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Abstract

Overlapping Batch Means (OBM) has long been used in simulation as a method of
reusing data to generate variance estimators with asymptotically lower variance. In
this paper, we extend the OBM method to stochastic programming by formulating
a variant of the multiple replications procedure used for assessing solution quality.
We show conditions under which the resulting optimality gap estimators are strongly
consistent and have the same asymptotically lower variance as the classical results.
Computational experiments for several test problems are presented, examining the

small-sample behavior of the overlapping batches method in this context.

Keywords: Sample average approximation (SAA); Overlapping batch means; Stochas-

tic programming; Optimality gap estimation

1 Introduction

Overlapping Batch Means (OBM) method, proposed by Meketon and Schmeiser [1984], is
commonly used in simulation to obtain variance estimators with lower variances. While OBM
is often used for variance estimators of means, it can also be used for variance estimators
of non-means [Schmeiser et al., 1990] and more recently, it has been extended to estimators

based on standardized time series (e.g., area, Cramér-von Mises) [Alexopoulos et al., 2007a,b]
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and their folded versions [Meterelliyoz et al., 2012]. To the best of our knowledge, OBM has
never been studied in a stochastic optimization context before. In this paper we show that
the same benefits can be obtained from overlapping batches when used in a stochastic opti-
mization setting. A natural setting where batch means are used in stochastic optimization
(esp. in stochastic programming) is for assessing solution quality. Assessing solution quality
in stochastic programming typically involves generating point and interval estimators of the
optimality gap of a given candidate solution using Monte Carlo simulation. Because the
optimality gap estimators can be difficult to analyze statistically, a common approach is
to use nonovelapping batches of data to generate a number of optimality gap estimators.
These individual estimators are then used to form point and interval estimators applying
the classical nonoverlapping batch means method. This is referred to as the Multiple Repli-
cations Procedure (MRP) and was initially discussed in [Mak et al., 1999]. In this paper, we
formulate an ovelapping batches version of MRP, allowing for partial overlap, and provide
conditions under which the same variance reduction results can be achieved by overlapping
like in the classical setting. We also show that the resulting point estimators are strongly
consistent and the interval estimators are asymptotically valid. We present computational
results to examine small-sample behavior. Our experiments indicate that variance reduction
is achieved with small sample sizes, while bias and coverage probability are unaffected.

We consider a stochastic optimization problem of the form

2* =minEf(z,¢), (SP)

zeX

where x is a vector of decision variables, £ is a vector of random variables, and X is the
feasible set, which is assumed to be independent of £&. Further, it is assumed that the
distribution of £ is known and that we can sample from it. Even though we will impose a
more restrictive moment condition later, we assume that Ef(x, &) is well defined and finite
for all x € X and (SP) has a finite optimal solution achieved on X.

Unless f has a simple structure or the number of realizations of £ is small, (SP) typically
cannot be solved exactly. An approximation of (SP) can be generated by sampling from
the distribution of £&. While other sampling schemes are possible, let &', £2,..., ™ be an
independent and identically distributed (i.i.d.) sample from the distribution of £&. A sampling
approximation of (SP), often called the Sample Average Approximation (SAA), is given by

z' = min — Z f(z, &Y. (SP.»)

We denote an optimal solution to (SP) as z* and an optimal solution to (SP,,) as z7,.



We wish to assess the quality of a candidate solution € X. Assessing solution quality
is important in practice because as (SP) typically cannot be solved exactly, one only has an
approximate solution Z without verification of its quality. Assessing solution quality is also a
critical component of stopping criteria in algorithms designed to (approximately) solve (SP).
We define the quality of Z by its optimality gap, Ef(Z,£) — z*. The lower the optimality gap,
the higher the quality of the solution and a zero optimality gap implies that the solution
is optimal. Note that the candidate solution & € X may have been found in any way. We
assume that this solution is given as input to our procedures, and hence fixed, throughout
this paper.

The optimality gap Ef(z,£) — 2* often cannot be calculated exactly. First, for a given
candidate solution & € X, evaluation of Ef(z,&) typically involves a difficult multidimen-
sional integral. Second, we do not know z*. In many fields of optimization, the second
problem is alleviated by obtaining lower bounds on z* through relaxations such as integral-
ity, Lagrangian or semidefinite relations. As a result, it is common to evaluate an upper
bound on the optimality gap. This motivates estimating the upper bound on the optimality
gap in stochastic programming by using Monte Carlo simulation. Given a sample size m, an

upper bound on the optimality gap can be obtained by

due to the inequality Ez¥ < z* [Mak et al., 1999; Norkin et al., 1998]. This bound improves
as the sample size increases, that is, Ez; < Ez; ., < 2*. A straightforward estimate of
Ef(z,€) is the sample mean, =" f(2,&%). Instead of Ez;,, simply 2, can be used. The

resulting point estimator of optimality gap is then

LS o) - =
mi3 ’ "
Here, we assume the same observations &1, ..., ™ are used in both terms.

