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Abstract

In this paper, we review a published result on the use of Monte Carlo sampling to solve the
chance constrained problem in stochastic programming by Calafiori and Campi. The method of
Monte Carlo sampling is shown to generate solutions that are feasible for the chance constrained
problem with high probability. Then, we present an original result from our current work that
uses Monte Carlo sampling to assess solution quality in another class of stochastic programs.

1 Introduction to Stochastic Programming

In an optimization problem, one seeks the “best” way to accomplish some result, subject to some
constraints on the system that affects the decisions. The general optimization problem may be
stated as

min
x∈X (ξ)⊆Rn

f(x, ξ) (1)

where f : X → R is the objective function, X is the set of allowed solutions, called the feasible set,
x is a vector of decision variables and ξ is a vector of problem parameters which may affect the
objective function or the set of feasible solutions. When X is a convex set and f(x, ξ) is a convex
function in x, then (1) is called a convex program. Convex programs are amenable to numerical
solution techniques and also have desired theoretical properties. The deterministic programming
problem assumes that this vector ξ is known exactly, and proceeds to solve (1) via one of many
known solution techniques. One important special case is the linear program, when f is linear in
x, and the feasible set is X = {x : Ax ≤ b,x ≥ 0}, for A ∈ Rm×n and b ∈ Rm. Throughout this
paper, the notation u ≤ v for vectors u and v denotes element-wise comparison.

The exact value of ξ is often unknown in practice. In this case, one may wish to approximate ξ
with a single value (e.g., a point estimate of its “average” value), and proceed with the deterministic
programming solution. However, this solution method may result in a solution that is infeasible
when the results of the problem are transcribed back into the real world. Another method, reviewed
briefly in Section 2.1.2, assumes only that ξ belongs to some set, and proceeds to optimize the worst
case scenario. This method suffers from the drawback that all values of ξ are considered to be equal,
even those that are believed to be unlikely.

The approach of stochastic programming is to consider the parameter ξ as a random variable
ξ̃. (A small notational note: in this paper, we follow the convention that random variables are
denoted with a tilde.) This paper examines methods of solving and evaluating solutions to the
optimization problem (1) by methods of Monte Carlo sampling of the parameter ξ̃. The original
research presented here examines a method of assessing the quality of a proposed solution and
assumes that the feasible set X is independent of ξ̃, while the published work reviewed here seeks
to solve problems where the objective function, but not the feasible region, is independent of ξ̃.
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The structure of this paper is as follows: Section 2 introduces the uncertain convex program,
whose results will be reviewed by this paper; Section 3 reviews some of these recent theoretical
results and Section 4 discusses some computational results. Both Section 3 and Section 4 summarize
the contributions of Calafiori and Campi [5]. Section 5 briefly discusses some results that have
followed from the principal paper reviewed here and Section 6 discusses a research project that has
recently been completed. Finally, Section 7 comments on the future path of research.

2 The Uncertain Convex Program

The Uncertain Convex Program (UCP) [5] is a generalization of convex programming where the
constraints are not known exactly. The uncertainty is assumed to be parameterized by an instance
parameter ξ ∈ Ξ ⊆ Rs, and we seek to solve the optimization problem

min
x∈X⊆Rn

{
cTx : g(x, ξ) ≤ 0,∀ξ ∈ Ξ

}
(UCP)

where x ∈ X is the vector of decision variables, X is closed, convex and independent of ξ, and
g(x, ξ) : X ×Ξ→ R, the constraint that stores all dependence on the instance parameter, is convex
in x for all ξ. We can assume, without loss of generality, that g is scalar, since we can otherwise
replace it with g(x, ξ) = maxi{gi(x, ξ)}. The objective function is assumed to be linear, but can be
expanded to a convex function c(x), for example, by epigraphic methods of translating the problem
into

min
x∈X⊆Rn

{γ : g(x, ξ) ≤ 0, ξ ∈ Ξ, c(x)− γ ≤ 0} .

2.1 Solutions Methods

2.1.1 Chance Constrained Problem

The Chance Constrained Program (CCP), first introduced for linear problems by Charnes and
Cooper in 1959 [7], introduces a probability measure P to the uncertain convex program (UCP).
This measure could represent a known distribution of the stochastic instance parameter ξ̃, or it
could represent a weighting of the relative importance of the possible values of ξ̃. Let ε ∈ [0, 1] be
the level of acceptable risk of violating the constraint g. Then the chance constrained problem is
given by

min
x∈X⊆Rn

{
cTx : P

[
g(x, ξ̃) > 0

]
≤ ε
}
. (CCP)

One immediate difficulty of solving (CCP) is that evaluating P
[
g(x, ξ̃) > 0

]
typically involves

computing an integral in multiple dimensions, a computationally intensive task when s, the dimen-
sion of ξ̃, is sufficiently large. Another significant difficulty to solving (CCP) is that, even with the
assumptions placed on (UCP), the chance constrained problem may be non-convex. Sen and Higle
[19] provide a simple example of such a problem,

min
x∈R2

{
x1 + x2 : P

[
2x1 + x2 ≥ ξ̃1, x1 + 2x2 ≥ ξ̃2

]
≥ 0.5

}
(2)

where the dependent random variables ξ̃1 and ξ̃2 each have a Bernoulli distribution, with ξ̃2 = 1−ξ̃1.
The feasible region is shown in Figure 1. The upper right region of the plot contains values of
x that are feasible with probability 1, and satisfy the equations 2x1 + x2 ≥ max ξ̃1 = 1 and
x1 + 2x2 ≥ max ξ̃2 = 1. The two remaining strips represent regions where one of ξ̃1, ξ̃2 assumes a
value of zero.
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Figure 1: A graphical representation of feasible region of problem (2). Note that in this chance
constrained programming problem, the feasible region is nonconvex.

Definition 1. A set S is said to be a cone if ∃v ∈ S and, for every x ∈ S and λ > 0, v+λ(x−v) ∈
S.

Note that the feasible region in Figure 1 has the form of a union of two cones. Dencheva [9]
shows that this form of the feasible region generalizes to a wider class of problems, where the
randomness is on the right-hand side of the constraints, i.e.,

max
x∈X

cTx (3)

subject to P
[
g(x) < ξ̃

]
≤ ε,

where g(x) = (g1(x), . . . , gs(x)) and gi(x) are convex functions for i = 1, . . . , s. Define the p-level
set of the distribution function of ξ̃

Sp =
{
d ∈ Rs : P

[
ξ̃ ≤ d

]
≥ p
}
.

