the lines of Corollary 5 for parabolic 
equations on an unbounded domain ( - go < x < oo). 

6. Corollary. I f  a component G o f  U + or U -  in D r intersects the horizontal 
line {t = ~} in two disjoint intervals then the solution o f  (6) is identically zero in 
the region between G and the line {t = z}. 

5. 

In this section we consider the initial value problem 

Lu = O , u(x, O) = q;(x), 0 < x < l  (7a) 

with the boundary conditions 

u(O, t) = u(l, t) = 0. (7b) 

In this case the solution and its total variation decay exponentially. We have 

7. Theorem. Let  u satisfy (7 a), (7 b); and let ]'h'], and ~ t ,  be finite, a(x, t) > p 
on D r, and ]b(x, t)[ <= B on D r. Then there are constants K > 0 and 2 > 0 depending 
only on l~, B, and 1 such that [[u(', t)[]v _-< Ke-at][u(',O)[[v • 

The following lemma is needed in the proof of Theorem 7. 

8. Lemma. Let  u satisfy the boundary-initial value problem 

L u = 0 ,  O < _ x < X ,  O<_t<_T, 

u(x, O) = Uo(X), 

u(O, t) =u(X,  t) = 0 .  

Let  a > # > 0 and Jbl < B on DT. = (0, X)  × (0, T). Then there are positive constants 
K and 2 depending only on #, B, and X such that Ilu(', t)ll ~ < K e - a '  tIu(', O)ll ~. 

The notation liu(',t)Ii~ denotes the supremum of u(x,t) ,  for fixed t, on 
[0, X]. The coefficients need only be continuous in Lemma 8. 

Proo f  o f  Lemma 8. Let ~(x) = 1 - /~e  ̀ x where a and/~ are constants to be 
suitably chosen, and set u = re -a t  & A simple calculation shows that 

(8) 
1 + ~ ( a O x x + b O x + 2 0 ) v - v , = O .  

Let us show that it is possible to choose positive constants e, 8, and 2 in such 
a way that 

a ~ x x + b ~ + 2 O N O ,  ~ > 0  on Dr .  (9) 
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We have 

agxx + b~x + 20 =afle~X[-a~ - b + ~ f f  ( e - ~ -  fl) 1 

< ctfle~X[--al~ + B + a--~ff (e-~X- fl) ] .  

Now choose a so large that  - a / ~ + B _ < - 1 / 2  and fl small enough that 
I - fie ~' > 0 on [0, X].  Taking ). = aft/2 we see that  (9) is satisfied. 

Now v satisfies the parabol ic  Eq. (8), so by the max imum principle {Iv(', t)l[ 
< }Iv(', 0)If o~- Therefore  

Ilu(', t)[l® - - l ie -  a'9vlt,,~ < e -z '  [Iv(', t)ll~ 
< e -  zt II v(', 0)II oo _-< e -  zt tl Uo/9 [I ® 
< Ke -~t [lUot {~, 

where K = II i/'911 ~o, and L e m m a  8 is proved.  
Inter ior  estimates of Schauder  type are also required in the proof  of  Theo-  

rem 7. For  each P ~ Dr define 

de = inf d(e, Q), d = dee = min {de, de}. 
Q~ FT 

The interior norms are then 

lul~ = lulo + n~(u), 
tuh+~ = lul= + Idu~l= + td2u~l= + Id2u, j=, 

where 
]dmulo = sup ~ [u (P ) ] ,  

P~ DT 

n~(dmu)= sup ,t-,+~ lu(e)- u(Q)l ~pQ V.e,OT d(P, Q)~ 
[d"ul~ = Id'ulo + n=(dmu). 

The  interior estimates state [1]:  Let Lu = 0 on D r, where la]~ < K, ]dbl~ < K, 
and a ~ / t > 0 .  There is a constant K1 depending only on K and # such that 
lul2+~ < K1 lulo. 

The interior estimates are used to prove the following approximat ion  
theorem. 

9. lmmma. Let u satisfy (7a), (7b) and let {u h} satisfy the corresponding 
problem with a and b replaced by {ah} and {bh}. Suppose that O) l i m a h = a ,  
l imbh=  b on Dr; (ii) lanl~, Idbh]~, and Ibhlo are bounded as h~O; (iii) ah > /~ > 0 
on D r for all h. Then for each fixed t > 0  limuh(x, t)=u(x, t) [unif.] on [0, / ] .  

Proof. Let  Ibhlo ~ B for all h. Let  us show that 
I 

(u~(x, 0) 2 dx ~ K (10) 
0 
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for some constant K independent of h. Choose a number r such that B < 2l¢a h. 
This is possible since ah > p. 

