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On the free surface of a viscous fluid motion

By D. H. SATTINGER

School of Mathematics, University of Minnesota
Minneapolis, Minnesota, 55455

(Communicated by K. Stewartson, F.R.S. — Received 20 January 1975)

We consider a container of fluid with a rod inserted in the centre. As the
rod rotates the surface of the fluid forms a curved surface whose shape
correctly balances the forces of gravity, internal stress, atmospheric
pressure, and surface tension. The surface of the fluid is depressed in the
neighbourhood of the rod in the case of a Newtonian fluid, but the fluid
may climb along the rod in the case of non-Newtonian fluids. In recent
work by D.D. Joseph and R. S. Fosdick this free surface problem has been
treated quantitatively by virtue of a formal perturbation series in which
the solution is developed in powers of the angular velocity of the rod. The
purpose of the present paper is to give a rigorous proof of convergence in
the case of a Newtonian fluid. The method here may possibly be applied to
other free surface problems — for example, surface waves of a viscous fluid.

The convergence proof provides, to our knowledge, the first rigorous
existence theorem for a free surface problem in the theory of viscous fluids.
The proof also raises a novel problem in the theory of elliptic systems of
partial differential equations. By means of the implicit function theorem,
the question of convergence is reduced to that of obtaining a priors
estimates for an elliptic boundary value problem. That problem is
formulated on a domain with a ridge where the fluid surface meets the rod.
In addition, the type of boundary conditions prescribed differ on the free
surface and on the rod. In general, the solution to such a mixed boundary
value problem is not smooth at the ridge, even if the boundary data is
smooth. The solution will be smooth, however, if the boundary data
satisfy certain consistency conditions which make it compatible with the
given set of partial differential equations. The consistency conditions in
question here are a set of linear relations between various derivatives of
the boundary and inhomogeneous data. It is shown that if one makes
the assumption that the wetting angle of the surface is zero, the consistency
conditions are invariant under the full nonlinear equations of the free
surface problem. This makes it possible to consider the original problem on
a smaller function space — namely the subclass of functions satisfying the
appropriate consistency conditions — and in this subclass one can apply
the implicit function theorem and obtain the required a priori estimates.
The solution thus obtained is regular up to the ridge.

[ 183 ]



184 D. H. Sattinger

1. INTRODUCTION

In two recent papers Joseph, Beavers & Fosdick (1973) and Joseph & Fosdick (1973)
have considered the following free surface problem both theoretically and experi-
mentally. A fluid rests in a container with a rod inserted in the centre (figures 1, 2)
of radius @ which rotates slowly with angular velocity e. The surface of the fluid is
free to adopt the appropriate shape which correctly balances out the forces of
gravity, centripetal accelerations, internal stress, atmospheric pressure, and surface
tension. A perturbation scheme is developed which expresses the solution to the

problem in powers of €.
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Although their perturbation analysis is purely formal, a quite general class of
fluids is considered, including non-Newtonian fluids (specifically, simple fluids).
Their work provides important theoretical and experimental tools for the study of
non-Newtonian fluids .

The purpose of the present paper is to provide a mathematical proof of the
convergence of the perturbation series for the case of a Newtonian fluid - that is,

a fluid whose stress tensor is given by
T =-—pl+2D, (1.1)

where D is the deformation tensor. We thus provide a rigorous existence theorem
for a free surface problem for a viscous fluid motion.

The mathematical problem at hand presents a number of novel features. In the
first place, we have here a ‘domain perturbation’ problem. That is, the domain on
which the equations of fluid mechanics must hold varies with the parameter ¢. In
the second place, the domain in question has a ridge where the fluid surface meets
the rod, so that we are forced to consider boundary value problems for partial
differential equations in which the boundary of the domain is not smooth.

The problem of treating the free surface problem for simple fluids presents
mathematical difficulties of a much more profound nature, and we shall not deal
with that aspect of the problem here.

A second fundamental assumption in the present work, in addition to the consti-
tutive law (1.1), is that the wetting angle is zero. The wetting angle is the angle



On the free surface of a viscous fluid motion 185

of the normal to the free surface with the wall of the rod at the line of contact. This
assumption not only leads to a considerable simplification of the mathematical
problem, but may also fundamentally affect the regularity of the solution at the
line of contact. In the case of zero wetting angle the solutions obtained are regular
everywhere, even at the contact line: the fluid velocities are of Holder class G, ,, the
pressure is of class €y, and the height function z = A(r) of the free surface is of
class Cy .

In the case of non-zero wetting angle the velocities may suffer discontinuities in
the first derivatives at the line of contact. A heuristic argument to this effect, due
to D. Joseph, will be presented in § 8. The assumption of zero wetting angle, though
restrictive, does not exclude cases of physical interest; and, in fact, Joseph and his
co-workers have treated the walls of the rod chemically in order to obtain a zero
wetting angle in their experiments.

The perturbation scheme we use is essentially that used by Joseph et al., although
it does differ in some respects. Since the region occupied by the fluid must be
determined as part of the solution to the problem, the region occupied by the fluid
is mapped on to a domain which remains fixed throughout the perturbation scheme.
The equations are then expressed in tensor notation on the fixed domain; and we
arrive at a system of partial differential equations which depends on the parametere,
but which is defined on a fixed domain. The same method was employed by Gara-
bedian & Schiffer (1952/3) in computing Hadamard’s variational formulae.

