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On the Total Variation
of Solutions of Parabolic Equations

D. H. SATTINGER

1.

Let D be an open interval which may be finite or the entire x-axis, and, for
>0, let D,=Dx(0,1). Let

_0
at

be a uniformly parabolic operator on Dy. In this paper, under certain assump-
tions on g and b, a number of theorems are proved concerning the total variation
of the solutions of Lu=0.

In case D =(— o0, 00) it is shown that the total variation of u(x,t), as a
function of x with fixed ¢ > 0, is not greater than that of u(x, 0). In the case of a
boundary-initial value problem on a finite interval, the variation of the end-
point conditions must be added to that of the initial data. Let I, denote the
sides and bottom of dD,; and, for T'> 0 let u satisfy Lu=0, u=1y on I'y. Then
for 0t < T |u(, 7)lly < Var{w; I'.}, where ju(-, 7)|ly is the total variation of
u(x, t) and Var {y; I',} denotes the variation of y around I,.

If u is identically zero on the endpoints of D we can show further that
fjuf, t)}l,- decreases exponentially in time. Specifically, let there be positive
constants u and B such that a > u and [b| < B on Dy. Then there exist positive
constants K and 1 depending only on g and B such that {u(-, )y
< Ke *fu(-, 0)lly.

Theorems on the total variation of solutions of parabolic equations are
important in the construction of solutions of non-linear first order equations
by the method of “vanishing viscosity” [5]. For example a weak solution of the
differential equation

u,+ (p()), =0 )

can be constructed by considering the equation with a small viscosity term
added, viz.,

L=a(x, 1)+ 2+b( t)

u, +{plu)),=cu,, . (2)

Suppose that the existence of a regular solution u, of (2) satisfying the initial
condition u.(x, 0) = ¢(x) can be established. Let ¢ be of finite total variation on
— o0 < x < 00. By the maximum principle and the theorems proved in this
paper u, is a priori bounded and, for each fixed ¢, of uniformly bounded total



Solutions of Parabolic Equations 79

variation as £—0. Helly’s theorem can be used to select a convergent sub-
sequence whose limit is a weak solution of (1). For details the reader is referred
to [5].

In § 2 the bounds on the total variation of solutions of Lu = 0 are established
under the assumption that a, and b, are Holder continuous. In § 3 the theorem
is proved for a boundary-initial value problem in the case where a and b are
Hoélder continuous on D;. In § 4 some topological properties of the positive
and negative sets of solutions of a more general parabolic equation are es-
tablished. These results are a generalization of theorems proved by Karlin {4]
using the ideas of total positivity of the Green’s function. They are used in § 5
to prove that the total variation decays exponentially when the endpoints are
fixed at zero. In § 6 the total variation of the solutions of initial value problems
with Neumann boundary conditions (u, =0) at one endpoint is considered.

2.

Throughout this paper it is assumed that L is uniformly parabolic on Dy,
thus that a(x, t) Z u on Dy for some positive constant u. For fixed t >0 the
variation of u as a function of x on D is denoted by |u(:, t)||,,, whether D be finite
or infinite.

The maximum principle for parabolic equations on unbounded domains { 3]
is required in the proof of Theorem 1: Let w be bounded below and continuous
ontz0, and let w,, w,,, and w, be continuous for t > 0. Let

awxx+ﬁwx+?w—wt=0
on — o0 <x<o, t>0, where
O<puSasM(X*+1), [BISM(x|+1), P=M 3)

for some positive constant M. If w(x,0)=0 then wix,t}=0 for all tz0,
— <X < .

1. Theorem. Let D = (- o0, o0), let a, and b, be Hélder continuous on Dr,
and let there exist a positive constant M such that

O<puLasMx*+1); lalbISM(x|+1); [bJSM.

Let ¢ be of bounded variation, let Lu=10 in Dy, u(x,0)=@(x), and let uz —m
Sfor some positive constant m. Then [u(:, ), < lolly for 0t T.