Computing the above optimality gap estimate involves solving an optimization problem
(SP,,,) to obtain a lower bound estimator of z*, z},, which complicates the statistical analysis.
As mentioned above, to enable statistical inference, the MRP of Mak et al. [1999] generates k
independent estimators, each using sample size m (k nonoverlapping batches of size m) and
averages them to obtain a point estimator. To form confidence intervals, the sample variance
of these estimators is calculated (we further review MRP in §2.2.) An advantage of MRP is its
applicability to a wide range of problems. With i.i.d. sampling, f can be linear or nonlinear,

X can include integrality constraints or not. It is also easy to implement; thus, MRP has



been applied to a wide variety of problems, including finance, supply chain network design,
etc.; see e.g., [Bertocchi et al., 2000; Janjarassuk and Linderoth, 2008; Santoso et al., 2005].
Recently, the approach of (nonoverlapping) batching has been used for assessing solution
quality of stochastic programs with finitely many expected value [Wang and Ahmed, 2008]
and stochastic dominance [Hu et al., 2012] constraints.

Our aim is to apply the idea of overlapping batches to MRP. Overlapping could help to
obtain better variance estimators with simple data reuse, resulting in improved confidence
intervals. Especially for problems where sampling error is dominant, this simple data reuse
method could yield better estimators. We note several differences in this setting compared
to the classical setting. In simulation output analysis, the point of interest is estimating
the variance of the sample mean of a covariance stationary process. We are interested
in estimating the variance of an optimality gap estimator. Notice that an optimality gap
estimator not only has a sample mean (= ", f(#,£%)) but also a minimized sample mean
(z%,). Minimization changes the statistical properties of sample means. For instance, the
central limit theorem may not hold for a minimized sample mean, even though it holds for
each x € X. Therefore, analysis of the asymptotic benefits of overlapping becomes more
complicated. We overcome this technical difficulty by approximating the optimality gap
estimators by their nonoptimized counterparts (see §4). The nonoptimized counterparts
have the desired statistical properties and we establish convergence of the optimality gap
estimators that use overlapping to their nonoptimized counterparts. Another difference is,
once the data is generated through a simulation, it can be reused without much additional
computational effort to obtain the OBM variance estimator. In this setting, due to the
solution of a sampling problem (SP,,), the computational effort may increase with data
reuse. This can be alleviated in two ways. First, near-optimal variance reduction can be
obtained by partially overlapping the batches [Welch, 1987; Song and Schmeiser, 1993].
Partial overlap results in a fewer number of batches, hence fewer number of optimization
problems need to be solved. In this paper, we consider variable amounts of overlap and
examine this both theoretically and empirically. Second, in many solution methods, warm-
starting can be used to quickly solve the sampling approximations with overlapping samples,
considerably reducing solution time.

The rest of the paper is organized as follows. In the next section, we review relevant back-
ground information. We first discuss the overlapping batch means in §2.1 and then briefly
go over MRP in §2.2. In §3, we present the Overlapping Multiple Replications Procedure
(OMRP) with variable amounts of overlap. In §4, we show strong consistency of the OMRP
point estimators, asymptotic validity of the OMRP confidence intervals, and the variance

reduction results as in the classical case. In §5, we test the performance of OMRP on four



problems and end in §6 with a summary and conclusions.

2 Background

2.1 Overlapping Batch Means

Consider a covariance stationary stochastic process with mean p and variance o?. The
task is to estimate p given some realization of the stochastic process y = (y', 9%, ..., 9y").
Typically, this involves forming a confidence interval of the form [L,(y), Ua.(y)] for a given
level of significance « such that P{L,(y) < p < U,(y)} = 1 — a or that this probability is
approximately 1 — « for large enough sample sizes. The usual estimator for p is the sample
mean y = % >or . y', which is an unbiased estimator even in the presence of correlated data.
However, the usual variance estimator ﬁ > (y* — §)? can be inappropriate to use in the
presence of correlated data, resulting in inaccurate interval estimators. To overcome this
difficulty, various variance estimators have been proposed in the simulation literature; see,
e.g., [Law, 2007]. We briefly review two of these variance estimators: nonoverlapping and
overlapping batch means.

Nonoverlapping batch means takes n observations, 4, . .., 4" of the stochastic process and
splits them into &k batches of size m, where k = I (for simplicity, assume, for now, n = mk).
The sample mean of each batch is then computed as §; = L > ymU@=D+ j =12 .k,
and the overall sample mean y = %Z;?:l Ui = %Z?:l y' provides a point estimator of .