Letting z = cox the differential equation becomes 
/£2 h h h ahUzz+~CbhU~--Ut =0,  O<_z<_~¢l. 

h and integrating we get Multiplying by uz~ 
r !  ~:l 

h h 2 h 2 utuzzdz  + ~ dz - ~ ah(u~) 
0 0 

u:l 

bh u~ u~  dz = O. + K ~  h h 

o 

Integrating the first term by parts and applying the boundary conditions (7 b) 
we obtain 

~cI I¢l 

f Ot 2 (u~) ~ d z  + K 2 ah(uhJ 2 d z  
0 0 

<_ - -  {(u~) z + (uL) 2} dz .  
- 2 

0 

Hence 

This implies that 

~t 

Kl ~Cl 

i f  ([/hz) 2 d z < K B f ( u h ) 2  dz 
2 = - 2 - -  

0 0 

0 

KB f (  < , uhz) 2 , / z .  = 2 
0 

and therefore that 

~ dz ]l(u~) z clz o (u~) z < e ~m ' 
0 0 = 

! l 
j (u~) ~ d x  _<_ ~ (~o') 2 a x  e ~B' . 
0 0 

Thus (10) is established. 
Now by the maximum principle {uhl is a uniformly bounded family of 

functions on Dr. By the interior estimates [uh}, {u~}, h {Uxx }, and {u~} are uni- 
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formly bounded and equicontinuous on compact subsets of D T. Therefore there 
is a sequence {u"} which converges, along with its derivatives {u]}, {U"~x }, and 
{uT}, uniformly on compact subsets of DT.. If fi denotes the limit of u", then 
u~, " u~," and u t" converge to the corresponding derivatives of fi, and L~ = 0 
in D r . 

On the other hand, by (10) the family {u"} is uniformly bounded and 
equicontinuous, for fixed t >  0, on [0,/]. Therefore limu"(x, t )=  g(x, t) [unif.] 
on D for fixed t > 0. 

It follows that fi =u ,  the unique solution of (7a), (7b). Finally, by the 
uniqueness of the solution of (7a), (7'b), every infinite subclass of {u h} contains 
a sequence which converges to u. Therefore the entire family converges to u 
uniformly on [0,/]  for each fixed t > 0, and Lemma 9 is established. 

Proof of Theorem 7. We can assume that ax and bx are H61der continuous 
on O r and that qJ, equal to zero on the sides and to q~ on the bottom of Fr, 
has a smooth extension into the interior of D r. These restrictions can be 
removed by the usual approximation arguments. We write <p=q~+-q~-, 
where q~±(0) =0 ,  q~± are nondecreasing on [0,/],  and Itq~llv = lt~o+ttv+ IIq~-IIv 
= ~o+(0  + u , - ( t )  = 2~0+(t) .  

Now define a*, b*, and q~* as follows: 

a(x,t) O<_x<_l 
a*(x, t) = a(21-  x, t) l <_ x <_ 2l,  

b(x,t) O<_x<_l 
b*(x , t )= - b ( 2 1 - x , t )  l<_x<_21, 

¢p*(x) = { q ~ + ( x )  O<<-x<-I 
~p-(2/- x) l<_x<__21. 

We can assume, without difficulty, that q~* has a smooth extension into 
[0, 2/] × [0, T]. In addition, assume for the time being that a~(l, t)= b(f, t )= O, 
so that a*, b , ax, and b* are H61der continuous on 0 ___ x < 21, 0 < t < T. Later 
this restriction will be dropped. 

Let u* satisfy 
* * b*  a u~,~+ u * - u * = 0 ,  ( l l a )  

u*(x, 0) = ~p*(x), (11 b) 
u*(0, t) = u*(2l, t) = 0,  (11 c) 

and set u(x, t) = u*(x, t) - u*(2l - x, t) for 0 -< x _< L Then u(x, t) so constructed 
is the solution of(7a), (Tb). 

Let us show that there is a point x*=x*(~:) such that 0 < x *  < 2 l  and 
u*(x, ~) is nondecreasing for x ~ x*, nonincreasing for x > x*. Differentiating 
( l l a )  with respect to x we obtain a parabolic equation for w=u*.  Since 
u*(x, t )>O for O < t < T ,  w(O,t)~O and w(21, t)<-O. Furthermore w > 0  on 
[0, it], and w < 0 on [/, 2/]. Therefore by Corollary 5 w has at most one sign 
change on t = ~ for 0 < • < T, and the existence of the point x*(~) is established. 
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N o w  if x*(t)  < I then 

Ilu(', t)lIv <-_ Jlu*(', t)jtv + f lu*(2 / -  x, t)Jtv 
= [u*(x*, t) + (u*(x*, t) - u*(l, t))] 

+ Eu*(l, t)] 
= 2u*(x*, t).  