Proof. We may assume that ¢(x) is continuously differentiable. The more
general case can be treated by approximating the initial data by smooth
functions as follows. Let w be a non-negative C® function with support in
{x{ =1 for which f wdx = 1. Let w,=w(x|h)/h and set

h=w, 9= [ o(x—y e(dy.



80 D. H. Sattinger:

Now [|@,lly £ lelly. In fact, if —o0<x; <+~ <x,< 0, then

S i0utsird = oa = 3 | § 040 (00501 =) = @t~} dy

i=1j—~w

< o girp(xm —y)—@la—yldy

= “(P“Vj wpdy=ely.

Since this is true for any partition x, < ---< x,, it follows that ||@,ly = lloly.
Now let u, be the solution of the initial value problem Luy, =0, u,{x, 0) = @,(x).
The representation

s 0= | 20,138,090 d¢

holds, where Z is the fundamental solution of L. Now as & tends to zero,
limg, = ¢ [mean p]; so by the dominated convergence theorem limu,(x, f)
=u(x,t) [unif ] on compact subsets of Dy. If Theorem 1 is true for u, then
lus, iy < ll@allv = ll@lly ; and letting b tend to zero we have Ju(", Dy = ll@lly-
This shows that Theorem 1 holds even for discontinuous initial data.

Now let us prove the theorem for smooth non-decreasing initial data.
Let u(x, 0) = ¢(x), where ¢'(x) is non-negative and continuous on (— 00, ).
The derivative w = u,_ must satisfy the initial value problem

aw,, +(a,+bw, +bw—w,=0

w(x, 0)=¢'(x).
Let w be the (unique) bounded solution of (4). Since the coefficients in (4)
satisfy the conditions (3), w(x, £) 2 0 in Dy. The solution of Lu =0, u(x, 0) = ¢(x)

must therefore be non-decreasing in x for fixed t>0. Moreover, since u is
bounded and a and b satisfy (3), the maximum principle applies to u and

(4)

info <infu(x, t) Ssupulx, ) <supg.
x X x X

Since u and ¢ are monotonic it follows that
Ju(:, )y = supulx, t) —infulx, t)

ésgpq)—igf(pm loly -

The general case can now be treated by decomposmg @ into the difference
of its positive and negative variations. Then ¢ = ¢ —¢ and Joly=le'ly
+ ¢ Ily. By the principle of superposmon the solution of the initial value
problem can be decomposed into u = ut—u", where Lu* =0 and u*(x,0)
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= @*(x). From the previous result we have

lu, Dlly < "G,y + a5 Dl
=l v +le ly=loly.

This completes the proof of Theorem 1.
We now prove the theorem in the case of a boundary-initial value problem.
The variation of the boundary data around I, is denoted by Var {ip; I',}.

2. Theorem. Let a, b, a,, and b, be Holder continuous on Dy and let v be of
bounded variation and continuous around I'y. Then the solution of Lu=0,u=1vy
on Iy satisfies {u(-, )|y £ Var{yp; I} for 01T

Proof. Since v is of bounded variation on I it can be decomposed into
the difference of its positive and negative variations, p* and y~, computed,
say, as I’y is traversed in a counter clockwise direction. The solution of the
boundary value problem may then be written u=u"—u", where Lu* =0
in Dy and u* =y* on I;. Let us show that for fixed t the functions u*(x, 1)
are nondecreasing in x. It follows that

luC, Olly < " Coolly + e G Dlly
=W, 1)—u' 0,1+ (u (I, 7)—u (0,7)
= L)-v 0,1)+w (L)—v ©01)
=Var{yp;Il.}.

Suppose, then, that Lu=0 and u =y on I'y, where y is continuous and
nondecreasing as Iy is traversed in a counter-clockwise direction. First assume
that y has an extension ¥ onto D, such that ¥ € C3**(D;) and ¥ =y on I7.
(The notation C>**(D;) denotes the class of all functions whose derivatives up
to third order exist and are Hélder continuous on D; with exponent a.)