The sample variance of the batch means is calculated as

Var(p) = 2 5 - 0 (1)

n

and the (1 — a)-level approximate confidence interval (CI) is formed by y3=t5_1.4/2 \//z;"(f/),
where t,_; o/2 denotes the 1 —a/2 quantile of the Student’s t distribution with & —1 degrees
of freedom. Under appropriate conditions, n\//a\r(ﬁ) is a consistent estimator of o2.
Overlapping batch means modifies this idea by taking batches given by g;(m) = = 3",
yU=D+ for j =1,...,n—m+1. As an example, suppose each batch contains m observations
and that there are a total of n = 2m observations. In the nonoverlapping case, there
are only two batches: the first batch contains observations y', %2, ...,y™ and the second
ML m2

Schmeiser [1984], the first batch is as before, the second batch now consists of y2, 32, ..., y™ ",

batch contains observations y ..,y*™. In the overlapping batches of Meketon and

the third batch contains observations 32, y*,..., 4™ and so on. This is what we call the



mazimally-overlapping batch means method, because m — 1 observations are common to—
and only one observation changes between—adjacent batches.

The sample variance estimator is updated to

N: 1 nodt .
Var (y) = = Dn-m11) ]21 (gj(m) —y)*. (2)

Note that the corresponding batch means are no longer independent. However, by sim-
ply reusing the data in this fashion—and seemingly in a contradictory way that induces
dependence—one obtains a better variance estimator. Meketon and Schmeiser [1984] show
that: (i) the overlapping variance estimator has nearly the same bias as the standard nonover-
lapping variance estimator, and (ii) the overlapping estimator has only two-thirds of the

asymptotic variance of the nonoverlapping one. That is,

Var (\//\a/r @)) 5
N 3 (3)
Var (Var(ﬁ)) 3

in the limit as batch size m and the number of batches (n/m) tend to infinity. Note that the
degrees of freedom in (2) is slightly different than in [Meketon and Schmeiser, 1984]. The
degrees of freedom in (2) makes Var (y) an unbiased estimator for i.i.d. data for all finite

m and n with the same asymptotic benefits [Song and Schmeiser, 1993]. The (1 — a)-level
approximate CI is similarly formed by y % t3-1)/2.0/21/ Var( ), with an adjustment to the

degrees of freedom.
Welch [1987] established the relationship between OBM and spectral estimators and also
considered variable amounts of overlap, see also [Song and Schmeiser, 1993]. We defer this

discussion on variable overlap to §3.1 and continue with a brief review of MRP.

2.2 Multiple Replications Procedure

Taking n observations of the random variables £ and splitting them into k& nonoverlapping

batches of size m, define

zeX M

_ 1 &
Gy =3 g mm—foﬁ“)“) j=12k (@)
=1

= - Z gm Jj— 1)+z) N f(x;f’é&m(j—l)-ﬁ-i)} : j=1,2,.. k



where 7 denotes an optimal solution to (SP,,) of batch j given on the right-hand side of
(4). Since we are assessing the quality of a given solution & € X, we suppress it from the
notation @j. The optimality gap estimator (_}’j is similar to y; with individual observations
Yy = f(g mUDE) f(x;,fm(j*1)+i), fori=1,...,mand 7 =1,...,k Notice that,
in this case, y* not only depends on observation i of batch j, £™U=D+¢ but all the observations
in that batch mU=DF1 ¢m-+2  em(G=DFm hecause #7 is the optimal solution to (SP,,)

given in (4). As before, after k estimates are obtained, the overall mean of these estimates

G = %25:1 Gj provides a point estimator of the optimality gap. The sample variance
is obtained as in (1) by Var (G) =i ?:1(@*]- — ()2, which results in a one-sided CI

{O, G+ th-1,0 Var (Gﬂ that has a level of significance, which is approximately a.

Notice that the minimization in the second term on the right-hand side of (4) gives
rise to a biased gap estimator (recall the upper bound on the optimality gap). Thus, we
can expect that the true probability of the optimality gap residing within the confidence
interval to be greater than the 1 — a suggested by the above calculation. This is shown
empirically in [Bayraksan and Morton, 2006], which also investigates additional methods for
using a smaller number of replications (e.g., 1 or 2) with an alternative variance estimator to
compute a confidence interval. See also [Bayraksan and Morton, 2009; Partani et al., 2006;

Partani, 2007] for variations of MRP aimed to reduce bias and variance.

3 Overlapping Multiple Replications Procedure

We begin our discussion with variably overlapping batches and then define the estimators of
OMRP.