The fixed domain in question is £, shown in figure 1. By the implicit function
theorem the question of the convergence of the perturbation series may be reduced
to that of obtaining suitable a priori estimates for the solution of a linear boundary
value problem on £,. This problem is complicated by the fact that the domain
contains a ridge at the lines of contact z = 0, r = @ and z = 0, » = R, and that the
boundary conditions to be prescribed are different on the rod and on the free surface.
In general the solution to such a boundary value problem will not be smooth up to
the ridge unless the boundary data and inhomogeneous term satisfy a certain set of
consistency conditions.

Consider, for example, the Dirichlet problem

Au=f, on >0, y=>0,
u(xa O) = gl(x)7

Let us assume that feC,(Q) (@ = {(»,%): # > 0, y > 0}) and that g;, g,€C,,(B").
= O, y =

If w € G, (@) then necessarily at the corner z 0 we must have

91(0+) = go(0+) (1.2)
and 91(0+) +95(0+) = £(0,0). (1.3)

It has been shown in Volkov (1965) that the consistency conditions (1.2) and (1.3)
are also sufficient for u to belong to 0,,,(€). Boundary value problems for elliptic
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equations on domains with corners, and with mixed boundary conditions, have been
investigated by Volkov (1965), Shamir (1963) and Peetre (1961).

The essential facts to be used in the present case are that (i) for the boundary
value problem to be considered, consistency conditions analogous to (1.2), (1.3)
exist which, if satisfied, ensure that the solution will be regular up to the ridge; and
(ii) these consistency conditions are invariant under the monlinear operations
represented by the equations and boundary conditions. These two features are
present in the case of zero wetting angle, and it is for this reason that the solutions
obtained are regular at the line of contact.

2. MATHEMATICAL FORMULATION OF THE PHYSICAL PROBLEM

Let £, and 2, be the domains shown in figures 1 and 2 respectively. The regions
0, and 2, differ in that the top boundary of ©, is given by

I'n={rz):2=0a<r<R}
while that of 2, is given by
It ={(r,2):a < r < R,z = h(re)}
The function A(r, €) is the level of the free surface formed by the fluid when the inner

rod rotates with angular velocity e. The function £ is subject to the condition

R
f rh(r,e)dr = 0, (2.1)

a

which is a consequence of the conservation of mass and the incompressibility of the

fluid.
The fluid is acted upon by gravity, the gravitational potential being given by

D =gz
The equations of motion for the viscous fluid are
vAv, — (1/p) 0P [0x* = v; Qv [0xd,
in Q,
v, [0xt = 0,

(2.2)

where P = p+® and p is the hydrodynamic pressure. The boundary conditions
satisfied by the fluid velocities on the side of the rod are

v-8=0, vk=0 vb=c (2.3)
and on the container, v =0. (2.4)

In (2.3) the vectors #, k& and § denote the unit vectors in the radial, vertical, and
tangential directions. The boundary conditions on the free surface z = h(r,¢) are

v =0,

(—pI+2vD)-R = —p i+ o], (2.5)
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The quantities appearing above are defined as follows:
v; = velocity components in Cartesian coordinates,
7 = outward normal to the free surface,
D = deformation tensor = $0v,/0x’ + 0v,[0x?) (in Cartesian coordinates),
v = coefficient of viscosity (taken to be unity from now on),
p = density (also taken to be unity),
P, = atmospheric pressure,
p = hydrodynamic pressure,
o = coefficient of surface tension,

J = mean curvature of free surface = % (Wl:-_k(lf)_z—)) ,
The hydrostatic case

Let us consider the case where ¢ = 0. When ¢ = 0 the fluid is motionless, so
D = 0 and the equations (2.2) reduce to

OP[oxt = 0,
hence P =p+® =4 = const
and p=A4-gz.

The boundary condition (2.5) in this case is

=P = =P+ O-J:

1 rh’
— 4 +gh = — ~ 7. )-
Applying condition (2.1) together with the boundary conditions
K(a) =Rk (R) =0 (zero wetting angle)

we see that 4 = p,. Thus 4 is uniquely determined and the free surface in the hydro-
static case is given by z = A(r), where

o rh’ !
(-2 __) —gh=o,
r (w e
b (a) =k'(R) = 0.
The unique solution of this boundary value problem is b = 0, so when ¢ = 0 the

fluid occupies the region £2,. Since & = 0 when € = 0 we replace % by ¢k in the
remaining calculations.

3. DOMAIN PERTURBATIONS

Let 2, and Q, be the domains described in § 2. We construct a transformation W
from Q, to 2, which, in a neighbourhood of z = 0, takes the form

W(r,0,2) = (rcos@,rsin@,z+¢€h(r,€)). (3.1)

The cylindrical coordinates (r,0,z) assume the ranges o < r < R, 0 < 0 < 2, and
Zp < 2z < 0, where 2, is some negative quantity, but is greater than the depth of the
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rod. Although it is not necessary, it will simplify later arguments if we choose W so
that it is volume preserving. The construction of such a transformation W is
obtained by integration of an appropriate divergence — free vector field. The details
are given in the appendix.

In carrying out the tensor calculations below it will be convenient to use the
notation #! = r, ¥% = 0, x3 = z in the base domain £,. The fluid motion takes place
in the region £2,, but via the transformation W we can write the equations on £,
using that region as a fixed coordinate domain.

The metric tensor on £, is given by

ds* = g,; da dad,
oW ow

where i =30t 3 -

Let « be the region 2, n {z, < z < 0}. In « the metric tensor is given by
ds? = (1+€%h'2)dr2 +r2d0% + dz2 +eh’ drdz,

so that 1+4+€%'2 0 eb

Gis = ( 0o 0) (3.2)
eh’ 0 1
The tensor g% is given in « by

1 0 —eh’

g9 = ( 0 2 0 ) . (3.3)
—eh' 0 1+e2h?

