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Bifurcation in the presence of the rotation group is investigated. The covariant bifurcation equations are
derived using the familiar angular momentum operators of quantum mechanics. Variational methods are
also discussed. It is shown that the quadratic terms either vanish for odd [ or possess a gradient structure
for even /. This result is generalized to the case of an arbitrary simply reducible group. Applications to

problems in geophysics and elasticity theory are discussed.

1. SYMMETRY BREAKING INSTABILITIES

There are a number of situations in classical mech-
anics in which the onset of instability of a physical
system is accompanied by a spontaneous symmetry-
breaking bifurcation. For example, the onset of con-
vection in a spherical mass or the buckling of a per-
fectly uniform spherical shell leads to a bifurcation
which breaks complete rotational symmetry. In such
cases one is led to an investigation of the branching
of solutions of a nonlinear functional equation G(x, )
=0 in the neighborhood of a known solution (X, «,).

It G,(n,, u,) (G, denotes the Frechet derivative of G) is
a Fredholm operator of index 0, the problem is re-
duced, via the Lyapounov—Schmidt method, to a finite-
dimensional problem

F,0,z,...,2)=0, i=1,...,n (1.1)

where n=dim kerG,(x,,u,).

If the original equations G(x, u) are covariant with
respect to a representation 7, of a group G —that is, if
T, G, u)=G(x, T ,a)—then the bifurcation equations
(1. 1) are covariant with respect to a finite-dimensional
representation ofg. A direct computation of Egs. (1.1)
by numerical methods is often a major obstacle in
their analysis, certainly if the original system of equa-
tions is very complicated. Using the covariance of the
equations, however, the structure of the bifurcation
equations can be computed up to unknown constants.

In the case of the rotation group Busse,! using classical
formulas of Gaunt for triple integrals of spherical
harmonics, constructed the quadratic terms of (1.1)
when kerG, transforms according to an even irreducible
representation of SO(3). In this paper we give an
algorithm for obtaining the full structure of Eqgs. (1.1)
at all orders based on the Lie algebra of infinitesimal
generators of the rotation group. The methods are
familiar in the theory of angular momentum coupling

in elementary quantum mechanics.

Group theoretic methods allow one to determine the
bifurcation equations only up to unknown scalar con-
stants, the dependence of these scalars on the original
physical parameters of a particular problem could be
determined by a direct computation of the bifurcation
equations, say from the Lyapounov—Schmidt method.
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Rather than proceed in that direction, one can follow

an approach similar in spirit to Thom’s catastrophe
theory®+3: The unknown parameters are regarded as
free parameters, or control parameters, and one seeks
a classification of the types of transitions (i.e.,
singularities) which may occur. In this way one can
obtain a universal classification of the bifurcations
which may occur in a physical system which is based
on the geometry of the problem and is independent of
the particular physical mechanism involved.

In resolving a bifurcation problem one is interested
in determining the stability of the bifurcating solutions,
and these questions are also discussed in the present
paper. Since there is a three-parameter group present,
the solutions appear in three- (or sometimes two-)
dimensional orbits; hence they will at best be orbitally
stable, with two or three neutral modes.

In Sec. 2 we review some of the basic ideas of bi-
furcation theory, adding some modest improvements
to cover the present case. In Sec. 3 we discuss the
Lie algebra of angular momentum operators J,,J,
and J, and show how these may be used to construct
Eqgs. (1.1) when kerG, is irreducible; in Sec. 4 we
discuss the modifications which must be made when the
kernel is reducible. We also construct the generating
function for the number of covariant terms in (1.1)
of any given degree. The derivation is closely related
to that of the Molien function (Jaric and Birman®).
Given a finite-dimensional representation T of a com-
pact group G, the Molien function counts the number
of times the identity representation is contained in the
symmetric part of I'?1 In the present case we are
interested in counting the number of times I'" is con-
tained in the symmetric part of I'?"; the generating
function in that case is

M (TG, 2)= [ detll-zT(g)|"X(g)dug),

where dj.(g) is the normalized invariant measure on
G and X is the character of I'. We calculate M, ex-
plicitly for the rotation group O(3).

(1.2)

The extremum principle discovered by Busse' is
discussed in Sec. 5 and its relationship to the sym-
metry of the 3-j symbols for SO(3) explained. More
generally we show that the result continues to hold
whenever Egs. (1.1) are covariant with respect to an
irreducible representation of any simply reducible
group. A theorem of Wigner®® on representations of
simply reducible groups then implies that the quadratic
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terms in (1.1) vanish for an odd representation or
possess a gradient structure for an even representation.
This is a striking result, since it implies the bifurca-
tion equations may possess a gradient structure even
though the original problem did not arise as a varia-
tional problem.

In Sec. 5 we also show that the variational problem
associated with the bifurcation equations can, in the
case of SO(3), be formulated as

min 3trA®
subject to the constraints
$trA®=1, trA=0, trAB,=0,

where A is a symmetric matrix and the B, are sym-
metric matrices which transform according to certain
representations of SO(3). For != 2 this leads to the
Euler—Lagrange equations

AZ=2A +41, (1.3)

where A is a 3X3 symmetric traceless matrix and /

is the 3x3 identity matrix. This problem is easily
resolved, giving an especially simple resolution of the
bifurcation problem in the case [=2., (The results
described in this paragraph were obtained jointly with
L. Green) The approach is compared with that discussed
by Michel and Radicati”:® in their investigations of sym-
metry breaking in elementary particle physics.

Section 6 contains an analysis of the relationship
of the stability properties of the bifurcating solutions
to the extremal properties of the solutions of the
variational problem, Results of this type have pre-
viously been obtained by Sather.®

In Sec. 7 we discuss the resolution of the bifurcation
equations when kerG, transforms according to an ir-
reducible representation D! of SO(3) for low values of
1. Busse’s solutions for even ! are discussed, and
their stability is analyzed.

Finally, in Sec. 7 we discuss situations in classical
physics in which questions of bifurcation in the pre-
sence of O(3) arise. These are generally problems in
geophysics'® and elasticity theory'*»'?:® which are
modeled by nonlinear systems of partial differential
equations. We close with a brief discussion of some
of the open mathematical problems.

2. LYAPOUNOV-SCHMIDT METHOD

The Lyapounov—Schnidt method, or alternative
method, discussed at length by many authors, enables
one to reduce an infinite-dimensional problem to a
finite-dimensional one, We present here, very briefly,
a slight modification of the argument in Ref. 13 which
deals with the case in which the equations are covariant
with respect to a transformation group.

Suppose the equilibrium states of a physical system
are represented by solutions of the nonlinear system

of equations
Gy, u)=0, (2.1)

where G: AXX — Y is a smooth {Frechet differentiable)
mapping, A is a finite-dimensional vector space, and
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X and Y are Banach spaces. We assume here that all
spaces are Banach spaces over the complex numbers.
Let {x,,u,) be a solution pair of (2.1) and let L, =G, (x,,
u,) (G, denotes the Frechet derivative of G). Let/V
=kerL,C X and X =RangeL,C Y. We assume that G is
regular in the sense that for any (A,,u,) R is always

a closed subspace of finite codimension, /V is finite-
dimensional, and dim/V=codimR”. If / is trivial and
R =Y, then by the implicit function theorem there is
an analytic curve of solutions u=u(\), defined for
sufficiently smalllx —x, I, with u#(x,})=u,. From now
on, for simplicity, we shall always assume A,=0,

1, =0.

itV is nontrivial, then (0,0) may be a bifurcation
point of solutions of (2.1): That is, there may be
several distinct solution branches which confluesce at
(Ao, %,). Let dimV =5 and choose vectors ¢¥, ..., ¢}
in Y* such that

R=A{f: (f,0r)=0, j=1,...,n}

Then the ¢} must be null vectors of the adjoint opera-
tor L¥. Choose vectors ¢,,...,¢,c Y such that
(@;, @F) = 5,;; then the linear operator

sz:; freh e,

is a projection, and @,=1- P, is a projection of ¥ onto
R . Similarly, let P, be the projection onto the kernel
N(L,P=0). We can write

n

Plu' = Z; <u7 w?‘)d).i’

s
where the vectors ¢, span /V. Let@,=I-P,.