Then, letting p = 1− ε, we can rewrite (3) as

max
x∈X

cTx (4)

subject to g(x) ∈ S1−ε. (5)

This changes our focus from avoiding “bad” values of ξ̃ to seeking “good” values of ξ̃, but this
change is necessary for the next definition (Definition 6 from [9]).

Definition 2. Let p ∈ (0, 1]. A point v ∈ Rs is called a p-efficient point of the probability distribu-
tion function F if F (v) ≥ p and there is no z ≤ v, z 6= v such that F (z) ≥ p.

Then the set of p-efficient points of the p-level set Sp is the set of the “smallest” points in
Sp with respect to the partial order of Rs given by component-wise comparisons. Clearly, the set
of p-efficient points is a singleton for every p ∈ (0, 1] if ξ̃ is scalar valued. However, for higher
dimensions, there is no limit on the number of p-efficient points for a general ξ̃—indeed, there
could be infinitely many p-efficient points (i.e., the set of p-efficient points could be unbounded and
not closed) [9].
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Let vj , j ∈ J be an enumeration of all p-efficient points of Sp, and Kj = {x ∈ Rs : x ≥ vj} be
the cones centered at vj and extending into the positive orthant, then Theorem 14 of [9] shows that
Sp =

⋃
j∈J Kj . This clearly explains the structure of the feasible set of (2) in Figure 1. The feasible

set of (2) is given by the union of two cones with centers v1 = (−1/3, 2/3) and v2 = (2/3,−1/3),
given by Kj =

{
x : x = vj + λ1(1, 2)T + λ2(2, 1)T , λ1, λ2 ≥ 0

}
.

2.1.2 Robust Optimization

A more direct method of obtaining a solution to (UCP) is the Robust Convex Program (RCP)

min
x∈X⊆Rn

{
cTx : x ∈ X ∩K

}
(RCP)

where
K ≡

⋂
ξ̃∈Ξ

{x : g(x, ξ) ≤ 0}.

The (RCP) has the advantage that X ∩ K is always a convex set, unlike the feasible region of
(CCP). However, (RCP) is in general a semi-infinite program, i.e., a problem requiring an infinite
number of constraints but a finite number of decision variables. Such problems are difficult to solve
numerically, and methods rely on the use of some relaxations of the problem.

One obvious problem with the robust approach is that X ∩ K, the set of solutions that are
feasible for every instance parameter, might be empty. This may be a problem if, for example, at
least one component of ξ̃ is supported on the entire real line. Calafiori and Campi in the paper
reviewed here [5] assume that X ∩K is nonempty.

2.2 Sampled Convex Program

Calafiori and Campi propose the use of the Sampled Convex Program (SCP) as a method of
ameliorating the difficulties involved in the above two solution methods. The problem is given by

min
x∈X⊆Rn

{
cTx : g(x, ξ̃(i)) ≤ 0, i = 1, . . . , N

}
, (SCPN )

where ξ̃(i), i = 1, . . . , N are independent and identically distributed (iid) samples from the distri-
bution of the random variable ξ̃.

In their examination of (SCPN ), Calafiori and Campi initially assume that each sampled pro-
gram has a unique optimal solution, and relax the assumption to cases when (SCPN ) has multiple
optimal solutions, or is unbounded in a later extension. The assumption in Section 2.1.2, X ∩K 6= ∅
guarantees that (SCPN ) will have a feasible solution, since (SCPN ) uses a subset of the constraints
of (RCP).

3 Recent Theoretical Results

We begin with a probability space (Ω,F , P̂), and the random variables ξ̃ : (Ω,F) → (Ξ,D), with
distribution P. Then, we define the probability of violating the constraint, (Definition 1 of [5]),

Definition 3. Let x ∈ X be a candidate solution to the uncertain convex program (UCP). The
violation probability is

V (x) ≡ P [ξ ∈ Ξ : g(x, ξ) > 0]
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Calafiori and Campi here use the additional assumption that {ξ ∈ Ξ : g(x, ξ) > 0} is a mea-
surable set for all x ∈ X . This assumption is not particularly strong, and will be satisfied in the
natural case of D = B(Rs), with g Borel in ξ̃ for every x. Note that g is already Borel in x, since
it is assumed convex in x for every ξ̃. Clearly, the sampled program (SCPN ) seeks, in part, to
determine a candidate solution with sufficiently small V (x). This leads us to the next definition
(Definition 2 of [5]):

Definition 4. Let ε ∈ [0, 1]. x ∈ X is an ε-level solution if V (x) ≤ ε.

Note that the set {x ∈ X : V (x) ≤ ε} is the feasible set for the chance constrained problem
(CCP), so any ε-level solution is feasible for (CCP).

Let x∗N be the optimal solution to (SCPN ), a random variable that depends on the sampled
constraints ξ̃(1), . . . , ξ̃(N). The two key results of the paper (Theorem 1 and Corollary 1 of [5]) are
provided next.

Theorem 5. Let x∗N be the optimal solution to (SCPN ). Then

EPN [V (x∗N )] ≤ n

N + 1

where n is the size of the decision vector x, and PN (= P × · · · × P, N times) is the probability
measure on the space ΞN of the multi-sample extraction ξ̃(1), . . . , ξ̃(N).

Corollary 6. Fix two real numbers ε ∈ [0, 1] (level parameter) and β ∈ [0, 1] (confidence parameter)
and let

N ≥ n

εβ
− 1. (6)

Then, with probability no smaller than 1− β, the randomized problem (SCPN ) returns an optimal
solution x∗N which is ε-level robustly feasible.

3.1 Discussion of Results

Two things are particularly striking about these results. First, the expected solution level of x∗N
decreases hyperbolically with the number of samples N , and increases only with the size of the
decision vector x. Second, neither of these results depends on the probability measure P. One
aspect of particular interest is that the sampled program can be applied to find ε-level solution
even if the probability distribution of P is not known exactly—assuming that the distribution can
be sampled from. Some further results, briefly discussed in Section 5, have been dedicated to
finding good (though likely non-optimal) solutions without the ability to sample from an unknown
distribution P.