Throughout 2, we have g = det gl = r? (3.4)

since the transformation W is volume preserving.
If V is a vector field on £2, then the components v* of ¥ form a contravariant

quantity on £2,. These are given by
vt = g¥ ( Vv

For example, let us compute the components n* of the normal vector n to the free
surface. In physical space n is given by

_ —ecosOh't—esin Oh') +k

)

R

V(1 +¢h'2) ’

while W, = 0W/[dr = cos 0 + sin 0] +eh'k,
Wy = 0W[00 = — rsin 07 +r cos 67, (3.5)

W, = 0W/oz = k.
Then n=n-W; and n'=gin-W;
1

50 ny =0, ny=0, ny= JA+en?y (3.6)
ch n? =0, ud=(1+eh"). (3.7)

A,
and = '\/(1 +€2h12):



On the free surface of a viscous fluid motion 189

We now write the boundary value problem (2.2), (2.3), (2.4) in tensor notation on
the coordinate domain 2. Letting P = p + @, where @ = g(a® +¢h), we obtain

. 0P o
ity = g1 4 9g MDY, (3.8)
v = 0, (3.9)
where v; = gyv, Di=g™D,,,
Dw = 2(” +'v z)

The notation ( ) ; denotes covariant differentiation.
The boundary conditions (2.3) on the rod become

gijviw' = 07\
gy V"0 = ¢, (3.10)

where 77, 69, and &’ are the components of the vectors #, &, and k. Finally, the
boundary conditions on the free surface in tensor notation are
ving = gy v'nf = 0 (3.11)

and (—pg;;+2D) 0t = —pyn;+0dn,. (3.12)
Conditions (3.11) and (8.12) hold on I7.

The system of equations (3.8)—(3.12) constitute a perturbation problem on the
fixed domain £2,. In the next section we calculate the explicit form of these equations
in #.

4, EXPLICIT CALCULATION OF THE PERTURBATION SCHEME

As we mentioned in the introduction, the nonlinear equations (3.8)—(3.12) possess
certain invariance properties which are of crucial importance in obtaining the
appropriate a priori estimates and regularity results. In order to demonstrate these
invariance properties we require an explicit evaluation of the equations and
boundary conditions in a neighbourhood of the ridges z = 0, r = a, E.

For the convenience of the reader we list below the definitions of the Christoffel
symbols and covariant derivatives.

O’hristoﬁel symbols
T agjm a_gin '()gw-
im =9\t owf  Oxm)’
I, ’l%]' = g mr, ijm

Oovariant dertvatives

(091 = L T5oi+ Thyo (4.2)

13 Vol. 349. A.
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Given the metric tensor ds? in « in (3.2) we get the following Christoffel symbols

in «

0O 0 O

I'=(0 —r 0}, (4.3a)
0o o0 o0
0 1i/r O

I'i={i/r 0 0], (4.3b)
0 0 0
eh” 0 0

I'i={ 0 e 0}. (4.3¢)
0 0o o

Below we list explicitly the equations and boundary conditions in the region «.
Since the invariance properties in question occur at the contact lines, we only need
the explicit form of the equations in a neighbourhood of the contact line.

10/ ooty 0%t ot h’ 8201 k,,avl Q’ oot
ror Ta_r = 02 r Oz

ol Op op ?)v , Ovt
e2pe LY ' 39 2)2
h T +¢h % V" r(v?)?2 =0, (4.4a)

10 r&)_@ﬂ a2v2+26_v2 h 9_23;_2_+3&)vz k,,av
ror\ or) " 02 ror ordz r Oz
0% avz x? 2
Py A I Dl P Sl P P S
h Ve T T 0, (4.4b)
19 ov® 03 ”a //a m,1 ’ 0%®
?‘61‘( —5;)4-@-!-6(2}& —h'—+h"v 27& o
B O B . R 028 o ov®
—— Sl gt Y ” n
T TRV Y ) (h 7 2h'h ) 5
ovs op ap op
3 B (012 — erh) (922 — ' e2h2 P _
Cite eh" (v1)2 —erh’ (v?)2 — 3% Do el L e, 5 = 0, (4.4¢)
10 oL ov3
ar( )+———— = 0. (4.44d)
The boundary conditions are
v1=0, 2= 2, =0 (4.5a)

on I, the lateral surface of the inner rod; and

=02 =03=0 (4.5b)
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on Iy, the surface of the container. On the free surface, I'y = {(r,0):a < r < R}, the
boundary conditions are

a?)l ’ av3 a/vl r a ” ’ ’
[az +eh (az 67') k2 S +e v‘-] —eh'Dyy +e2(h')2 Dy =0, (4.6a)

1002 b’ €h'’?