3.1 Variably Overlapping Batches

As before, let m denote the batch size, n the total sample size and & = | ] be the number
of nonoverlapping batches. In this paper, we use the batch nonoverlap parameter 1 < v <m
to denote how much neighboring batches do not overlap. For instance, v = m corresponds
to the classical case of nonoverlapping batches and v = 1 corresponds to the maximally
overlapping case of Meketon and Schmeiser [1984]. The sample mean of each batch estimator
is calculated similarly, g; = L > U0+ 5 =12 {%J + 1, where LMJ +1is

v
the number of batches used given n, m and . The sample variance estimator given in (2)



is changed to

2

— 1 I
Varw(y)—(%_1)<{%J+1> 2 (55 — )" (5)

Note that with v = 1, (5) reduces to (2) and with v = m and n = mk, (5) reduces to (1).
The amount of asymptotic variance reduction in this estimator depends on the asymp-
totic ratio of -y/m, which we denote by 7. For example, when v = 1 (or 4 = 0; the maximally
overlapping case), the variance is reduced to two-thirds (66.67%) of the original nonover-
lapping case, as given in (3). When 75% of observations overlap (i.e., when v = m/4 or
7 = 1/4), the variance is 33/48th of the original (68.75%), which is near-optimal. When
only half of the observations overlap (¥ = 1/2) the variance is 75% of original. In general,

from the spectral analysis given in [Welch, 1987], the variance is reduced to

y1+2 (1—4%) (6)

2+72
=
A (1 — «)-level approximate CI on the mean can be formed using variably overlapping

of the nonoverlapping case. If % is an integer, (6) simplifies to

batches by y & tq (k—1),0/2 \//'\zau/r7 (y), where the degrees of freedom increase d, is the multi-

_3

52 For maximally overlapping

plicative inverse of (6) [Welch, 1987]. If % is an integer, d, =

batches, the degrees of freedom is d, = %

3.2 Definition of Estimators for OMRP

In order to apply overlapping batches to MRP, we need to keep track of solutions to sampling
problems (SP,,) for each batch of size m. Toward this end, let B(i) denote the set of
batches 7 € {1,2, cee {%J + 1} observation &¢ is used in, i = 1,2,...,n. See Figure 1
for an example with n = 18, m = 6 and v = 2. Here, the first batch uses observations
€1,€2,63, ¢4, 65 €8, the second batch uses €3,€4,65, €5, €7 €8 and so on. So, B(1) = {1},
B(3) = {1,2}, and B(7) = {2,3,4}. As before, we use x} to denote an optimal solution to
sampling problem (SP,,) formed using the jth batch; 2 € argmin, .y = > 1" | f(x, £UDF),
i=1.2,..., L%J +1.

The results on overlapping batch means occur in the limit as n,m,k = n/m — oo
[Damerdji, 1994, 1995; Meketon and Schmeiser, 1984; Song and Schmeiser, 1993; Welch,

1987]. Let n;, m; and k; be sequences of numbers satisfying these requirements, then the
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Figure 1: Visual representation of overlapping batches with n = 18, m = 6 and v = 2.
The brackets show which observations are used in each batch, and the numbers inside each
bracket show the batch number j.

limits will be taken as [ — co. We assume a batching structure where m; = |[nj| for some
0 < r < 1 as is typical in simulation, and n; tends to infinity as [ — oo. In addition, we
may desire that the batch nonoverlap parameter change with [, to ensure that ~,/m; = ¥

converges to the constant 7. Now we are ready to define the estimators for OMRP.

my

Gy = — Z 2,007V = (g, 0] =12, e ()
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The optimality gap estimator for each batch Gj; is defined like (4) for general values of

the nonoverlap parameter ;. We just removed the minimization in (4) and used directly an
optimal solution of 7 of batch j. The overall mean, Gl, is defined a little differently. Here, G
still uses each observation ¢ = 1,2,...,n; but also makes use of all the information collected
throughout the batches. That is, if observation & is used in |B(i)| number of batches, all
the optimal solutions x corresponding to each batch j € B(i) are used for the lower bound
estimator. Then, VG, is defined in a similar fashion for the variably overlapping batches

variance estimator (5).

4 Theoretical Results

In this section, we provide conditions under which several asymptotic properties hold. First,
we show the consistency of the point estimators of optimality gap, C:;l, and variance, n;V Gj.
Then, we provide conditions under which the same benefits on variance reduction are ob-
served in the stochastic programming setting by overlapping. Finally, we show the asymp-
totic validity of the OMRP interval estimator.



4.1 Assumptions

We make the following assumptions:

A1 Samples of the random variable £ are i.i.d.
A2 sup,. ¢ Ef(z,£)* < co.

A3 (SP) has a unique optimal solution z* and P {z}, # x*} — 0 exponentially fast as m —
oo. That is, there exists constants M > 0 and ¢ > 0 such that log(P {z}, # 2*}) < —em
for all m > M.