Differentiating the equation Lu = 0 with respect to x we obtain a parabolic
equation for u, with Holder continuous coefficients. The function u, is continu-
ous on D, since y has a smooth extension into the interior of Dy.

Since 1w is increasing around I'y, w(x, 0)=v'(x) =0 on (0, ]) and therefore,
by continuity, on [0, []. Moreover, the minimum and maximum of ¥ on D,
must occur at the points (0, 7) and {, T) respectively, and so we must have
u, (0,720 and u,(l,7) 20 for 0<t S T. Therefore u, =20 everywhere in Dy,
which was to be proved.

Now assume 1 is only continuous on ['; and approximate p by a sequence
{p,} with the following properties: (i) limy, =y [unif on Iy]; (i) v, has a
smooth extension into Dy; (iii) v, is nondecreasing around I'y.

Such a sequence may be constructed as follows. For each integer n, suffi-
ciently large, let , be the function identically equal to y everywhere except on
intervals of length n~! at the corners of Dy, where it takes on the values of y
at those corners. Then (, is nondecreasing and identically constant in a neigh-
borhood of the corners of I'y. Let §, , be the C* function obtained by smoothing
$, on I'y. For a sufficiently small value of the smoothing parameter k (say
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h<1/2n), ¢, , will be identically constant in a neighborhood of the corners
of I';. Such a function has a smooth extension into D;. Furthermore, ,, , is
nondecreasing since smoothing preserves monotonicity; and limy, = v [unif.]
on Iy. For the sequence {y,} we take, therefore, y, =1, ,, where h=1/2n.

Now let u, satisfy Lu = 0, u, = y, on I'7. By the maximum principle, limu, =u
[unif.] on Dy. Since each u, is monotonic in x,

0 é h’{n [un(x’ T) - un(ya T)] = u(x’ T) - “(y, T)

forall 0 <x<y<land 0 <t =T Thus u is monotonic in x for fixed 7, and the
proof of Theorem 2 is complete.

3.

Theorem 2 can be extended to the case where a and b are merely Holder
continuous by approximating them uniformly by smooth coefficients. Schau-
der-type a priori estimates, stated below, are needed to show that the solutions
corresponding to the smoothed coefficients converge to the solution of the
given equation.

For points P =(x, t) and @ = (¢, 1) set

d(P, Q) =((x — &* + |t — )%,

and let
ful, = lulo + H,(u),
];[2+a:ma+lu_xla+ ma+MQ’
where

lulo = sup |u(P)],
PeDr

o P —u(Q)
Bl = o, ap0r

Here o is a number between zero and one.

For a function y defined on I'y we say that w € C, ., if v has an extension ¥
into D, for which Jul,,, < +o0. We then set [P],,,=inf]P[,,,, where the
infimum is taken over all extensions of p.

The boundary estimates state [1]: Let [a], < K, |b], < K and let a> p on Dy.
Then there exists a constant K, depending only on K and u, such that ], ,,
Z K, ||, +, where u is the solution of Lu=0, u=vy on I'y.

Using this fact we can now prove

3. Theorem. Let [a], and [b], be finite and let Lu=0, u= on I'y, where p
is continuous and of bounded variation around I'y. Then |u(-, 1), < Var {y; I}
Jor 01T

Proof. If y¢C,., then y can be approximated uniformly on I'; by a
sequence {1p,} with the following properties:
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(i) Var{y,;I}=<Var{y;I}; (i) v,eC,,, The sequence {i,} can be
constructed in the same way as the corresponding sequence was constructed
in Theorem 2. If the {,} are defined as before, then Var{{,; 1} £ Var{y,;1};
and the {y,} are obtained by smoothing the {¢,}. The process of smoothing
preserves total variation. If u, satisfies Lu, =0, u, =y, on I'r, then u, tends to u
uniformly on D,;and we have {[u(, 7){ly < lim ||u, (-, 7)|ly < Var {y,; 7} £ Var {p;1}.