The same result holds if l <  x*(t)<__ 2I. On the other hand,  by L e m m a  8 there 
are positive constants  K and 2 such that  

Ilu(', t)ll v < 2u*(x* ,  t) < 2 K e -  ~' sup lu*(x, O)j 
x 

= 2Ke-atq)+(I)  = K e - ~ t  [[¢PJJv - 

T h e o r e m  7 has now been established under  the restrictions ax(t , t )  
= b(l, t) = 0. To  remove  these restrictions it suffices to app rox ima te  a and b by 
families of  functions {ah} and {bh} which satisfy propert ies  (i)-(iii) of  L e m m a  9 
and the condi t ions an, x(l, t) = bh(l, t) ---- O. 

For  each h > 0  let (h be a C OO function such that  ( h - - 0  for I - h < x < l ,  
(h = 1 for 0 _<_< x < 1 - 2h, and  ](~,[ < C/h for some  constant  C independent  of  h. 
Then  td(hl~ is bounded  as h tends to zero. Lett ing b h = (hb we see that  bh(l, t) = O, 
tbh(x, t)l < B on D r, and Idbht~ < Ibl~ Id~hl~ is bounded  as h tends to zero. 

F o r  (x, t) 6 D T let 
a(x,  t) 0 < x < I - 2h 

g t h = [ a ( l - 2 h ,  t) l - 2 h < _ x < _ l  

and extend ah to all of  IR 2 as in the p roo f  of  T h e o r e m  3. Then let 

ah(P) = IS %(IP ' I)  fib( P - P') dP'  
fit2 

where co h is the smooth ing  kernel  on IR z. It  is easily verified that  ah > ~, 
Oah/O~----0 for l -  h _< x < I and tha t  lahl ~ is uniformly bounded  as h ~ 0 .  

The  coefficients {ah} and {bh} have been constructed as required, and so the 
p roo f  of  T h e o r e m  7 is complete.  

. 

No heat  flows into or  out  of the doma in  at an endpoint  where a N e u m a n n  
condit ion (u~ -- 0) is satisfied. In such a case equal izat ion still takes place, and 
we should expect the var ia t ion to be nonincreasing.  This conjecture is in fact 
correct,  and  in this section we prove  a n u m b e r  of  theorems on the total var ia t ion 
of solutions of  p rob lems  involving N e u m a n n  bounda ry  conditions.  We first 
p rove  

10. Lemma .  Le t  u satisfy L u  = 0 in Dr ,  u(x,  O)= ¢p(x), and the boundary  
conditions 

ux(O, t) = u(l, t) = 0 (12a) 
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o r  

u(O, t)= ux(l, t )=  0. (12 b) 

Let a and b be continuous, a >It and Jbl < B on D r. Then there are positive 
constants K and 2 depending only on It, B, and l such that IIu(',t)lJ~o 
< Ke-XtHu(', 0)[1 ~. 

Proof. Consider the case (12a) and let 8 = 1 -  fie c'' be the function con- 
strutted in the proof of Lemma 8. Setting u = ,ge-Xtv we see that v satisfies the 
parabolic Eq. (8) and the boundary conditions 

v(l,  t) = 0 
(13) 

8'(0) v(0, t) + 8(0) vx(0, t) = 0. 

Now v cannot attain a positive maximum at a boundary point (0, z). In fact, 
at such a point vx(0, z) __< 0 and v(0, z) > 0, while ~9'(0) < 0 and 8(0) > 0, contra- 
dicting the second condition in (13). Applying the same argument to - v  we 
see that v cannot attain a negative minimum on the left-hand endpoint. This 
together with the first condition in (13) and the strong maximum principle 
shows that Hv(', t)ll ~o < IIv(', 0)Jr o0. The rest of the proof  of Lemma l0 parallels 
that of Lemma 8. The case (12b) is dealt with by employing the function 
8(x) = 1 - f i e  - ~  and proceeding as above. 

It follows immediately from Lemma l0 that the solution of the initial value 
problem with boundary conditions (12 a) or (12 b) is unique. 