_2__52__._7'_5_D21+—;‘?—-D23 = O’ (4.6b)
3 =0, (4.6¢)
1 erh’ ! o oot
P . — — ’ - ’ 2 12
o r(\/(l +€2k,2)) —egh = p,— P —2¢h' Dy, + 2 % +2¢h 3 =+ 2€¢*h'2Dyy.  (4.7)

Let us sketch the derivation of equations (4.4)-(4.7). The continuity relation
v%; = 0, expressed by (4.4d), can also be written

\/g aa'z (*/ g)

Since the coordinate transformation is volume preserving, ,/g = r everywhere, and
the continuity equation is invariant under the transformation.
On the rod r = @ we have the boundary conditions (3.10). It is easily seen that

ons=a ‘kj____ag’ 747'_—-_8{ and 67'—_—:5‘%/&

so that the boundary conditions (4.5d) follow immediately (recall that 4'(a) = 0).
Equations (4.5b) follow in a similar way. The condition (3.11) reduces immediately
to (4.6¢) in view of the fact that n, = n, = 0. Conditions (4.6 a, b) are obtained from
(3.12) by setting ¢ = 1, 2 respectively. We first lower the index ¢ in (3.12) to obtain

—pn;+2Dyn = —p,n,+0n,. (4.8)
When ¢ = 1 we get Dy;ni =0,
J(1+€h'%) Dy~ _ﬁ/—“‘f"Dn =0,
V(L +€7)
Dys+€2h'2D15—€h'Dyy = 0. (4.9)

The deformation tensor D,; is given by

v, s 0Dy 2 v, Ovg
2-6;—2€h Vg —67—;’02 'a—z"f"—a—;
1§ 0w, 2 , o
Dy=5 —af—;vz — 2erh'v, a—; . (4.10)
avl+ Ovg vy vy
or oz 0z
Furthermore vy = (1 +€2h'2) vl - eh'o3,
vy = %02, (4.11)
vy = v3+eh'vl.

13-2
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Using these relations we get

v, Oy 1@ 2772\ ol 1 P03 63 Tl
Dy = [aﬁarJ 2[5((1+6h )o +Jw)+_(v - ehv)

[aa’;l+ %” Zh’2 + h%’i ran +ek”v1]
The boundary condition (4.6 @) now follows from the above expression for D,; and
from the fact that v® = 0 on z = 0. Condition (4.65) is obtained in a similar fashlon
To obtain (4.7) we set p = P—g(z+¢egh) in (4.8) and then put ¢ = 3 and 2z =
A complete derivation of the momentum equations (4.4) would require too much
space. The third equation (4.4¢) is the critical one for our work, so we shall sketch
its derivation.
Let us begin by recalling two general rules of tensor analysis:
(i) the operations of raising or lowering indices commute with covariant

differentiation . .
I, = (Gg W), 5 = g, 4

(i) w1, = uy, 35 since the metric tensor in Euclidean space has zero curvature.
Using these two facts we show that

ngk(D;Lj)’ k= gjkv,ijlc

In fact, 207D} 1 = 299" (Dyg), 10 = 959"V 10+ 975G e
However, GG ™05 e = GG, o, = G(G0s 1), = 0,
since 9, 4, = g, 4, = Ok gmiv, = 8k o™ = v% = 0.

Therefore, equations (3.7) may be written

. oF ..
Glayt g5 . — pyigst
g ’U’Jk g i UU,].

The most difficult term to calculate is the first. The second covariant derivative of
v¥is given by

X 021 . opm ' . ovm (Ol ,
i = g+ hrgge =T g Thacgeg + (ot = T b+ T o,

We represent v%;;, as a matrix:

0203 a % 0%l vt
9 // ” Mmool [ nZY
az+ h —éh +€h v 67”81' araz+€ 0z
02 3 3 2
v = eh’ — avr T—éa—;— —erh’ %z;— +eh'vt+erh"vt  erh’ %%
0%3 LOVL , o8 023
| Or 0z +eh ES Tk E3 0 ]

We leave it to the reader to complete the verification of equation (4.4¢) if his
seepticism so dictates.
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5. THE IMPLICIT FUNCTION THEOREM

Our aim in this paper is to prove the following theorem:

THEOREM 5.1. The nonlinear boundary value problem (4.4)—(4.7) has a solution
(v%, P, b) which may be expanded in a convergent power series in € for sufficiently small €.
The vector field v* is of class Gy, ,(£2), P is of class Oy ,(£2,), and h is of class Cy . ,(I1).

To prove theorem 5.1 we shall apply the implicit function theorem in a Banach
space to reduce the nonlinear problem to one of attaining @ prior: estimates of
a certain linear boundary value problem.

IMPLICIT FUNCTION THEOREM. Let & and F be complex Banach spaces and let
F: & xC—F, where C denotes the complex numbers. Suppose that F is Frechet
differentiable in (u,€) € & xC. Suppose in addition that F(0,0) = 0 and F,(0,0) is an
1somorphism from & to F . Then there exists an analytic & -valued function u(e) defined
for sufficiently small € such that F(u(e),¢e) = 0.

For a proof and discussion of this theorem, see Agmon, Douglis & Nirenberg
(1964).

Let us now describe the appropriate Banach spaces & and % for the problem at
hand. As before, 2,denotes the region given in § 2. A function f of Holder class C, on
Q, is a continuous function on 2, for which | f], < +co, where

|l = sup| /@) + sup [f@) —f @)

cyea |T—Yl®
A function of class k4o (k = 0, 1, ...) is one which, together with all derivatives up
to order k, belongs to class C,. The norm || f| ., is obtained by summing the C, norms
of fand all its derivatives up to order k. The spaces C.,,, are Banach algebras: that is,
they are Banach spaces for which | fg]xso < | f]ksel9]kra-

Let éa denote the Banach space of divergence-free axisymmetric vector fields of
class Cy,,(2,). The norm of a vector field in é’, is obtained by summing the 2+«
norms of each of the components. We define &, to be the subspace of é’l consisting
of vector fields »¢ such that

¥=0 on I,

ovl 02 0%l

E=—a_z_=ar€)z=0 at 2=0, r=a,R, (5.1)
and M= =02%0z=0 on I,Ne, (5.2)
M=12=03 =0 on [3Nne. (5.3)

Clearly &, is a Banach space.