Therefore let us assume that ye C,,,. Let families {a,} and {b,} be con-
structed such that

(i) lima, =a, limb, = b [unif] on D;.

(i) baly = 1bls lanle =lal,, a2 p

(iti) a,, b,e C™.

For example, to construct {a,}, first extend a to all of IR? as follows. For
P ¢ D; let a assume the value it attains at the boundary point of Dy nearest
to P. Then for any P, Qe R?

a(P)—a(Q)

4P 0 < H,(a). &)

Now let @ be a nonnegative C* kernel on R? with support in |P| = 1 such that
{fo(PYdP' =1. For each h >0 set

a,(P)= ]ﬂ wy(|P — P a(P)dP .

It is easily verified that a, = u everywhere. Furthermore

a(P)- a0 aP-P)—a@—P) ,

X j f P ——3F0r — F
o AP —=P)—a(Q—P)

” PP o_py "

Hence by (5) [a,), < lal,. The sequence {b,} is constructed in the same manner.

Now let u, be the solution of L, u, = 0, u, =y on I'y. By the a priori estimates
[ttnl, 4o < Ki[Wl5 4, for all b; and so by the Arzéla-Ascoli theorem there is a
sequence {u,} such that {u,}, {u, .}, {1, ..}, {4,,} converge uniformly on Dy.
Let u =limu, ; then the derivatives of u, converge to the corresponding deriva-
tives of u, and Lu =0, u=1v on I';. Hence the sequence {u,} converges to the
(unique) solution of the boundary value problem. Theorem 3 now follows by
the usual limiting argument.

Remark. We might point out that, since the solution of the problem Lu =0,
u=1p on I'y is unique, every sequence of the family {u,} contains a subsequence
which converges uniformly to the same limit. Therefore the family {u,} itself
converges uniformly to u as 4 tends to zero.

6*
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4.

In this section some theorems are proved concerning the positive and
negative sets of the solutions of a parabolic equation. Given a function u
defined on D, the positive and negative sets of u are defined to be

U'={P:PeD,u(P)>0},
U ={P:PeD,u(P)<0}.

A component of U" or U™ is a maximal open connected subset of U or U™.
We have

4. Theorem. Let u be a solution of the parabolic equation
auxx+ﬁux+yu_ut=0 (6)

on the domain Dy which is continuous on Dy. Let o, B, and y be continuous and
let a(x,t)=u>0 on Dr. Suppose that on I, there are precisely n(m) disjoint
intervals where u is positive (negative). Then U (U") has at most n(m) com-
ponents in D, and the closure of each component must intersect T, in at least
one interval.

Proof. Let I be a maximal interval on I, where u is positive and suppose
that two open connected subsets F, and F, of U" intersect I', in disjoint open
intervals I, and I, contained in I. Since u is continuous there is an open neigh-
borhood G in D, whose closure in D, contains I. Since G must contain points
in both F, and F,, these must belong to the same open connected component
of U". Thus at most one component of U™ intersects each of the n open intervals
on I', where u is positive. The same result holds for the components of U .
Therefore it suffices to show that every component of U™ or U™ must intersect
I, in an interval.

We can assume that y £0 on D,. Otherwise we make the transformation
u=e*p, where A is some number such that y <A on Dy. The positive and
negative sets of u are the same as those of v, and v satisfies a parabolic equation
similar to (6) with y 0.

Now let F be a component of U in D,. Since u is continuous it must assume
a (positive) maximum on F. On F we have

auxx+ﬁux"ut= —YR_Z_O’

so u cannot attain its maximum at an interior point of F or along the line
{t = t}. On the other hand, by continuity, u is zero at any boundary point of F
which is interior to D,. Therefore F must have a boundary point Q on I, at
which u is positive; and by continuity 4 must be positive in an interval of I',
about Q. This completes the proof of Theorem 4.