If u attains its maximum in D~ at the boundary point (l, z') then clearly 
ux(1, z') ~ O. The maximum principle at the boundary [2, 6] shows that if z ' <  z 
then we actually have u~(1, z ' )>  0. Similarly, if u attains its maximum on D, 
at (0, z'), where z' < z, then Ux(0, z') < 0. Analogous statements hold if u attains 
its minimum on the lateral boundaries of D~. This fact is used in the proof  of 
Lemma 11. 

11. Lemma. Let u satisfy the boundary-initial value problem of Lemma 10. 
Let the coefficients a and b be continuous on D r and let a ~ It there. Then 
l lu( ' ,  x)II ® =< It~olloo. 

Proof. Let us prove Lemma 11 for the case of boundary conditions (12a), 
the proof  of the case (12b) being similar. The positive maximum of u on D~ 
cannot occur at an interior point or along the line segment {t = z, 0 < x < 11 
by the strong maximum principle. It cannot occur on the right boundary since 
u = 0 there. Moreover, it cannot occur on {x = 0, 0 < t < ~} by the maximum 
principle at the boundary. 

Suppose that the maximum of u on D, occurs at (0, z). If T' > z then the 
maximum of u on D~. must, by the same reasoning as above, occur at (0, ~'). 
Thus u(0, ~')~u(0, ~) and u(0, ~) is non-decreasing for t>~ .  Let us show, 
using Lemma 10, that this cannot  happen. 

Extend a and b into t _>_ T so that a and b are HSlder continuous in D~ 
= (0,/) × (0, oo). (For example, define a(x, t) = a(x, T) for t ~ T, etc.) Since the 
solution of the initial value problem is unique, u has a unique extension to all 
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of D~o defined as the solut ion of the boundary- ini t ia l  value p rob lem on D~ 
with the coefficients a and b extended as above.  By L e m m a  10 u tends to zero 
uniformly as t--, 0% while by the above  argument ,  u(0, t) is nondecreasing for 
t > z. This contradic t ion shows that  u cannot  a t ta in its m a x i m u m  in O~ at the 
point  (0, T). Thus  u at tains its (strict) m a x i m u m  in O, on the initial interval  
{t = 0, 0 < x < 1}, and Ilu(', t)[I o~ < [lu(', 0)11 ~. 

We can now prove  the following theorem on the total  var ia t ion of  solut ions 
of  initial value p rob lems  with N e u m a n n  bounda ry  condit ions.  

12. Theorem.  Let  Lu  = 0 on D r, u(x, O) = ~p(x), where lal= and Ib[~ are f inite 
and q~ is continuous and o f  bounded variation on [0, / ] .  Let  u satisfy the boundary 
conditions (12a) or (12b), and assume ¢p(/)=0 in case (12a) or (p(0) = 0  in case 
( t2 b). Then Ilu(', t)lI v --< It ~11 v and there exist positive constants K and 2 such that 
ttu(', t)[] v ~ K e - ~ '  I{ (Pity- 

Proof. As usual  it suffices to p rove  the theorem under  the addi t ional  
restrict ions 

(i) q~ is nondecreas ing  on [0, / ] .  
(ii) There  is a smoo th  function 7 j on O r which satisfies tP(x, 0 ) =  q~(x) 

and the b o u n d a r y  condi t ions  (12 a) or  (12 b). 
Off) a, b, ax, and b~ are H61der cont inuous  on Or.  
The restriction (iii) can be el iminated by a s t ra ightforward modif icat ion 

of the app rox ima t ion  a rguments  of  L e m m a  9 and Theo rem 7. 
Let us assume,  then, that  q~ is nondecreas ing on [0, /] .  In case (12b) ~o(0)=0 

so ~0(x)> 0. It  follows that  u ~ 0 on Or  and therefore that  ux(0, t ) >  0. Since 
u~(x, 0 ) >  0 and u~(l, t ) =  0 in case (12b) we see that  u~ > 0 on O r and u(x, t) 
is nondecreas ing on 0 < x _< I for each fixed t > 0. By L e m m a  11 we have 

Ilu(', t)llv = u(l, t) - u(0, t) = u(l, t) < ~0(/) = ~p(/) - ~o(0) = II~llv • 

The case (12a) is t reated similarly. 
To  prove  the second conclusion of T h e o r e m  12 in the case (12b) we note  

that, f rom L e m m a  10, there are constants  K and 2 such that  

Flu(', t ) l lv = u(l, t) - u (0 ,  t) = Ilu(', t)ll ® 
K e  -'~t [tu(', 0)11 o~ = K e - Z '  q~(l) 

= ge-Xtll~Pllv. 

This comple tes  the p roof  of  Theo rem 12. 
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