To reduce (2. 1) to a finite-dimensional problem in
a neighborhood of (0,0), we decompose the problem
as follows:

u=Pu+ Qu=1v+y,
GO, u)=P,G(x,u)+Q,G(\, u)=0.
We first solve
HO, v, ) =@,G0 v+ ) =0, (2.2)

At the point A=0, v=0, ¢¥=0, the Frechet derivative
of H(x, v, ) with respect to 9 is

Hd)(ov O’ 0) = Qz Gu(o’ O) :QzLo-

Now @,L, is an isomorphism from the subspace @,X

to @,Y. In fact, @,L,u#=0 implies L,u=0 and therefore
that uc/V; but if e @ XN/ then u=0. Therefore, L,
is a bounded one-to-one mapping from @,X to @,Y. By
the closed graph theorem L, is invertible, hence an
isomorphism. It follows from the implicit function
theorem on a Banach space that there is a smooth
solution $=gy(x, v) of (2. 2). Since X and Y are complex
Banach spaces, ¥ is analytic in » and v. The solutions
of the full equations (2.1) are obtained now as solutions
of the bifurcation equations

F(\, v)=P,G(\, v+ 3(x,v))=0. (2. 3)
Equations (2. 3) comprise a system of n equations in
n unknowns; by writing v=2,y, +... + 2,4, we can re-
write (2, 3) as
D.H. Sattinger 1721
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F].-(A,zl,.,.,zn):<G(>\,z1¢1+... +2z,1,

+ 4)(7\’ ’l)), ng) =0.

Now suppose the nonlinear mapping G is covariant
with respect to a representation T, of a group ¢:

TG, u)=G(\, T u). (2.4)

We have

Theorem 2.1: Let G(x, u) be covariant with respect
to a representation 7, of g Then /V reduces T,. Assume
the projections P, @, commute with T',. Then the bi-
furcation equations themselves are covariant with
respect to the finite-dimensional representation T'
=T, iN: that is, TF(x,v) =F(x,Tv), where F is given
by (2.3).

Theorem (2. 1) was proved in Ref. 13 where it was
shown that commuting projections P; and @; can be
constructed if X<V, [In that case the resolvent opera-
tor (A — L) is well defined and the commuting pro-
jections can be obtained by the standard residue for-
mula

_ 1 -
Py fc(x-L) dx,

where C encloses the isolated eigenvalue of L at the
origin. | The assumption XC Y is quite natural if G is

an elliptic system of partial differential operators;

then a natural choice for X and Y is typically X =C, .p.q,
Y=C,,,, where C,,, are the Banach spaces of functions
with Holder continuous derivatives. We note here,
nevertheless, that if g is compact, we can drop the
assumption XTY and construct commuting projections
as follows.

Lemma 2.2: Let T, be a representation of the com-
pact group g on the Banach spaces X and Y. Let L
be a bounded mapping from X to Y which intertwines
with T,; T, L=LT,. Let/V=kerL CX be a closed
finite-dimensional subspace and let R =RangeL CY be
a closed subspace of finite codimension. Let @ be any
projection onto R and P =I-@. Then the projections
¢ and P=1I~@, where

@=J, TmQT,dilg) (2.5)
commute with T, for all hkeG. The same result holds
for the projections P, and @, =I-P,, where P, is any
projection onto kerL in X,

Proof: The fact that @ as given in (2. 5) commutes
with T, follows from the invariance of the measure
di(g). Since R is invariant under T, and @, it is clear
that A is invariant under @ as well, and also its range
is contained in R. It remains to show that @ is a pro-
jection, and to that end it is enough to show that
Qf=f if fc R. We have, whenever f=_Lu,

8f=QLu= [ T QT Ludu(g)

:f T 1QLT judp(g)

= T LT udp(g) = Lu=f.
The proof for the case that P, is a projection onto
kerL in X goes similarly.

We remark that in the case of representations of a
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noncompact group a reducing subspace need not possess
a projection which commutes with the representation.
For example, the action of R' on R? by (}{) leaves the

x axis invariant, but all projections onto the x axis

take the form (}2), and none of these commute with the
action.

In order to analyze the bifurcation equations (2. 3), it
is often convenient to reduce them further by scaling
them, as follows. A uniformizing parameter ¢ is in-
troduced by setting

X =¢™g, v=¢c"w, (2.6)

where w=w, +ew, +e?w,+... . The appropriate powers
of m and n are determined by a Newton diagram. ** Now
suppose

Fle™o, e'w) =€Q(0, w,) + O(e**),

where & >max{m, n}. Dividing by ¢* and letting ¢ =0,
we arrive at the reduced bifurcation equations

Q(o, wy)=0,

where ¢ may be chosen conveniently. If the Jacobian
Q,(0,w,) is invertible at a solution (v, w,) of (2.7), then
solutions of the full bifurcation equations may be ob-
tained from the implicit function theorem. In the case,
however, that Eq. (2. 3), hence (2.7), are invariant
under a Lie group the solutions of (2.7) may appear in
k-parameter sheets; and in that case the Jacobian
Q,(0,w,) will possess a k-dimensional kernel, spanned
by the vectors L;w,, where the operators L are the
infinitesimal generators of the Lie group G.

(2.7

Given a solution (o, w,) of (2.7) we examine the full
solution curve (2.6). If m is even, the bifurcation is
one-sided (that is, solutions appear for » >0 or A <0).
When o >0, the bifurcation is supercritical, and it is
subcritical when ¢ <0. When m is odd, the branches
appear on both sides of criticality (transcritical case).

Stability of the bifuvcating solutions: Let a non-
trivial one-parameter branch of solutions of (2.1) be
given by (\(e),u(€)) and put L) =G, (), ul)). Ac-
cording to the principle of linearized stability the local
stability of the solution u(e) is determined by the
eigenvalues of L(e). When ¢ =0, L(0)=L, has (by as-
sumption) an eigenvalue of multiplicity » at the origin;
and, if the trivial solution # =0 is just losing stability
as A crosses zero, all other eigenvalues of L, must
lie strictly in the left half-plane. The stability of the
bifurcating branch is therefore determined by the
behavior of the n-fold eigenvalue at the origin as ¢
varies from zero. The following theorem is proved in
Ref. 14,

Theorem 2. 3: Let E(e) denote the analytic projection
valued operator whose range is the n-dimensional in-
variant subspace of L(¢) corresponding to the #-fold
eigenvalue at the origin. Then the eigenvalues of L)
in the vicinity of the origin are precisely those of the
n-dimensional operator B({e)=L(c)E(e). Furthermore,
if the scaling of the solutions have the form (2. 6), then

B(e)=e*"Q (0, w,) + Oe*™).

Accordingly, to lowest order in ¢, the behavior of the
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multiple eigenvalue 0 under the perturbation along the
bifurcating branch is determined by the eigenvalues of
the Jacobian of the reduced bifurcation equations.
Supercritical solutions are stable if all eigenvalues of
Q,(o, w,) are negative and subcritical solutions are
stable if all eigenvalues of Q,(o, w,) are positive.

When a continuous transformation group is present,
one or more of the eigenvalues of @,(o,w,) are zero
(depending on the dimension of the manifold of solu-
tions); in that case one can at best conclude orbital
stability from an analysis of the reduced equations:
There will always be a number of neutral modes pre-
sent.