The following corollaries are immediate.

5. Corollary. Under the assumptions of Theorem 4 the number of sign
changes of u(x, 1) on (0,1), where u is a solution of (6), is not greater than the
number of sign changes of uonI..
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Karlin [4] has proved theorems along the lines of Corollary 5 for parabolic
equations on an unbounded domain (— 00 < x < ).

6. Corollary. If a component G of U™ or U™ in D, intersects the horizontal
line {t =1} in two disjoint intervals then the solution of (6} is identically zero in
the region between G and the line {t =1}.

S.

In this section we consider the initial value problem
Lu=0, u(x,0=¢(), O<x<lI (7a)
with the boundary conditions
u©,t)=u(l,t)=0. (7b)
In this case the solution and its total variation decay exponentially. We have

7. Theorem. Let u satisfy (7a), (7b); and let |a, and |b], be finite, a(x,t) =
on Dy, and |b(x, t)] £ B on Dy.. Then there are constants K > 0 and A > 0 depending
only on u, B, and 1 such that fu(:,t)|y £ Ke™*|ju(-, 0)|,.

The following lemma is needed in the proof of Theorem 7.
8. Lemma. Let u satisfy the boundary-initial value problem
Lu=0, 0=x=zX, O0=t=sT,
u(x, 0) = uy(x),
u(0,t) =u(X,t)=0.
Letazu>0and |b| < Bon Dy =(0, X)x(0, T). Then there are positive constants

K and A depending only on p, B, and X such that |u(-, )|, £ Ke *lu(-, 0} 4.

The notation Ju(, )|, denotes the supremum of u(x,t), for fixed 1, on
[0, X7]. The coefficients need only be continuous in Lemma 8.

Proof of Lemma 8. Let 3(x)=1— Be** where a and § are constants to be
suitably chosen, and set u =ve ™ *'9. A simple calculation shows that

av,, + <2a%‘- + b)vx

) ®)
+ Tg—(a\gxx+b\9x+/19)v——v,=0.

Let us show that it is possible to choose positive constants a, §, and A in such
a way that

a8, +b3 +19<0, 8>0 on Dj. )
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We have
a9xx+b9x+£9 = aﬁe‘”‘l:_aa — b+ ‘:'B (e—ax ﬁ):l
A
< ax —_ L —ax
Sapfe [ ap+B+ 2f (e -—ﬁ)].

Now choose « so large that —au+ B=< —1/2 and p small enough that
1—pe**>0 on [0, X]. Taking A =af/2 we see that (9) is satisfied.

Now v satisfies the parabolic Eq. {8), so by the maximum principle ||o(-, )|
< v, O}l . Therefore

luC, Ol = lle™* Joll, Se™* o, )il

Se Mol Ol S e flug/3
SKe *ugl

where K = [1/8],, and Lemma 8 is proved.
Interior estimates of Schauder type are also required in the proof of Theo-
rem 7. For each P e D; define

dp= ngfrd(P, Q), d=dpy=min{dp,dy}.

The interior norms are then
lula = |u|0 + Ha(u) >
}“}2 ta }ula + ldux!a + idzuxx‘tz + !dzuzfa »
where
ld™ul, = sup dplu(P)|,
PeDr

) = m s 14(P) — w(Q)]
H(d “)—P,SQ‘i%TdPQ i(P.0F

ld™uj, = ld"™uly + H,(d™u) .

The interior estimates state [1]: Let Lu =0 on Dy, where |a|, < K, |db|, £ K,
and a=Z u>0. There is a constant K, depending only on K and u such that
U240 S Kylulo.

The interior estimates are used to prove the following approximation
theorem.