The number of constraints required by the algorithm increases linearly with 1/εβ, as well as
with the size of the decision vector. For example, a standard statistical choice of ε = β = 0.05
yields approximately 400 constraints per dimension of x. This number, though it can be large for
some problems, can be managed by current convex solvers for reasonable values of ε and β.

The probability measure in the sampled problem inherits its role of governing the sampling of
ξ̃ from the chance constrained problem (CCP), and takes on the additional role in the sampled
problem (SCPN ) as the probability with which the quality of the solution is assessed. The role of
quality assessment may be particularly important when P is determined by weighing the relative
importance of the instance parameters, rather than the frequency with which instance parameters
occur.
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In addition to the possibility that X ∩K = ∅ (which was ignored for the purposes of the paper),
one downside of solving the robust program (RCP) over (CCP) (or approximating its solution with
(SCPN )) is that a small subset of Ξ (with respect to P) may significantly decrease the size of the
feasible set or otherwise change the objective value significantly. Calafiori and Campi provide the
simple example

min
x∈R
{x : g(x, ξ̃) ≤ 0}

where

g(x, ξ̃) =

{
1
α − x, ξ̃ ∈ [0, α]

−x, ξ̃ ∈ (α, 1],

ξ̃ is uniformly distributed over Ξ = [0, 1], and α is a small positive number. Choosing a probability
of infeasibility ε ≥ α, it is clear that x∗ = 0 is an ε-level feasible solution. However, restricting
the feasible region to that of (RCP), the feasible region becomes x ≥ 1/α, leading to an optimal
solution of x∗ = 1/α. Then, for smaller values of α, one pays an increasingly steep price for the
inclusion of the set of “bad” parameters ξ̃ ∈ [0, α].

An optimal solution to the ε-level problem (CCP) will always outperform (i.e., will have a
smaller value of cTx) an optimal solution to the robust problem, because the set of ε-level solutions
contains the entire feasible region for (UCP). Thus, the choice of ε is dictated by the competing
desires of feasibility (with high probability) and performance of the optimal solution.

In light of these competing desires, it is important to remember that the solution generated
with N ≥ n/εβ − 1 samples may exceed the guarantee of being an ε-level robustly feasible solution
with probability at least 1 − β. The level of the candidate solution x∗N can be efficiently tested

with Monte Carlo sampling. Let V̂M (x∗N ) be an empirical probability of constraint violation, i.e.,

V̂M (x∗N ) = 1
M

∑M
i=1 1g(x∗N ,ξ̃(i))≤0, where 1 is the indicator function, and ξ̃(i), i = 1, . . . ,M is batch

of iid samples of ξ̃ that is independent of the samples used to determine x∗N . Then the Hoeffding
inequality states that

PN
[∣∣∣V̂M (x∗N )− V (x∗N )

∣∣∣ ≤ ε′] ≥ 1− 2e−2(ε′)2M .

Then
∣∣∣V̂M (x∗N )− V (x∗N )

∣∣∣ ≤ ε′ holds with probability at least 1 − β′ if M ≥ log 2/β′

2(ε′)2 . This test is

an efficient means of assessing solution quality, since no additional optimization problems need to
be solved. An example case where the the solution found by solving (SCPN ) is significantly better
than ε-level robustly feasible is presented in Section 4.2.

3.2 Proof of Theorem

To show the main result, Calafiori and Campi prove a theorem bounding the number of support
constraints for a convex program. Define the convex programs

min
x∈Rn

{
cTx : x ∈

m⋂
i=1

Xi

}
, (P )

where Xi, i = 1, . . . ,m are closed convex sets. Then the problems Pk, k = 1, . . . ,m are obtained
by removing the constraint x ∈ Xk, i.e.,

min
x∈Rn

cTx : x ∈
m⋂

i=1,i 6=k
Xi

 . (Pk)

Let x∗ and x∗k be optimal solution to problems (P ) and (Pk), respectively.
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Definition 7. The k-th constraint Xk is a support constraint for (P ) if problem (Pk) has an optimal
solution x∗k such that cTx∗k < cTx∗.

Then Calafiori and Campi go on to prove (Theorem 2 of [5])

Theorem 8. The number of support constraints for problem (P ) is at most n.

The proof of this theorem is not instructive, so it is omitted. However, we can gain some
intuition about why it should be true. Consider the special case of the linear program, i.e., when
Xi = {x : aTi x ≤ bi}, for ai ∈ Rn, bi ∈ R. It is well known that the optimal solution x∗ occurs
on a vertex of ∩mi=1Xi, and that there are at least n linearly independent constraints Xi such
that aTi x∗ = bi (see Definition 2.9 and Theorem 2.3 of [4]). Without loss of generality, suppose
these constraints are X1, . . . ,Xn, and the other constraints satisfied at equality (if they exist) are
Xn+1, . . . ,Xr. Then constraints Xn+1, . . . ,Xr can be removed, but x∗ will still be a vertex of the
polyhedron. If we consider a general convex feasible set, this intuition is modified to note that (1)
the optimal solution need not occur at a vertex (so there will be fewer than n supporting constraints)
and (2) convex sets have at least one tangent hyperplane at every point on the boundary.

Using the above theorem, we prove Theorem 5.

Proof of Theorem 5. The proof proceeds in two steps. First, we wish to find an unbiased sta-
tistical estimator of E [V (x∗N )], where x∗N is the optimal solution of (SCPN ), which we denote as

V̂N . We then show that V̂N ≤ n
N+1 a.s.