Let us next derive some consequences of the above conditions on the vector
fields v in &,. We work in cylindrical coordinates in the domain «.

From the continuity equation (4.4d) and (5.1)—(5.3) we get

wlfor =0, 0%3[0r2=0, Ovdfor=0 (5.4)
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at the corners (@, 0) and (&, 0). Furthermore, differentiating (4.4d) with respect to 2
and noting that 0%3/02% = Jv'/dz = 0 at the corners we get
021[0rdz = 0 (5.5)

at the corners.
Let &, be the Banach space of functions P in O}, ,(£2,) which vanish at some

pre-assigned point, and which satisfy

0P[0z=0 at (a,0) and (R,0). (5.6)
Finally, let &5 be the Banach space of functions A(r) in Cy, (I';) which satisfy the
conditions W(a) = K(R) =0, (5.7)
R
f h(r)rdr = 0. (5.8)
a

The Banach space &'is the Cartesian product &; x &, x &,, and an element of &

will be denoted by the triple (v, P, h).
Let #, be the Banach space of vector fields f in the class C,(£2,) which satisfy the

condition fh=0 at r=a,R.
In cylindrical coordinates this condition may be written
f3(r,0) =0, r=a,R. (5.9)

Let #, be the Banach space of function triples {g', 92, 3} with ¢, g?in C, (I";) and
g% = 0 which satisfy the conditions
i(q) = gi(R) = P —
ga) = g*(R) = 0 (?/—1,2),} (5.10)
ng/dTlFa,R =0.
Let #; denote the Banach space of function triples {A!, #2, #3} in G, ,(I'y U I';) which
satisfy the conditions

R=h"=drildz=0 on I,Na,
} (5.11)

M=mR=r=0 on [N«

Finally, let %, denote the Banach space Cy,(I;). Then the Banach space % is the
Cartesian product F; X %, X F3x F,.
The nonlinear operation F: & xC % is defined to be

F(v,P,h,€) = (Fy(v, P,h,¢), Fy(v,P,h,e), Fy(v,€), Fy(v,P,h,¢)),

where the components F}, F,, F,, F, are given as follows:
(1)* Fis a mapping from & xC to &, defined to be

-FJ.(’”:P’h’e) =f’
where f is the vector field whose components are given by
St = gt — g P [ — viv?;.
Since all operations are algebraic, F} is an analytic mapping from &xC to %,
provided 1+ €242 does not vanish — that is, for sufficiently small values of ¢ and 7'.
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(2)* Fyis given by
Fy(v, P, h,€) = (Dyynd, Dyynf, v3)| 1,

That is, F, is a mapping of (v, P, k), quantities defined on 2, or I';, to function triples
{g%, 92, 9%} defined on I',. F, is also analytic in its variables in a sufficiently small
neighbourhood of the origin in & xC.

(3)* Fyis given by Fafv,6) = vlryury

Thus, Fy is a linear trace operator.
(4)* Fyisgiven by

Fy(v, P, h,€) = egh— P + =2 6”3

2,72 ' Y Y
(1 +€2h'%) — 2¢h’ Dy, + p,, o (\/(1 +62k'2)) .
We now prove
THEOREM 5.2. The nonlinear mapping ¥ defined above is an analytic mapping from

& xC to F. In particular, if (v, P,h) satisfy conditions (5.1)~(5.3), (5.6)-(5.8), then
f = F]_(’U, P, h: 6)’ g = {91: 927 93} = I{’Z(v, P: h’ 6) and {hl’ hz’ ks} = F3('l), P: ha 6')

satisfy the conditions (5.9), (5.10), and (5.11) respectively.

Conditions (5.1-5.3), (5.6-5.8) and (5.9-5.11) are the consistency relations we
discussed in the introduction. The content of theorem 5.2 is that the consistency
conditions are invariant under the nonlinear equations.

Proof. We have already observed the analyticity of the mapping F, at least in
a suitably small neighbourhood of the origin in &xC. It remains to show that the
consistency conditions are preserved. First we note that if v satisfies (5.2), (5.3) in #
then A, k2, h? satisfy (5.11) in «, since A = v%|p, | p,.

Now let us check that g%, g and ¢® satisfy the conditions (5.9). From (2)* above

we see that g = Dymi, g® =Dyni, g3 =15

It follows immediately that ¢% = 0 since v = 0 on I';. Now let us examine the term
g'(r) = Dy;n. Referring to (4.6a) we see that

Dyn|,_y g = 3[00![0z+€h"vY],
since k'(a¢) = k'(R) = 0. But since v€ &, [0z = v* = 0 at the corners by (5.1-5.3).
Therefore g'(a) = g*(R) = 0. Similarly one can check that g3(r) = Dy;n’ vanishes at
the corners, since 0v2[0z = 01in (I, U I5) U «.