9. Lemma. Let u satisfy (7a), (7b) and let {u"} satisfy the corresponding
problem with a and b replaced by {a,} and {b,}. Suppose that (i) lima, =a,
limb, =b on Dy; (i) |a,l,, [dbyl,, and |b,l, are bounded as h—0; (i) g,z p>0
on Dy for all h. Then for each fixed t>0 limu*(x, t) =u(x, t) [unif.] on [0, I].

Proof. Let |b,l, < B for all h. Let us show that
i

(5) (hx, ) dx £ K (10)



Solutions of Parabolic Equations 87
for some constant K independent of . Choose a number x such that B <2ka,.
This is possible since a, = .

Letting z = k x the differential equation becomes
Kragul, +kbul —ut =0, 0=z=«l.

Multiplying by u”, and integrating we get
xl
- f Wt dz + j' k2 a,(ut,)? dz
+K j byulul ,dz=0.
0

Integrating the first term by parts and applying the boundary conditions (7b)
we obtain

rl xl

0 1
yrie J W"? dz + x? f a, () dz

<2 f (W + ()} dz.
14

Hence

This implies that

x Bt
e,

xil
< [ (W) dz
0

| () dz
0 t

and therefore that

~

1
f ()2 dx S (@) dx &P,
0 0
Thus (10) is established.
Now by the maximum principle {#"} is a uniformly bounded family of
functions on D,. By the interior estimates {u"}, {u"}, {u".}, and {u"} are uni-
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formly bounded and equicontinuous on compact subsets of Dy.. Therefore there
is a sequence {u"} which converges, along with its derivatives {u?}, {u},}, and
{u}, uniformly on compact subsets of Dj. If i denotes the limit of u", then
u}, u?,, and u converge to the corresponding derivatives of 4, and Li=0
in Dy.

On the other hand, by (10) the family {u"} is uniformly bounded and
equicontinuous, for fixed ¢ >0, on [0, []. Therefore imu"(x, t} = #(x, t) [unif]
on D for fixed t > 0.

It follows that & =u, the unique solution of {(7a), (7b). Finally, by the
uniqueness of the solution of (7a), (7b), every infinite subclass of {"} contains
a sequence which converges to u. Therefore the entire family converges fo u
uniformly on [0, f] for each fixed ¢t >0, and Lemma 9 is established.

Proof of Theorem 7. We can assume that @, and b, are Hélder continuous
on D, and that y, equal to zero on the sides and to ¢ on the bottom of Iy,
has a smooth extension into the interior of D,. These restrictions can be
removed by the usual approximation arguments. We write p=¢' —¢~,
where ¢*(0) =0, ¢* are nondecreasing on [0,7], and ofly =l "y + ¢ |y
=¢'(D+e (h=2¢"().

Now define a*, b*, and ¢* as follows:

(1) = a(x, t) 0sx<l
TRIEY ael-xn  1sxs2,
b(x, t) 0<sx=l
* —_ Eeey =
b*(x. ) {-—b(Zl—»x,z) I<x<2l,

Fx) = ?"(x) 0<x=l
PI=L prei—x  1=xs2l.

We can assume, without difficulty, that ¢* has a smooth extension into
[0,20] x[0, T]. In addition, assume for the time being that a (I, )= b(l, ) =0,
so that a*, b*, a}, and b} are Holder continuous on 0Sx <2, 0<t<T. Later
this restriction will be dropped.

Let u* satisfy

a*u¥, +b*uf —uf =0, (11a)
u*(x,0)=0*(x), (11b)
u*0, ) =u*2L =0, (1o

and set u(x, t) =u*(x, ) — u*(2l — x, 1} for 0 £ x < 1. Then u(x, ¢) so constructed
is the solution of (7a), (7b).