Let z̃(1), . . . , z̃(N+1) be N + 1 independent samples from the distribution P on Ξ, which are
independent of the samples ξ̃(1), . . . , ξ̃(N) used to formulate (SCPN ). We look at the N+1 instances
of the problem (SCPN )

min
x∈X⊆Rn

{
cTx : g(x, z̃(i)) ≤ 0, i = 1, . . . , k − 1, k + 1, . . . , N + 1

}
, (SCPkN )

for each k = 1, . . . , N + 1. Let (x∗N )k be the optimal solution to (SCPkN ), and note that (x∗N )k

may not satisfy the omitted constraint, g((x∗N )k, z̃(k)) ≤ 0. Let the indicator function vk ≡
1g((x∗N )k,z̃(k))>0 be a random variable that determines when the omitted constraint is violated.
Then

EPN+1 [vk] = EPN

[
EP

[
vk|z̃(1), . . . , z̃(k−1), z̃(k+1), . . . , z̃N+1)

]]
= EPN

[
P
[
z ∈ Ξ : g((x∗N )k, z̃(k)) > 0

]]
= EPN

[
V ((x∗N )k)

]
= EPN [V (x∗N )] ,

where the last equality follows from the fact that (SCPkN ) is simply one realization of (SCPN ).
Then we define our estimator

V̂N =
1

N + 1

N+1∑
k=1

vk

and we can clearly see that our estimator is unbiased, i.e.,. EPN+1

[
V̂N

]
= EPN [V (x∗N )].

To show that the estimator V̂N is bounded above, let z(1), . . . , z(N+1) be a realization of
z̃(1), . . . , z̃(N+1), and consider the sampled convex program with all constraints

min
x∈X⊆Rn

{
cTx : g(x, z(i) ≤ 0, i = 1, . . . , N + 1

}
, (SCPN+1)
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with x∗N+1 being its optimal solution. Removing a single constraint g(x, z(k)) ≤ 0 from (SCPN+1)

will improve the objective, and thus change the optimal solution, only if g(x, z(k)) ≤ 0 is a support
constraint. We know by Theorem 8 that this occurs for at most n values of k ∈ {1, . . . , N + 1}.
Then for at most n values of k, the optimal solution to (SCPkN ) differs from (SCPN+1). Finally,
this difference can only occur if the missing constraint g(x, z(k)) ≤ 0 is violated. Thus vk = 1 at
most n times, and V̂ ≤ n

N+1 , a.s. Therefore EPN [V (x∗N )] ≤ n
N+1 .

4 Computational Results

4.1 Robust Linear Programs

Calafiori and Campi first test their method on an uncertain convex program for which the exact
solution can be easily computed. For this, they choose an uncertain linear program

min
x∈X=Rn

{
cTx : A(ξ)x ≤ b,∀ξ ∈ Ξ

}
where A(ξ) ∈ Rm×n and b ∈ Rm. In the case when A(ξ) is affine in ξ, and Ξ is the direct product
of ellipsoids, the uncertain linear program can be exactly represented as a convex program with a
finite number of decision variables and constraints. Calafiori and Campi assume that each row aTi
of A(ξ) has the form ai(ξ) = âi + Eiξi, i = 1, . . . ,m, with ‖ξi‖ ≤ 1, where âi is the center of the
ellipsoid and Ei ∈ Rn×n is the symmetric “shape” matrix. Then the ith constraint becomes

âTi x + ξTi E
ix ≤ bi, ∀‖ξi‖ ≤ 1

which holds if and only if
max
‖ξi‖≤1

{âTi x + ξTi E
ix} ≤ bi

which holds if and only if âTi x + ‖Eix‖ ≤ bi. This formulation then turns the uncertain linear
program into a second order cone program, with m constraints and n decision variables.

To implement the sampled convex program, Calafiori and Campi assume that the random
variable ξ̃ is distributed uniformly over the ball ‖ξ‖ ≤ 1, and choose n = 2 decision variables. They
use the matrix

A(ξ) =


−1 0
0 −1
1 0
0 1

+ 0.2


ξT1
ξT2
ξT3
ξT4

 ,
with b = [0, 0, 1, 0]T and c = [−1,−1]T . The solution to the robust problem is then computed
as x∗ = [0.7795, 0.7795]T with optimal cost cTx∗ = −1.5590. The sampled convex program is
generated using ε = β = 0.01, which requires N = 19, 999 samples, for a random linear program

min
x∈R2
{cTx : A(ξ̃(i))x ≤ b, i = 1, . . . , N},

which found an optimal solution of x∗N = [0.7798, 0.7795]T and optimal cost cTx∗N = −1.5594, a
mere 0.025% different from the optimal solution to the robust problem.
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4.2 Robust Least-Squares

In the general least-squares problem, we wish to find a polynomial of degree of at most n − 1
that interpolates m given points (ai, yi), i = 1, . . . ,m, such that it has the minimal squared error
‖Ax− y‖2, where

A =

 1 a1 · · · an−1
1

...
...

...
1 am · · · an−1

m

 ,x =

 x1
...
xn

 , y =

 y1
...
ym

 .
The solution to this problem is well known when the data (ai, yi) are known exactly. However,
there is no known efficient algorithm for data that follows a distribution. Calafiori and Campi
assume that the yi values are deterministic, while the ai(ξ̃) are uniformly distributed on the interval
[ai − ρ, ai + ρ], and that they would like to solve the robust program

min
x∈Rn

max
ξ̃∈Ξ
‖A(ξ̃)x− y‖2.

Calafiori and Campi compare an upper bound solution technique from [10] to the results of
their chance constrained sampling algorithm. For m = n = 3, ρ = 0.2 and (a1, y1) = (1, 1),
(a2, y2) = (2,−0.5) and (a3, y3) = (4, 2). Choosing ε = β = 0.1, requires N = 299 samples of ξ̃.
The sampled convex program resulted in a residual error that was roughly 40% better than the
upper bound solution, and the a posteriori technique described above gives high confidence that
the chance of constraint violation is less than 0.006—significantly better than the ε that was chosen
to start the algorithm.

5 Further Results

The paper reviewed here [5] has inspired a number of further results on the use of Monte Carlo
sampling in chance constrained problems. I briefly discuss some of these results below.