3. CONSTRUCTION OF THE COVARIANT
BIFURCATION EQUATIONS IN THE CASE
SO(3)

We denote by I' the representation T IN. Let us ex~
pand F(x, v) of (2. 3) in a power series in v:

F(\, 0)=AM)v+B,(\, v, 0)+B,(A\, v,v,0) +... .
Then we must have

TAQ)v=AM\)Tv,

T B,(x, v, 1{)) =B,(x,T'v, Tw),

(3.1)

Therefore, each multilinear operator B is covariant
with respect to the representation I".

We first make the assumption that I" is irreducible,
that is, that I' =D!, where D’ is one of the irreducible
representations of the irreducible representations of
S0(3). The contrary case, when /V is reducible, is
sometimes called “accidental degeneracy” by physicists
(Ref. 5 p. 161); Ruelle'® suggests the situation is
nongeneric. Indeed, that is clearly the case in a prob-
lem analyzed in detail by Chow, Hale, and Mallet-
Paret.!® They consider the buckling of a rectangular
plate. Since the symmetry group of the rectangle is
Abelian, the irreducible representations are all one
dimensional; but when the ratio of length to width is
V2, the principle eigenvalue has multiplicity 2. This
situation is clearly nongeneric, for it depends on a
specific choice of physical parameters.

The reducible case is discussed in the next section.
When T is irreducible, the linear term in (3.1)is a
scalar multiple of the identity by Schur’s lemma. Thus
A@M)=0(\) for some scalar 0. The quadratic term
B(\, v,w) must be symmetric in v and w and transform
as D!, The quadratic mapping B may be regarded as a
subspace of symmetric second order tensors which
transform as D! under the action of SO(3). The
Clebsch—Gordan series

D’®D':D2’@D21'l@°°o@D° (3.2)

tells us that the tensor product space V@ /N decomposes
into a direct sum of subspaces, precisely one of which
transforms according to D?, as follows:

NN=V3g. ... Vig...@-+ &V°,

In this decomposition V?! consists of symmetric tensors,
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V27 antisymmetric tensors, and so forth. Accordingly
V! consists of symmetric tensors iff [ is even. There-
fore, for odd ! the quadratic teym vanishes, and we
must go to cubic terms to get the reduced bifurcation
equations. (We shall show below that a similar result
holds more generally when g is a simply reducible
group. )

Since we are interested solely in symmetric tensors
over /V, we can work with polynomials (due to the
natural isomorphism between the ring of polynomials
and symmetric tensors over /V). We therefore identify
N with the vector space of linear polynomials in the
variables z,,..., 2, [since dimD'=(21+ 1)] and denote
by K[z, ...,2,] the ring of polynomials in the indepen-
dent variables z_;,...,2,. K is then isomorphic to the
algebra of symmetric tensors over /.

Let the bifurcation equations be

Fm(Z_,,...,Z,)zo, m=-—l,“e,l.

The linear terms of F, are of the form

F (z,...,2)=qaz,

since, as we have said, the linear term must be a
scalar multiple of the identity. The quadratic terms
are given by

F_=

m (3.9)

Z C(l,ml;mz;l;mz;lrm)zmlz".z’
mytmo=m
where C(l, m,;l, m,;l,m) are the Clebsch— Gordan co-
efficients for SO(3), or
F,=(-1y 2, nlzl

my+my=m

7'5142 _lm> zlemZ , (3. 4)

where
jl j2 j3
my m, My
are the Wigner 3-j coefficients for SO(3).

In the general case the terms F, can be constructed
by the following algorithm, Let the infinitesimal gener-
ators of SO(3) be J,,J,,J,; these satisfy the commutation
relations

[Ji’ Jj] =€y p
where ¢,,, is the completely antisymmetric tensor.

Putting J* =+, + iJ, and J*= ~4J,, we obtain instead
the commutation relations for s1(2)

(3.8)

By well-known algorithms (see Ref. 17, p. 234), using
the commutation relations (3.5), we can construct a
basis f,, for the complexification of the vector space

N such that

(g7, J7]=2J°, [J°%,Jt]=xJ%.

JSfm = mfm;
S =BumSmer s
where

-lsms<l and B, =[{-m)I+m+1)]/2,

In addition, the f,, can be normalized so that the reality
condition

Sm=(=1"f_, (3.8)
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is satisfied.

Since I have not found (3. 6) in the standard references
I will give a proof here. First note that the operators
J,,J,,J, are real operators, and so J°=-J°% J =-J7,
J7==J", It follows that J%, =m f, =~ J°, and there-
fore that J,f, = —mf,. The vector f, has weight —m.
Since /V is irreducible there is only one vector with
weight —m, and that is f_,. SO_E: Cpf-me On the other
hand ‘Cfm:Bmfm+1 50 J*fm:Bmfrrml :Bmcm-»lf-(mu)
=-Jf,==-JC, fon==Cd fon=—CuBnS-m1. Consequent-
ly, ¢,.,=~—c, and we can take ¢, =(-1)"c. For m=0
we have f,=cf,. Choosing ¢ =1, we obtain that f; is
real and £, = (- 1)"f_ .

The reality condition (3. 6) is important when we wish
to restrict ourselves to real solutions of the bifurcation
equations (1.1).

We now require the variables z,, to transform as the
Jnunder J, and J,. We extend J, and J, to be derivations
over K:

J(af +Bg)=adf +BJg,
J(fg)=1fJg+ (g,

where f,ge K and a and 8 are scalars. It is natural to
extend the J’s in this way since they are Lie deriva-
tives.

If the functions F (z_,...,%,) are to transform as

D' they also must transform as the z,:
JF,=mF , JF, =8,F,, . (3.7)

For example, the quadratic polynomials F  are ob-
tained as follows. The action of J; on z,z, is

Ja(2,2,)=(J32;)2, + 2,(J32,) = ( +k)z,z,
S0 J42,2, =mz;z, if j+k=m. Therefore,

F (z4,...

m 721):

zZ_Z_ .
m1+m2=m/]’"1m2"‘ mypmy

In particular, when [/ is even,

2
Fi=a2,2, v a2, 02+ Fay (2, /2) .

Furthermore, J,F,=8,F,= 0, and this condition gives
us a set of linear equations for the coefficients
ay*** @, 5. In the case I =2 we have

F,=az,z,+bz%,
JF,=aByz,2, +2bB,2,2,
= (aB, + 2bB,)z,2,=0,
aB, +2bB8,=0.

The last equation determines the coefficients a and
b, hence F,, up to a scalar multiple. Once F, is known
we get ', | from

J-Fy=B,F,,
and so forth, In this way we can construct all the F's.
This procedure extends immediately to higher order

terms. For example, to get third order terms we
write
F,= 2,
i+j+k=1

and apply

;588252
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JF,=0

to get a linear system of equations for the a,;,. For
1=1 there is only one solution but for =3 there are
two independent solutions. In fact, the condition J,F;=0
in that case leads to five equations in seven unknowns
(see Sec. 7).

4. THE CASE I" REDUCIBLE

We begin by deriving a generating function which
gives the number of covariant n-linear symmetric
mappings for arbitrary n. We first derive a general
formula for arbitrary compact groups, and then apply
the formula in the specific case of O(3). We denote the
irreducible representations of g by I', and suppose
T'= Za,I”, where a, is the multiplicity of I'” in I, The
characters of I' and I'” are denoted by x and y” re-
spectively.

Theovem 4.1: Let T be a representation on the vector
space /V of the compact group g and let ¢, =c,(T,§)
denote the number of completely symmetric n-linear
operators B on // ® AV to /V which are covariant with
respect to I'. Then a generating function for the coef-
ficients ¢, is

> eT, Q) 2" =My(G, T, 2) = [G detll - 2T( )% () du(2).