We now check to see that d

at the corners. First note that
d . d
&Dlﬂ’ﬂ = a; (Du%l +D13n3) = 0

at r = a, R is equivalent to

‘(%: (.D13 + ezh'2D13 - Gh,Dn) = O. (5.12)
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This follows from the fact that the quantity
d 1 =R
dr J(1+€h'?)  (1+¢2h2)}

vanishes at r = a, R.
Differentiating the expression in (5.12) with respect to r and setting » = a or

r = R, we see that it must be shown that

d n
H;D13—~€h Dll =0
at the corners. But at the corners,
Dy = 00, [Or —eh"vy; = 6% [(1+€%h'2) o' +eh'v3] — eh"[v® + eh/'v'] = dv'[or,

since 2’ = 0 there by (5.7). But from (5.4) 0v'/0r = 0 at the corners, so D;; = 0 there.
Finally, atr =aorr = R,

d 0 (Ov, Ov,
23;'D13 E‘)r( +ar)
= 6@_ ( {1+€*h"2 v +¢h'v%} + {vs + eh’vl})
0 2 0 ,61)3 62713 o/ 00t -
= 2 (reth )‘a‘“"“a e (h-—+ehv)

0%t ” 67)3 627) r/a "y Ila !
=wat? wtoe h6‘+€h”+e o

But at the corners,
0% fordz =0 by (5.5),

Wfor =%3[r2 =0 by (5.4),
and v=0%0z=0 by (5.2),(5.3).

In order to verify the condition (5.9) one must show that the expression on the
left side of (4.4c¢) vanishes at r = @, R under the sole assumption that (v, P, h) satisfy
conditions (5.1)-(5.7). Any term containing 4’ may be neglected, since %’ = 0 at
the corners. Now

10 [rdvdy %8 1008
e
since v® vanishes identically on I}. Similarly.

0203[022 = 0,
since v® vanishes identically on (I, U I'y) n . The term 4”00 /0r vanishes as a conse-
quence of (5.4), and so on. The remaining terms may be checked by the reader. This
concludes the proof of theorem 5.2.
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We now evaluate the Frechet derivative of F' at ¢ = 0. For a nonlinear operator #
the Frechet derivative at u, may be computed directly by

F'(ug) = lim F(uy+ev) “F(’ufo).

e—0 €

The Frechet derivatives of the components of F are
Fi(v,P,h,0) = Av, —0P[0x? on £,
Fy(v, P, k) = [$(0v}[0a3 + 0v3[0at),  (0v?[0x3 4 0v®[0a?), v%]| 1,
F:;(”’ P,h,0) = ('Ula 2, ”3)|1‘3 u Iy
Fi(v,P,h,0) = gh—P +20030x®— o (1]r) (rh')'.
For convenience we have written the linearized equations in Cartesian coordinates.
We have seen that F is a differentiable mapping from &xC to %#. To apply the

implicit function theorem we must show that I’ is an isomorphism between & and
& . This will be done in the next section.

(5.13)

6. SOLUTION OF THE LINEAR BOUNDARY VALUE PROBLEM

The problem of proving that F’ is an isomorphism from & to & amounts to
solving and obtaining @ priori estimates for the following boundary value problem

Av;—0pfox® = f;
. 2,
wfot =g, (1=1,2
ifoa® = g; N oo I,
273 = 0 J

27,‘: = h’i on F 2 U F 3
For the following analysis it will be convenient to rewrite the above equations in
cylindrical coordinates:

Loa ot B,
ror\ or 022 72 Or

10/ ov? +621)2 2 v I
7'5; ") T Ty ar =
8’03 82123 _fs
r ar 822 az ’
162( 1)_,_91_’_ =0, (6.1)
o~ ), %3’— —gr), #=0 on Iy,
2
vl =93 =0, %% =0 on I“"2 Nz,
M=v2=23=0 on Fan;z. ]

This is the form of the equations in local coordinates in the region «.
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THEOREM 6.1. Let fe F 4, {91, 9%, 0} F,; then the boundary value problem (6.1) has
a solution (v, p) in & x & and the following a priori estimates hold

([ollzra+2l1+a) < OUF o+ 19 10+ 197 10)-
(INote: the pressure p is determined only up to an additive constant; recall that

we are fixing p uniquely by requiring p to vanish at some preassigned point in £2,.)

Proof. We extend the data f? smoothly to the entire half space z < 0 and the
data g to the entire z—y plane in such a way that the extensions C, and C, , respec-
tively, are axisymmetric, and have compact support. We now solve the half space
problem consisting of equations (6.1) together with the boundary conditions on
z = 0. The problem (6.1) is elliptic in the sense of Agmon et al. (1964), and so the
following estimates hold

[2]2re+ 120 < OUS o+ 19 a + 197 10

Furthermore, at the points r = a, B 2z = 0 we get

Wifoz =g,(r) =0 (s =1,2), (6.2)
v3 = 0%3[022 = 0. (6.3)
The second equality in (6.3) follows by differentiating the continuity relation with
respect to 2, 10/ oo\ %3
| rale) =0
and then noting that
10 o' 19 1dgt
e = — —pgl(r) = g - =
ror o ror? )=y (T)+r dr 0
atr =a,R.
Now let us check that dp/0z = 0 at r = a, R. From the third equation (6.1) we
have @ 1o oW Op

AT AN TR A Y -
mtre T 02 Oz >
But all derivatives of v vanish at the corner, since v® = 0 on I'y and on (I, U 1) N «.

Therefore
Opfoz=—f3=0 at r=a,R.

In order to construct a solution of the original boundary value problem in Q, we
write the solution v* = u?+w’ where u’ satisfies the half space problem and w’
satisfies equations (6.1) with homogeneous right hand side together with the
boundary conditions

wioz=0 (5=1,2)
on I7,
wd=0
and w'=ht—ut on I,ul%,

where the functions A% are the values of v* on I'y U I',.
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Now let 2’ be the domain consisting of the union of £, and its reflexion in the
x—y plane. In order to find the vector field w? we reflect the boundary values of w?
across the plane z = 0. By conditions (6.2), (6.3) above, and since

M=r=dr®ldz=0 on (IHUl)Nna,

we see that w! and w? have sfnooth even extensions acrossz = 0 while w®hasasmooth
odd extension.
The above problem on £’ is invariant under the transformation
(wl(r, z), w2(r, 2), w3(r, 2), p(r, 2)) = (W(r, —2), wi(r, —2), —wd(r, —2),p(r, —2)).