Calafiori and Ghaoui have continued to investigate problems of this nature, for example in [6].
Here, the assumptions on the problem structure are significantly tightened, so that the feasible
region is now described by the linear system g(x, ξ̃) = Ãx + b̃ ≤ 0, where Ã ∈ Rm×n, b̃ ∈ Rm,
and the instance parameter is ξ̃ = (Ã, b̃). Calafiori and Ghaoui focus on a single constraint of this

form and want it to be feasible with probability at least 1− ε, i.e., P
[
ãTx + b̃ ≤ 0

]
≥ 1− ε. They

show that, in the case that d̃ = [ãT , b̃]T has a Q-radial distribution, the chance constrained linear
program is equivalent to a deterministic program. By a Q-radial distribution, they mean that the

random variable d̃−E
[
d̃
]

= Qw̃, where Q is a deterministic matrix, and w̃ has a distribution that

depends only on its Euclidean norm, ‖w̃‖—i.e., φw(w) = h(‖w‖).
More significantly, Calafiori and Ghaoui begin to investigate the case when the distribution of

ξ̃ is not known exactly. They investigate the case when the mean and covariance of the random

vector d̃ are known exactly, and the case when E
[
d̃
]

is known, the d̃i belongs to the finite interval[
E
[
d̃
]
− l−i ,E

[
d̃
]

+ l+i

]
. In each of these cases, they find deterministic programs whose optimal

solutions satisfy the chance constraint with probability 1. The deterministic constraints are not
linear, but they are second order cone constraints, which have the form

κε‖B(xT , 1)T ‖+ E
[
dT
]
x ≤ 0
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where κε and B ∈ Rn+1×n+1 are parameters that differ in the two cases listed above.
Another important result comes from Erdoğan and Iyengar [11], who investigate the case when

the distribution of ξ̃ is not known exactly, and we are unable to sample from it, called the “ambigu-
ous chance constrained problem” (ACCP). In this case, the distribution P is known only to belong
to some family of distributions P, the set of probability measures sufficiently similar to some central
distribution P0. This family is defined by the Prohorov metric ρp, i.e., P = {P : ρp(P,P0) ≤ β} for
some β > 0. The central distribution can be chosen, for example, to be one that is theoretically
well known that fits empirical observations well. The problem then is

min
x∈X⊆Rn

{
cTx : P

[
g(x, ξ̃) > 0

]
≤ ε,∀P ∈ P

}
. (ACCP)

The algorithm of Erdoğan and Iyengar uses Monte Carlo sampling of the central distribution
P0 to construct a result similar to (6) for (ACCP). The theoretical result draws from several
areas of probability theory. In particular, the notion of Vapnik-Chervonenkis (VC) dimension from
statistical learning theory is heavily employed in the algorithm’s method of finding the feasible
region of the chance constrained problem. In this context, the VC dimension functions as a way to
measure the complexity of the sampled problem.

The theoretical justification of the algorithm comes from the Strassen–Dudley Representation
Theorem, dealing with couplings of random variables. Random variables ξ̃1, ξ̃2 are said to be
coupled if and only if they have the same distribution. The Strassen–Dudley theorem (Theorem 4
of [11]) is

Theorem 9. Let ξ̃1 ∼ P1 and ξ̃2 ∼ P2 be two random variables taking values in Ξ. If ρp(P1,P2) ≤ β,

then there exists a coupling (ξ̃′1, ξ̃
′
2) of (ξ̃1, ξ̃2) such that P

[
‖ξ̃′1 − ξ̃′2‖

]
≤ β.

6 Overlapping Batches

6.1 Introduction

We now turn our attention to an original result on the use of Monte Carlo sampling to determine
the quality of a proposed optimal solution to a (non-chance constraint) stochastic program. We
consider a stochastic program of the form

z∗ = min
x∈X

E
[
f(x, ξ̃)

]
, (SP)

where x is a vector of decision variables, ξ̃ is a vector of random variables, and X is the feasible
set, which is assumed to be independent of ξ̃. Further, it is assumed that X 6= ∅ and compact,
the distribution of ξ̃ is known and that we can sample from it. Even though we will impose a

more restrictive moment condition later, we assume that E
[
f(x, ξ̃)

]
is well defined and finite for

all x ∈ X and f(·, ξ̃) is lower semicontinuous on X, almost surely (a.s.). This implies that (SP)
has a finite optimal solution achieved on X.

Let ξ̃1, ξ̃2, . . . , ξ̃n be an independent and identically distributed (iid) sample from the distribu-
tion of ξ̃. A sampling approximation of (SP) is given by

z∗n = min
x∈X

1

n

n∑
i=1

f(x, ξ̃i). (SPn)

We denote an optimal solution to (SP) as x∗ and an optimal solution to (SPn) as x∗n.
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We are interested in assessing the quality of a candidate solution x̂ ∈ X (e.g., x̂ = x∗n), defined

by its optimality gap E
[
f(x̂, ξ̃)

]
− z∗. This is important in practice since (SP) cannot be solved

exactly, so one only has an approximate solution x̂ without verification of its quality. Assessing
solution quality is also an indispensable part of stopping criteria in algorithms. For stochastic
programs, one way to estimate optimality gaps is through Monte Carlo sampling. A straightforward

estimate of E
[
f(x̂, ξ̃)

]
is the sample mean, 1

n

∑n
i=1 f(x̂, ξ̃i), so, optimality gap estimators depend

on a lower bound estimator on z∗. A widely applicable lower bound that does not depend on a
particular solution method is E [z∗n] ≤ z∗ and this bound improves as the sample size increases, e.g.,
E [z∗n] ≤ E

[
z∗n+1

]
≤ z∗ [15, 17].

A point estimator of the optimality gap of x̂ ∈ X can be obtained using sample size m
through the above bounds, Gm(x̂) = 1

m

∑n
i=1 f(x̂, ξ̃i)−z∗m. Here, we assume the same observations

ξ̃1, . . . , ξ̃m are used in both terms of Gm(x̂). Computing Gm(x̂) involves solving an optimization
problem (SPn) to obtain a lower bound estimator z∗m, which complicates the statistical analysis. To
enable statistical inference, the multiple replications procedure (MRP) of Mak, Morton and Wood
[15] generates k independent estimators of Gm(x̂) and averages them to obtain a point estimator.
To form confidence intervals, the sample variance of these estimators is calculated. This is essen-
tially a (nonoverlapping) batch means estimator (k batches of size m) commonly used in simulation
[14].

6.2 Background

6.2.1 Overlapping Batch Means

Consider a covariance stationary stochastic process which has mean µ and variance σ2. The task
is to estimate µ given some realization of the stochastic process y = (y1, y2, . . . , yn). Typically,
this involves forming a confidence interval of the form [Lα(y), Uα(y)] for a given significance level
1 − α such that P [Lα(y) ≤ µ ≤ Uα(y)] = 1 − α. The usual estimator for µ is the sample mean
¯̄y = 1

n

∑n
i=1 y

i, which is an unbiased estimator even in the presence of correlated data. However, the
usual variance estimator 1

n−1

∑n
i=1(yi−¯̄y)2 can be severely biased in this case, resulting in inaccurate

interval estimators. Note that output from simulation analysis is typically correlated. To overcome
this difficulty, various variance estimators have been proposed in the simulation literature, including
nonoverlapping and overlapping batch means [14].