(4.1)

In the above expression p(g) denotes the normalized
invariant measure on §; we set ¢,(I',§)=1 by
convention.

Proof: Let V/* be the dual of /V; let the n-linear map
B be covariant with respect to I'; and put

Fluyy voo,Ustly) =By, ooy thy,), Uy, (4.2)

where u,,; c/V* and ( , ) denotes the bilinear pairing
between /V and A*. Let T'(g)=TI"(g™) be the contra-
gradient representation. (Here I'* denotes the adjoint
of T relative to the bilinear pairing (, )). F is a tensor
in V"2 A/* which is invariant under the representation
I'®sg ' in fact,

1"8"@ rF(ul’ * ooy un; un‘l)

:F(ruu oy run; fuml)

=<B(ru1! sy run)’ rurwl)

=(TB(ttyy . 00,u,), Tity,y)

=<B(u1: oo !un)’ um1> =F(uyy e, Uys unu)-
The correspondence (4. 2) between covariant n-linear
maps and (n +1)-linear invariants is one—one. On the
other hand, the number of invariants is equal to the
number of times the identity representation is contained

in the tensor product representation r3sg . This
number is given by the expression

L x"(@x()dug).

Now, however, we must modify the argument to take
into account the fact that B is completely symmetric.
We do this by restricting the representation I'®" to

the symmetric part of //®7; the restriction of I'®”" to
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this subspace is denoted by (I'®")s. The character y,,
of (T¥M)s is given by the generating function
det[l -zT() " =2 x,(g) 2", (4.3)

n=0

where yx o(g)=1. The result (4, 1) now follows
immediately.

A derivation of (4. 3) may be found in Littlewood!®
in the chapter on Schur functions: but for completeness
I will present a simpler derivation in the Appendix.

The expression (4. 2) for the covariant mappings is
very closely related to the Molien function (see Jarié
and Birman?) which counts the number of completely
symmetric invariant tensors of each order. The Molien
function has been calculated by Jarié and Birman for
various space groups. Let us calculate the function
(4.1) in the case ( =0(3). First note that the determi-
nant of the direct sum A @ B of two matrices is det A®B
= (det A)(det B); for the determinant of an operator
is the product of its eigenvalues, and the eigenvalues
of ADB are the union of those of A and of B. Therefore

det(l -22, a,T,)" = I [det( — zT )] >,
where [ on the left is the N XN identity matrix (N =dimI’)
and the I’s on the right are the /V,x/V, identity matrices
(N,=dimT,).

It remains to calculate det(I - 2T")) for the irreducible
representations O(3). We first carry out the calculation
for SO(3) and then indicate the modifications which
must be made to treat O(3). Let g be a rotation through
an angle 8, The eigenvalues of D'(g) are then exp(im0,
m=-1,...,1, and therefore

det(I - zD') = I_"I_, (1 - zexp(im8)) (1 - z exp(— im0))

m=0

= < Ili (1 ~2zcosmb + zz)) .

The invariant integral for SO(3) is

1f~
;'/'U (1 - cosH)de

and so our expression for (4.1) is
T

M(SO(3);1";Z):%f

I
. 111 I1(1-2zcosmb + z2)9t

m=0

X ; a;x,(8)(1 — cosb)do
1 m=0

r 1
:élﬂf-r [T I1 (1 -2zcosmb +z°)™1

X; a,X,(8)(1 - cosb)ds,

which can be evaluated by residues.

(4.4)

As to O(3) there are two types of representations,
positive and negative, which are closely related to
those of SO(3). (See Miller,*” p. 249). When g is a pure
rotation, Di(g)=D!(g)=D*g); but when g is a rotation
reflection, D¥g)= —D!(g)=D*(g). The negative repre-
sentations thus contain the inversion v — — v. Since the
spherical harmonics satisfy Y1 (6,1)=(-1)'Y} (v - 9,

7 + @) the subspaces V' transform according to positive
representations for even I, and negative for odd I. In
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order to correct (4. 4) for the case O(3), we cut (4. 4)
in half and add another term corresponding to the inte -
gral over the rotation-reflections of the group. For
this portion of the integral the eigenvalues of the re-
presentations are multiplied by a factor of (- 1),
Therefore, the correction term is

1 [T IT(1-2z(-1) cosmb + 22)™

210 1 m=o

><Zl‘, a,(— 1), (8)(1 — cos)ds.

Now let us turn to algorithms for constructing the
covariant bifurcation equations in the reducible case.
Such an algorithm was given for the case of a finite
group in Ref. 13. Here we present a method using again
the Lie algebra of infinitesimal operators. We look
first at two simple examples, from which the general
algorithm will be clear.

Suppose first that the kernel /V transforms according
to the representation D'® D?, and represent the vector
space /V as linear polynomials in the variables Xgy X41
and ¥, ¥, 1, ¥.o. We then seek polynomials F, F,, and
G,,G,,, G, , in these variables which transform as D!
and D? respectively. Let J, and J, be the operators
discussed in Sec. 3. We have

Jsxj:jxj, Jo¥; =J¥; JSFj:ij, chj:}'G}-,
Jox; =By, Xy X =By %50,
Jtyk:BZ,ijyjtl’
J*Fj :Bl,ijﬂ’ J*szﬁz,jGjﬂ

where B, ;=[(1 - +j+ 172

Since F, must have weight 1, we write it as a sum
of all possible terms of weight 1. For the quadratic
case we have

Fi=ayx, +bx,y, + cyx.4,

and we require J F, =0, We have omitted such terms
as x;x, and y,y, because D' is not contained in

(D'® D")s or (D*® D?)s. (In fact, D' D'=D?*®D*®D°,
where the first and third invariant subspaces are sym-
metric tensors, and the subspace which transforms
according to D' is antisymmetric. A similar situation
is true in the case D’g D?.) Terms such as x,x, show
up in the representation D'® D*; terms y;y; come from
D?@ D?; and terms x;v; come from D' D?,

The condition J F, =0 leads to the equations
bBy + By =0, aB,,+bBy,,=0,
of which there is one solution, Similarly, for G, we
take
Gy=ax3 +by,v, + cv? +dx,y, + exyy,

and apply the condition J,G,=0. This leads to the
equations aB,,, T eBy,,=0, bB;  +2c8,,=0, and no
restriction on a. We get three linearly independent
solutions in all, so there are four covariant poly-
nomials of degree 2: one of weight 7 and three of
weight 2. There are therefore four parameters in the
reduced bifurcation equations.

For the second example consider the case that V
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transforms as 2D, or D' D', In this case choose
variables x,, x,, and v, v,;, and look for polynomials

£, of weight one such that J,F, =0. The reader will
easily determine that there is only one such polynomial,
namely (x;v, ~ x,3,). This may be repeated lwice in the
bifurcation equations, so there are two parameters,
The reduced bifurcation equations are therefore

vy =Alx v, — Xo¥y), Xp= A‘/2(«\'1.\'-1 ~ X)),

Vo =ANGY = Xx), v =By, — X)),

Moo= BV/VZ(XL\‘-I —xXavy), v =Bya - X

The general algorithm now follows. When I'=}q,D}
put N =}a, and choose N different sets of variables
x, v, -+ and N different sets of polynomials F,G,- - .
Each set of variables and polynomials is to transform
irreducibly under the Lie algebra so(3)—with a one—
one correspondance among variables, polynomials,
and the irreducible representations D occurring in T
Each chain of polynomials of a given weight can occur
in any part of the bifurcation equations of the same
weight. Thus, to a, occurrences of D" and b, covariant
polynomial chains of weight v there correspond a,b,
independent parameter in the bifurcation equations—
that is, «,b, independent occurrences of the poly-
nomials of weight v.