First, we restrict our attention to i.i.d. sampling by A1l. The classical variance-reduction
results for overlapping batches show that Var (n,VG)) is reduced by overlapping, thus re-
quiring at least finite fourth moments. Finally, our proof relies on an exponential rate
of convergence of sampled solution to the true solution of the problem. Assumption A3
can be satisfied for different classes of problems with unique optimal solutions. Shapiro
and Homem-de Mello [2000] establish exponential rates of convergence for a class of (SP),
which include two-stage stochastic linear programs with recourse when the support of £ is
finite. Kleywegt et al. [2002] show that assumption A3 can be satisfied for discrete stochas-
tic programs (i.e., when X is a finite set) under the condition that the moment generating
function of f(z*,&) — f(x,§) for x € X\{x*} is finite valued on R. This class of problems
includes stochastic integer programs with recourse. We present computational results on

both stochastic linear and integer programs with recourse in §5.

4.2 Nonoptimimized Counterparts

The internal optimization in the batches in (7) makes a straightforward statistical analysis
of the behavior of the estimators difficult. To overcome this problem, we introduce the

following unbiased optimality gap estimators:

B 1 my . . i " . i 3 ni—m
Dlj = E Z [f(fﬁ,f’yl(] D+ ) - f(ZE 7571@ D+ )} y J= ]-727 ceey L%J + 1a (10)
i=1

D= nil > [£@.6) — sl €], (11)
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<
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These are essentially the same as the variably overlapping batches estimators in §3.1 with
vl = f(2,€) — f(a*,£). These are also defined identically to the original estimators (7)—(9)
with the exception that z7 from (7) and (8) is replaced by an optimal solution z* in (10)
and (11). With Z and z* fixed, estimators (10)—(12) have the same statistical properties as
variably overlapping batches estimators in §3.1. Note that the optimal solution z* is not
known. However, the estimators (10)—(12) are used only to show convergence of (7)—(9); they
are not necessary for carrying out the OMRP algorithm. Throughout the rest of this section,
we assume that the optimality gap estimators (7)—(9) and their nonoptimized counterparts

(10)—(12) use identical samples and values of n;, m;, and ~,.

4.3 Consistency
We begin with two lemmas that establish exponential rates of convergence of certain inter-
mediate quantities.

Lemma 1. Under assumptions Al and A3, IP’{l:)l — G, #+ O} — 0 exponentially fast as
[ — o0.

Proof. Let EC denote the complement of event E. Note that

( n;—mg ¢
o [*5
P@%-Q#O}gp N {2 =27
j=1
\
(| ng—my
[#5
_p{ U e Ao}

j=1

\

< ({%J +1>P{xfnl #a*}.

With a batching structure in which m; = [n]] for some 0 < r < 1, 7, > 1, and by A3, the
desired result follows. ]
Lemma 2. Under assumptions A1-A3, both (i) B(Dy;—Gi;)* — 0 and (i) B(D;—Gy)* = 0
exponentially fast as | — oo.

Proof. For brevity, we drop the [j subscripts from Dlj and Glj and [ from (:}’l and l:)l. (i) We

can decompose the expectation as

E(D - G)' =

o O



The expectation term on the right-hand side is bounded by assumption A2 for i.i.d. sam-
ples. Assumption A3 states P {z}, # 2*} — 0 exponentially fast. Thus E(D — G)* — 0

exponentially fast. (ii) This expectation term can be decomposed in the same manner

E(D-G)' =E|(D-G)'

f)—é;éo]]?{f)—é?éo}.

With the expectation term on the right-hand side again bounded by A2, and the probability

term converges to zero exponentially fast by Lemma 1. O

We are now ready to show that the resulting point estimators are strongly consis-
tent. We use the abbreviation a.s. to denote almost sure convergence. We also use p; :=
E[f(z,€) — f(z*,€)] to denote the optimality gap of & and o2 := Var (f(z,£) — f(z*,€)) to

denote the associated variance term.

Theorem 1. Under assumptions A1-AS3, (i) Gi—D; — 0, a.s., and (1) VG —nV Dy — 0,
a.s. as | — oo. Therefore, Gy is a consistent estimator of psz, and if 0,V Dy is a consistent

estimator of o2, then nV G is a consistent estimator of o2.