Nonoverlapping batch means takes n observations, y1, . . . , yn of the stochastic process and splits
them into k batches of size m, where k = b nmc. The sample mean of each batch is then computed
as

ȳj =
1

m

m∑
i=1

ym(j−1)+i,

for j = 1, . . . , k, and the overall sample mean ¯̄y = 1
k

∑k
j=1 ȳj = 1

n

∑n
i=1 y

i provides a point estimator
of µ. The sample variance of the batch means is calculated as

V̂ar(¯̄y) =
m

n

1

k − 1

k∑
j=1

(ȳj − ¯̄y)2 ,

and the (1−α)-level approximate confidence interval is then formed by ¯̄y±tk−1,α/2

√
V̂ar(¯̄y), where

tk−1,α/2 denotes the 1−α/2 quantile of the Student’s t distribution with k− 1 degrees of freedom.
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Overlapping batch means modifies this idea by taking batches given by

ȳj(m) =
1

m

m∑
i=1

y(j−1)+i,

for j = 1, . . . , n − m + 1. This is what we call the maximally-overlapping batch means method,
because m − 1 observations are common to, and only one observation changes between, adjacent
batches. Given this, the sample variance estimator is updated to

Ṽar (¯̄y) =

n−m+1∑
j=1

(ȳj(m)− ¯̄y)2

( nm − 1)(n−m+ 1)
. (7)

Meketon and Schmeiser [16] show several attractive properties of the overlapping batches vari-
ance estimator, the two most important of which are: (i) the overlapping variance estimator has
nearly the same bias as the standard nonoverlapping variance estimator, and (ii) the overlapping
estimator has only two-thirds of the asymptotic variance of the nonoverlapping one. That is,

Var
(

Ṽar (¯̄y)
)

Var
(

V̂ar(¯̄y)
) → 2

3
(8)

in the limit as batch size m and then the number of batches (n/m) tend to infinity. Note that the
degrees of freedom in (7) is slightly different than in [16]. The degrees of freedom in (7) makes

Ṽar (¯̄y) an unbiased estimator for iid data for all finite m and n with the same asymptotic benefits
[21].

Welch [23] established the relationship between OBM and spectral estimators and also consid-
ered partial overlap, see also [21]. In our application to assessment of solution quality, we also
consider varying the amount of overlap between neighboring batches. We defer this discussion on
variable overlap to Section 6.3.1 and continue with a brief review of MRP.

6.2.2 Multiple Replications Procedure

Given a candidate solution x̂ ∈ X to a stochastic programming problem (SP), the task is to estimate

its optimality gap E
[
f(x̂, ξ̃)

]
− z∗. In many fields of optimization, it is common to evaluate an

upper bound on this quantity through relaxations such as integrality or Lagrangian relations. In
stochastic programming, given a sample size m, an upper bound on the optimality gap can be

obtained by E
[
f(x̂, ξ̃)

]
− E [z∗m] ≥ E

[
f(x̂, ξ̃)

]
− z∗ due to the inequality E [z∗m] ≤ z∗. MRP uses

this bound to construct a confidence interval (CI) on the optimality gap using the nonoverlapping
batches method described above. Again, taking n observations of the random variables and splitting
them into k batches of batch size m, we define (for a candidate solution x̂)

Ḡj =
1

m

m∑
i=1

f(x̂, ξ̃m(j−1)+i)−min
x∈X

1

m

m∑
i=1

f(x, ξ̃m(j−1)+i) (9)

for j = 1, . . . , k. We are assessing the quality of a given solution x̂ ∈ X, therefore, we suppress

it from the notation. As before, ¯̄G = 1
k

∑k
j=1 Ḡj provides a point estimator of E

[
f(x̂, ξ̃)

]
− z∗.

The sample variance is obtained similarly by V̂ar
(

¯̄G
)

= 1
k

1
k−1

∑k
j=1(Ḡj − ¯̄G)2, which results in a

one-sided CI

[
0, ¯̄G+ tk−1,α

√
V̂ar

(
¯̄G
)]

that has a significance level which is approximately 1− α.

12



Notice that the use of z∗m in the Ḡj gives rise to a biased gap estimator. Thus we can expect that
the true probability of the optimality gap residing within the confidence interval to be greater than
the 1− α suggested by the above calculation. This is shown empirically in [1], which also suggests
additional methods for using a smaller number of replications (e.g., 1 or 2) with an alternative
variance estimator to compute a confidence interval. See also [2] for variations of MRP aimed to
reduce bias and variance.

An advantage of MRP is its applicability to a wide range of problems. With iid sampling, (SP)
can be linear or nonlinear, X can include integrality constraints or not. It is also easy to implement,
thus, has been applied to a variety of problems, see e.g. [3, 13, 18]. Recently, similar ideas have
been used for assessing solution quality of stochastic programs with (finitely many) expected value
[22] and stochastic dominance [12] constraints.

6.3 Overlapping Multiple Replications Procedure

Our aim is to apply the idea of overlapping batches to MRP. We note several differences in this
setting compared to the simulation setting. In simulation, the point of interest is estimating the
variance of the sample mean of a covariance stationary process. We are interested in estimating the
variance of an optimality gap estimator. The main difference comes from the fact that an optimality
gap estimator not only has a sample mean ( 1

m

∑m
i=1 f(x̂, ξ̃i)) but also a minimized sample mean

(z∗m). First, minimization changes the statistical properties of sample means. For instance, the
central limit theorem may not hold for a minimized sample mean even though it holds for each
x ∈ X. We overcome this difficulty by approximating the optimality gap estimators by their
non-optimized counterparts (see Section 6.4). The non-optimized counterparts have the desired
statistical properties and we establish convergence (in mean square) of the optimality gap estimators
to their non-optimized counterparts. Second, once the data is generated through a simulation, it can
be reused without much additional computational effort to obtain the OBM variance estimator.
In our setting, due to the solution of a sampling problem (SPm), the computational effort can
increase with data reuse. Fortunately, near-optimal variance reduction can be obtained by partially
overlapping the batches. Partial overlap results in a fewer number of batches, hence fewer number
of optimization problems need to be solved. Moreover, in many solution methods, warm-starting
can be used to solve sampling approximations with overlapping samples, considerably reducing
solution time.