5. GRADIENT STRUCTURE OF THE
BIFURCATION EQUATIONS; SIMPLY
REDUCIBLE GROUPS

Suppose that the kernel /{ is irreducible and that the
reduced bifurcation equations take the simple form

(5.1)

As we have already seen, /// must transform according
to an even representation of O(3) [D'(g), where [ is
even), for otherwise the quadratic term is antisym-
metric, In that case Eq. (5.1) possess a gradient
structure, as Busse'® has observed. This gradient
structure is a consequence of a symmetry property

of the 3-j symbols which holds in the more general
context of a “simply reducible group.”

ow + B(uw, w)=0,

Recall that the quadratic terms of the bifurcation
equations are given (for even I) by

F (2 ...,2)=2(-1)" <nlz1 n[zz _;n> 2 B,

(The 3-j symbols vanish whenever Im| >1 or m, +m,
+,+0, hence we may drop the limits of summation.)
Consider the homogeneous polynomial of degree 3

1
Pz . 2= é?_lemZ

restricted to the real subspace of A/ for which
Z,=(~1)"z_,. There we have

1
1 ~
Doy 2) =30 (- 1PF 2,
! 11
=3 2 (’”1 My mg>zm 2, Z .
ml,mz,m3=-l : 1 T2 73

For ! even the 3-j symbols are completely symmetric
in the integers mi,,m,,m,, (Ref. 5, p. 159), and there-
fore
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2 _

azm_Fm(Z-t’ cers 2y

In as much as (5. 1) can be written in the component
form as

oz, +F (2,,...,2,)=0, (5.1°)

we see that these equations possess a gradient structure
and in fact are the Euler—Lagrange equations for the
variational problem

N 1
min 3p,
lzl=1

where

2 1 1

l z ' = mz->z Zmz_m:_zl; (— l)mZmZ_m.
The function p is the third order invariant for the re-
presentation D¥(g) of O(3); that is, p(D*(g)z)=p(z) for
all g O(3). The norm !z |? is the second order invar-
iant. In vector form these invariants take the form
(u,u) and {(B(u,u), ), where { , ) denotes the scalar
product on the vector space /V. The variational pro-
blem is accordingly

min 5 Ble,u),u). (5.2)

{uyud=1

In general, let A/ be a complex inner product space,
T, a unitary representation, and B a covariant symme -
tric bilinear mapping from & xA to /. The trilinear
form Flu,v,w)={Blu,v),w) is always an invariant of
T, as we saw in Sec. 4. Under what conditions, how-
ever, is B(u,u) also the gradient of the function
F@)=%2F@,u,u)? The answer is given in the following
lemma,

Lemma 5.1: Let B, F and/V be as above. Then B is the
gradient of the functional 7 iff the trilinear form ( B(u,
), w) is completely symmetric.

Pyoof: The operator B(u) is the gradient of the func-
tional F(u) if 7(u+eh)=7F(u) +e{Bw),h)+ O(¢). First
suppose the trilinear form {B(u,v),w) is completely
symmetric. Then

Flx +eh)
=F()+ (/D B, x),x) + (Blx,h),x) +{Blx,x),h}]
+ 0e?)
=7 () +e{Blx,x), k) + O(?).

By definition, then, the gradient of 7 is the bilinear
operator B,

The converse is a little harder to prove. By the
symmetry of B,

Flx+eh)=7F ) +e[(Blx,x),h) +2{Bk,x),x)] + O,
whereas, if B is the gradient of 7,

Flx+eh)=Fx)+e{Blx,x),h) + O(&).
Comparing terms of order ¢, we have

{Blx,x),h)={Blx,h),x)

for all vectors x and . Replacing x by x +v in (5.3) and
using the symmetry of B, we obtain the identity

(B(x,9),h)=2[(Blx,h),y) +(Bly,h),x)].

(5.3)

(5.4)
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Interchanging x and & in (5.4), we get
(B(lt,v),x) =3[ (Blh,x),y) +{B(y,x),h)]
=3[(Bl,x),v) + [ (Blx,k),y) +
+(B(y,1),x)}]
=1 (B(x,h),y) +3i(B,h),x);

hence (B(y,n),x)=(B,v),x)=(B(x,h),v). Conse-
quently, the trilinear form F is invariant under the per-
mutations (12) and (13) and so is completely symmetric.

Summarizing the above discussion, we have

Theovem 5.2: When the kernel / transforms accord-
ing to the irreducible representation D!(g) of SO(3) the
quadratic term in the bifurcation equations vanishes
altogether for [ odd and is the gradient of the third order
invariant if ! is even.

The above theorem continues to hold, with appropri-
ate modifications, in the more general context of simply
reducible groups. Simply reducible groups (S.R. groups)
were introduced by Wigner in 1940, (References for
the following remarks may be found in Wigner® and
Hammermesh,® pp. 151—-59). A group is simply reduc-
ible if

(a) Every element is equivalent (conjugate) to its
inverse (i.e., for every p there is an & such that
p=hp~th).

(b) The tensor product of any two irreducible rep-
resentations contains no irreducible representation more
than once.

Many of the groups occurring in applications
are S.R. groups: the symmetric groups S; and S,, the
quaternion group, the three-dimensional rotation group,
the two-dimensional unimodular group, and most of the
crystal point groups. An immediate consequence of
property a is that all the group characters are real
[since x(g“):@ and the character is constant on con-
jugacy classes] and so every representation is equiva-
lent to its complex conjugate representation.

The irreducible representations of a compact group
can be classified into three groups: Those which
possess a real matrix representation; those which do
not possess a real representation but which are never-
theless unitarily equivalent to their complex conjugate
representation; and those which are not equivalent to
their complex conjugate representations. Representa-
tions of the first kind are called integer vepresenta-
tions; those of the second are called half-integer
representations.

Lemma 5.3: The tensor product of two integer
representations or of two half-integer representations
of an S.R. group contains only integer representations,
while the tensor product of an integer and a half-
integer representation contains only half-integer
representations.

The proof of this lemma is given in Wigner’s article.®

The tensor product of a representation with itself can
be decomposed into a symmetric and an antisymmetric
part. For a representation T denote the symmetric part
of T® T by (T'@T)s and the antisymmetric part by

1727 J. Math. Phys._, Vol. 19, No. 8, August 1978

(T®7T)a. If T is an integer representation, the irreduc-
ible parts of (7% T)s are called even representations and
and those in (7®7T)a are called odd representations; on
the other hand, this nomenclature is reversed if T is

a half-integer representation. Wigner has proved that
no representation can be simultaneously odd and even,
but there are integer representations which are neither
even nor odd.

Let the irreducible representations be denoted by IV
and introduce the convention that (- 1)/ =1(-1) if j is
an even (odd) representation and (- 1% =1(~ 1) if j is
an integer (half-integer) representation.

Theorvem 5.4: (Wigner® p. 92) For an S.R. group it is
possible to normalize the 3-j symbols in such a way that
hy J2 s Jo dv s
= (=~ 1)/1’1’2*:’3
Ky Ky Kj Ko Kyp Ky
Hence the 3 —j symbols remain unchanged under an even
permutation of the columns but are multiplied by
(= 1)1(=1)2(~ 1)3 for an odd permutation.

The following is an immediate consequence of
Wigner’s theorem.

Theovem 5.5. Let g be a simply reducible group and
let D/ be an irreducible (unitary) integer representation
of § acting on the vector space //, Let the bilinear map-
ping B be covariant with respect to D?. Then the third
order trilinear invariant (B{u,v),w) is completely sym-
metric if D7 is an even representation and completely
antisymmetric if D/ is an odd representation. Conse-
quently, the quadratic terms of the bifurcation equations
vanish for an odd representation and possess a gradient
structure for even representations.