Proof. (i) By Lemma 1, P {l:)l — G, + O} — 0 exponentially fast. Thus ), P {127; — G, + O} <
0o. The desired result follows by the Borel-Cantelli Lemma. (ii) This proof is nearly identical
to above. Note that

Vbz—ml ¢

TR
P{nVD, — VG, #0} <P (N {z; =27}

j=1

and by the proof of Lemma 1, P{n,V D, — VG, # 0} — 0 exponentially fast, and thus

n VG, is a consistent estimator of o2, if n;V D, is, by the Borel-Cantelli Lemma. O

Part (i) of Theorem 1 provides conditions under which the point estimator G of OMRP
is a consistent estimator of the optimality gap, by establishing almost sure convergence of
C:?l — l:?l to 0 as [ — oo. Notice that under assumption Al, l:)l — g, a.s. by the strong law of
large numbers; as a result, G — iz, a.s. Similarly, part (i) of Theorem 1 establishes almost
sure convergence of m,;VG, — mVD; to 0 as [ — oo. As a result, if n;V D, is a consistent
estimator of a%, so is mVG;. Strong consistency of the variance estimator n;V D; have
been studied in [Damerdji, 1994] for the cases of nonoverlapping and maximally overlapping

batches. Under the additional moment assumption

A2 Je > 0 such that sup,.y Ef(z,£)*" < oo,

12



for a sampling scheme of m; = |n] |, Corollaries 3.4 and 4.2 of [Damerdji, 1994] show that
n;V Dy is consistent if 4%6 < r < 1 for nonoverlapping batches and 4%6 <r< % for maximally

overlapping batches.

4.4 Variance Reduction

Meketon and Schmeiser [1984] show that [-Var (n,V D;) — ao} where o = 3 for maximally
overlapping batches and o = 2 for nonoverlapping batches, resulting in the decrease of
variance for the maximally overlapping batches estimator. Welch [1987] expands this result
to variable amounts of overlap, showing that « is twice the value of (6). Damerdji [1995]
shows that convergence of :—LllVar (niV'Dy) to the appropriate aoi—thus the mean-square
consistency of n;V D;—is guaranteed for % + 4%5 < r < 1 for both nonoverlapping and
maximally overlapping batches under the batching structure m; = [n]] and 4 + € finite
moments assumption A2'. (With A2, the range of r that ensures mean-square consistency
can be found by setting € = 0.)

To prove the variance reduction results in our setting, we wish to show that

() (Var (nVGy) — Var (V. Dy)) — 0,
for which it suffices to show \/n;/m; (m,VG; — n,V D) i 0, where L—2> denotes mean-square
convergence.

Theorem 2. Suppose assumptions A1-A3 hold, ¥ = %—ll 1s constant for all 1, and the
batching structure ensures ;LVar (mVD;) — aocl where « is the twice the value of (6).

Then, ;-Var (nVGp) — ool as | — oo with the same a.

Proof. For simplicity of exposition, we drop the subscript [ and the ;—ll for now and add them

in later. Further, we use abbreviations n, = L”l;lmlJ + 1 to denote the number of batches

and df = (% — 1) (L%J + 1) to denote the denominator term in VG, and V D;. Note
that

E(nVG —nV D)? = <%>2E (Z (G = G)? — (D; - D)QD
< (£>2Enb S [(6; - 6 - (b, - By (13)

by the Cauchy-Schwartz inequality. By examining the batch structure in Figure 1 and

the definition of G in (8) one can see that the terms of the expectation are not identically

13



distributed. We will separate these into identically distributed “center” batches and “fringe”
batches. For example, in Figure 1, only batch 4 is a center batch, while the others are fringe
batches. Notice in Figure 1, we see [y7'] = 3 sets of nonoverlapping batches {1,4,7},
{2,5}, and {3,6}, each of which has two fringe batches. In general, there are [y'] sets of
nonoverlapping batches, each of which will have two fringe batches, and n, — 2 [¥~'] center
batches.

The fringe batches will come in identically distributed pairs. The first and last batch
would be identically distributed, as would the second and second-to-last, etc. We know
this because we could reverse the order of the i.i.d. sample and perform the batching again
to get the exact same batch structure. Rewriting to take this into account, letting A; =
(G — G)2 — (D; — D)2, and continuing from (13),

We have [57!] + 1 expectation terms, each of which has a coefficient that is less than
2

<%) n,% < (2m)2. So each expectation can be bounded by

C}n
U|
gn

(emPE[A)* = 2m)*E [(G, - &) — (D, - D)| [(@, -
E|(G)

< on o[

< (am\[B[(6, - &) - (B, -

~G)~ (D; - D) J e <Dj—D>]4 (14

ol

/s ( (@, — Gy +E(D, — D)), (15)
where equation (14) follows from the Cauchy-Schwartz inequality, and equation (15) follows

from Hoélder’s inequality. Since we can bound both expectation terms in (15) by A2, we can

demonstrate \/%(nVG —nV D) L—2> 0 by focusing on only one of the terms. Focusing on the
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first expectation term in (15) and returning the *, by Holder’s inequality,

" 4n’E (G, ~ )~ (D, - D) fogy (E(D; - G;)' + B(D - G)").

m m

By Lemma 2, both expectation terms above converge to zero with exponential rates. With a
batching structure m; = [n] | for some 0 < r < 1, we see that %E(anGl—mVDl)z —0. O

Theorem 2 shows conditions under which the same asymptotic variance reduction results
are achieved for the OMRP optimality gap variance estimator. We will empirically examine

the variance reduction for small sample sizes in §5.