We begin our discussion with variably overlapping batches and then define the estimators of
OMRP.

6.3.1 Variably Overlapping Batches

As before, let m denote the batch size, n the total sample size and k = b nmc be the number
of nonoverlapping batches. In this paper, we use the batch nonoverlap parameter 1 ≤ γ ≤ m
to denote how much neighboring batches do not overlap. For instance, γ = m corresponds to
the classical case of nonoverlapping batches and γ = 1 corresponds to the maximally overlapping
case of Meketon and Schmeiser. The sample mean of each batch estimator is calculated similarly,
ȳj(m, γ) = 1

m

∑m
i=1 y

γ(j−1)+i, j = 1, 2, . . . , bn−mγ c + 1, where bn−mγ c + 1 is the number of batches
used given n, m and γ. The sample variance estimator given in (7) is changed to

Ṽarγ (¯̄y) =

bn−mγ c+1∑
j=1

(ȳj(m, γ)− ¯̄y)2(
n
m − 1

) (
bn−mγ c+ 1

) .
13



The amount of variance reduction in this estimator depends on the asymptotic ratio of γ/m,
which we denote by γ̄. For example, when γ = 1 (maximally overlapping case), the variance is
reduced to two-thirds (66.67%) of the original nonoverlapping case, as given in (8). When only
75% of observations overlap (i.e., when γ̄ = 1/4), the variance is 33/48th of the original (68.75%),
which is near-optimal. When only half of the observations overlap (γ̄ = 1/2) the variance is 75%
of original. In general, from the spectral analysis given in [23], if γ̄ = 1/N for integer N , then the

variance is reduced to 2N2+1
3N2 of the original.

6.3.2 Definition of Estimators for OMRP

In order to apply overlapping batches to MRP, we need to keep track of solutions to sampling
problem (SPm) for each batch of size m. Toward this end, let N(i) denote the set of batches
j ∈ {1, 2, . . . , bn−mγ c + 1} observation ξ̃i is used in, i = 1, 2, . . . , n. |N(i)| then gives the number

of batches observation is ξ̃i is used in. As an example, consider m = 5 and γ = 2 (see Figure
2). The first batch uses observations ξ̃1, ξ̃2, ξ̃3, ξ̃4, ξ̃5, the second batch uses ξ̃3, ξ̃4, ξ̃5, ξ̃6, ξ̃7, and
so on. So N(1) = {1}, N(2) = {1} and N(3) = {1, 2}. We use x∗j to denote an optimal solution

to sampling problem (SPm) formed using the jth batch; x∗j ∈ argminx∈X
1
m

∑m
i=1 f(x, ξ̃γ(j−1)+i),

j = 1, 2, . . . , bn−mγ c+ 1.
The results on overlapping batch means occur in the limit as n,m, k → ∞ [8, 16, 21, 23]. In

particular, we need m = O(nr) for some r ∈ (0, 1/2) (see, e.g., [8]). Let nl,ml and kl be sequences
of numbers satisfying these requirements, then the limits will be taken as l → ∞. In addition, we
may desire that the batch nonoverlap parameter change with l, to ensure that γl/ml = γ̄l converges
to the constant γ̄. Now we are ready to define the estimators for OMRP.

Ḡj(ml, γl) =
1

ml

ml∑
i=1

f(x̂, ξ̃γl(j−1)+i)− 1

ml

ml∑
i=1

f(x∗i,l, ξ̃
γl(j−1)+1), (10)

¯̄Gl =
1

nl

nl∑
i=1

1

|N(i)|
∑
j∈N(i)

[
f(x̂, ξ̃i)− f(x∗j , ξ̃

i)
]
, (11)

V Gl =
1

( nl
ml
− 1)(bnl−ml

γl
c+ 1)

bnl−ml
γl

c+1∑
j=1

(Ḡj(ml, γl)− ¯̄Gl)
2. (12)

The optimality gap estimator for each batch Ḡj(ml, γl) is defined like 9 for general values of
the nonoverlap parameter γl. We just remove the minimization in 9 and use directly the optimal
solution of x∗j of batch j. The overall mean, ¯̄Gl, is defined a little differently. Here, ¯̄Gl still uses
each observation i = 1, 2, . . . , nl but also makes use of all the information collected throughout
the batches. That is, if observation ξ̃i is used in |N(i)| batches, all the optimal solutions x∗j
corresponding to each batch j ∈ N(i) are used for the lower bound estimator. Then, V Gl is defined
in a similar fashion for the variable overlapping batches variance estimator.

Before we continue, we mention a notation we use for clarity in the rest of the paper. When
it is necessary to specify the amount of nonoverlap explicitly, we will write V Gl as V Gl(γl). For
example, we might write the variance-reduction result from (8) as

lim
l→∞

Var (V Gl(1))

Var (V Gl(ml))
=

2

3
.
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ξ̃1 ξ̃2 ξ̃3 ξ̃4 ξ̃5 ξ̃6 ξ̃7 ξ̃8 ξ̃9 ξ̃10 ξ̃11 ξ̃12 ξ̃13 ξ̃14 ξ̃15 ξ̃16 ξ̃17

[————1————–] [————4—————] [————7——————]
[—————2———–] [——————5————]

[————3————–] [——————6————–]

Figure 2: A visual representation of overlapping batches with n = 17, m = 5 and γ = 2. This
illustrates the sets required in equations (11) and (12). The brackets represent show which random
samples are used in each batch, and the numbers inside each bracket show the batch number j.