More generally,

Theorem 5.6: Let T be a unitary representation on a
Hilbert space // such that T *) contains the identity
representation precisely once. Then there is a convar-
iant n-linear map B+ —/ which is either completely
antisymmetric or is completely symmetric and the
gradient of a completely symmetric invariant of order

n+1),
m+1)

Proof: Since T’ contains the identity represent-
ation once there exists a unique invariant F(x
x,+1). Define a representation of S ,, by 7, F(x,, ...,
X1} = FXgm11y5 + + + ) Xyt (per,) TOT 0€S_, . Since the
subspace of invariants is one-dimensional, T, F=X  F
where X is a character of S,u1- Since the only one di-
mensional representations of the symmetric group are
the identity and alternating actions, F is either com-~
pletely symmetric or completely antisymmetric. The
associated covariant operator B is therefore the same.
Remark: Given the (z +1) linear form F the mapping
B is obtained as follows: Fix x,,...,x, and consider the
linear functional u—~ F(x,,...,x_,u). This may be re-
presented as u— (B(x,,...,x,),u) where B(x,,...,
x,)J€#. The linearity and transformation properties of
B are readily derived.) Finally, if F is completely sym-~
metric, then its gradient is easily seen to be the map-
ping x— (n +1)B(x, ..., x) by the argument of the first
part of Lemma 5.1. Theorem 5.5 may be obtained
directly from Theorem 5.6 without recourse to Wigner’s

19 *e vy
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theorem. For if I" is an irreducible integer represen-
tation of a simply reducible group, then it is equivalent
to its contragradient. If T" is contained in I'® T pre-
cisely once, then the identity representation is contained
precisely once in I'®? (R® S contains the identity repre-
sentation precisely once iff R and S are unitarily equi-
valent irreducible representations; see Ref. 13, The-
orem 8.1). If ' is an even representation, it is con-
tained in (I'® I')s, hence the third order invariant must
be symmetric, while if I' is odd it is contained in
(T®T)a and the third order invariant is antisymmetric.

In the case of the rotation group Professor L. Green
(School of Mathematics) and I have succeeded in casting
the variational problem in slightly different way. For
even [ we have the Clebsch—Gordan series

Dieptt=p'eDte...g D0 (5.5)
and the associated representation
_pt/ /2 5=
U A=D'*g)AD"*(g™) (5.6)

on (I +1)Xx (1 +1) matrices A. This representation is
unitary relative to the inner product

(A,B) = {trAB* (5.7

(B* = Hermitian conjugate of B). The third order invari-
ant (there is only one, since D'®D'®D* contains D°
only once) is

HA) =5 trAAx,

The highest weight space, the one that transforms like
D' in (5.5), consists of symmetric tensors, so we may
restrict ourselves to Hermitian symmetric matrices
and rephrase our variational problem as

min} trA®
subject to
strA®=1 and trAB, =0,

where the B, are symmetric matrices which lie in the
lower weight invariant subspaces, In particular
trAI=trA=0. For 1=2, (5.5) reads D'®D'=D*¢: D}

@ D" but the tensors transforming according to D* are
antisymmetric, so we have only the constraint trA=0,
trA2=2. The Euler —Langrange equations are therefore

A=A +vl, (5.8)

where A and I are 3X3 matrices. (The gradient of the
functional 3trA® is the mapping A — A?), Equations (5. 8)
can be completely solved as follows.

Taking the trace of (5.8), we get y=2/3. In the case
1=2, Ais a 3X3 matrix and we can choose a rotation
g as that D'(g)AD'(g"™!) is diagonal, since D'(g) ranges over
over all orthogonal matrices as g ranges over O(3). So,
assuming A is diagonal, we can write (5, 8) as

Mi=ap; +E, i=1,2,8, (5.9)
where i, {,, i, are the eigenvalues of A. The
constraints are

P24 pi+ pi=2, (5.9a)

fy Ry T, =0, (5.9b)

There are two sets of solutions to (5.9), (5.10); viz.,
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1/v3 0 0

0 0 -2/V3
and
-1/V3 0
A=1/V3, A= 0 -1/V3 .
0 0 2/V3

The order of the eigenvalues on the diagonal is im-
material, for any permutation of the diagonal entries of
A produces a point on the same orbit. Indeed, any such
permutation is accomplished by the operation PAP™ |
where P is a permutation matrix, and such a P is an
element of O(3). One of the orbits above gives the
maximum of the functional } trA® on the sphere 3trA*=1,
the other orbit is the minimum. The isotropy subgroup
in each case is O(2) (rotations which leave (§) invariant),
so each extremal is axisymmetric.

The results above were obtained jointly with
Professor L., Green. The method, while quite straight-
forward in the case [ =2, becomes extremely compli-
cated already in the case [ =4 and so does not seem to
be a practical approach to the resolution of the bifurca-
tion equations (5.1) in the general case. It is interesting,
nevertheless, to compare this approach with that of
Michel and Radicati’ in their work on symmetry break-
ing problems in physics.

They study the action of SU(n) on the vector space
@ of Hermitian traceless matrices A with the inner
product (5.7). It can be proved that there are two
linearly independent trilinear invariants of this action,

viz.,

{A,B,C}=4%Vn tr(AB + BA)C, [A,B,C|=~1iitr[A,BIC

with {, , } completely symmetric and [, , | completely
antisymmetric. The bilinear form (5.7) is the only
second order invariant. From this it can be concluded
that there are only two linearly independent algebras on
A with SU(n) as automorphism group. One is the Lie
algebra whose multiplication law is

xny=—zilx,y]
and the other is that with multiplication law

XV y=21ivn (xy +yx) = (1/Vn)tray.

Michel and Radicati are led to study the equation
[(11,17), p. 194 of Ref. 7]

gvgq+Ng)g=0,

where NVly) is a real number. Equation (5.10) is pre-
cisely equivalent to (5. 8).

(5.10)

6. EXTREMAL METHODS AND STABILITY OF
BIFURCATING SOLUTIONS

Having shown in the previous section that the reduced
bifurcation equations sometimes possess a gradient
structure as a consequence of their symmetry, we
investigate in this section the relationship between the
extremal properties of solutions and stability of the
bifurcating solutions. Let us again assume ¢ is a solution
of the reduced bifurcation equations (5.1). The Jacobian
of these equations at v is the linear operator
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J (0 = ox + 2B(v,x).

We know from Theorem 2.3 that the stability of the
bifurcating solutions is determined by the eigenvalues
of the linear operator J,(v). Now suppose B is the
gradient of the functional

} ('U) = %< B(T ,’l'),’L‘)
and that » is the extremal of the variational problem

max 7(v). 6.1)

{v,v)=1
We calculate the second variation of the variational
problem at v. Let x(¢) be a curve on the unit sphere
such that x(0)=». Then, if 7(¢) attains a maximum at
v,

%}(x(t)): (Bv,v),%) +2(B(v,x),x)< 0

and

d: 1 . . . .
FE(xyx):<vyx>+<xsx>:0-

From (5.1), ov+ Bv,v)=0, so
-0, %) +2(B,x),x) <0, (ox+2B(@,x),x)<0
for all tangent vectors ¥ and v. Consequently,

(J,()x,x)<0 (6.2)

for all tangent vectors x. Furthermore, J,(v) leaves
the tangent plane at v invariant. In fact, the equation
{v,x)=0 describes the tangent plane at v and also
(B,x),vY=(Bw,v),%)=-0o{v,%) =0. Therefore, if
{v,x)=0, then (J ()¢,v)=0 as well, and the tangent
plane at » is preserved. So J,(v) maps the tangent plane
to itself, and (6.2) tells us J,(v) is negative semi-
definite at a local maximum ». The normal vector to the
tangent plane is v itself, and J (v)v = 0v + 2B(v,v)
=B(v,v)= - ov., Therefore, the remaining eigenvalue
of J (v) is — 0. Since at an extremal »

—0:<B(’U,U),U>/<v,v>:

the eigenvalue - ¢ is positive at a positive maximum
of (B(v,v),v). We have proved

Theovem 6.1: Suppose the reduced bifurcation equa-
tions (5.1) have a gradient structure and that a solution
v is obtained as a maximum of the variational problem
(5.2). Then one eigenvalue of the Jacobian J,(v) = o7
+2B(v) is positive and the rest are nonpositive,
Accordingly, from Theorem 2.3 it follows that the
corresponding branch of solutions, which in this case is
transcritical, has one unstable subcritical mode:

/ stable

\
N

stable \. unstable

\\ unstable

This situation occurs often in bifurcation problems
and is depicted schematically in the above figure, When
the effect of higher order terms is included the sub-
critical branch may “bend back” and regain stability.
Such a situation is called “hard excitation” in nonlinear
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oscillation theory or “snap through” instability in the
case of buckling theory. The situation depicted in the
figure of Theorem 6.1 can lead to sudden jump dis~-
continuities and hysteresis effects as the parameter
is varied in the vicinity of its critical value.

