1
——— dx
22v/16 — 22

Since the integrand contains v/16 — x2, we use the substitution
r =4sinb, dx = 4cosf db.

Since we have sin = 7, we can drawing and label the following triangle:

V16 — 22

Then,

4 cosf) db

| w

(4sin0)%,/16 — (4sin 6)? (

4cos b

16 sin? 0/ 16( 1 — sin? 0)

4 cos b
/ Ccos 20
16 sin? 6(4+/1 — sin? )

40089

16 sin? 6(4+/ cos? )
4cost

16 sin? §(4 cos )

:/ df
16sin%6
1 1
= — df
16 / sin? 6

csc? 6 do

T 16

1
:—1—600‘59—1—0

Referring to the triangle, we get cot ) = —VH;_QCQ. Substituting this expression we get,

1 d 1 — x2
—_— x —
22416 — 22 16 T
— :1:2
N 1693



1
2. dz
/ Va4 22
Here we use the substitution
xr = 2tanb, dr = 2sec? 6 d.

Drawing and labeling the triangle:

V4 + 22 x

Consequently,

1 1
—— dr= | ———(2sec®0) db
/\/4—|—x2 /\/4+4tan29( )

B 2sec? 0 50
V4 sec?

2sec? 6
= do
/ 2sect

= /sec@ do

= In|secl + tanb| + C

We know tan = x/2 (it’s our substitution), and from the triangle and get

V4 + x?

0 —
sec 5
Hence,
1 V4 + x?
/ de=m| Y27 LT ¢
Vit 2 2

Using properties of logs, the right-hand side can be rewritten as In ‘\/4 + a2+ $‘ —
In2 4+ C'. So,

1
de =In(vV4+22+z)+ D,
/\/4+x2 < >

where D = —1In2 + C.



-9
dx
x

W NGE

Here the substitution that we use is
x = 3sec, dx = 3sectan@ db.

The triangle is:

Consequently,

3 soc 0 (3secftand) df

:/v9tan29tan6d9
—3/tan29d6
:3/(se020—1) do

:3/se029d9—3/d9

=3tanf — 30+ C

/\/:c2—9dx_/\/95ec20—9
T

The triangle then gives us tanf = /22 —9/3. From our original substitution =z =
3sech, we get 6 = sec™!(x/3). So,

N
/ xx gdx:\/x2—9—356071 <§)+C

1 — 22)3/2
e
T
The substitution we use here is

x =sind, dx = cos @ db.

Drawing and labeling the triangle:



0
Vi—?

Then
/ —<1 _;22)3/2 dxr = / —(1 _5?11599)3/2 cos @ db
= / % cos 6 df
= / Z?;Z)Z cos @ df

4
cos™ 6
- / Y i
sin” 0
As is often the case, we need to use a bit of creativity to rewrite this last integrand
(using trig identities) in a form which is easier to integrate. One such way is:

cos*é cos* @ 1
—d= | ——  —— db
/ sin® @ / sin*f  sin?#
= /cot49(3802 df

This is now simply a u-substitution question. If we let u = cot , then du = — csc? 6d6,
and

1
/cot490862 d@z—/u4 du:gu5+0
L5
:—gcot 0+ C

Referring to the triangle, and returning to the variable x, we get

. 2\3/2 — 3\ "
/%dw:_l(_ﬂﬁﬁ) e
T 5 T
(1—:E2)5/2
=55 €



5. Find the area of the region bounded by the graph of y = 23(10 — 22)~'/2, the z-axis,
and the line x = 1.
Interpreting what is being asked, we see that we need to compute
/ T
0o Vv 10 — $2
Here we need to use the substitution
z=+10sin0,  dz=+10cosé db.
The corresponding triangle can be found on the next page.
Using the substitutions,
3
1
/””—d OVI0sin® 0 (V10 cos 6 df)
V10 — 22 /10 — 10sin? 6
_ 10\/—/ V10 sin® 0 cos 6 20
V10 cos 6
= 10@/5111 0 do
= 10\/@/(1 — cos? ) sin @ do
=10v10 (/sm@ de — /cos 6 sin 0 d@)
= 10v10 (—cos@+ —cos36> +C
V10 1 V10 — 22
— 10v/10 - ( & > +C
\/ﬁ BEANIRYT)
_ 2 _
=0 (s () () -
\/1_() 3 V10 10
1 10—
R A AL kil (R S ko B
V10 310
-30 10— 22
= 10v10 — 22 ¢
v ( 30 30 ) -
20 + 22
— 10V/10 — 22 ( ;Bx ) +C

ot



Now that we have found the indefinite integral [ \/% dx, we can easily evaluate the

definite integral fol \/155—3_7 dx :

1 3 r 2 1
T 20+ x
— dxr = |—10v/10 — 22
/0\/10—1’2 L ( 30 )L
[ 20+1 20+0
= |—10v/10 =1 EERa | ~10v/10— 0 +
i 30 30
i 21 2
= |-30( — 10v10 | =
o0 (5)] +0vi ()
20V1
=21+ V10
3
~ (0.0819
V10 x
0
V10 — 22



Here are some additional problems to practice:

1
1. —dx
/ x4 — x?

-/

V4

— 2
5 dx
T

1
. — dx
/l’\/9 + 22

a

7

10

11.

1
22?2 4+ 9

1

—d
2/ 2?2 — 25

1

—
3 x? — 25

dx

X

X

/de
Vit

/
/

x
22+9

dx

1

(22 — 1)3/2

dx

1
. — dx
/ Vax? — 25

/

1
(36 + 22)2

dx

12.

13

14.

15.

16.

17

18

19

20.

21.

22.

1
/ 16—y &

1
dx
)

s

1
d
/49+a:2 .

et

/IC\/QSZ —9dzx

3
T
) ——— dx
/\/9x2+49
/ 1
) ———— dx
V25722 + 16
[ty
) —dx
4?2 -3

2
X
/ 1 —ozyn &

/(4—|—x2)2 i

3

3r — 5 I
V1—22



Some answers to the above problems.

1 2 V44— a?
1. =In|—— < + C' or equivalently,
2 T T
1 Viz+9 3
3. —1n| rhY s + C' or equivalently,
3 T x
x? —25
5, ——+C
25bx +
7. —vV4—a22+C
9. ————+C
2 -1

1 T 6x
11. — (tan™! (—) C
432<a’n 6 +x2+36>+

13. sin! (f) +C

3
15 ! +C
©2(16 — 2?)
1 9 32 49
17 —=(92° +49)°* — —v 922 + 49+ C
243 81
22 2 _
g, BF2)Var-3

2723

8 1
21. —— +8In|z|+ =2*+C
x? 2

1 1
§1n‘2—\/4—x2 —§1n|x|—|—C’

1 1
gln‘\/x2+9—3’ —gln|x|—|—C