6.4 Theoretical Results

The internal optimization in the batches in (10) makes a straightforward statistical analysis of the
behavior of the estimators difficult. To overcome this problem, we introduce the following unbiased
optimality gap estimators

D̄j(ml, γl) =
1

ml

ml∑
i=1

f(x̂, ξ̃γl(j−1)+i)− 1

ml

ml∑
i=1

f(x∗, ξ̃γl(j−1)+i) (13)

¯̄Dl =
1

nl

nl∑
i=1

[
f(x̂, ξ̃i)− f(x∗, ξ̃i)

]
(14)

V Dl =
1

( nm − 1)(bn−mγ + 1c)

bnl−ml
γl

c+1∑
j=1

(D̄j(ml, γl)− ¯̄Dl)
2. (15)

These are essentially the same as the variably overlapping batches estimators in Section 6.3.1 with
yi = f(x̂, ξ̃i)− f(x∗, ξ̃i). These are also defined identically to the original estimators (10)-(12) with
the exception that x∗j from (10) is replaced by x∗ in (13). With x̂ and x∗ fixed, then estimators
(13)-(15) have the same statistical properties as variably overlapping batches estimators in section
6.3.1. They are used only to show convergence of the estimators (10)-(12)—they are not necessary
for carrying out the OMRP algorithm.

To show our theoretical results, we make the assumptions about our system:

A1 Samples of the random variable ξ̃ are iid.

A2 z∗n → z∗, a.s, as n→∞.

A3 ∃ε > 0 such that E
[
(supx∈X f(x, ξ̃))4+ε

]
<∞.

First, we restrict our attention to iid sampling (A1). Then, we require optimal objective function
values from sampling problems z∗n converge to x∗, a.s. via A2. Assumption A2 is not uncommon
in the literature and a significant amount of work has gone into documenting the conditions under
which this assumption is true; see e.g. [20]. We are interested in variance of the variance estimator,
so, we need (at least) the fourth moment of the objective function. Assumptions A3 warrants this,
and is used as a sufficient condition for uniform integrability. Our proof proceeds by showing that

V Gl
L2

−→ V Dl, and showing that the probability that the true gap µx̂ is covered by the confidence
interval formed by ¯̄G and ¯̄D become asymptotically equal.
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6.4.1 Convergence of Overlapping Variance Estimators

We wish to replicate the results on variance reduction from [16, 23] for stochastic programs. The
standard results for overlapping batches apply to the variance estimators calculated in (15), so we

wish to show that V Gl − V Dl
L2

−→ 0 as l→∞, under the assumption that both variance terms use
the same random variables and amount of overlap. For brevity, we will abbreviate the convergence

statement as V Gl
L2

−→ V Dl. We present below an outline of this proof below. We show in Theorem

13 that V Gl
L2

−→ V Dl, using results derived in Lemmas 10, 11 and 12. Validity of confidence
intervals is established in Theorem 16.

Lemma 10. Assume that assumptions A1 and A2 hold, m = O(nr) for some r ∈ (0, 1/2) and
γ̄ = γ/m = 1/N for some integer N . Then ¯̄Gl → ¯̄Dl as l→∞
Lemma 11. Suppose assumption A3 holds. Then (Gj(ml, γl))

4 is uniformly integrable.

Lemma 12. Suppose that the previous two results hold. Then V Gl
P−→ V Dl

Theorem 13. Assume that the previous lemmas hold. Then V Gl
L2

−→ V Dl.

Corollary 14. The variance reduction results from [16, 23] are valid for stochastic programs.

Corollary 15. The bias of V Gl remains essentially unchanged across values of γ̄l.

The overlapping variance estimator for stochastic program displays the same desirable properties
as in simulation (Theorem 13 and Corollaries 14 and 15 guarantee this) , but we must still check
that it results in a valid confidence interval. Let I lG = ¯̄Gl + td,αV Gl and I lD = ¯̄Dl + td,αV Dl be the
one-sided confidence intervals generated by each estimator. The degrees of freedom d is calculated
using the method given in [23].

Theorem 16. P
[
µx̂ ≤ I lG

]
→ P

[
µx̂ ≤ I lD

]
.

Then Theorem 16 guarantees that our procedure produces asymptotically valid confidence in-
tervals.

6.5 Computational Results

We tested the effectiveness of OMRP on the newsvendor problem. The newsvendor problem asks
the optimal number of newspapers to buy, when newspapers are purchased from the publisher at
a cost c, sold to the public at a price r, and the demand d̃ for papers is unknown. The problem is
then formulated as

max
x≥0

E
[
rmin{x, d̃} − cx

]
.

For our test, we chose c = 5, r = 15, and d̃ ∼ U(0, 10).
For all test problems we used the sampling scheme n = 30m, with a several values of the batch

size m. Results were compiled over 10000 independent runs of the OMRP algorithm.
The reduction of variance for the newsvendor problem is shown in Figure 3a, with each term

being normalized with respect to Var (V G(1)). The solid line in the figure shows the theoretical
result from Welch [23] (reviewed in Section 6.3.1), computed at the points 1, 1/2, 1/3, . . . . Empirical
results agree with the theory extremely well. In Figure 3b we have estimates of E [V G] for changing
batch size and amount of overlap. Consistent with previous results from simulation, we can see
that the expectation of the variance estimator is not changed with increasing overlap. Figure 3c
shows the coverage probability of confidence intervals generated by OMRP for several values of m.
We can see that for many values of γ/m the coverage probability is not greatly affected by changing
the amount of overlap.
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(a) Variance reduction (b) Expected Variance (c) Coverage Probability

Figure 3: (a) Reduction in variance of V G for various values of γ. The estimate of each
Var (V G(γ/m)) is normalized by Var (V G(1)). The solid line shows the variance reduction result
given by [23] for a variable amount of overlap. Note that γ/m = 1 is the case of nonoverlapping
batches. The amount of overlap increases for smaller values of γ/m. (b) Estimates of E [V G] as
a function of γ. We can see that V G is nearly constant across multiple values of γ, which agrees
with the results from simulation. (c) Coverage probability of the confidence intervals generated
for different relative values of γ. The coverage probability is nearly constant over many different
values of γ. This agrees with previous results from simulation, that we should get asymptotically
valid confidence intervals for any choice of γ.

7 Ongoing and Future Research Plans

The first step in my plans is to submit my results on overlapping batches for publication. I will
also continue my literature review of the previous results in chance constrained problems, especially
those results briefly discussed in Section 5 and more recent results in ambiguous chance constrained
problems. At the beginning of this phase, I will be paying attention to mastering the computational
learning theory previously used, and the use of probability metrics.
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