Therefore the solution obtained satisfies the symmetry properties

wi(r, z) = wir, —2) (¢ =1,2)

wi(r,z) = —wd(r, —2),

p(r,2) = p(r, —2).
Thus, the boundary conditions
w0z = 0u?[oz =uw?=0 on I
are satisfied; and, moreover,
Q2uBf0z2 =0 and Op[0z=0 on I7.

Therefore v = ui+w’ and the corresponding pressure function satisfy the con-
ditions (5.1)—(5.3) and (5.6). Also, since £’ is a smoothly bounded domain we obtain
the classical Schauder estimates for (w?, p), hence also for the solution of the original
problem (6.1).

THEOREM 6.2. The Frechet derivative of the mapping F, given in (5.13), is an
isomorphism from & to F.

Proof. In view of theorem 6.1 it only remains to show that (a) the operator F;
has a bounded inverse; and (b) the constant which must be added to the pressure
term P in order to satisfy condition (5.8) is bounded by the norms of the given data.

To prove (@) we consider the boundary value problem

gh—P + 200303 —o(1[r) (rh') = H, (6.4)
B (a) =Hh(R)=0,
where H belongs to the class C; ,(I}). We already have bounds on the norms
| P]l1+e and |43 51, in the region Q,; therefore | P|{}, and |#*|31, have the same
bounds. The operator Lh = gh—o(1fr) ('Y,
B (a) =H(R)=0,

has a bounded inverse on a < r < R; and if Lh = H then there is a constant C

independent of H such that ‘
12ll310 < CJH|11q-
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The additive constant in P is determined as follows. The original function P, in
the solution of the boundary value problem (6.1), was normalized by requiring it to
vanish at a fixed point in £,. We now replace P by P + A and apply condition (5.8)
to (6.4). Integrating (6.4) against rdr over @ < r < R, we obtain

R

f (—P—/\+26@3/8m3)rdr=f Hrdr,
R

AL (R?—a?) =f (—P+20®%0x®— H)rdr.

The constant A is therefore bounded by the quantity
1] 4o+ 2% 240+ [ Hll 14

and these quantities are in turn bounded by the given inhomogeneous data in (6.1).
This completes the proof of theorem 6.2, and the proof of the main result of the

paper is now also complete.

7. REMARKS ON THE FLOW PROBLEM BETWEEN
CONCENTRIC CYLINDERS

In the work by Joseph ef al. (1973) the free surface problem was considered in the
region between two concentric cylinders,

a<r< R, z<h().

In this case the base domain £, is the unbounded region {(r,z)|a < r < R,z < 0}
and additional problems arise in obtaining @ priori estimates for the solution of the
linear boundary value problem. By a reflexion argument similar to that used in § 6
we may replace the original problem by one on the infinite annulus

{(r2):a<r<R,—00<z< o0}

with smooth inhomogeneous data.
Referring to equations (6.1) we note first that the second equation is not coupled

to the other two and so may be separately solved by itself. Since it is a second order
elliptic equation the maximum principle applies, and there is no difficulty in
obtaining uniform estimates for v and its derivatives in the entire annulus.

To solve the system consisting of the first and third equations we introduce the

bilinear form
ovt 6951 vt 0t 0v® 03 0w O3  wlght
Blo,¢) = f f {ar o T az+ar o T T }rdrdz
defined on divergence free vector fields on the annulus.

By the usual arguments the original problem with inhomogeneous boundary
data can be converted to one with homogeneous boundary data. Therefore we may
work on the class of vector fields which vanish on the boundary. Let H be the class
of such vector fields » on the annular region for which B(u, %) < + 0. H is a Hilbert



On the free surface of a viscous fluid motion 201

space with inner product (u,$) = B(u, ). The system of equations consisting of
the first and third equations in (6.1) can be written in weak form ag

B(u, ¢) = (f: ¢)’
def PR [oo
where (fi9) = f f (1ot +f2¢% rdr.
a -0
Here ¢ is a test function in Ilofl while f is an arbitrary vector field in

Ly{(r,z)|a < r < R, —0 < 2 < 0}.

Since v1 = #® = 0 on r = @ and r = R we easily obtain the estimates.

© R © R
f f (v)2rdrdz < constf f (0vi[or)?rdrdz
- —oJa

fors = 1, 3. Therefore |(u, ¢)| < B(u, ¢) and so ¢ — (f, ) is a linear functional on I-ifl
By the Riesz representation theorem, given fin L, there exists an element » in I:I1
such that B(u,d) = (f, $) for all test functions ¢ in H1 The vector field u is the
weak solution of the problem and satisfies

lull < consb]f],

where |f| denotes the L, norm of f and |u| = /(B(u,u)).
The problem of obtaining global estimates for the L, norms of the second deriva-
tives of » is more difficult. That is, we should like to obtain estimates of the form

2yt 2i\2  [O%p0\2 .
f f (672) (E)raz) +(—6?) rdrdz < const |f|2
One method of doing this is to introduce a stream function ¢:
rot =1y, rd=—1,.