4.5 Asymptotic Validity of the Confidence Intervals

The overlapping variance estimator for stochastic programs displays the same desirable prop-
erties as in simulation, but we must still check that it results in a valid confidence interval.
Let IlG = C:?l + tdl’a\/V_Gl be the width of the one-sided confidence interval generated by
OMRP. The degrees of freedom d; is the inverse of (6) using L instead of 7.

Theorem 3. Suppose assumptions A1-AS3 hold and the batching structure ensures n;V D,
converges in probability to o2. Then, for & # z*, limy_, P {/Li < IZG} =1-a.

F

Proof. Note that for & = 2, lim oo P {us < I€} = 1. With # # 2, let X, = fl/}’%

] = %, and Z; = %%. It is suffices to show Y;Z;, = %%,—’l‘ = N(0,1), where
= denotes convergence in distribution. First, we show that |X; — Y| — 0, a.s. Note that
X, — Y| > 0 if and only if |D; — G;| > 0. In the proof of Theorem 1 we showed that
{51 — G, # 0} happens only finitely many times, so |X; —Y;| — 0, a.s. by the Borel-Cantelli
Lemma. Next, since X; = N(0,1) by the central limit theorem and |X; — Y| — 0 in
probability, ¥; = N(0,1). By hypothesis and Theorem 1, Z; — 1 in probability. Thus, by

Slutsky’s theorem, Y;Z, = N(0,1). O

The asymptotic validity of the OMRP confidence interval requires n;V D; to converge in
probability to ¢Z. This can be achieved either by almost sure or mean-square convergence,

which gives a larger range of r in the batching structure.

5 Computational Results

In the previous section, we proved asymptotic results regarding the OMRP estimators. In

this section, we apply OMRP to several test problems and examine small-sample behavior.
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We begin our discussion by introducing the test problems used for numerically evaluating
OMRP in §5.1, followed by our experimental setup in §5.2. Then, we present and discuss

the numerical results in §5.3.

5.1 Test Problems

We empirically tested the effectiveness of OMRP on four test problems. All test problems
are two-stage stochastic programs with recourse and were selected to study the behavior
of OMRP under a variety of different situations—we will shortly discuss this below. The
characteristics of these problems are given in Table 1. The first test problem is a newsvendor
problem with demand distributed uniformly on {0,0.0001,0.0002,...,10}; we denote it as
NVD. The instance of the newsvendor problem can be found in [Bayraksan and Morton,
2006], except here we used a discrete uniform demand distribution. The second is a capacity
expansion planning problem, denoted CEP1, with random demand vector £ of dimension 3,
with 216 total realizations [Higle and Sen, 1996]. The third is a stochastic knapsack problem
denoted 10D, with 10 stochastic parameters and 10 binary decision variables [Kleywegt
et al., 2002]. The final problem is a stochastic vehicle routing problem, denoted DB1, with

46 stochastic parameters and a total of 4.5 x 10% realizations [Donohue and Birge, 1995].

# of 1st Stage # of 2nd Stage # of Stochastic 4 of Scenarios

Problem Variables Variables Parameters

NVD 1 1 1 10° +1
CEP1 8 15 3 216
10D 10 1 10 %)
DB1 5 102 46 4.5 x 10%°

Table 1: Test problem characteristics

We made several considerations in selecting the test problems. NVD can be solved very
quickly, which allows for solving a large number of independent runs for examining the
small-sample behavior of OMRP. CEP1 is also easy to solve; the optimal solution x* can be
obtained with high probability even for small sample sizes. This feature shows the behavior
of VG when the gap CI width is determined mostly by sampling error, rather than bias.
10D demonstrates the behavior of OMRP when |X| is finite. Furthermore, 10D has a high
condition number [Kleywegt et al., 2002], making it unlikely that the optimal solution z* is
found when using a sampling solution, thus demonstrating the behavior of OMRP when the
bias of the gap is significant. The optimal solutions of NVD, CEP1, and 10D are known,
allowing for explicitly checking and verifying the results. In contrast, DB1 is a large-scale
problem with an unknown optimal solution. This final test problem allows us to investigate

how OMRP works on large-scale problems.
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The candidate solutions used for NVD and CEP1 and their characteristics can be found
in [Bayraksan and Morton, 2006]. We used the candidate solution (0, 0, 1, 1, 1, 0, 1, 1, 0,
1) for 10D with p; = 158.579 and the candidate solution (11, 14, 8, 11, 7) for DB1 with an
estimated pz; = 1.08. Because the optimal solution of DB1 is unknown, a Latin hypercube
sample of size 50,000 was used to estimate uz, which was then used below to estimate the
coverage probability of the OMRP Cls for this test problem.