A similar analysis can be carried through the cubic
case, when the reduced bifurcation equations take the
form

ox — Blx,x,x)=0. (6.3)

Again, if B is the gradient of the functional $(B(x),x)
then equations (6.3) are the Euler-Lagrange equations
for the variational problem

min ¥ Blx,x,x),x).
{x,x)=1

It can easily be shown, by the same analysis as before,
that the eigenvalues of the Jacobian are always non-
positive at a positive minimum of the quartic (B(x,x,x),
x) on the sphere (x,x)=1. Hence at a positive mini-
mum (which does not necessarily exist) we get stable
supercritically bifurcating solutions. The bifurcations
are one-sided—supercritical positive extrema and sub-
critical at negative extrema. Subcritically bifurcating
solutions are always unstable. (For further results

see Sather, %)

7. SPECIAL RESULTS

In this section we discuss the special results which
can be obtained by direct calculations for low values
of I:1=1, 2, 3, 4.

For [ =1 the reduced bifurcation equations are

0z,=az,(22 -22,2_,),

(7.1)

0z, =az,(2% - 2z,2_,),
oz_,=az_,(22-2z,2_),

where the parameter o is to be considered a fixed real
constant. For real solutions we require z,= (- I)"z__,
hence 2} -2z z_ =22+2lz,|°. A nontrivial solution of
(6.1) must satisfy

22+21z,12=0/a, (7.2)

from which we see that 0/a must be positive. Therefore
the bifurcation is supercritical (¢ >0) if 2 >0 and
subcritical if @< 0. The full set of solutions of (6.1) is

(7.3)

The eigenvalues of the Jacobian are constant on orbits
and are most easily evaluated at z,=Vad/a, z,,=0;
they are 0, 0, — 2, reflecting the fact that the orbit of
solutions is two-dimensional. Since the Jacobian is not
invertible, the implicit function theorem cannot be
used to continue solutions of the reduced bifurcation
equations to the full equations. One can a fortiori
restrict oneself to a subspace of axisymmetric solutions
where the problem reduces to bifurcation at a simple
eigenvalue; but the question remains as to whether all
solutions of the full bifurcation equations are obtained
in this way. The case [ =1 arises in spherical convec-
tion problems when the inner and outer surfaces are
free surfaces (Chossat, ! p, 19).

?

z,=vV0/acost, z,=1V0/2asind exp(zig),
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Now let us turn to the case [ =2, which was first
treated in full by Busse® and in Sec. 5 of the present
paper. The reduced bifurcation equations are (setting
o/a =1 without loss of generality)

2,=(2V2 /12,2, - V3/12%),
z,=(-2V1/14z,2,+2V3/72,2_,),

2= (=V2/M22+2V1/14z,2_ + 2V2/T2,2 ),
z., = (=2V1/14z 2, +2V3/Tz,,2,),
2,=(2V2/M2 42, - V3/72%),

(7.4)

This system of equations is already quite complicated
(and is destined to get worse). However, one can obtain
a special class of solutions by setting z,, =0 and taking
z, to be real. The equations then reduce to two equations
in two unknowns (since z_,=z,), viz.,

2,=2V2/T2,2,,
zo=-V2/125+2V32 /123,
Two solution sets are

z,,=V 21/16, 2,,=0, z,=V7/8

(7.5)

+

and

Z,=2,=0, z2,==-Y1/2. (7.6)

One can evaluate the third order invariant p,(z) =%
szE; at the two solutions (properly normalized) and
one finds p, = V2/7 for the first solution and — V2/7

for the second. Thus these two special solutions lie on
the maximum and minimum orbits of the functional p.
The Jacobian of the reduced bifurcation equations can
be calculated and its eigenvalues determined. We omit
the details, but the eigenvalues in both cases are
[3,3,-1,0,0]. Again, both orbits are axisymmetric,
Due to the presence of the zero eigenvalues the implicit
function theorem cannot be used directly here, but there
is an alternative method. Let us restrict ourselves to
solutions with the reflection symmetry property z_
=(-1)"z,. Then all solutions have real values z,.
Under those conditions the last two equations of (6.4)
are identical with the first two. More generally,

Theovem T.1: Let the general bifurcation equations
F(z,... z,) =0 be restricted to the subclass of solu-

tions with the symmetry property
z, =(-1"z_ . (1.7

Then F_ (z_,,...2,)=(-1)"F (z_,...2,) and the bifur-
cation equations to (I +1) real equations in ({ +1) real
unknowns.

Proof: The reality condition z_ =(~1)"z__and (7.7)
imply that z_is real. Furthermore, the bifurcation

equations satisfy
F (2, .,2)=(=1"F_ (z,...,2),

F (z,...,5)=F(2,...,2,).

(7.8)
(7.9)

The property (7.8) following from the reality condition
(3.86) and (7.9) being a consequence of the fact that all
coupling coefficients are real. (They are obtainable by
the Lie algebra methods outlined in Sec. 3.) Combining
(7.7, (7.8), and (7.9), we obtain
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F_m(-’.zm'")__.(_1)mFm(u-.zm"')
=(=1)"F (+oz, " ).

Therefore, the last ! equations coincide with the first
I when z__ is replaced by (- 1)"z

e

We omit the details, but if one computes the Jacobian
of the first three equations of (7.4) at the special
solutions (7.5) and (7. 6) he obtains an invertible
operator. Therefore, all solutions of the bifurcations
can be obtained by solving the reduced bifurcation
equations and applying the implicit function theorem
when the restriction (7.7) is in force. A similar situa-
tion prevails in the case I =4. I conjecture that it is
valid for all even .

For [ =3 there are two distinct covariant terms.
They are obtained as follows. We must take F; to be

— 2
F,=az5z_,+b2,2,2_ ,+C252,2,

+dz,22 +ez,2,2,+ f2iz_, +g23,

Applying the condition J,F,=0, we are led to the system
of five equations in seven unknowns:

(6, B, 0 0 0 0 0][4d]
0 B, B, 0 0 28 Oljb
0 0 B, 28 B 0 Ofjc
0 0 0 0 B B, 0]lldl|=0,
Lo 0 0 0 B 0 3B
f

where 8,=V@-m)@+m+1).

One solution is obtained by taking g=0 and d=1. Then
e=f=0 and we get

Fy=24(2% = 22,2, +22,2_, - 22,2_,).

The quantity in parentheses is the second order invar-
ant, and so is annihilated by the application of any of
the J operators., Therefore, one mapping is

2
F,=2,(25-22,2., +22,2 5~ 2232 5).

A second choice is g#0, d=0. The choice g=v7 leads
to

G,=9V60/7222_, - 9V60/T2,2,2_,
+3V602,2,2_, - 3V102,2,2,
+(30/V7T )22z, + VT 2.