Let us show that there is a point x* = x¥*(r} such that 0 <x* <2/ and
u*{x, 1} is nondecreasing for x < x*, nonincreasing for x = x*. Differentiating
(11a) with respect to x we obtain a parabolic equation for w=u}. Since
w*(x, )20 for 0Lt =T, w(0,6)20 and w(2],t)<0. Furthermore w=0 on
[0,1], and w<0 on [, 2[]. Therefore by Corollary 5 w has at most one sign
change on t =1 for 0 £1 < T, and the existence of the point x*(z) is established.
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Now if x*(t) <! then
lu(, )y = u*C, Oy + 1* QL= x, Ol
=[u*(x*, 1) + (u*(x*, 1) — u*{, 1))]
+ [u*(l, t)]
=2u*(x*,1).

The same result holds if I < x*(t) £ 2I. On the other hand, by Lemma 8 there
are positive constants K and 4 such that

luC, Olly < 2u*(x*, ) S2Ke™* suplu*(x, 0)
=2Ke Mo '(h=Ke *|oly .

Theorem 7 has now been established under the restrictions a,(l,?)
=b(l,t) =0. To remove these restrictions it suffices to approximate g and b by
families of functions {a,} and {b,} which satisfy properties (i}—(iii) of Lemma 9
and the conditions a, (I, £) = by(l, ) = 0.

For each h>0 let {, be a C* function such that {,=0 for | -h<x <],
Gi=1for 0<x <!1—2h, and |{}] < C/h for some constant C independent of h.
Then {d{,}, is bounded as h tends to zero. Letting b, = {,b we see that b,{I, £} =0,
[bu(x, t)] < B on Dy, and |[db,}, < |bl, |d{,], is bounded as h tends to zero.

For (x, t)ye Dy let

a(l—2h,t) 1-2h<xgl

a,,—

. {a{x,t) 0<x=zl-2h

and extend 4, to all of IR? as in the proof of Theorem 3. Then let
ay(P) = [ [ wy(|P')) &(P — P))dP’

R2
where , is the smoothing kernel on R? It is easily verified that a, =y,
0a,/0, =0 for | —h £ x £ and that |a,), is uniformly bounded as h—0.
The coefficients {a,} and {b,} have been constructed as required, and so the
proof of Theorem 7 is complete.

6.

No heat flows into or out of the domain at an endpoint where a Neumann
condition (u, = 0) is satisfied. In such a case equalization still takes place, and
we should expect the variation to be nonincreasing. This conjecture is in fact
correct, and in this section we prove a number of theorems on the total variation
of solutions of problems involving Neumann boundary conditions. We first
prove

10. Lemma. Let u satisfy Lu=0 in Dy, u(x,0)=¢(x), and the boundary

conditions
u, (0, 8)=u{l,t)=0 (12a)
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or
u(0, ) =u,(l, ) =0. (12b)

Let a and b be continuous, a =y and |b|<B on D;. Then there are positive
constants K and A depending only on p, B, and 1 such that |u(-, )],
SKe Mju(:, 0)] -

Proof. Consider the case (12a) and let $=1— pe** be the function con-
structed in the proof of Lemma 8. Setting u = 3¢~ *'v we see that v satisfies the
parabolic Eq. (8) and the boundary conditions

v(,t)=0
F 0y (0,1) + 3(0) v,(0,1)=0.

Now v cannot attain a positive maximum at a boundary point (0, 7). In fact,
at such a point »,(0, 7) <0 and 9(0, t) > 0, while (0} <0 and 8(0) > 0, contra-
dicting the second condition in (13). Applying the same argument to —v we
see that v cannot attain a negative minimum on the left-hand endpoint. This
together with the first condition in (13) and the strong maximum principle
shows that ||v(:, )]} , < [[v(-, O)ll .. The rest of the proof of Lemma 10 parallels
that of Lemma 8. The case (12b) is dealt with by employing the function
9(x)=1- fe™** and proceeding as above.

It follows immediately from Lemma 10 that the solution of the initial value
problem with boundary conditions (12a) or (12b) is unique.

