ex: Determine the flux of F = 3zi+ (22 (1 — zy?) — 2) j+22k through the surface S, which is the portion of z = zy-+z%—y?z3+8
which lies above the rectangle R: 1 <z < 3, 0 <y <1, oriented downward.

soln: Using our formula for computing flux through a portion of a graph, [, F-dA = I F(x,y, f(x,y)) - (—fai — f,] + k) dA
(and paying attention to the orientation) we have:

/ﬁ CdA = —/ <3x;+ (272 (1 — ng) — (xy + a? — yPad + 8))f+ 2 (xy+x2 — P+ 8) E) . <— (y + 2x — 3y2x2) i— (x — 2yx3)5+ E) dA
S R
= _/ —3x (y + 22 — 3y2x2) — ( 2%y —ay — a® 4yt — 8) (x — 2yx3) + 2zy + 222 — 2y22® + 16 dA
R
= —/ —3zy — 62° + 9y°z® — (—ay — 8) (z — 2yz®) + 2zy + 22° — 2y°2® + 16 dA
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= —/ —xy — 42 + T2 + (vy +8) (x — 2yx3) + 16 dA
R

/ ry + 42% — TyPad — (ny — 2%zt + 8z — 16y.753) — 16 dA
R
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ex: Determine the flux of G = (y + 1)i — 2] + 2k through the surface S, which is the portion of z = 11 — (22 + y2)” oriented
in the positive z-direction, which lies above the z = 2 plane.

soln: The surface S intersects the z = 2 plane in the circle 22 + y? = 3, so the region R in the xy-plane is the disk 2%+ y? < 3.
Using the formula for flux trough a graph:

/Sé CdA = /R ((y +1)i—af + (11 — (2 + y2)2> E) : <4x(x2 )i+ dy(a® + y?)] + /Z) dA

B /R(y +1) (42 +4ay?) — @ (dya® +4y7) + (11— (o +17)") dA
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43y + day® + 423 + day? — dya® — dxy® + 11 — ($2 + 92)2 dA

423 + 4zy? + 11 — (x2 + y2)2 dA
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(4(r cos0)® + 4(rcos0)(rsin6)* + 11 — (7"2)2) rdrdf
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4r* cos® 0 + 4r* cos @ sin® 0 + 11r — r° drdf
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4r* cos (1 — sin? @) + 4r* cos @ sin® § + 11r — r° drd

V3
drt cos@ + 11r — r° drdf
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= [57’5 cosf + ?7”2 — 67’6}0 de
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= g(\/g) cos@ + 7(\/5) — 6<\/§) do
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ex: Compute the flux of F = yZ—I— zj'—l— zk out of a spherical shell of radius 4, centered at the origin.

soln: Using the formula for flux through a sphere:

/5 F.dA = /T(4 sin 0 sin @i + 4 cos ¢ + 4 cosfsin nglZ) - (cos 0 sin ¢ + sin 0 sin ¢j + cos ¢E)42 sin ¢ dOd¢
= /T 16(4 sin 0 sin ¢ cos 0 sin ¢ + 4 cos ¢ sin 0 sin ¢ + 4 cos 0 sin ¢ cos @) sin ¢ dOd¢p
= /T 64(sin @ cos 0 sin® ¢ + sin @ cos ¢ sin® ¢ + cos O sin? ¢ cos ¢) dfdg
=64 /07r /027T sin # cos 0 sin® ¢ + sin 6 cos ¢ sin? ¢ + cos 0 sin? ¢ cos ¢ dfd¢p
=064 /07r [% sin? @ sin® ¢ — cos @ cos ¢ sin? ¢ + sin @ sin? ¢ cos gb} (2)7r do
= 64 /07r (%(sin(27r))2 sin® ¢ — cos(27) cos ¢ sin? ¢ + sin(27) sin” ¢ cos gzﬁ) — (%(sin(O))2 sin® ¢ — cos(0) cos ¢ sin” ¢ + sin(0) sin® ¢ cos gzﬁ) do

=64 /Tr %(O)2 sin® ¢ — (1) cos ¢ sin” ¢ + (0) sin” ¢ cos ¢ — %(0)2 sin® ¢ + (1) cos ¢ sin® ¢ — (0) sin® ¢ cos ¢ d
0
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ex: Compute the flux of F=zi+ y}'— zk out of a spherical shell of radius 6, centered at the origin.

soln: Using the formula for flux through a sphere:

/ F.dA= /(6 oS ¢;+ 6 sin 0 sin gzﬁj — 6 cos 0 sin qblg) - (cos O sin $i + sin 0 sin ngj—f— cos ¢E)62 sin ¢ dfd¢
s T
= / 36(6 cos ¢ cos fsin ¢ + 6sin 6 sin ¢ sin 6 sin ¢ — 6 cos  sin ¢ cos @) sin ¢ dOd¢p
T

= / 216 sin? @ sin® ¢ dOd¢p
T

T 2w
— / / 216 sin” 0 sin® ¢ dfd¢
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- /0 216[ (5 — Esm@cos@) sin qb}o do
/7r 210 (<2§ B %Sin(?ﬂ) Cos(27r)> sin® ¢ — <(g — %sin(()) COS(O)) sin® ¢)) d¢

/ 2167 sin® ¢ do

0

/ 2167 sin ¢(1 — cos? ¢) do

o

/ 2167 sin ¢ — 2167 sin ¢ cos? @) do

[e=]

[ — 2167 cos ¢ + 727 cos gb]
(-

2167 cos(m) + 727 (cos(m))?) — (—216m cos(0) + 72w (cos(0))?)
= —2167(—1) + 727(—1) 4+ 2167(1) — 727 (1)

= 216w — 727 + 2167 (1) — 727

= 2887