5.2 Experimental Setup

Our experiments were conducted as follows. We used a total sample size of n = 30m, with
several values of the batch size m = 100, 200, .... Then, at each value of m, we formed the
OMRP estimators with varying amounts of overlap. We also set o = 0.10, forming 90%
confidence intervals on the optimality gap using the ORMP estimators. Results for NVD
were compiled over 10,000 independent runs, while the CEP1 and 10D results were taken
over 1,000 independent runs, and DB1 results were generated over 500 independent runs.
We solved the sampling approximations of the test problems as follows. While NVD
can be written as a two-stage stochastic linear program with recourse, it can be solved
quickly by sorting the demand values. We solved it using the quicksort algorithm in C++.
The problems CEP1 and DBI1 are two-stage stochastic linear programs with recourse and
were solved with the regularized decomposition algorithm of Ruszczytiski [1986], using the
accelerated version of the algorithm implemented in C++ [Ruszezynski and Swietanowski,
1997]. 10D is a stochastic knapsack problem and was solved using dynamic programming.
In all cases, we used the Mersenne Twister algorithm of Matsumoto and Nishimura [1998] to

generate the random samples, using an implementation in C++ [Wagner and Berg, 2013].

5.3 Results of Experiments

Summary of results from these experiments are depicted in Figures 2 and 3. Figures 2(a)
and 3 show the reduction of variance, with each term being normalized with respect to
Var (nVG) of the nonoverlapping case (MRP). The solid lines in these figures show the
theoretical variance reduction from [Welch, 1987] given by (6). Empirical results agree
with the theoretical values well, with more variability observed in CEP1, 10D, and DBI.
These experiments suggest that similar variance reduction can be achieved in stochastic
programming by overlapping the batches, even with small sample sizes. We note that the
variance reduction in DB1 can be less than the asymptotic amount. Even with the relatively
small sample sizes compared to the size of this problem, however, overlapping appears to

achieve some variance reduction.
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Figure 2: Summary of results for NVD. (a) Reduction in variance of nV G, (b) estimates
of EnV G, and (c) coverage probability of the confidence intervals for various values of v/m

(7/m =1 denotes the nonoverlapping batches).
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Figure 3: Variance Reduction for (a) CEP1, (b) 10D, and (¢) DB1 for various values of v/m.

Figure 2(b) shows estimates of EnV G in the newsvendor problem for changing batch size
and amount of overlap. We can see that the expectation of the variance estimator is not
changed with increasing overlap. Although the estimate of EnV G looks large for m = 100,
the error from o2 is never more than 1%. Estimates for EnV G showed a similar pattern for
CEP1, 10D, and DB1. Those graphs are omitted for brevity.

Finally, Figure 2(c) shows the coverage probability of confidence intervals generated by
OMRP for several values of m across varying values of «/m for the newsvendor problem.
The results of the classical overlapping batches estimators show that coverage probability
does not change with the amount of overlap, which we can empirically see in this figure for
OMRP for NVD. We observed the same for CEP1, 10D, and DB1. The coverage proba-
bilities from applying the (nonoverlapping) MRP algorithm to these problems presented in
[Bayraksan and Morton, 2006] agree with our results: for the newsvendor problem, coverage
probability drops as m increases and the coverage probability of CEP1 (not shown) remains

fairly constant around the desired value of 90%. Coverage probability for 10D and DB1 (not
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shown) were very high, more than 0.99. The bias from solving (SP,,) for these problems
seems to be much more significant than the variance.

Because variance reduction drops quickly as 4 drops below 1, we recommend using an
intermediate value of 74, such as 1/3 or 1/4, to gain the majority of the variance reduction,
while reducing the number of optimization problems to be solved. Warm-starting the algo-
rithm to solve the sampling problems, when such as scheme is available, can significantly

reduce the computation times.

6 Conclusions

We have extended previous work from simulation output analysis to assessing solution
quality in stochastic programming by means of variably overlapping batches [Meketon and
Schmeiser, 1984; Song and Schmeiser, 1993; Welch, 1987] for Monte Carlo simulation-based
estimators of optimality gaps in stochastic programs [Mak et al., 1999]. We have provided
conditions under which the resulting point estimator of the optimality gap and its associated
sample variance are consistent, the same variance reduction can be achieved, and asymp-
totically valid confidence intervals can be formed. Empirical results with small sample sizes
indicate that the asymptotic reductions in variance of the variance estimator show a similar

decrease in OMRP, while bias and coverage probability remain unaffected.
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