By the usual procedures one obtains a fourth order elliptic equation (the biharmonic
equation) for 3. In the simpler case of rectangular coordinates in a strip

(—o0<2<0, —1<x<1)

the corresponding equation may be solved by separation of variables. The solution
may be expanded in a biorthogonal sequence of functions. Specifically, one obtains
for i the fourth order boundary value problem

D-w?2f =4, P(+1,0) =%"-§(i1’w) =

where ¥/(x,w) denotes the Fourier transform of ¥(x,z) in the z variable. The
associated sequence of functions is given by the solutions of

(Dz“w%)z wn(x, wn) =0,

Yl 1,0,) = L1 1,0,) =0,
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Here D = 0/0x. See Joseph & Fosdick (1973) and R.C.T.Smith (1952). The global
estimates on the second derivatives of »* and v? can be obtained by using the repre-
sentation of ! and ¢ in a biorthogonal sequence of the {{/,}.

One possible method for obtaining global L, estimates in the case of the annular
region is to develop the corresponding theory for the biharmonic equation obtained
for r in the case of cylindrical coordinates.

Having obtained global L, estimates for » and its first and second derivatives
we can then obtain L, estimates on v by applying the usual Sobolev inequalities.
Finally, we obtain global Schauder estimates for » of the type obtained in theorem
6.1 by applying theorem 9.3 of Agmon, Douglis & Nirenberg (1964).

8. NON-ZERO WETTING ANGLE
We point out here that if the wetting angle is not zero or 1z (that is, if
b (a) # 0 £1),

and if the velocity field is continuously differentiable up to the line of contact, then
the deformation tensor D,; vanishes identically along the line of contact. First,
recall that 0v%/0z = 0 at (@, 0) and

Dyynd = \J(1+H12) Dyg— (I'[{(1 +1'%)) Dyy = 0.
Since ~no longer vanishes when ¢ = 0 we donotreplace 4 by ek in the basic equations.

Now
_ P Qg . p ¥
BT o oz
and if A’(a) # 0, we get
- _ 0 a2 s 000
O_DZI-&(rv)—aav =at=.
Therefore 0v%/0r = 0 at (a, 0).
Now consider the boundary condition
. , 3
0= Dljn] = J(l +}I: 2)D13—mbn
Ov, Ow Y v
’9 1 3 ZY1 g
] ar) ~ (e ”3)
17,2 2 ,a?)3 o? ” I
= 1,/(1+'R2) | (1 +h )——+h =ta Tk 1+h
4 9 ot A% /
At r = a, z = 0 this condition becomes

' oot 3
0= /(1A% (""”‘ ar> A7)

[ 1=k? O, .
- (s G-

ov
12 ’
((1+h )—-—+h ar)
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(Recall that we still have 0v'/0z = 0v3[0z = 0, etc., at the ridge.) But we have already
seen (from the mass continuity relation) that O0v'[or = 0, so 0v3/0r = 0 as well,
provided A’ # +1.
Now consider D,; as given by (4.10). We have already seen that
Dyy =Dy = Dy = 0.
Furthermore, since 0v'/0r = 0v3[0r = 0 we see that
Dyy =Dy =0; Dyy = 0v,/0z = 03[0z + h'0v1 [0z = 0;
Dyy = —rh'v® —rh'2010® = 0.

Finally, since D,3 = 0 we also have D;; = 0 by the preceding calculation. Thus all
components of D,; vanish identically along the line of contact. Physical considera-
tions suggest that the deformation tensor of a viscous fluid should not vanish along
a moving boundary, and Joseph’s formal calculations show this not to be the case
(see (5.2), p. 340; the quantity ¢® is the third order coefficient in the expansion of

the angular velocity »2). These considerations suggest that the fluid velocities may
suffer singularities in the derivatives at the contact line.
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colleagues, Professor D. Joseph and Professor J. Serrin. The problem was first called
to the author’s attention by D. Joseph; and a further understanding was obtained
from Serrin’s lectures on fluid mechanics in 1973—4 at the University of Minnesota.

This research was supported by a grant from the National Science Foundation,
NSF grant no. MPS 73-08535 AO2.

APPENDIX

We construct here a volume preserving transformation which maps £, to £2, and
which has the form (3.1) in the open set «. The transformation W is obtained by
integration of a divergence-free vector field X. Thus we solve

dwilds = X¥(r,0,2),

Wi(r,8,2,0) = rcos0,

W2(r,0,2,0) = osind,

W3(r,0,2,0) = z.
Working in cylindrical coordinates, the vector field X must satisfy

; a%(er) +6%X2+6%X3 = 0.
We take X2 = 0 and X3(r,2) = —§(2) h(r,€), where £ = 1 in « but £ has compact
support and vanishes identically below the bottom of the rod. Finally we let
XY(r,z) = &'(2)D(r,¢).

Then X! and X3 satisfy the continuity relation if @ satisfies the equation

(A1)

10
;'a-;(’f@)-l—h(?',ﬁ) = 0.
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Integrating this equation with respect to » and choosing @ to vanish at r = a we get
1 (r
D(r,¢) = ———f Th(t,€)dr.
rJa

Furthermore, by condition (2.1) we see that @(R, €) = 0 also. Finally, integration of
equations (A 1) gives
Wi(r,0,z,€) = rcos0,

W3(r,0,2z,€) = rsinf in «,
Wi(r,0,z,€) = z+e¢h(r,€).

Since £ vanishes identically in the bottom of the container the transformation W
reduces to the identity transformation there. Also, since @(a,¢) = DP(R,¢) = 0, the
lateral walls of the container and rod remain invariant under the transformation.
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