The lower weight polynomials are obtained by
successively applying the lowering operator J_.

The general reduced bifurcation equations in this case
take the form

Az, =AF _+BG,,

where the parameters A and B depend on the external
physical parameters of the problem. Such a situation
occurs in the Bénard problem and gives rise to
mechanisms for pattern selection.!*

!l =4: The quadratic terms in this case are
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F,=(1/V5)z,2, - (1/V2)z,2, + (3/2V14)z22,
Fy=(1/V2)z,2., - (3/2V5 )z,2, + (1/ V14)2,2,,

=(3/V14)z,z_, - (1/V14)z,2., ~ (11/14V5)z,2,
+(3/7V2)22,

=(1/V2)z,2.,+ (1/V18)z,2., ~ (6/TV2)2,2.,
+(9/7V20)z,2,,

= (1/\/§)z4z_4 +(3/2VB)z,2.5 - (11/14V5)z,2_,
~(9/14VB)z,2_ + (9/14V5)22,

The remaining polynomials are found from those above
by the relationship F_ (z_,,...,2.)=(-1)"F, (2,...,

z,)=(-1)"F _(--+(-1)"z__+++). There are many possiblje
[~ o 0 0 0 VE/14 0
0 -5/2 0 0 0o 5/V7
0 0 -25/14 0 0 0
0 0 0 ~-5/14 0 0
J-I=1V5/14 0 0 0 2/7 0
0 5/2V7 0 0 0 -5/14
0 0 15/14 0 0 0
0 0 0 5/2V7 ] 0
0 0 0 0 V5/14 ¢

The eigenvalues of this matrix can be determined by
restricting the matrix to certain invariant subspaces
(determined by inspection), as follows. Let e, denote
the column vector with a 1 in the ith row and zeros
everywhere else. The subspaces {ae,; + be,}, {e, + e},
{ae, + be, +ce.}, {ae, + be,}, {ae, + be,} are all invariant,
and one has to calculate the eigenvalues at most of a

3 X3 matrix. The complete set of eigenvalues is

{0,0,0,-20/7, —20/7, -20/7, -5/7, ~5/17,1}.

Since only one eigenvalue is positive, this octahedral
solution is a possible candidate for the maximum of the
extremal problem. The axisymmetric solution above,
however, is definitely a saddle point of the variational
problem; the eigenvalues of the Jacobian are

{0,0,20/9, 20/9, 10/3, 10/3, ~5/9, =5/9, - 1}.

Busse’s article also contains a discussion of the situa-
tion for higher values of I, and special solutions are
given for {=6,8, His special solutions belong to one of
two classes (besides the axisymmetric solutions):

2,#0, 2, 2,,#0, 3l<n<3l, (7.10a)
z,=0 otherwise;
z,#0, z, #0 for a single n>1/2, (7.10b)

2, =0 otherwise,

The axisymmetric solutions never give a maximum
except in the case [ =2

8. APPLICATIONS

Convection problems in spherical geometries arise
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solutions to the bifurcation equations in this case. Busse
has found two special solutions:

(1) Axisymmetric solutions: z, =-+-=2,=0, ZO¢0
and (2) octahedral solutions: 24_2_4_ 5/V14, z,=V5
2, =2z,,=2,,=0. Busse conjectures, on the bas1s of
numerical work, that the second solution is the one
which maximizes the third order invariant, An analysis
of the Jacobian shows that the axisymmetric solution is
a saddle point and that the octahedral solution is a
candidate for the maximum,.

The Jacobian of the reduced bifurcation equations (we
set 0=1 and drop the normalization condition [z [=1;
the results are affected only by a possible change of
scale) at the special solution z,= V5, z,= z_,=5/V14,

Z*1=Z*2:Zt3:0 is
0 0 0
0 0 0
15/14 0 0
0 5/2V7 0

0 0 v5/14
0 0 0
-25/14 0 0
0 ~5/2 0
0 0 0

I
naturally in geophysical problems and have been dis-

cussed by many authors (Chandrasekar,'® Busse,*
Chossat'®). Convective phenomena in fluid media are
generally modeled by the Boussinesq equations, which,
in dimensionless variables, take the form

du

5t—+u Vu=2au-9p +rg,(r )9r+ewu><};, (8.1)
08

-5;~——( 6+ap,(rlu-r)y-u-ve,

diva =0,

where u is the fluid velocity field, @ is the temperature
perturbatmn b is the hydrodynamlc pressure, and
r=xi +y] + 2k is the position vector. Pr is the Prandtl
number and x is the Rayleigh number; g,{r) is the gravi-
tational field and B,(») is the steady state temperature
gradient. The term wux£ is the coriolis term due to
rotation of the fluid. The operator uXx/% breaks 0O(3)
symmetry, as it is only invariant under rotations about
the & axis.

In geophysical applications these equations are con-
sidered on a spherical shell /<y <1 with appropriate
boundary conditions. When both surfaces are free, the
kernel of the linearized equations contains the space
V' (which transforms as D') (Chossat,'® p, 19), When
both surfaces are rigidand /V is in the vicinity of 0,3 the
kernel of L, for the critical value of ). transforms as
D?; but, as /\/ 1, the kernel of L,, transforms as D!
for h1gher and h1gher values of { (Chossat, personal
communication). Chossat’s thesis contains an extensive
discussion of the linearized eigenvalue problem for the
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Boussinesq equations (7.1) in a spherical shell, and
also discusses the effect of the symmetry breaking term
wu Xk on the bifurcation point. Depending on the sign of
w, one gets either a bifurcation of stationary solutions
or time periodic solutions.

The buckling of perfectly spherical shells has also
been the subject of much investigation. (See esp.
Sather.®12) Many of the investigations have been limited
to Axisymmetric buckling, as in Bauer, Keller and
Reiss.!! This restriction is certainly justified if
kerG (0,0) transforms as D} for I =1,2; but already in
the case I =4 Busse’s result shows that the axisym-
metric solutions are generally not the relevant bifurca-
ting solutions. If the equations of elasticity exhibit the
same behavior as is supposed for the convection
equations—that is, if kerG,(0,0) transforms D' for
higher and higher ! as A/~ 1—then the bifurcation prob-
lem for higher values of I is also of interest in buck-
ling problems. Actually, experiments on the buckling of
very thin spherical shells indicates that this is precisely
the case,

Finally, the symmetry breaking problems studied by
Michel and Radicati’+® also lead directly to the analog
of the reduced bifurcation equations (5.1) but with
S0(3) [or SU(2)] replaced by SU(3).

APPENDIX

Let us derive the expression (4.3) for the generating
function for the characters x, (g) of (I‘ )s. Fix the
group element g and let the elgenvectors of " on V be
e,...,e, with eigenvalues 1,,...,x,. The vector space
(V®)s is spanned by the vectors (e:,®- - -®ey,)s, which
we may represent as

W:E ei0(1)®‘ ‘ -®eia(1‘)'

The action of T®" on w is simply Py = PHESRRP LT R
where m, + -+ - +m,_ =n. Thus a vector in (V®")s may
be represented by 1ts occupation numbers m,,...,m,
(where m, = times e, occurs, and so forth). The trace
of I®" is therefore

Xem &)= trT®n(g)= 2,

mytesstm =n

A;"l .o 7\:"7‘.
Multiplying by 2" and summing, we get

i)'Zrlx(rz)(lg) E Z

n=0 =0 miyeesetmyen

(zx ). (27\,)""

1732 J. Math. Phys., Vol. 19, No. 8, August 1978

= 4

™) eua
mp.--m.,:o (Z)'l) (Z),r)"'r

f

1
= Ty = et = 2T, )
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