If u attains its maximum in D, at the boundary point (I, t) then clearly
u{l, 7) 2 0. The maximum principle at the boundary [2, 6] shows that if 7' <1
then we actually have u,(/, v) > 0. Similarly, if u attains its maximum on D,
at (0, '), where 7’ <7, then u, (0, ') < 0. Analogous statements hold if u attains
its minimum on the lateral boundaries of D_. This fact is used in the proof of
Lemma 11.

11. Lemma. Let u satisfy the boundary-initial value problem of Lemma 10.
Let the coefficients a and b be continuous on Dy and let a= pu there. Then

ul, Dl £ ol

Proof. Let us prove Lemma 11 for the case of boundary conditions (12a),
the proof of the case (12b) being similar. The positive maximum of u on D,
cannot occur at an interior point or along the line segment {t=1,0<x<I}
by the strong maximum principle. It cannot occur on the right boundary since
u =0 there. Moreover, it cannot occur on {x =0,0<t <t} by the maximum
principle at the boundary.

Suppose that the maximum of u on D, occurs at (0, 7). If v > then the
maximum of 4 on D, must, by the same reasoning as above, occur at (0, 7).
Thus u(0,7)=u(0,7) and u(0, r) is non-decreasing for t= 1. Let us show,
using Lemma 10, that this cannot happen.

Extend a and b into t 2 T so that a and b are Holder continuous in D
=(0, ) x (0, o0). (For example, define a(x, t) =a(x, T) for t = T, etc.) Since the
solution of the initial value problem is unique, u has a unique extension to all

(13)



Solutions of Parabolic Equations 91

of D, defined as the solution of the boundary-initial value problem on D,
with the coefficients a and b extended as above. By Lemma 10 u tends to zero
uniformly as ¢ — oo, while by the above argument, u(0, t) is nondecreasing for
t > 7. This contradiction shows that u cannot attain its maximum in D, at the
point (0, 7). Thus u attains its (strict) maximum in D, on the initial interval
{t=0,0=x=1}, and [lu(-, )| < [lu(", O)ll .

We can now prove the following theorem on the total variation of solutions
of initial value problems with Neumann boundary conditions.

12. Theorem. Let Lu =0 on Dy, u(x, 0) = @(x), where |a|, and |b|, are finite
and @ is continuous and of bounded variation on [0, I]. Let u satisfy the boundary
conditions (12a) or (12b), and assume (D)= 0 in case (12a) or @{0)=0 in case
(12b). Then |u(-, )} v S lollv and there exist positive constants K and A such that
lu(-, iy < Ke *[lolly-

Proof. As usual it suffices to prove the theorem under the additional
restrictions

{i) ¢ is nondecreasing on [0, [].

(ii) There is a smooth function ¥ on D, which satisfies ¥(x, 0)= ¢(x)
and the boundary conditions (12a) or (12b).

(iii) a, b, a,, and b, are Holder continuous on Dy.

The restriction (iii) can be eliminated by a straightforward modification
of the approximation arguments of Lemma 9 and Theorem 7.

Let us assume, then, that ¢ is nondecreasing on [0, []. In case (12b) ¢(0)=0
s0 @(x) = 0. It follows that =0 on Dy and therefore that u (0, )= 0. Since
u (x,0)=0 and u(l,t)=0 in case (12b) we see that u, =0 on D, and u(x, t)
is nondecreasing on 0 < x < I for each fixed ¢ > 0. By Lemma 11 we have

luC, Dlly =ull, ) —u@©, ) =u(l, ) <@() = () — @(0) = | |y .

The case (12a) is treated similarly.
To prove the second conclusion of Theorem 12 in the case (12b) we note
that, from Lemma 10, there are constants K and A such that

luC, Olly = u(l, ) — u(0, ) = Ju(, ),
SKe Mfu(-, 0)l o = Ke™ o()
=Ke "ol .
This completes the proof of Theorem 12
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